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Introduction

In this work we are going to investigate the formal deformations of an infinite dimen-
sional Lie algebra of vector fields on the line with polynomial coefficients. This Lie
algebra L1 consists of the fields which vanish with their first derivative at the origin.
For finding the deformations, we have to consider the cohomology with coefficients in
the adjoint representation.

In Section 1 we recall – following Nijenhuis and Richardson [6] – the construction
of the differential Lie superalgebra structure in the cochain complex of an arbitrary
Lie algebra with coefficients in the adjoint representation. In Section 2 we apply the
general theory of Schlessinger [8] to the formal deformations of a Lie algebra. In
Section 3 we compute the cohomology H

���
L1;L1 � with the help of the Feigin–Fuks

spectral sequences [1]. In Section 4 we deal with the obstruction theory of Lie algebras
and give concrete computations in the case of L1. In Section 5 we give examples of
deformations of this infinite dimensional Lie algebra.

This work was supported by the Swiss National Foundation.
I would like to thank Professor A. Haefliger for the help during the preparation of

this lecture and paper.

1. The differential Lie superalgebra C ��� L;L �
Let L be a Lie algebra. For a positive integer q denote by Cq � L;L � the space of q-linear,
antisymmetric, L-valued functions on L. This is the space of q-dimensional cochains
of L with coefficients in the adjoint representation. For q � 0 put Cq � L;L ��	 0. Let
dq 	 d denote the differential or coboundary operator dq 	 d : Cq � L;L ��
 Cq � 1 � L;L �
which acts as follows.
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For q � 0, ϕ � Cq � L;L �
dϕ

�
g1 ��������� gq � 1 � : 	 ∑

1 � s � t � q � 1

��	
1 � s � t 
 1ϕ

���
gs � gt �
� g1 � ŝ t̂������� gq � 1 ���

� ∑
1 � s � q � 1

��	
1 � s � gs � ϕ � g1 � ŝ������� gq � 1 ���

where ˆ means that the element with the indicated index is missing. For q � 0 let
dq 	 0. From the definition it follows that dq � 1 � dq 	 0, so we get a complex C

���
L;L � .

By a differential Lie superalgebra we mean a complex C 	 �
Xn � d � ∞n � 0 with an op-

eration
� ��� such that for x � Xp, y � Xq

�
x � y � 	 	 ��	

1 � p � q � y � x � (1)

where p is the degree of x; the super-Jacobi identity is satisfied for x � Xp, y � Xq,
z � Xr: ��	

1 � p � q ��� x � y ��� z ��� ��	
1 � q � r ��� y � z �
� x ��� ��	

1 � r � p ��� z � x ��� y � 	 0 (2)

and the differential d of degree � 1 is such that

d
���

x � y � � 	 �
dx � y � 	 ��	

1 � p � x � dy ��� (3)

Proposition. The complex C
� �

L;L � is a differential Lie superalgebra, the degree of
a � Cp � L;L � being p

	
1.

Proof. For a � Cp � L;L � and b � Cq � L;L � define the cochain ab � Cp � q � 1 � L;L � by

ab
�
g1 ��������� gp � q 
 1 � : 	 ∑

σ
sgn

�
σ � a � b � gi1 ��������� giq � � g j1 ��������� g jp � 1 �

where the sum runs over the shuffles

�
1 ��������� p � q � 1 � 	 �

i1 ��������� iq �! �
j1 ��������� jp 
 1 �

�
i1 �#"�"�" � iq � j1 �#"�"�" � jp 
 1 � .

Put
�
a � b � 	 ab

	 ��	
1 �%$ p 
 1 & $ q 
 1 & ba.

It is easy to verify that for this superbracket operation the identities (1)–(3) are
satisfied with c � Cr � L;L � .

From (3) it follows that if a � b are cocycles then the superbracket
�
a � b � is also a

cocycle, and the cohomology class of
�
a � b � depends only on the class of a and b. That

means that a multiplication can be defined in the cohomology space

H p � L;L �(' Hq � L;L � 	 
 H p � q 
 1 � L;L �
which satisfies (1) and (2) with a � H p � L;L � , b � Hq � L;L � , c � Hr � L;L � .
Corollary. The Lie superalgebra structure on C

���
L;L � induces a structure of Lie su-

peralgebra on the cohomology space, in which the usual grading is reduced by one. In
this way we get an analogy with the Kodaira–Spencer theory (see [6]).
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2. Formal deformations of Lie algebras. General theory

In this section we explain, how the general theory of Schessinger applies to formal
deformations of Lie algebras.

