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We consider deformations of finite or infinite dimensional Lie algebras over a
field of characteristic 0. There is substantial confusion in the literature if one tries
to describe all the non-equivalent deformations of a given Lie algebra. It is known
that there is in general no “universal” deformation of a Lie algebra L with a com-
mutative algebra base 4 with the property that for any other deformation of L with
base B there exists a unique homomorphism f: 4 — B that induces an equivalent
deformation. Thus one is led to seek a miniversal deformation. For a miniversal
deformation such a homomorphism exists, but is unique only at the first level. If we
consider deformations with base spec 4, where 4 is a local algebra, then under
some minor restrictions there exists a miniversal element. In this paper we give a
construction of a miniversal deformation.  © 1999 Academic Press

INTRODUCTION

In this paper we consider deformations of finite or infinite dimensional
Lie algebras over a field of characteristic 0. By “deformations of a Lie
algebra” we mean the (affine algebraic) manifold of all Lie brackets.
Consider the quotient of this variety by the action of the group GL. It is
well known (see [Hart]) that in the category of algebraic varieties the
quotient by a group action does not always exist. Specifically, there is in
general no universal deformation of a Lie algebra L with a commutative
algebra base 4 with the property that for any other deformation of L with
base B there exists a unique homomorphism f:B— A that induces an
equivalent deformation. If such a homomorphism exists (but not unique),
we call the deformation of L with base A versal.

Classical deformation theory of associative and Lie algebras began with
the works of Gerstenhaber [ G] and Nijenhuis—Richardson [ NR] in the
1960s. They studied one-parameter deformations and established the
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connection between Lie algebra cohomology and infinitesimal deformations.
They did not study the versal property of deformations.

A more general deformation theory for Lie algebras follows from
Schlessinger’s work [ Sch]. If we consider deformations with base spec A4,
where A is a local algebra, this set-up is adequate to study the problem of
“universality” among formal deformations. This was worked out for Lie
algebras in [Fil, Fi3]; it turns out that in this case under some minor
restrictions there exists a so-called miniversal element. The problem is to
construct this element.

There is confusion in the literature when one tries to describe all the
nonequivalent deformations of a given Lie algebra. There were several
attempts to work out an appropriate theory for solving this basic problem
in deformation theory, but none of them were completely adequate.

The construction below is parallel to the general constructions in defor-
mation theory, as in [P, I, La, GoM, K]. The general theory, which can
provide a construction of a local miniversal deformation, is outlined in
[ Fil]. The procedure however needs a proper theory of Massey operations
in the cohomology and an algorithm for computing all the possible ways
for a given infinitesimal deformation to extend to a formal deformation.
The proper theory of Massey operations is developed in [FuL]. Our
understanding of the construction arose from the study of the infinite
dimensional Lie algebra L, of polynomial vector fields in C with trivial
1-jet at 0, in which case we completely described a miniversal deformation.
In [FiFu] we proved that the base of the miniversal deformation of this
Lie algebra is the union of three algebraic curves, two smooth curves and
another curve with a cusp at 0, with the tangent lines to all three curves
coinciding at 0.

The structure of the paper is as follows: In Section 1 we give the necessary
definitions and some facts on infinitesimal deformations. In Section 2 we
recall Harrison cohomology and in Section 3 discuss obstruction theory.
Section 4 gives the theoretical construction of a miniversal deformation,
and some preliminary computations. Section 5 recalls the proper Massey
product definition and describes its properties (see [ FuL]). In Section 6 we
calculate obstructions. Section 7 provides a scheme for computing the base
of a miniversal deformation of a Lie algebra convenient for practical use.
In Section 8 we apply the construction to the Lie algebra L.

1. LIE ALGEBRA DEFORMATIONS

1.1. Let L be a Lie algebra over a characteristic 0 field [, and let
A be a commutative algebra with identity over KK with a fixed augmenta-
tion &: 4 - K, ¢(1)=1; we set Ker ¢ =m. To avoid transfinite induction, we
will assume that dim(m*/m**1) < oo for all k.
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DerFINITION 1.1. A deformation A of L with base (A4, m), or simply with
base 4, is a Lie A-algebra structure on the tensor product 4 ® . L with the
bracket [ , ],, such that

e®RIAARL->-KRL=L

is a Lie algebra homomorphism. (We usually abbreviate ®, to ®.) See
[Fil, Fi3].

ExampLE 1.2. If A =K][¢], then a deformation of L with base A4 is the
same as an algebraic 1-parameter deformation of L. More generally, if 4 is
the algebra of regular functions on an affine algebraic manifold X, then a
deformation of L with base A4 is the same as an algebraic deformation of
L with base X.

Two deformations of a Lie algebra L with the same base A are called
equivalent (or isomorphic) if there exists a Lie algebra isomorphism between
the two copies of 4 ® L with the two Lie algebra structures, compatible
with ¢ ®1d. A deformation with base A is called local if the algebra A is
local, and it is called infinitesimal if, in addition to this, m?=0.

DEFINITION 1.3. Let A be a complete local algebra (completeness means
that 4 = lim,,_, (A/m”), where m is the maximal ideal in A4). A formal
deformation of L with base A is a Lie A-algebra structure on the completed
tensor product 4 ® L =lim ((A/m")® L) such that

e®id: A®L->KQL=L
is a Lie algebra homomorphism (see [ Fi3]).
The above notion of equivalence is extended to formal deformations in
an obvious way.
ExampLE 14. If 4A=K[[¢]] then a formal deformation of L with base
A is the same as a formal 1-parameter deformation of L. See [ G, NR].

Let A’ be another commutative algebra with identity over K with a fixed
augmentation ¢": A’ —» K, and let ¢: 4 > A’ be an algebra homomorphism
with ¢(1)=1and ¢'op=c¢.

DerFNiTION 1.5.  If a deformation A of L with base (4, m) is given, then
the push-out ¢,/ is the deformation of L with base (4', m’ = Ker ¢'), which
is the Lie algebra structure

[@1®4(a;®1), a5 4 (a4, ®1,)] =a1d5@ 4 [a1® 11, a,R1,],

arlaa’2EA,7 alaaZEAa llalZELa
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on /' QL=(A"®,A)QL=A4A"®,(A®L). Here A" is regarded as an

A-module with the structure a’'a=a'¢p(a), and the operation [, ] in the

right-hand side of the formula refers to the Lie algebra structure 2 on 4 ® L.
The push-out of a formal deformation is defined in a similar way.

1.2. For completeness’ sake, we recall the definition of Lie algebra
cohomology (see [ Fu]). We need only the case of cohomology with coef-
ficients in the adjoint representation, and therefore we restrict our definition to
this case.

Let

C%(L; L) =Hom(AL, L)

be the space of all skew-symmetric g-linear forms on a Lie algebra L with
values in L. Define the differential

8:CYL; L) — C4Y(L: L)

by the formula

(6]/)(11,, lq+1)= Z (_1)S+t71y([lsflt]s119"'fs"'it"'51q+1)
I<s<it<g+1

~

+ z [lua y(lla"'lu"'a lq+l)]a

I<u<qg+1

where ye C/(L; L), I, ..., 1, € L. It may be checked that 62=0, and the
cohomology of the complex {C%(L; L), 6} is denoted by H(L; L).

For e C?(L; L), fe CUL; L), the Lie product [a, ] is defined by the
formula

[O(, ﬁ](lla i 1p+q—1)

- y (= DZ B (Bl s [ ) by oo L s [ s Ly 1)

1<jj<--- <jq<p+q—1

(=)D S () EED Bl b ) e B s Ly,

1<k <--- <kp<p+q71

If one sets ¥9= C4*Y(L; L), #9=H9"'(L; L), then this bracket operation
(with the differential 6) makes ¥ = P €7 a differential graded Lie algebra
(DGLA), and makes # = @ #? a graded Lie algebra.