Let L be a Lie algebra over a field K. Let C be the category of local finite di-
mensional algebras A over K. For such an A there exists a unique maximal ideal
mA such that A � mA 	 K and dimK A is finite. Let us denote by ε the canonical map
A

	 
 A � mA 	 K. If t1 ��������� tn are elements of mA such that their images in mA � m2
A

form a basis, then A 	 K
���
t1 ��������� tn ��� � I where I contains a power of the maximal ideal

of K
���
t1 ��������� tn ��� . The morphisms in C are the homomorphisms of local algebras (so

commuting with ε).
A deformation LA of L parametrized by A � C is a Lie algebra structure over A on

L ' K A such that the Lie algebra structure on

L 	 �
LA �(' A K 	 �

L ' A �(' A K

is the given one on L (obtained from LA by the extension of the scalars given by ε). If
f : A 
 B is a morphism in C then the Lie algebra LB 	 �

LA � ' A B is the deformation
of L parametrized by B induced by f from LA.

Two deformations LA and L �A of L parametrized by A are equivalent, if there exists
a Lie algebra isomorphism over A of LA on L �A inducing the identity of LA ' A K 	 L on
L �A ' A K 	 L.

The functor F : C 
 Sets associates to A � C the set F
�
A � of equivalence classes

of deformations of L parametrized by A.
The algebra A is of order less or equal to k if mk � 1 	 0. (For instance if k 	 1,

K 	�� , t1 ��������� tn form a basis of m � m2, then A 	�� " 1 � � t1 � "�"�"�� � tn and tit j 	 0 for
all 1 � i � j � n.)

A deformation LA is of order k if A is of order � k. An infinitesimal deformation is
a deformation of order 1, parametrized by K

�
t � � � t2 � .

More generally, let Ĉ be the category of complete local algebras A over K such that
A � mn

A � C for all n (complete means that A 	 lim� A � mn
A).

A deformation of L parametrized by A is the projective limit lim� LA � mn
A of defor-

mations of L parametrized by A � mn
A. In other words, a deformation of L parametrized

by A � Ĉ is a Lie algebra structure over A on L ˆ' A 	 lim� L ' A � mn
A, inducing the given

structure on L.
There is an analogous definition for isomorphisms of deformations parametrized

by A � Ĉ . The functor F can be extended as a functor F̂ : Ĉ 
 Sets.
A deformation LR of L parametrized by R � Ĉ is called formally versal if for any

deformation LA of L parametrized by A � Ĉ there is a morphism f : R 
 A such that
LR ' RA is equivalent to LA and if the map mR � m2

R 
 mA � m2
A induced by f is unique.

(In particular, all the other deformations of L can be induced from the versal one.)
A versal deformation up to order k is defined similarly, where Ĉ is replaced by the

subcategory of algebras of order � k.

Theorem (Schlessinger). If the space H2 � L;L � is finite, then there exists a formal
versal deformation of L.
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Proof. This follows from the general Theorem of Schlessinger ([8, Theorem 2.11]),
provided we check the following properties of the functor F .

Let A � 
 A and A � � 
 A be morphisms in C , and consider the map

τ : F
�
A ��� A A � � � 
 F

�
A � � � F $ A & F

�
A � � �

associating to the equivalence class of a deformation of L parametrized by A � � A A � � the
equivalence classes of the deformations of L parametrized by A � and A � � respectively,
induced by the morphism A � � A A � � 
 A � and A � � A A � � 
 A � � . Then

a) τ is surjective whenever A � � 
 A is surjective;
b) τ is bijective when A 	 K.
To check a) consider two deformations LA � and LA � � of L parametrized by A � and

A � � respectively, and such that there exists an equivalence ξ of L �A 	 LA � ' A � A on L � �A 	
LA � � ' A � � A of the associated deformations of L parametrized by A. The equivalence
classes of LA � and LA � � give an element of FA � � FA FA � � . As the morphism A � � 
 A is
surjective and as LA � � is a free A � � -module, after changing LA � in its equivalence class, we
can assume that the equivalence ξ is the identity of LA 	 L ' A, using the canonical A-
module isomorphism of L �A and L � �A with L ' A. Then the image by τ of the equivalence
class of the deformation LA � � LA LA � � of L parametrized by A � � A A � � will be the given
element of FA � � FA FA � � .

The condition b) can be easily verified because in that case B 	 A � � A A � � is equiv-
alent to K " 1 � mA � � mA � � with mA � " mA � � 	 0 and a deformation of L parametrized by
A � � A A � � is characterized by the induced deformation parametrized by A � and A � � .

To link this section to the preceding one we can give a more concrete description
of the Lie algebra LA.

Suppose A � Ĉ , then A 	 K
���
t1 ��������� tn ��� � I. We can express L ˆ' A in the form L ˆ' K

���
t1 ��������� tn ��� � I.

The Lie algebra structure on LA will be described by a bilinear alternate map

µt : L � L 
 L ˆ' K
���
t1 ��������� tn ��� such that

µt
�
x � y � 	 �

x � yl ' 1 � ∑�
α
� �

1

ϕα
�
x � y �(' tα

where ϕα � C2 � L;L � and µt
�
x � y � composed with the projection on L ˆ' A is equal to�

x ' 1 � y ' 1 � LA. This lifting is unique mod I.
The map µt will define a bracket in L ˆ' A verifying the Jacobi identity iff

2dϕ � �
ϕ � ϕ ��� 0 mod I

where d and
� � � were defined in Section 2. This means that the coefficients of the

formal power series obtained from

2 ∑�
α
� �

1

�
dϕα � tα � ∑�

α
� �

1
∑

β � γ � α

�
ϕβ � ϕγ � tβtγ

by applying to each coefficient an arbitrary linear form on C2 � L;L � belongs to I.
In case �α � 	 1 we get dϕα 	 0 for each α which means that ϕα is a cocycle.
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The elements of H2 � L;L � correspond bijectively to the equivalent classes of in-
finitesimal deformations. Suppose that dimH2 � L;L � is finite. Let ϕ1, ϕ2, ����� , ϕn be
cocycles whose cohomology classes form a basis of H2 � L;L � . Then a versal deforma-
tion of order 1 of L is parametrized by K

�
t1 ��������� tn � � � m2 � and is given by the bilinear

alternate map
µt 	 µ0 � ϕ1t1 � "�"�" � ϕntn

where µ0 is the original bracket in L.
Let us try to extend this deformation to a versal deformation of order 2 parametrized

by K
�
t1 ��������� tn � � I where I contains m3. The bracket should be of the form

µt 	 µ0 � n

∑
i � 1

ϕiti � ∑ϕi jtit j

with the conditions that

	
2Σdϕi jtit j � Σ

�
ϕi � ϕ j � tit j mod I �

This means that the right-hand side (which is always a three-cocycle) must be cobound-
ary. So the ideal I is generated by the polynomials, obtained by composing the coho-
mology class of the right-hand side with linear forms on H3 � L;L � , and m3. For ϕi j one
can choose any 2-cochain satisfying the above condition.

3. Computation of H � � L1;L1 �
Let W pol 	 W1 be the Lie algebra of vector fields on the line with polynomial coeffi-
cients f

�
x � d

dx . This Lie algebra has an additive algebraic basis

ei 	 xi � 1 d
dx � i � 	

1 �
In this basis the bracket operation is

�
ei � e j � 	 �

j
	

i � ei � j �
Let us introduce the subalgebra Li, i � 0 of W1 which is generated by the basis elements�

ei � ei � 1 ������� � .
We shall investigate the subalgebra L1. The Lie algebra L1 is naturally graded, the

weight of ei equals i. With this grading Lpol
1 is a graded Lie algebra: Lpol

1 	 ∞�

m � 1
L $ m &1 .

We consider the cohomology of L1 with coefficients in the adjoint representation. The
cochain complex is defined in the graded sense:

Cq � L1;L1 � 	 � Cq

$ m &
�
L1;L1 � �

where for the cochain ϕ � Cq

$ m &
�
L1;L1 � the weight of ϕ

�
ei1 ��������� eiq � is m � i1 � "�"�" � iq.

The grading is inherited by the cohomology spaces Hq � L1;L1 � .
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Theorem (see [2]). For q � 0, Hq

$ m &
�
L1;L1 � �	 Hq 
 1

$ m &
�
L2; � � . The cohomology space

Hq � L1;L1 � has dimension 2q
	

1 and is generated by elements of weight
	 3q2 
 q

2 � i
where i 	 1 � 2 ��������� 2q

	
1.

In particular, H1 � L1;L1 � is of dimension 1 and has weight 0; the space H2 � L1;L1 � is
three-dimensional with generators of weight

	
2 � 	 3 and

	
4, while dimH3 � L1;L1 � 	 5

with generators of weight
	

7 � 	 8 � 	 9 � 	 10 and
	

11.