1.3. Here is the fundamental example of an infinitesimal deforma-
tion of a Lie algebra. Consider a Lie algebra L which satisfies the condition

dim H*(L; L) < 0.

This is true, for example, if dim L < oo.
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(There are some ways to weaken if not to completely avoid this condi-
tion. For example, if the Lie algebra L is Z-graded, L= D,z L,
[Ly, Lipl=Lpiy), then H*(L; L) also becomes graded, H*(L;L)=

DyezH fq)(L; L), and the construction will be valid in a slightly modified
form, if one supposes that dim H?

@(L; L) < oo for all g. See the details in
7.4 below.)
Consider the algebra
A=K®HXL; L)

with the second summand being an ideal with zero multiplication (' means
the dual). Fix some homomorphism

w: H*(L; L) — C*(L; L) =Hom(A%L, L)

which takes a cohomology class into a cocycle representing this class.
Define a Lie algebra structure on

A®L=(KQ®L)®(H*L;L)®L)=L®Hom(H*L;L), L)
by the formula

L1, @1), (L, @2) 1= (L4, L], W),

where

(o) =p(a)(ly, L)+ [ (), L1+ [, pa(a)],
I, Lel, ©,, ¢, e Hom(H*(L; L), L)), ae H*(L; L).

(The Jacobi identity for this operation is implied by du(o) =0.) This deter-
mines a deformation of L with base 4 which is clearly infinitesimal.

ProrosITION 1.6. Up to an isomorphism, this deformation does not
depend on the choice of u.

Proof. Let
w:HXL; L)— C*(L; L)
be another choice for u. Then there exists a homomorphism

y: HX(L; L)— CYL; L)=Hom(L, L)
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such that g'(a) = p(a) + 5y(a) for all we H*(L; L). Define a linear automor-
phism p of the space A® L =L@ Hom(H?*(L; L), L) by the formula

plo)=(Ly), Y(a) = (o) + p(o)(1),
leL, peHom(H?*(L; L), L), ae HXL; L).

The map p is clearly an automorphism. The inverse of p is given by replac-
ing y with —y in the formula. To prove that p is an isomorphism between
the two Lie algebra structures, one needs to check that for any /,,/, € L,
©1, 9, e Hom(H?*(L; L), L), xe H*(L; L) one has

pla)(ly, L)+ Lopy(), L]+ [y, @a(a) ]+ () ([, 12])
=p'(0)(Iy, L)+ [@y(o) +p(o)(lh), L]+ [y, @ala) + p(a)(12) s
but this follows directly from the equality u'(ot) = (o) + op(«).

We will denote the infinitesimal deformation of L constructed above
by 7.

1.4. The main property of #; is its (co-)universality in the class of
infinitesimal deformations.
Let 4 be an infinitesimal deformation of the Lie algebra L with the finite
dimensional base A. Take £ em’, or, equivalently, € A" and &(1)=0. For
I, 1, eL set

% el L) =CERIA)[1®/,1®L],e KQL=L.

LemMma 1.7.  The cochain o, € C*(L; L) is a cocycle.

Proof. Let [,1,,l5eL. Since [1®,1®L],—1®[,L]lem&L,
we have

[1®L,10L],=1Q[,L]1+) m®k,
where m; e m, k; € L. Hence

CERKIA[I®/,1®,],
=(¢RId[1® [, 1], 1®13]A+(é®id)2mi[l®ki, 1®1].

The first summand here is «; o[/, /5], /3). For the second summand

m[1®k;, 1@ L]1=m,(1® [k;, [3]+h),



82 FIALOWSKI AND FUCHS

where e m® L. Since m?=0 we have m;h=0. Hence m,[ 1 ®k,, 1 ®1;] =
mi® [kia 13], and

(E@id) Y m 10k, 1®15]

=2 (€®id)(m; ® [ky, 13]) =) &my)L ks 13]

~ ¥ Lelm) ki 1] = | @i (T @k, ). s

=[ERAN[1®,10L],—1®[1,]),15]
=[¢RIA[I®/,1®L],5]= [0‘/1,.5(11» ), 13].

In the last step above we used that (1) =0. Thus

CERIA[[1®/, 1®]],, 1®13]z:“/1,¢([119 L1, 1)+ [“A,:(ll, l), 131,

and the Jacobi identity for [, ], shows that «, . is a cocycle.

ProvrosiTiON 1.8.  For any infinitesimal deformation J. of the Lie algebra
L with a finite-dimensional base A there exists a unique homomorphism
@:K@ H*(L; L)' — A such that A is equivalent to the push-out ¢ 1.

Proof. For em’ let a; e HXL; L) be the cohomology class of the
cocycle «; . The correspondences & o, -, £+ a, - define homomorphisms

am' > C*L; L),  Jdoa,=0,
a,:m'— H*(L; L).
We claim that

(i) the deformation A is fully determined by o;
(i1) the deformations /4, A’ are equivalent if and only if ¢, =a,;
(ili) if p=id@ay: KO&H*(L; L) > K@m=L, then ¢ 7, is equiv-
alent to A.

Since (ii) and (iii) obviously imply Proposition, it remains to prove (i)—(iii).
The statement (i) is obvious. To prove (ii) notice that an A-automorphism
pr AR L—> A® L, that is

LOEMRL)- LD (ML),
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whose L — L part is the identity (this is the condition of compatibility with
e®id), is fully determined by its

L-o-m®L

part, which we denote by b, and the latter may be chosen arbitrarily. This
is an element of

Hom(L, m® L)=m® Hom(L, L)=m® C!(L; L) =Hom(m', C}(L; L)).

It is easy to check that p establishes an isomorphism between the Lie
algebra structures /4 and A’ if and only if

O(/V—O(/1=5Obp,
which proves (ii). Finally, it follows from the definitions that
O((p*nL =peda,,

which implies that a,,,
stated in (iii).

n, =4, and hence ¢, 77, and / are isomorphic as was

Remark 19. Technically, the mapping a,: m' - H*(L; L) constructed
in the proof will be more important for us than the map ¢ =id @ «}.

Let A4 be a local algebra with dim(A4/m?) < co. Obviously, 4/m? is local
with the maximal ideal m/m?, and (m/m?)?=0. Recall that the dual space
(m/m?) is called the tangent space of A; we denote it by TA.

DEerINITION 1.10. Let A be a deformation of L with base 4. Then the
mapping

y 0 TA=(m/m?) — H*(L; L),

where 7 is the projection 4 — A/m?, is called the differential of A and is
denoted by dA.

The differential of a formal deformation is defined in a similar way.
It is clear from the construction that equivalent deformations or formal
deformations have equal differentials.

1.5. It is not possible to construct a local or formal deformation of
a Lie algebra with a similar universality property in the class of local or
formal deformations. But it becomes possible for an appropriate weakening
of this property.
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DerFINITION 1.11. A formal deformation # of a Lie algebra L with base
B is called miniversal if

(i) for any formal deformation A of L with any (local) base 4 there
exists a homomorphism f:B — A4 such that the deformation A is equivalent

to f.7;

(ii) in the notations of (i), if A4 satisfies the condition m?=0, then f
is unique (see [ Fil]).

If # satisfies only the condition (i), then it is called versal.

Our goal is to construct a miniversal formal deformation of a given Lie
algebra.

2. HARRISON COHOMOLOGY

2.1. We will need a special cohomology theory for commutative
algebras introduced in 1961 by D. K. Harrison [ Harr ]. The following general
definition is contained in the article [ B].