Proof. Define the module Fλ over W1, where λ � � is arbitrary, as the space of expres-
sions f

�
x � dx 
 λ where f

�
x � is a formal power series of x (see [1]). Then the formula�

g
d
dx � f dx 
 λ 	 �

g f � 	 λ f g � � dx 
 λ

gives the action of W1 in Fλ. (For λ an integer they are modules of formal tensor
fields; formal power series for λ 	 0, formal differential 1-forms for λ 	 	

1 and formal
vector fields for λ 	 1.) The module Fλ has an additive basis

�
f j � j 	 0 � 1 ������� � where

f j 	 x jdx 
 λ and the action on the basis elements is

ei f j 	 �
j
	 �

i � 1 � λ � fi � j �
Denote by Fλ the W1-module which is defined in the same way, only the index j runs
over all integers. The adjoint modules F �λ, F �λ are defined as modules of linear func-
tionals Fλ 
 � , Fλ 
 � which are finite in the sense that they take nonzero value only
on a finite number of f j-s. That means F �λ and F �λ are generated by elements f �j and W1

acts on them by the formula

ei f �j 	�� ��	 � j 	 i �(� �
i � 1 � λ � f �j 
 i if f �j � F �λ or j � i �

0 if f �j � F �λ and j � 0 �
The correspondence f �j � f 
 1 
 j defines for any λ an isomorphism F �λ 	 F 
 1 
 λ and as
F
 1 
 λ 	 annFλ, it follows that F �λ 	 F 
 1 
 λ � F
 1 
 λ.

For λ �	 0 the W1-module Fλ is irreducible. But if we consider it as an L0-module,
it is reducible. For obtaining the L0-submodules of the module Fλ it is sufficient to take
the subspace generated by those f j-s with j � µ where µ is some positive integer. De-
note the L0-module we get by Fλ � µ. We can define it directly as the subspace, generated
– like Fλ – by the elements f j, j 	 0 � 1 ������� , on which L0 acts by

ei f j 	 �
j � µ

	 �
i � 1 � λ � fi � j �

In this definition µ can be an arbitrary complex number. (For positive integer µ the em-
bedding Fλ � µ 
 Fλ is defined by the formula f j 	
 f j � µ.) Let F �λ � µ denote the module,
conjugate to Fλ � µ. At last define the modules Fλ � µ over W1 as Fλ � µ above, without re-
quiring the positivity of j. Obviously F �λ � µ 	 F 
 1 
 λ � 
 µ and F �λ � µ 	 F 
 1 
 λ � 
 µ � F
 1 
 λ � 
 µ.

All these modules are graded. Their basis elements f j are homogeneous and the
grading is defined by deg f j 	 j, deg f �j 	 	

j. (Mention that in Fλ � µ and Fλ � µ the grading
is independent of λ and µ.)



FORMAL DEFORMATIONS OF LIE ALGEBRAS 7

Our aim is to calculate the homology of the Lie algebra L1 with coefficients in Fλ � µ
and Fλ � µ. (The calculations for the modules Fλ and Fλ see in [1] or [3].)

The space of chains C $ m &q
�
L1;Fλ � µ � is generated by “monomials”, i.e. by the chains

f j ' ei1 � "�"�" � eiq with j � i1 � "�"�" � iq 	 m �
Denote by GpC $ m &q

�
L1;Fλ � µ � the subspace of the space C $ m &q

�
L1;Fλ � µ � , generated by

monomials with i1 � "�"�" � iq � p. Evidently,
�
GpC $ m &q

�
L1;Fλ � µ � � p is a decreasing filtra-

tion in C $ m &� �
L1;Fλ � µ � .

Denote the spectral sequence corresponding to this filtration by E
�
λ � m 	

µ � . In

this spectral sequence E0
p � q 	 C $ p &p � q � L1;

�
Fλ � µ � m 
 p � where

�
Fλ � µ � m 
 p is considered as a

trivial L1-module, and d0
p � q is the differential

dp � q : C $ p &p � q
�
L1; ��� 
 C $ p &p � q 
 1

�
L1; � � �

Hence
E1

p � q 	 H $ p &p � q
�
L1; ���%�

From [5] it follows that E1
p � q 	 � for p 	 3r2 � r

2 , p � q 	 r and E1
p � q 	 0 for other p and

q. We set Er
p 	 � q Er

p � q; dr
p 	 � q dr

p � q, then obviously

H $ m &q
�
L1; � � �	 E∞

3q2 � q
2

� E∞
3q2 � q

2
�

If the coefficients are taken not in Fλ � µ but in Fλ � µ then the filtration is the same.
The new spectral sequence can be mapped into the old one. On E1

p with p � m this
map is an isomorphism, and for p � m we have in the new spectral sequence E 1

p 	 0.
If we “truncate” the spectral sequence E

�
λ � m 	

µ � from the other side, leaving in it the
part corresponding to p � m, then obviously we get a spectral sequence converging to

H $ m &� �
L1;F �
 1 
 λ � 
 µ � . (We recall that F �
 1 
 λ � 
 µ 	 Fλ � µ � Fλ � µ.)