Let 4 be a commutative K-algebra. Consider the standard Hochschild
complex {C,(A4), 0} for A. Here C,(A) is the A-module A*'=A4® ---
®A (q+1 factors), A operates on the last factor, and the differential
0: C,(A)— C,_1(A) is defined by the formula

g—1
olay, ..a,l=ailay, ..a, ]+ Y, (=) [ay, ..a,a; 1, .. a,]
i=1

+(=D?a,lay,...,a, 1],

where by[ by, ..., b,] means by ®b,; ® --- ®b, e C,(A). A permutation
from S(g) is called a (p, ¢ — p)-shuffle if the inverse permutation (i, ..., j,)
satisfies the conditions j; < --- < j,, j,, 1< --- <j,. Let Sh(p, ¢ — p) = S(q)
be the set of all (p, ¢ — p)-shuffles. For 4, ..,a,eA4 and 0 <p <q set

Sp(y, o ay) = Y SgN(iy, v ig)[ s oy @y 1 € Cy A).
(i, . iy) €Sh(p, g —p)
Let Sh,(A4) be the A-submodule of C (A4) generated by the chains s,(a,, ..., a,)
for all ay, ..,a, € A, 0 <p <gq. It may be checked (see [ B, Proposition 2.2])
that d(Sh,(A4)) = Sh,_,(4), which yields a complex Ch(4)={Ch,(4)=
C,(A)/Sh,(A),0}. This is the Harrison complex.
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DErFINITION 2.1. For an A-module M we set

H*(A4; M) = H ,(Ch(4) ® M),
Hy(A; M) = H(Hom(Ch (4), M);

these are Harrison homology and cohomology of A with coefficients in M.
(For the relations between Harrison and Hochschild homology and
cohomology see [B].)

We will need the following standard fact, which follows directly from the
definition.

PrOPOSITION 2.2. Let A be a local commutative K-algebra with the max-
imal ideal m, and let M be an A-module with mM =0. Then we have the
canonical isomorphisms

HP(A; M) = HP (A4 )@ M, Hi(4; M) = HY,

Harr

(A4; K)®@ M.

2.2. We will need only 1- and 2-dimensional Harrison cohomology.
Here is their direct description (belonging to Harrison [ Harr]). Let 4 and
M be as above. Consider the complex

0- Ch! —% Ch? —%, C?,
where
Ch' =Hom(4, M), Ch? = Hom(S%4, M),
C*=Hom(A® A® A, M),
dy(a, b)=ay(b) —y(ab)+by(a
drp(a, b, ¢) = ap(b, ¢) — ¢(ab, ¢) + (ﬂ(a, be) —co(a, b),
meM, a,b,ced, YyeCh', ¢eCh%
PROPOSITION 2.3. (i) Hyy,,(A; M) is the space of derivations A — M.

(ii) Elements of H3,,(A; M) correspond bijectively to isomorphism classes of
extensions 0 > M — B— A — 0 of the algebra A by means of M.

Proof. Part (i) is obvious. To prove (ii), consider an extension 0 —
M-S B2 40 and fix a section ¢:4— B of p. Then b+ (p(b),
i~Y(b—qop(b))) is an isomorphism B— A@ M. Let (a,m), € B be the
inverse image of («,m)e A@® M with respect to this isomorphism. For
ay,ay €A set ¢ lay, a,)=i""((a,,0),(ay,0),—(aya,,0),) e M. Then the
multiplication in B is (ay,m,), (az,my),=(a a5, a1my+aym, + @ (ay, a)),,
so it is determined by ¢,. Furthermore, the associativity of the algebra B
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implies that ¢, € Ch? is a cocycle. For any other section ¢':4 — B one has
i~'(¢'—¢q)eCh', and it is easy to check that ¢, =¢,+d,(i"" (¢ —q)).
This implies (ii).

COROLLARY 2.4. If A is a local algebra with the maximal ideal m, then
Hipo(A; K) = (m/m?) = TA.

Proof. Let ¢: A— K be a derivation. If aem? that is a=a,a,,
a;,a, em, then ¢(a)=¢(a,a,)=a,p(a,)+a,p(a;)=0 (since miK=0).
Furthermore, ¢(1)=¢(1-1)=1¢(1)+ 1p(1)=2¢(1), hence ¢(1)=0. On
the other hand, any homomorphism ¢: 4 — K such that @(m?)=0, ¢(1)
=0, is a derivation. Thus the space of derivations 4 — K is (nm/m?)".

PrOPOSITION 2.5. Let 0> M- B-2-A4—0 be an extension of an
algebra A. (1) If A has an identity, then so does B. (ii) If A is local with the
maximal ideal m, then B is local with the maximal ideal p~'(m).

Proof. (i) We use the notations of the previous proof. Fix a section
q: A— B of p. Then we get a cocycle ¢ = ¢, € Ch®. For any ae 4

dz(/)(ls 1’ a)z(/)(l»a)_(/)(la a)+§9(1»a)_a¢(1» 1)=0,

which shows that ¢(1, a)=aq(1, 1). Consider an arbitrary 1y € Ch! with
Y(l)=¢(1,1). Let ¢’ =¢ —d, . Then for any ae 4

(p(la a)idllp(h (1)
p(1, a) —y(a) +p(a) —ap(l)
o(l,a)—ap(1,1)=0.

¢'(1, a)

According to the previous proof, ¢’ = ¢, for some section ¢": 4 — B, and
one has

(L,0)y (a,m)y=(a,m+ @, (1,a)),=(a,m),.

Hence, (1,0), € B is the unit element.

(ii)) Let n< B be an ideal, and let n ¢ p~!(m). Then there is some
ben such that p(b)=1. Choose a section ¢g: 4 —» B with ¢(1)=»b. Then
b=(1,0),. For any (a, m), € B one has

(a,m)y=(1,0), (a,m—q,(1,a))en,

and hence n= B.
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2.3. The relationship between the second Harrison cohomology of
a finite-dimensional local commutative algebra 4 and extensions of 4 may
be also described in terms of one remarkable extension. This is the extension

0— H?

Harr

(4;K) - C—->A4-0, (1)

2
Harr

where the operation of 4 on H
A on K, and the cocycle

(4; )" is induced by the operation of

fa: 8?4 H%,

(4; K)
is defined as the dual of a homomorphism

0 i 4 1) — Ch2(4; K) = (524)),
which takes a cohomology class to a cocycle from this class. This extension
does not depend, up to an isomorphism, on the choice of x4 (compare
Proposition 1.6) and possesses the following partial (co-)universality property.

PROPOSITION 2.6. Let M be an A-module with mM = 0. Then the extension
(1) admits a unique homomorphism into an arbitrary extension 0 > M — B
—-A—-0 of A.

Proof. The extension 0 > M — B— 4 — 0 corresponds to some element
of H3 _(A; M)=H?_ (A4; K)® M (see Proposition 2.2). The latter defines

Harr Harr
a mapping H3,, (4; K)' — M, which implies, in turn, a mapping C — B.
The resulting diagram

2
0 H Harr

(A4; KY

c A
l Jid
B 4

is an extension homomorphism. Its uniqueness is obvious.

0 M

24. H}, (A; M) is also interpreted as the set of automorphisms of
any given extension 0 - M — B2 4 —0 of A. An automorphism is an
algebra automorphism f: B— B such that foi=1i and p-f =p. In previous
notations (see Proof of Proposition 2.3), f(a, m),=(fi(a, m), f(a, m)),.
The condition pof =p means that fj(a, m)=a. The condition foi=f
means that f5(0, m) = m, which implies that f,(a, m) = f5(a, 0) + f5(0, m) =
m+Y(a) (where Y(a) = f5(a, 0)). The multiplicativity of f implies successively
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fay, 0)y, (a5, 0),) = fla,, 0), f(az, 0),,
flayaz, ¢ far, az)),=(ar, ¥(ay)), (az, Y(az)),,
(ayay, 9 lay, ay) +Y(aa,)), = (aya,, @ (ay, ay) +ay(ay) +axf(ay))
Ylaya;) = a(ay) + ap(ay),

that is d, =0. Conversely, any y¥: 4 > M with d,y =0 determines an
algebra automorphism f: B — B, (a, m), > (a, m +(a)), with the required
properties.

Notice that f(1,0),=(1,y(1)),=(1,0),, because (1)=0 for any
derivation . Hence f takes the unit element of B into the unit element of
B (cf. Proposition 2.4).

2.5. 1In Section 4 we will use the following result due to Harrison.
ProrosiTioN 2.7 ([ Harr], Theorems 11 and 18). Let A =K[x4, ..., X,,]

be a polynomial algebra, and let mi be the ideal of polynomials without
constant terms. If an ideal I of A is contained in m?, then

Han( AL ) = (1) (m - 1))

Harrison’s work contains also an explicit construction of the above homo-
morphism, which implies the following description of the canonical extension

0— H?

Harr

(B;K) > C—>B—0

of B=A/I (see 2.3).

ProrosiTION 2.8. If A, m, and I are as in Proposition 2.1, then the
preceding extension for B= A/l is

0—I/(m-1)—> A)(m-T)-2 A/l -0,

where i and p are induced by the inclusions [ - A and m-1— I

3. OBSTRUCTIONS TO EXTENDING DEFORMATIONS

3.1. Let A be a deformation of a Lie algebra L with a finite-dimen-
sional local base 4, and let 0 > K- B-% 4—0 be a 1-dimensional
extension of A4, corresponding to a cohomology class /'€ H, (4; K).

Let I=i®id: L=K®L—->B®L and P=pR®id: BL—->ARL. Let
also E=£6®id: B® L > K® L= L, where ¢ is the augmentation of B. The
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Lie algebra structure [ , ], in 4 ® L can be lifted to a B-bilinear operation
{,}: A*B— B such that

(i) P{l;, L} =[P(l,), P(1,)], for any I;,1,e B®L,
(ii) {1, 1} =1[1 E(l,)] for any le L,], e B® L.

The operation { , } partially satisfies the Jacobi identity, that is

o(ly, Ly L) ={1,{l, I3} } +{L, {l5, 1} } + {15, {1,, ,} } eKer P.

Remark that ¢ is multilinear and skew-symmetric, and ¢(/,, [,, /;) =0 if
[, eKer E. (Indeed, if I, =ml', where mevi=Keré, then ¢(l,,1,,1;)=
p(mly, I, I;) =me(l}, [, 13) =0.) Hence ¢ determines a multilinear form

@: A’L=A*(B®L)/Ker E) > Ker P=1L,

that is an element ¢ of C3(L; L). It is easy to check that 6@ =0.

Let {,}’ be another B-bilinear operation 4*B — B satisfying the condi-
tions (i), (ii) above. Then {/,, ,}' —{I,,1,} eKer P for any /,,/, e B®L,
and if /; eKer E then {/,, L} —{l,,,} =0 (as above, if [, =ml}, men,
then {/;, L} — {1}, L} ={mly, L} —{mly, L} =m({l}, L} —{1;,1,})=0.)
Hence the difference {, }'—{,} determines a form y: A*’L=A*(BQL)/
Ker E) — Ker P = L, that is determines a cochain € C*(L; L). Moreover,
an arbitrary cochain € C*(L; L) may be obtained as { , }' —{ , } with an
appropriate { , }'.

Using the cocycle f,, it is easy to check that if @, ¢’ € C3(L; L) are the
cochains corresponding to {,},{,}’ in the sense of the construction
above, then

P —p=0y.

Let 0,(f)e H*(L; L) be the cohomology class of the cochain @. It is
obvious that

Oy Hyo A ) > HYL; L), > O(f)

Harr

is a linear map.
We can summarize the argumentation above in the following

ProPOSITION 3.1.  The deformation A with base A can be extended to a
deformation of L with base B if and only if O,(f)=0.

The cohomology class ¢,( f) is called the obstruction to the extension of
the deformation A from 4 to B.
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3.2. Suppose now that @,(f)=0, that is the deformation A is
extendible to a deformation with base B. We are going to study the set of
all possible extensions.

Let u, u' be deformations of L with base B such that p, u=p. u' =41
Then, according to 3.1, the difference [, ], —[, ], determines and is
determined by a certain cochain y € C*(L; L). Since [ , ] wand [, ], both
satisfy the Jacobi identity, oy = 0. Moreover, it is easy to check that if we
replace any of the structures [ , ],, [ , ], with an equivalent one (see 1.1),
then the cocycle y will be replaced by a cohomologous cocycle. Thus the
difference between two isomorphism classes of deformations u of L with
base B such that p,u=2 is an arbitrary element of H*(L; L). In other
words, H*(L; L) operates transitively on the set of these equivalence classes.

On the other hand, the group of automorphisms of the extension 0 —
K - B-%> 4 — 0 also operates on the set of equivalence classes of defor-
mations u. According to 2.5, this group is Hyy,.(4; K), and according to
Corollary 2.4, H., _(A4; K) = (m/m?) = TA.

Harr

ProrosITION 3.2.  These two operations are related to each other by the
differential dj. TA — H*(L; L) (see Definition 1.10). In other words, if ;B — B
determines an automorphism of the extension 0 — K - B2 A — 0 which
corresponds to an element he Hly, (A; K)= TA, then for any deformation u

of L with base B such that p ,u = 4, the difference between [ , ], ,and [, ],
is a cocycle of the cohomology class dJ.(h).

Proof is obvious.

COROLLARY 3.3. Suppose that the differential d\: TA — H*(L; L) is onto.
Then the group of automorphisms of the extensions 0 — K —> B2 4 —0
operates transitively on the set of equivalence classes of deformations u of L
with base B such that p,u = A. In other words, p is unique up to an isomor-
phism and an automorphism of the extension 0 > K - B— 4 — 0.

3.3. The results of 3.1 and 3.2 may be generalized from the case of
extension 0 > K - B— A4 — 0 to a more general case of extensions 0 —
M5 B2 40, where M is a finite-dimensional 4-module satisfying
the condition mM = 0. The construction of 3.1 applied to a deformation A
of L with base A4 yields an element of H}(L; M® L)=M ® H>(L; L).

The same element may be obtained from the previous construction in a
more direct way. Let he M'. We set B,=(B® K)/Im(i®h) (that is B, =
B/i(Ker h) if h #£0, and By= A @ K). There is an obvious extension 0 - K
—B,—>A-0; let f,e H}, (A;K) be the corresponding cohomology
class. The formula /+— O,( f;,) defines an element of Hom(M', H3(L; L)) =
M ® H*(L; L) which coincides with the obstruction constructed above.
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PrOPOSITION 3.4. A deformation p of L with base B such that p =4
exists if and only if the element of M @ H>(L; L) constructed above is equal
to 0. If di: TA— H*(L; L) is onto then the deformation u, if it exists, is
unique up to an isomorphism and an automorphism of the extension 0 > M
—-B—>A4A—-0.

Proof. The proof is as above (see 3.1).

4. CONSTRUCTION OF A MINIVERSAL DEFORMATION

4.1. Suppose that dim H*(L; L) < co.
Let Co=K, C,=K®H?*L; L), and let

0— HXL; LY - ¢, 25 K -0
be the canonical splitting extension. The deformation 7, of L with base C,
constructed in 1.3 will be denoted here by #;. Suppose that for some k > 1

we have already constructed a finite-dimensional commutative algebra C,
and a deformation 7, of L with base C,. Consider the extension

0> H2 (Coi K) —20 Oy~ € 50 (2)

constructed in 2.3 using the cocycle f, (the notation was different there).
According to 3.3, we obtain the obstruction

Oy (fo) € Hn( Cos KY @ H(L; L)
to the extension of #,. This gives us a map
gt H e Cres 1) > H3(L; L).
Set
Criv1= Crst/ixy1 el H(L; L)),
Obviously, the extension (2) factorizes to an extension
0 (Ker ) —5 C,, | —2+15 €, > 0. (3)
Notice that all the algebras C, are local. Since C, is finite-dimensional,

the cohomology H?, .(Cy; K) is also finite-dimensional, and hence C, , is
finite-dimensional.
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PROPOSITION 4.1.  The deformation 1, admits an extension to a deforma-
tion with base Cy ., and this extension is unique up to an isomorphism and
an automorphism of an extension (3).