Let us set e
�
t � 	 �

3t2 � t � � 2 (Euler polynomial) and define the k-th parabola
�
k 	

0 � 1 � 2 ������� � as a curve on the complex plane with the parametric equations

λ 	 e
�
t � 	 1

m
	

k 	 e
�
t �(� e

�
t � k � 	 1 �

If in the second equation we take a negative integer k then we get another parametric
equation for the � k � -th parabola.

For k1 � k2 ��� we set

P
�
k1 � k2 � 	 �

e
�
k1 � 	 1 � e � k1 �(� e

�
k2 � 	 1 �

(the points P
�
k1 � k2 � are pairwise distinct) and let

� 	 �
P
�
k1 � k2 � � k1 � k2 ��� � �
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Lemma. (i) If the point
�
λ � m 	

µ � does not lie on any parabola then in the spectral
sequence E

�
λ � m 	

µ � all the first differentials are different from zero.
(ii) If the point

�
λ � m 	

µ � lies on the k-th parabola but does not lie on parabolas
with smaller indices, and is not contained in

�
, then the differentials d1

�
r � with r � k

and d2
�
k � 2s � 1 � , d2

�
k � 2s

	
1 � 2 � with s � 0 are nontrivial in the spectral sequence

E
�
λ � m 	

µ � .
For the proof of this Lemma see [1, Lemma 3.1.(A) and (B)].
From the Lemma the generated version of Theorem 4.1(A) and 4.2(A) in [1] fol-

lows easily.

Theorem a). If
�
λ � m 	

µ � �� � then

H $ m &� �
L1;Fλ � µ � 	 0;

if the point
�
λ � m 	

µ � does not lie on any of the parabolas of the Lemma then

H $ m &q
�
L1;Fλ � µ � 	 H $ m &q

�
L2; ��� �

Another theorem we need is the generalization of Theorem 3.1 in [1] for F �λ � µ-
modules.

Theorem b). For those
�
λ � m 	

µ � considered in Theorem a),

H $ m &q
�
L1;Fλ � µ � Fλ � µ � 	 H $ m &q 
 1

�
L1;Fλ � µ � � H $ m &q

�
L1;Fλ � µ �%�

For the proof let us consider the short exact sequence

0 
 Fλ � µ 
 Fλ � µ 
 Fλ � µ � Fλ � µ 
 0 �
One should check that the homomorphism Hq

�
L1;Fλ � µ � 
 Hq

�
L1;Fλ � µ � is always triv-

ial, which is evident from Theorem a) for dimensional reasons.
The adjoint representation is F1 � 1. Remark that Hq � L1;F1 � 1 � is dual to Hq

�
L1;F �1 � 1 �

in the graded sense, i.e.

Hq

$ 
 m & � L1;L1 � 	 H $ m &q
�
L1;L �1 � 	 H $ m &q

�
L1;F �1 � 1 � 	 H $ m &q � L1;F 
 2 � 
 1 � F
 2 � 
 1 � �

In our case λ 	 	
2, µ 	 	

1. The line λ 	 	
2 does not intersect any of the parabolas

of the Lemma. From Theorem a) and b) we obtain that

dimHq

$ 
 m & � L1;L1 � 	 dimHq

$ 
 m & � L2; � � �
The spaces H

� �
Lq; � � are calculated in [5]. By comparing the results of that calcula-

tions with the above one we get the required Theorem.

Remark. A cocycle ϕ, representing a generator of H1 � L1;L1 � has the form ϕ
�
ei � 	 iei.

We know that each element of H1 � L;L � defines a Lie algebra, containing L1 as an ideal
of codimension 1. In the present case we get L0.
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Let us denote by α � β and λ the three homogeneous nonzero elements of weights	
2 � 	 3 and

	
4 in H2 � L1;L1 � . It is not difficult to find cocycles in those cohomology

classes.

Proposition. Such cocycles are for instance α � C2$ 
 2 & � L1;L1 � , β �
C2$ 
 3 & � L1;L1 � , γ � C2$ 
 4 & � L1;L1 � , defined as follows.

α
�
e2 � e3 � 	 4e3 �

α
�
e2 � e j � 	 je j � α

�
e3 � e j � 	 	 �

j
	

1 � e j � 1 for j � 4 �
α
�
ei � e j � 	 0 for other i � j;

β
�
e2 � e3 � 	 8e2 � β

�
e2 � e4 � 	 4e3 � β

�
e3 � e4 � 	 	

10e4 �
β
�
e2 � e j � 	 �

j � 1 � e j 
 1 � β
�
e3 � e j � 	 	

2 je j � β
�
e4 � e j � 	 �

j
	

1 � e j � 1 for j � 5 �
β
�
ei � e j � 	 0 for other i � j;