Proof. According to Proposition 3.4, the obstruction to the extension of
the deformation 7, of L from C, to Cy,; is a homomorphism Ker w; —
H3(L; L), and it is easy to show that it is precisely the restriction of w,.
Hence it is equal to 0. The uniqueness of the extension is stated explicitly
in Proposition 3.4.

We choose an extended deformation and denote it by 7, ;.

The induction yields a sequence of finite-dimensional algebras

K P Cl P Py Ck Pr+1 Ck+1 Pry2

ce,

and a sequence of deformations #, of L such that (pj )y #xs1="r-
Taking the projective limit, we obtain a formal deformation # of L with
e

base ¢ = lim, _, ., C;. In Theorem 4.5 below we will show that # is a mini-
versal deformation of L.

4.2. Denote the space H?(L; L) briefly by H. Below we assume
that dim H < oo. Let m be the maximal ideal in K[[H']].

ProrosiTiON 4.2. C,=K[[H']]/I; where
m?=I1,ol,> ..., [ omk+1,
Proof. By construction,
Ci=K@®H =K[[H']]/m>
Suppose that we already know that
C.=K[[H']11/1,, m2ol, omk+L
Then, according to Proposition 2.8,
Cryr=KI[[H'T]/(m- L),

and by construction Cy,; is the quotient of C, , over an ideal contained
in I /(m-I,) cm?/(m-1I,). Hence

Cei1=K[[H']]/Iiy 1, where m?>>I,,>m-I >mc*2

This completes the proof.
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COROLLARY 4.3. For k=2 the projection py:Cy, — C,_, implies an
isomorphism TC, — TC, _,. In particular, the space TC, does not depend
on k; TC,=TC,=H?*L; L). More precisely, for any k=1 the differential
dn,: TC, — H*(L; L) is an isomorphism.

PropoSITION 4.4. C=K[[H']]/I, where I is an ideal contained in m>.
Note that since K[[H']] is Noetherian, then I is finitely generated.

—
Proof. By construction, C= lim, _, , C, (see 4.1). Proposition 4.2 gives
an epimorphism

< <

lim K[[H']]/m**!'— lim C,,

k — o k— o0
that is

KL[H']]—C,
and
—
C=K[[H']1/L where [=()I,=limI,.
4.3. We prove the following.

THeoreM 4.5. If dim H*(L; L) < oo, then the formal deformation n is a
miniversal formal deformation of L.

Proof. Since TC,=H?*L;L) and dy,=id, then TC= H*L; L) and
dn=id. Let A be a complete local algebra with the maximal ideal m, and
let 2 be a deformation of L with base 4. We put 4o=A4/m=I[K and 4, =
A/m?* =K@ (TA)'. Then we fix a sequence of 1-dimensional extensions

0 K250 4, — %55 4, >0, k=1

such that 4 = Ekﬂo Ay. Let Q,: A > A, be the projection; we suppose
that Q, is the natural projection 4 — A/m? Let A, =(Qy), 4; it is a defor-
mation of L with base 4,. Obviously, 4, =(gx ;1) Ax41- We will construct
inductively homomorphisms ¢;: C; — 4;, j=1,2, .. compatible with the
projections C;,y = C;, A;, — 4; and such that (@) ;= 4.

Define ¢,: C,; —>A1 as 1d(—B(d/l) K@®H*L; L) - K@(TA) by defini-
tion of the differential, (¢,), #, =4,. Suppose that ¢,: C; — Ak with (), 1k
= /4 has been already constructed. The homomorphism ¢ H3, (Ay; K) -
H?,..(Cy; K) induced by ¢, takes the class of extension 0 >K-oA4,,,—
A, — 0 into the class of some extension 0 » K - B— C, — 0, and we have
a homomorphism
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0 K B Cy 0
A
00— K— A4, Ay 0

Obviously, there exists a deformation & of L with base B which extends
7, (because the deformations 4, and 7, have the same obstruction to exten-
sion) and such that y ¢=4,,., (extensions of A, and #, are both
parameterized by H*(L; L)).

According to Proposition 2.6, there exists a homomorphism

0—— H%—Iarr(ck; <)’ e 6k+l Pie Ck 0
lr JX lid
0 K B C, 0

and since the deformation 7, is extended to B, it follows that the composi-
tion

rowy: H¥(L; L) - K

is zero. Hence the last diagram may be factorized to

00— (Ker Cl)k)/—) Ck+l Ck 0
J .
0 K B C, 0

Since dn,: TC, — H*(L; L) is an epimorphism (see 1.4.1), the two deforma-
tions y,#,,; and & are related by some automorphism f: B— B of the
extension 0 » K - B— C, — 0. It remains to set @, =Wofoy: Cp i —
Aj i indeed, (@rp1)y Mev1 =Wy of s Xstlier1 =V C=ps1-

The limit map ¢: C— A obviously satisfies the condition ¢,#=A. The
uniqueness property (ii) in Definition 1.11 follows from the uniqueness in
Proposition 1.8.

4.4. As a consequence we get
THEOREM 4.6. If dim H*(L; L)< co, then the base of the miniversal

formal deformation of L is formally embedded in H*(L; L), that is, it may
be described in H*(L; L) by a finite system of formal equations.

Proof. Follows directly from Proposition 4.4.
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To make the computation of C more specific, we need an appropriate
theory of Massey products.

5. MASSEY PRODUCTS

5.1. The obstructions
O Hyar Crs ) > H(L; L),

which arise in the construction of the miniversal formal deformation of the
Lie algebra L (see 4.1) may be described in terms of Massey products in
H*(L; L). The appropriate theory of Massey products was developed by
the second author and Lang [ FuL]. We briefly recall this theory.

DermNiTION 5.1, A differential graded Lie algebra (DGLA) is a vector
space ¥ over K with Z or Z, grading 4 = @ ;%" and with commutator
operation u: LQL— L, u(a®p)=[a ] of degree 0 and a differential
f: € — € of degree +1 satisfying the conditions

[o, 1=~ (=17 [p. o],
ola, pl=[oa, f]+(—1)*[a, 0],
[[on A1 71+ (=D P [[B,p], a] + (= 1) P [[7,al, f1=0,

where the degree of a homogeneous element is denoted by the same letter
as this element.

Our main example of DGLA was introduced in 1.2: ¢'= C**Y(L; L).
The cohomology of % with respect to J is denoted as # = @, #°. It is
a graded Lie algebra.

5.2. The construction of Massey products in # given below
requires the following data. First, a graded cocommutative coassociative
coalgebra, that is a Z or Z, graded vector space F over K with a degree
0 mapping 4: F—» F®F (comultiplication) satisfying the conditions
Sod=A4, where S: FQ F— F® Fis defined as S(¢ @) = (= 1) (Y ® @),
and (Id® 4)oA4=(A4®id)e 4. Second, a filtration F, = F; = F such that
FycKerdand ImAdcF, @ F,.

ProprosITION 5.2 (see [ FuL], Proposition 3.1). Suppose a linear mapping
o Fy = € of degree 1 satisfies the condition

ou=po(a®@a)oA. (4)
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Then
Uo(a®a)oA(F) < Ker 0.

(The right-hand side of the last formula is well defined because A(F) is
contained in F; ® F,, the domain of a ® a.)

DerFINITION 5.3. Let a: Fy » # and b: F/F; - # be linear maps of
degrees 1 and 2. We say that b is contained in the Massey F-product of a,
and write be {a)p, or be<a), if there exists a degree 1 linear mapping
o Fy — € satisfying condition (4), and such that the diagrams

F0$Ker5 F @04, Ko §
Jid lrz ln ln
Fo—"—x FJF, 2 H

are commutative, where the vertical maps labeled by n denote the projec-
tions of each space onto the quotient space.

Note that the upper horizontal maps of the diagrams are well defined,
since a(F,) ca(Ker 4) = Kerd by virtue of (4), and po(a®@a)oA(F)c
Ker ¢ by Proposition 5.2.

Note also that the definition makes sense even in the case, when F; =F.
In this case we do not need to specify any b, and we will simply say that
a satisfies the condition of triviality of Massey F-products.

ExaMPLE 5.4. Let F be the dual of the maximal ideal of IK[#]/(#"*!),
F, and F; be the duals of maximal ideals of K[ #]/(¢?) and K[ #]/(¢"). Then
F, and F/F, are 1-dimensional and are generated respectively by ¢ and "
In this case a: Fy, > A and b: F/F, — # are characterized by a(¢) e # and
b(t")e A, and it is easy to check that b e {a)  if and only if b(¢") belongs
to the nth Massey power of a(¢) in the classical sense. In particular, for
n=2, bela)if and only if b(¢*) = [a(?), a(t)].

5.3. The relationship between Massey products and Lie algebra

deformations was established in the article [ FuL] by the following result.

Let A4 be a finite-dimensional local algebra with the maximal ideal m.
Put F=F,=m' and Fy=TA4 = (m/m?)".

PrOPOSITION 5.5 ([FuL], Theorem 4.2). A linear map a: Fy — H*(L; L)
is a differential of some deformation with base A if and only if —3}a satisfies
the condition of triviality of Massey F-products.

A similar result holds for formal deformations.
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6. CALCULATING OBSTRUCTIONS

6.1. Adopt the notations of 4.1. Consider the sequence

K Py C 1) Py C Pr+1 C
1 e k k+1-
Recall that all C;, C; are finite-dimensional algebras,
=K@ HXL; L),
and there is an extension

0— H?

Harr

(Cii K) =225 Cpyy 24 =0
and an obstruction homomorphism

o Hi (Crs K) > H3(L; L).
Recall also that

Ck+1 = ék+1/1m(ik+1 Ow;c)

Let m,, m,; be the maximal ideals in C,, C,. Then we also have the
sequence

Py pP3 143 P+
ny— nM3;— - — M, —>mk+1

Consider the dual sequence

)2) 3 Pk Pit1
m1<—m2<— <—m <——mk+1

This is a sequence of successively embedded cocommutative coassociative
coalgebras. Put my . =F, m| =F,, mj=F,. Then

FO = HZ(L’ L)a F/Fl Harr( Cka )

We choose the grading in F to be trivial (deg ¢ =0 for any ¢ € F).

6.2. The following statement is true.

THEOREM 6.1. 2w, € {id)  (this inclusion refers to the Massey product
in the sense of Definition 5.3 in the cohomology # = @, H', #' =H T (L; L),
of the DGLA % =@, %", €' =C'*\(L; L)). Moreover, an arbitrary element of
id) g is equal to 2w, for an appropriate extension of the deformation n,=nr
of L with base C, to a deformation n, of L with base C,.
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Proof. The Lie Cj-algebra structure 7, on C, ® L is determined by the
commutators [/, /;], € C, ® L of elements of L=1®L<=C, ®L. The
difference [, ], —[, ] is a linear map f: A?L —» m; ® L. This map may be
regarded as a map m, =F, » Hom(AL, L)= C*(L; L); we take the last
map for a (see Definition 5.3). Obviously, «|F, represents a =id: F, —
H*(L; L), and the Jacobi identity for [ , 1,, means precisely that o satisfies
condition (4). Moreover, it is clear, that different o’s with these properties
correspond precisely to different extensions 7, of #;.

By definition, a map b: F/F, —» H*L; L) from <{a) is represented by
po(a®@a)od: F— C3L; L). On the other hand, the obstruction map
wp: HE, (Cr; ) =1 . /m)=F/F, > H*(L; L) is defined by means of
lifting the commutator [, ], to a skew-symmetric C, . -bilinear operation
{,} (satisfying some additional conditions—see 3.1). Choose a basis
my, ..,m, in m;, and extend it to a basis iy, ..., 1 S Mgy s g, Of
1y, 1. (We will also consider the dual bases {m}} and {m;} } in mj and
My, ;.) Then

[Zlalz]nk:[llalz] + Z m; @[, 1]
i=1
and the map a acts by the formula
am)(ly, L) =[h, L], i=1 .5
We define {, } by the formula
L Ly =10, L1+ ) m®[1, L],
i=1

Let the multiplication in 1, be
s+t
mm; = Z chim
then 4: mjy . — m;, ® my acts by the formula
Z chm; @ m;.
Lj=1

We have

s+t

{0, Ly, LYy =10, L1, L1+ - + Z Y ctm,®[[1y, L], 3]

i,j=1 p=s+1
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where “--.” denotes the part corresponding to 14, ..., m,. Thus the func-
tional m), e m}., ; takes

{0 L) B+ UG B L+ (D, L )
into

Y chlolm)(o(mi)(ly, ), I3) +omp)(o(m})(1y, 13), 1)

i, j=1
+a(my)(om)(ls, 1), 1)]
=Lpe(a@a)= A(ry),

which shows that w, = 1b. Theorem 6.1 follows.

7. FURTHER COMPUTATIONS

7.1. The goal of this Section is to provide a scheme of computation
of the base of a miniversal deformation of a Lie algebra, convenient for
practical use. We begin with the detailed description of the first two steps
of this inductive computation.

As in Section 4, we denote H*(L; L) by H, and also denote by m the
maximal ideal of the polynomial algebra K[ H']. As before, we assume that
dim H < c0. Also we adopt the notations C,, C,, m,, 1, of 4.1 and 6.1,
and to avoid confusion, we denote the map a: mj — C*(L; L) of 6.1 by a,.

According to 4.1,

Ci=K®H =K[H ]/m?
and hence
m; =m/m?>=H’, m)=H.
According to 4.2,
C,=K[H' ]/m?,
and hence
1, = m/m?, my=H® S’H.

The map

ap:my=H- C*L; L)
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takes a cohomology class into a representing cocycle. Hence the map
o (g ®ay)od:iity > C3(L; L), (5)

where 4: m, — mj ® m} is the comultiplication, acts as zero on H (because
A|H=0) and takes ¢neS?H (where & neH) into the product of the
chosen cocycles a,(&), o;(#) representing &, #. Obviously (and according to
Proposition 5.2), the image of the map (5) belongs to Ker d, and the com-
position of this map with the projection 7: Ker 6 — H3(L; L) acts as zero
on H and coincides with the multiplication [ , ]: S?H — H3(L; L) on S*H.
Hence

my=H@Ker([ , ]:S?H- H}L; L)),
__m
Cmi+J,
_ K[H']

_ﬂ13 +J2'

m, where J,=Im([, ])

2

Note that if dim H3(L; L) =g, then J, is an ideal in IK[H'] generated by
(at most) ¢ quadratic polynomials.
Furthermore, according to 4.2,

_ K[H']
CG=—7F—""",
m* 4 (m-J,)
and hence
= m =/ 2
my=—F—— m;=H® S HD K,

Tt (m-Jy)
where K < S°H is the intersection of kernels of the maps
S S’H— H(L; L), peH,
Jo(&nl) = p(O)n, {1+ @S 1+ @(OLE, 7]
The map
o my=H®@®Ker[ , ] - CXL; L)

coincides with a; on H and takes Y &,s#7, e Ker[ , ] (¢;, 7, e H) into a two-
dimensional cochain whose coboundary is > [a,(&;), a4(7;)]. Hence the
composition

po (o @ap) o A: ity > C3(L; L), (6)
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where 4: m5 — m) ® m) is the comultiplication, coincides with the map (5)
on H® S?H and takes Y &,,{; into

Loy(E,), ooz, )T+ Laa(my), 2a(in )T+ Loy (E5), 2a( &4 12) ]

According to Proposition 2.8, the latter is a cocycle, and the composition
of the map (6) and the projection n: Ker § - H3(L; L) acts as zero on H,
as [, ] on S?H, and as the “triple Massey product” on K. The kernel of
this composition is mj, and m5 is the dual of this kernel. Thus, by
construction,

m K[H']
my=—71—>"-, =", 7
PTmt 4, Tmt U,

where J; N S?H' =J, n S*H'.