γ
�
e2 � e3 � 	 14e1 � γ

�
e2 � e5 � 	 8e3 � γ

�
e3 � e4 � 	 	

24e3 �
γ
�
e3 � e5 � 	 	

16e4 � γ
�
e4 � e5 � 	 18e5

γ
�
e2 � e j � 	 �

j � 2 � e j 
 2 � γ
�
e3 � e j � 	 	

3
�
j � 1 � e j 
 1

γ
�
e4 � e j � 	 3 je j � γ

�
e5 � e j � 	 	 �

j
	

1 � e j � 1

�
for j � 6 �

γ
�
ei � e j � 	 0 for other i � j �

Proof. The fact that α � β and γ are cocycles, follows from direct computations, and the
fact that they are not cohomological to zero follows from the next

Lemma. Each class of H2$ 
 m & � L1;L1 � with m � 2 is represented by a unique cocycle

ω, which vanishes on e1 : ω
�
e1 � e j � 	 0 for all j. �

Remark. Using this lemma we can give an elementary proof of the fact that α � β and γ
generate H2 � L1;L1 � .
Remark. By constructing the cocycles α � β and λ we can give all the nonequivalent
infinitesimal deformations of the Lie algebra L1.

4. Obstructions

A natural question is when is it possible to extend an infinitesimal deformation to a
deformation of higher order. To extend an infinitesimal deformation represented by a
cocycle ϕ1 to a second order deformation, parametrized by � � t � � � t3 � it is necessary and
sufficient that

�
ϕ1 � ϕ1 � is cohomological to zero. If ϕ2 is a cochain such that

	
2dϕ2 	 �

ϕ1 � ϕ1 �
then we can define a 2-order deformation with the bracket

µt
�
x � y � 	 �

x � y ��� ϕ1
�
x � y � t � ϕ2

�
x � y � t2 �
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Here ϕ2 is well-defined up to a 2-cocycle. The cohomology class of
�
ϕ1 � ϕ1 � is the

first obstruction to forming a one-parameter family of deformations whose first term is
cohomological to ϕ1.

To extend now a second order deformation to a third-order one, parametrized by
� � t � � � t4 � , it is necessary and sufficient that

�
ϕ1 � ϕ2 � is also cohomological to zero. If ϕ3

is a cochain such that 	
2dϕ3 	 �

ϕ1 � ϕ2 �
then we can define a 3-order deformation with the bracket

µt 	 µ0 � ϕ1t � ϕ2t2 � ϕ3t3 �
Here ϕ3 is also well-defined up to a 2-cocycle. The cohomology class of

�
ϕ1 � ϕ2 � is the

second obstruction to forming a one-parameter family of deformations whose first term
is cohomological to ϕ1. If we take another cocycle ϕ �2 	 ϕ2 � c then the obstruction is
the class of

�
ϕ1 � ϕ2 ��� �

ϕ2 � c � which is in the factorspace H3 � L1;L1 � � H2 � L1;L1 � .
We can extend a given deformation step by step, until the first obstruction appears.

As we see, each further step depends on the choice of the earlier ones.
In general, let us define in H

���
L;L � higher order operations, called Massey oper-

ations. These n-order operations are partially defined and they are well-defined mod
the

�
n
	

1 � -order ones. The second-order operation is the superbracket. Suppose that
y1 � H p � L;L � , y2 � Hq � L;L � and y3 � Hr � L;L � are such that

�
yi � y j � 	 0, i.e. for cocy-

cles xi representing yi,
�
xi � x j � 	 dxi j. Then the third-order � y1 � y2 � y3 � Massey operation

(cube) takes value in the factorspace

H p � q � r 
 3 � L;L ��� � y1 � Hq � r 
 2 � L;L �(� �
y2 � H p � r 
 2 � L;L ����� �

y3 � H p � q 
 2 � L;L ���
and is equal to the image of the cohomology class of the cocycle

�
x12 � x3 ��� �

x1 � x23 ��� ��	
1 � q � r � x13 � x2 ���

The cohomology class of this cocycle depends on the choice of xi j, but its image in
the factorspace is well-defined. The next Massey operation � y1 � y2 � y3 � y4 � is defined on
four elements y1 � H p � L;L � , y2 � Hq � L;L � , y3 � Hr � L;L � , y4 � Hs � L;L � when all the
operations of lower order are defined and are cohomological to zero. It takes value in
the factorspace

H p � q � r � s 
 5 � L;L ��� � y1 � Hq � r � s 
 3 ��� �
y2 � H p � r � s 
 3 �

� �
y3 � H p � q � s 
 3 ��� �

y4 � H p � q � r 
 3 �
etc. For the general definition see Retakh [7].

If yi � H2 � L;L � then these operations take value in a factorspace of H3 � L;L � . The
Massey operations are closely connected with the “obstructions” to “extending” an
infinitesimal deformation of the Lie algebra.