7.2. Describe now the kth induction step. Suppose that we have
already constructed
K[H'] m

C,=———mm—— m,=———
k mk+1+Jk’ k mk+l+Jk’

oy my — CA(L; L).

Then, according to 4.2,
K[H'] _ m
k+2 > M1 = %52 >
m +(m-Jy) m +(m-Jy)

M, cHOS’H® --- @ S**'H.

Ck+l =

The image of the composition
pro (o @) o A: ity — C3(L; L), (7)

where 4: 1y ; - m,®my is the comultiplication, is contained in Ker o
(Proposition 5.2), and the composition

mopo (o @) o Ay = H(L; L)
acts as zero on nt,.. We put
e, = Ker(mouo (o @ay)od)>ny.

The map o: m), — C*(L; L) is extended to the map oy, : 1y, — C*(L; L)
such that doay , ; is the restriction of the map (7). The dual to my, , is

m

My 1= 5
mk+2+‘]k+l
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and we put

K[H']

Ck =K@m =75 .
+1 k+1 2 .
mt +Jk+1

This completes the construction.

7.3. Two following useful observations are easily derived from the
description of the construction given in 7.1-7.2.

ProrosITION 7.1. For [<k,
Jk+l (‘\SIH' :Jk F\SIH'.

Proof. We use induction with respect to k. For k=2 this was proved
in 7.1. Suppose that J, nS'"'H' =J, _,nS'~'H'. Then (m-J,)nS'H' =
(m-Jey1)nS'H'. Hence nt} ., and m) have the same S'H’ component.
Since 4 has degree 0 with respect to H', and a, coincides with a, _; on
mj_,, we may conclude that m),; and m) also have the same S'H’
component. Proposition 7.1 follows.

ProrosiTION 7.2. If dim H*(L; L) = q, then the ideal I= Tim I, = {im Jy
from Proposition 4.4 has at most q generators. Less formally, the base of the

miniversal deformation of L is the zero locus of a formal map H*(L; L) —
H3L; L).

Proof. By construction, m, =m,/G,, where G, is generated by the image
of a certain map f,: H>(L; L) — mt, (namely, 8, = (mopo (o @ay_1)od),
see 7.2). Actually, m, is a quotient of m,, ;, and S, is a lift of f,. Put

_ Yo _ S
my, = lim, | my, my, = lim, | m,.

Then m_ =m, /G, where G, is generated by the image of
—
Bo= lim B,: H}L; L) —»m,,.
k— oo
Furthermore,
my, =m/l, my, =m/(m-1),
—
where /= lim I.. Hence

G, =I/(m-I),

(o)

and it is clear that generators of G, are lifted to generators of 1. Since G,
is generated by (at most) ¢ generators, Proposition 7.2 follows.
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7.4. We conclude this section with a brief discussion of the graded
case. Suppose that the Lie algebra L is G-graded, where G is an Abelian
group: L= @, L,, [Lg, Ly] =L, . In this case the cochains % and the
cohomology # get an additional grading: CU(L;L)= @ e Cf,)(L; L)
(peCly(L; L), if o(ly, s ly)€Ly 4 ... R for lyeL,, .., [, equ), and
HYL; L)= @ e H{,)(L; L). The condition dim H*(L; L)< oo may be
replaced in this case by a weaker condition: dim HZ,(L; L) < oo for each g.
We preserve the notation H for H*(L; L), but H will denote @ ccG
H(zg)(L; L)y. All the spaces H, H', C,, m,, m,, mj,, mj have natural
G-gradings, and all the maps a, have degree 0. The whole construction is
modified correspondingly. We restrict ourselves to the modified version of
Proposition 7.2.

ProrosiTION 7.3.  The ideal I from Proposition 4.4 is always generated
by homogeneous elements. Moreover, if dim Hfg)(L; L)=gq,, then I has at
most q, generators of degree g. Less formally, the base of the miniversal
deformation of L is the zero locus of a formal map H*(L; L) — H*(L; L) of
degree 0.

8. EXAMPLE: DEFORMATIONS OF THE LIE ALGEBRA L,

8.1. Let L, be the complex Lie algebra of polynomial vector fields
p(x)(d/dx) on the line such that p(0)= p'(0) =0. The deformations of this
Lie algebra were studied by the first author ([Fi2, Fi3]), and its formal
miniversal deformation was completely described in our joint paper [ FiFu].
It turned out that geometrically the base of this deformation is the union
of three algebraic curves with a common point: two non-singular, having
a common tangent, and one with a cusp, where the tangent at the cusp
coincides with the tangent to the smooth components.

Below we show how these results can be obtained by the methods of this
article. We will need some (surprisingly little) information about the co-
homology and deformations of the Lie algebra L,. All this information is
contained in the articles [ FeFu, Fi2, Fi3, FiFu].

8.2. As a complex vector space, the Lie algebra L, has the basis
{e;|i=1}, e,=x"*!(d/dx), and the commutator operation is [e,, e;]=
(j—1i)e;4 ;. This Lie algebra is Z-graded, dege,=1.

ProrosiTiON 8.1 ([FeFu, Fi2]). The dimensions of H*L,;L,) and
H3(Ly; L,) are equal to 3 and 5. Moreover,
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- 1 if 2<qg<4
dim H? (L,; L,)= ’

m Hp(Las L) {0 otherwise;

1 i 7<qg<ll,

dim H3 (Ly; L)) =
im Hig(Lys L) {0 otherwise.

ProposITION 8.2 ([Fi3]). Let O#aeHp (L Ly), 0#feH (L Ly),
0 75VEH(24)(L1; Ly). Then 0#[ B, 7] EH(37)(Llé Ly), 0#[y,7] EH(ss)(Ll; Ly).
Furthermore, 0 # B, , B> € Hlo(Ly; Ly).

The latter means that if be C(Z3)(L1; L,) is a representative of f5, and if
[b,b]=0g, geC(zG)(Ll;Ll), then the cohomology class of the cocycle
[b, g]€ ng)(Ll; L,) (which does not depend on the choice of » and g) is
not equal to 0.

8.3. Here are some explicit constructions of deformations of the
Lie algebra L,.

ProrosiTiON 8.3 ([Fi2]). The formulas

Les, ej]tl =(j—i)e;y ;e ;1)

[e, €~]2={(j_i)ei+j if i#1,j#1,
v (J=1) ej1+tje; if i=lj#1
[e, eA]3={(ji) Ciyj if i#2,j#2,
R (J—=2)ej a2+ tie; if i=2,j#2

determine three one-parameter deformations of the Lie algebra L,. All the
three deformations are pairwise not equivalent. Moreover, if Ly, L3, L3 are
Lie algebras from the three families corresponding to arbitrary non-zero
values of the parameter (up to an isomorphism, they do not depend on the
non-zero parameter value), then neither two of Ly, L2, L3 are isomorphic to
each other.

COROLLARY 8.4. The base of any versal deformation of the Lie algebra
L, contains at least three different irreducible curves.

8.4. We will use the notations of Section 7. Let «, f, y be a basis of
H=H*L,;L,) (as in Proposition 8.2), and let x, y, z be the dual basis in
H'. The algebra S*H' =C[x, y, z] has the monomial basis {x?y?z"}. Let
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{a?B9y"} be the dual basis in the coalgebra S*H; the comultiplication
A: S*¥H - S*H® S*H acts by the formula

(xpﬁq ZZZaﬂ’y@@fx” ﬂq}rk

i=0 j=0 k=0

Choose cocycles aeCy)(Ly;Ly), beCh(Ly;Ly), ceCly(Ly;Ly)
representing a, f3, . Then

aymy=H— C*(Ly; Ly)
is defined by the formulas

() =a, ai(B) =0, a(y)=c.
Since H?

(q)(Ll, 1)=0 for g<7, there exist de Cl,(L;L,), ecCf,
(Ly; Ly), f& Co(Lys Ly), g€ Cl(Ly: Ly), such that [a,a]=0d, [a,b]
=Jde, [a, c] =0f, [ b, b] = dg (the notation g has been already used in 8.2).
Since ce C(24)(L1; L,) is a cocycle, we can replace d with d+ tc, where ¢ is
an arbitrary complex number. Finally, since d[a, d] =0, we also have
[a, d] = oh for some he C%(L;; L,).

The space 1, = H@® S?H is spanned by «, B, y, a2, af, ay, 2 By, y* The
map po(a; ®a,;)od: my— C3(L,;L,) acts in the following way:

«, B,y 0; a? - dd, aff — 2de, oy > 20f, B*— dg,

By 2[b, c]¢Im 6, 92> [c,c] ¢Imé.
Hence nt, is generated by a, f8, 7, o%, af, ay, % and
ay: my = C*(Ly; Ly)
is defined as «; on H and
ay(a?)=d+tc, ay(af) =2e, ay(ay) =2f, a(f?) =g
Furthermore,

m
my=——,
2T 4 (yz, 22)

m B m
m*+ (m-(yz, %)) m*+ (xyz, x22, ¥z, yz2, 23)

m3:

and

m;=H® S’ H® K,
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where K is the subspace of S*H spanned by o>, a8, a2y, a% f°. The map
oo, @ay)od:ms— C3(Ly; Ly) acts as po(a; @ay)od on HO S?H (see
above), and acts on K in the following way:

> 2[a, d+tc]=0(h+1tf),
B> 4[a, e]+2[b,d] +2t[b, c],
a?y—>4la, f1+2[c, d] +2t[c, c],
oaff?2[a, g]1+4[b, €],
p*—2[b, g]¢Im.

Since 4[a, e] +2[b,d] eKer 9, [b, ¢] ¢ ImJ, and dim Hf7)(L1; L)=1, we
can choose 7 in such a way that the image of «*f is cohomologous to 0,

ok, ke Ch(Ly; Ly).

Since 4[a, f1+2[c,d]+2t[c,c],2[a, g]l+4[b,e]eKerd, [c,c]¢Ima,
and dim H (38)(L1; L,) =1, there exist complex numbers A, B such that the
images of a?y — Ay?, af> — By? are cohomologous to 0,

o’y — Ay* -6l le Cfy)(Lys Ly),
af>—By*+—0m,  me Cy(Ly;Ly).

Hence mj is generated by the generators of m, (see above) and also
o3, B, a?y — Ay?, aff* — By Thus

m
Cm* 4 (yz, 22+ Ax%z + Bxy?, y3)

n;

To complete this description of the base of the miniversal deformation of
L,, we need to continue the induction to calculate m, and ms. This would
require more information about the multiplications in the cohomology of
L,. It turns out, however, that we can avoid any additional computations
if we use Corollary 8.4.

8.5. According to Propositions 7.3 and 8.1, the base of the miniver-
sal deformation of L, is C[[x, y, z]11/(F1, F,, F5, Fy4, Fs), where Fy, ..., Fs
are polynomials in x, y,z of degrees 7, .., 11 (with degx=2, deg y=3,
deg z=4). The calculations of 8.4 show that

Flzyz+ e,
F,=2% 4+ Ax*2 + Bxy*+ ---,
F3:y3_|_ e,
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2

where “---”, and F,, Fs as well, are linear combinations of 4- and 5-fold
products of x, y, z having appropriate degrees. These products are the
following monomials.

degree 7: none,
degree 8: x*,
degree 9:  x3y,

degree 10:  x°, x3z, x%2,

degree 11:  x*y, x?yz.

We exclude the monomial x?yz, because it can be extinguished by adding
a constant times x2F,, and get the following intermediate result.

Lemma 8.5. The base of the miniversal deformation of L, is described in
H*(Ly; Ly) by a system of formal equations

By =0,

72+ Ao’y + Baf* + Ca* =0,
B+ Da*p=0, (8)

Eo® + Fo*y + Ga’2 =0,

Ho*B=0.

Consider the zero locus X of the first three equations (8).

LemMmA 8.6. If C=BD, A>#4C, and D #0, then X is the union of three
irreducible curves. Otherwise X does not contain three different irreducible
curves.

Proof. Let (a, f, y) € X. The first equation (8) says that either f=0, or
y=0. If #=0, then the third equation holds, and the second equation
becomes

P>+ Aa’y + Coat = (y + ua®)(y + va®) =0, 9)

where u # v if A>#4C. Hence X n {f=0} is the union of two parabolas.
If y=0, then the second and the third equations become

a(BB* + Co®) =0,
B(p*+ Da?) =0,
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which describes just one point a=0, f=0 if C# BD, the semicubic
parabola %+ Do’ =0 if 0 # C = BD, and the union of the same semicubic
parabola and the line f=0 if 0 = C= BD. In the last case one of the curves
(9) is also the line f=0, y=0. Lemma 8.6 follows.

THEOREM 8.7. The base of the miniversal deformation of the Lie algebra
L, is described in H*(L,; L,) by the system of formal equations

Br=0,
72+ Ao®y + Bo( 2 + Do) =0,
B(B?+ Do®) =0,
where A*#4BD, and D # 0.

Proof. Corollary 84 and Lemma 8.6 imply that in equations (8)
C=BD, A*>#4C, and D #0. Hence the three curves, which are contained
in the base of the miniversal deformation according to Corollary 8.4, are

p=0, 7+ ux?=0;
p=0, y + va? = 0;
y=0, p?+ Do =0,

where u #v, u+v=A, uv= BD. Hence the left hand sides of the last two
equations (8) should be equal to 0 on these curves. The monomial a*g is
not equal to 0 on the third of the curves; hence H=0. If =0, then the
fourth equation becomes o’(Ex*+ Fy)=0, which cannot hold on both
parabolas y + ua®> =0, y + va®> =0 unless E= F=0. Finally, if y =0, then the
fourth equation (with E=F=0) becomes Ga?$*=0 which does not hold
on the third curve unless G =0.

8.6. Note that the computations made in the article [ FiFu] let us
find the constants 4, B, D from Theorem 8.7. Since these constants depend
on a particular choice of cocycles ae Ch(L;:L,), beCq(Ly;Ly),
ce C(24)(L1; L,) representing generators of H*(L,; L,), we need to specify
these cocycles first.

Let W be an L;-module spanned by e¢; with all je Z and with the L,-
action e,(e;) =(j—1)e;, ;. It is an extension of the adjoint representation.
Define a cochain

Hi € C(lk)(Ll; w), k=2,
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by the formula

e == (57 Ne .

ProrosiTioN 8.8 [FiFu]. If k=2, 3,4, then du, belongs to C(Zk)(Ll; L)
and is a cocycle not cohomologous to 0.

ProrosiTiON 8.9 [FiFu]. If one chooses a, b, c to be du,, ous, Oy,

then

e 2.11-37 4717 o 32.27
51327 ©3.25.1%° o133
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