Theorem (Retakh, [7]). Given an element α belonging to H2 � L;L � there exists a for-
mal deformation of the Lie algebra L parametrized by K

���
t ��� with infinitesimal defor-

mation α if and only if all the Massey products � α ��������� α � α � are zero.
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Remark. The question of convergence of this formal power series remains open in
general.

Theorem 1. In the case of L1 the Massey products � α � α ������� � α �� ��� �

i

are zero for all i,

the brackets
�
β � β �
� � α � β � and

�
α � γ � are trivial, while

�
γ � γ � and

�
β � γ � are not. The only

nontrivial 3-products are � β � β � β � and � α � β � β � . The higher operations are either not
defined or they are trivial.

Proof. The superbrackets
�
α � α �
� � β � β � are trivial, because the weight of

�
α � α � and

�
β � β �

equals
	

4 and
	

6 and any such three-dimensional cohomology class is zero. Similarly,
by dimensional considerations we have

�
α � β � 	 �

α � γ � 	 0.
The triviality of the class � α � α ��������� α �� ��� �

i

for any i follows from the fact that there

exists a deformation with infinitesimal deformation, equal to
	 1

3 α. Namely, the defor-
mation is �

ei � e j � t 	 �
j
	

i � ei � j � �
j
	

i � tei � j 
 2 �
A geometric realization of this deformation is the following. Denote by L1

�
t � � W1 the

algebra of vector fields
�
x2 � t � ϕ � x � d

dx . Define a linear isomorphism εt : L1 
 L1
�
t � by

the formula

εt
�
ei � 	 �

x2 � t � xi 
 1 d
dx 	 ei � tei 
 2 �

Then �
ei � e j � t 	 ε 
 1

t
�
εt
�
ei �%� εt

�
e j ���

gives the above deformation of the Lie algebra L1.
To prove

�
γ � γ � �	 0 substitute γ into the superbracket formula. The three-dimensional

cocycle we obtain is not cohomological to zero, as its value on a homology class of
weight

	
8 is different from zero. Direct computation shows that

�
γ � γ � has nonzero

value on the class of weight
	

8.
Let us verify that

�
β � γ � �	 0. Here the triviality would imply that L1 has a deforma-

tion over K
�
t1 � t2 � � � t2

1 � t2
2 � such that in the deformed algebra

�
ei � e j � t1 � t2 	 �

j
	

i � ei � j � β
�
ei � e j � t1ei � j 
 3 � γ

�
ei � e j � t2ei � j 
 4 � κ

�
ei � e j � t1t2ei � j 
 7 �

Straight calculation shows that such an algebra cannot exist. Namely, the numbers
κi � j 	 κ

�
ei � e j � can be defined step by step. At the 12-th step we get a system of equa-

tions for κi j from the Jacobi identities, which has no solution.
The nontriviality of the class � β � β � β � is equivalent to the fact that for any Lie alge-

bra over K
�
t � � � t4 � with the basis

�
ei � i 	 1 � 2 ������� � the bracket cannot be of the following

form:

�
ei � e j � t 	 �

j
	

i � ei � j � tβ
�
ei � e j � ei � j 
 3 � t2κ1

�
ei � e j � ei � j 
 6 � t3κ2

�
ei � e j � ei � j 
 9 �

Here κ1
�
ei � e j � and κ2

�
ei � e j � can be defined step by step

�
i � j 	 1 � 2 ������� � from the

system of equations, following from the Jacobi identity. For i � j 	 12 we get a con-
tradiction.
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The three-bracket � α � α � β � is also defined, because the two-brackets are zero. It
is defined mod

�
β � H2 � L1;L1 ��� � �

α � H2 � L1;L1 ��� . As the weight of
�
β � γ � equals to

	
7,

the three-bracket � α � α � β � is trivial. The last three-bracket which can be defined is
� α � β � β � . For computing it we have to choose a coboundary for

�
α � β �
� � α � α � and

�
β � β � .

It turns out that � α � β � β � is not containing zero.
The only four-bracket which can be defined is � α � α � α � β � which occurs to be the

trivial cohomology class.

A versal deformation of the Lie algebra L1 of order 1 is given by the bilinear map

µt1 � t2 � t3 	 µ0 � αt1 � βt2 � γt3

and is parametrized by � � t1 � t2 � t3 � � � t2 � .
The nontrivial superbrackets give the equation for the parameter space of the versal

deformation of order 2: �
β � γ � t2t3 � �

γ � γ � t2
3 	 0 �

As
�
β � γ � and

�
γ � γ � have different grading, we conclude that the parameter space is

� � t1 � t2 � t3 � � I where I is generated by t2t3, t2
3 and m3.

Theorem 2. A versal deformation of order two of the Lie algebra L1 is parametrized
by � � t1 � t2 � t3 � � I and is of the form

µt1 � t2 � t3 	 µ0 � αt1 � βt2 � γt3 � 3

∑
i � j � 1

ϕi jtit j

where the coefficients ϕi j satisfy the identity

	
2∑

i � j dϕi jtit j 	 ∑
i � j � ϕi � ϕ j � tit j mod I

(here ϕ1 	 α, ϕ2 	 β and ϕ3 	 γ).

5. Examples of deformations

Let us now define three real deformations of the Lie algebra L1 with the brackets

�
ei � e j � 1t 	 �

j
	

i � � ei � j � tei � j 
 1 � ;
�
ei � e j � 2t 	 � � j 	 i � ei � j if i � j � 1 ��

j
	

i � ei � j � t je j � if i 	 1;

�
ei � e j � 3t 	 � � j 	 i � ei � j if i � j �	 2�

j
	

i � ei � j � t je j � if i 	 2 �
These deformations have infinitesimal deformations of weight

	
1 � 	 1 and

	
2. Denote

the three Lie algebra families by L $ 1 &1 , L $ 2 &1 and L $ 3 &1 . They can be realized as families
of subalgebras of L0. In the first deformation ei deforms into ei � tei 
 1, i � 0. In other
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words, L $ 1 &1 consists of the vector fields on the line which vanish at 0 and t. In the
second one the ei-s, i � 1 remain and e1 deforms into e1 � te0, while in the third one e2

turns into e2 � te0 and the rest elements remain.

Theorem. The Lie algebra families L $ 1 &1 , L $ 2 &1 and L $ 3 &1 are nontrivial and pairwise
nonisomorphic.

Proof. The commutant
�
L $ 1 &1 � L $ 1 &1 � consists of vector fields, vanishing at 0 and t together

with their first derivative. From this it follows that codim
�
L $ 1 &1 � L $ 1 &1 � 	 2. At the same

time codim
�
L $ 2 &1 � L $ 2 &1 � 	 codim

�
L $ 3 &1 � L $ 3 &1 � 	 1 since

�
L $ 2 &1 � L $ 2 &1 � is isomorphic to L2 and�

L $ 3 &1 � L $ 3 &1 � is isomorphic to � e1 � e3. Finally
�
L $ 2 &1 � L $ 2 &1 � is not isomorphic to

�
L $ 3 &1 � L $ 3 &1 � ,

because the first Lie algebra has three generators: e2 � e3 � e4, while the second one has
only two: e1, e3. So the three families are pairwise nonisomorphic and the last two
ones are nontrivial. The nontriviality of the first family is obvious.

Remark 1. In the third family the infinitesimal deformation is α. More exactly, the
cocycle α3

�
e2 � e j ��	 je j, α3

�
ei � e j ��	 0 for i �	 2 is cohomological to α, as α

	
α3 is

the coboundary of the one-cochain κ
�
e3 � 	 e1, κ

�
ei � 	 0 for i �	 3.

Remark 2. The first two families have trivial infinitesimal deformations (the coefficient
of t is a coboundary). If we change the bracket with adding a trivial cocycle, we can
get an equivalent deformation with vanishing first term (see [4]). Let us investigate the
coefficient of the t2-term.

For the first family the cocycle ω1 :
�
ei � e j � 
 �

j
	

i � ei � j 
 1 is trivial, as there ex-
ists a κ1 1-cochain for which dκ1 	 ω1: κ1

�
e2i � 1 ��	 ie2i, i � 0; κ1

�
e2i ��	 2i 
 1

2 e2i 
 1,
i � 1. With the transformation φt

�
x ��	 x � tκ1

�
x � we get an equivalent deformation���

ei � e j � 1t 	 φ 
 1
t
���

φt
�
ei �%� φt

�
e j ��� � without t-term, where the coefficient ϕ2 of the t2-term

is a nontrivial cocycle. A straightforward calculation shows that α
	 1

12 ϕ2 is a trivial
cocycle.

In the second family for the cocycle ω2 :
�
e1 � e j � 
 je j,

�
ei � e j � 
 0 if i �	 1 there

exists a κ2 1-cochain for which dκ2 	 ω2 : κ2
�
e1 ��	 0, κ2

�
e2i � 1 � 	 �

i � 1 � e2i, i � 1;
κ2
�
e2i � 	 2i � 1

2 e2i � 1, i � 1. With the x 
 x � tκ2
�
x � transformation we get an equivalent

deformation without a t-term, where the coefficient ϕ �2 of the t2-term is a nontrivial
cocycle and α is cohomological to 12

13 ϕ �2.
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