DEFORMATIONS OF COMPLEX 3-DIMENSIONAL
ASSOCIATIVE ALGEBRAS
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ABSTRACT. In this paper, we study deformations and the moduli space of
3-dimensional complex associative algebras. We use extensions to compute
the moduli space, and then give a decomposition of this moduli space into
strata consisting of complex projective orbifolds, glued together through jump
deformations. The main purpose of this paper is to give a logically organized
description of the moduli space, and to give an explicit description of how the
moduli space is constructed by extensions.

1. INTRODUCTION

The classification of associative algebras was instituted by Benjamin Peirce in
the 1870’s [13], who gave a partial classification of the complex associative algebras
of dimension up to 6, although in some sense, one can deduce the complete clas-
sification from his results, with some additional work. The classification method
relied on the following remarkable fact:

Theorem 1.1. Every finite dimensional algebra which is not nilpotent contains a
nontrivial idempotent element.

A nilpotent algebra A is one which satisfies A™ = 0 for some n, while an idempo-
tent element a satisfies a®> = a. This observation of Peirce eventually leads to two
important theorems in the classification of finite dimensional associative algebras.
Recall that an algebra is said to be simple if it has no nontrivial proper ideals, and
it is not the 1-dimensional nilpotent algebra over K, given by the trivial product.

Theorem 1.2 (Fundamental Theorem of Finite Dimensional Associative Alge-
bras). Suppose that A is a finite dimensional algebra over a field K. Then A has a
mazimal nilpotent ideal N, called its radical. If A is not nilpotent, then A/N is a
semisimple algebra, that is, a direct sum of simple algebras.

In fact, in the literature, the definition of a semisimple algebra is often given
as one whose radical is trivial, and then it is a theorem that semisimple algebras
are direct sums of simple algebras. Moreover, when A/N satisfies a property called
separability over K, then A is a semidirect product of its radical and a semisimple
algebra.
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A simple algebra is separable iff its center is a separable field over K, and a
semisimple algebra is separable iff its simple components are separable. There-
fore, over the complex numbers every semisimple algebra is separable. To apply
the theorem above to construct algebras by extension, we will use the following
characterization of simple algebras [15].

Theorem 1.3 (Wedderburn). If A is a finite dimensional algebra over K, then A
is simple iff A is isomorphic to a tensor product M ® D, where M = gl(n,K) and
D s a diwvision algebra over K.

One can also say that A is a matrix algebra with coefficients in a division algebra
over K. An associative division algebra is a unital associative algebra where every
nonzero element has a multiplicative inverse. (One has to modify this definition in
the case of graded algebras, but we will not address this issue in this paper.)

Over the complex numbers, the only division algebra is C itself, so Wedderburn’s
theorem says that the only simple algebras are the matrix algebras. In particular,
there can be no 3-dimensional simple algebras, so the only semisimple 3-dimensional
algebra is C3, the direct sum of three copies of the 1-dimensional simple algebra.

The main goal of this paper is to give a miniversal deformation of every element
and give a complete description of the moduli space of 3-dimensional associative
algebras. Moreover, we will give a canonical stratification of the moduli space into
projective orbifolds of a very simple type, so that the strata are connected only by
deformations factoring through jump deformations, and the elements of a particular
stratum are given by neighborhoods determined by smooth deformations.

2. PRELIMINARIES

Suppose that V is a vector space, defined over a field K whose characteristic is
not 2 or 3, equipped with an associative multiplication structure m : V@V — V.
The associativity relation can be given in the form

mo(m®1)=mo(l®m).

The notion of isomorphism or equivalence of associative algebra structures is
given as follows. If g is a linear automorphism of V', then define

Yomo (9@ g).

g (m) =g~
Two algebra structures m and m’ are equivalent if there is an automorphism g such
that m’ = ¢g*(m). The set of equivalence classes of algebra structures on V is called
the moduli space of associative algebras on V.

We wish to transform this classical viewpoint into the more modern viewpoint of
associative algebras as being given by codifferentials on a certain coalgebra. To do
this, we first introduce the parity reversion IIV of a Zs-graded vector space V. If
V =V, ®V, is the decomposition of V into its even and odd parts, then W = IIV
is the Zs-graded vector space given by W, =V, and W, = V.. In other words, W
is just the space V with the parity of elements reversed.

Given an ordinary associative algebra, we can view the underlying space V as
being Zs-graded, with V' = V.. Then its parity reversion W is again the same
space, but now all elements are considered to be odd. One can avoid this gyration
for ordinary spaces, by introducing a grading by exterior degree on the tensor
coalgebra of V', but the idea of parity reversion works equally well when the algebra
is Zso-graded, whereas the method of grading by exterior degree does not.
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Denote the tensor (co)-algebra of W by T(W) = @, W, where W* is the
k-th tensor power of W and W% = K. For brevity, the element in W* given by the
tensor product of the elements w; in W will be denoted by wy - - - wg. The coalgebra
structure on 7 (W) is given by

n
A(wl...wn): E wl.wl®wl+1wn.
=0

Define d: W? — W byd=momo (m ' @7 '), where 7 : V. — W is the identity
map, which is odd, because it reverses the parity of elements. Note that d is an
odd map. The space C(W) = Hom(7 (W), W) is naturally identifiable with the
space of coderivations of 7 (W). In fact, if ¢ € C*(W) = Hom(W*, W), then ¢ is
extended to a coderivation of 7 (W) by

n—k

p(wr - wn) = Z(—l)(wl+"'+wi)“ow1 C Wi p(Wig1 Wi k) Wikt 1+ W
i=0
The space of coderivations of 7 (W) is equipped with a Zs-graded Lie algebra

structure given by

[p,¢] = potp — (—1)?¥1po .
The reason that it is more convenient to work with the structure d on W rather than

m on V is that the condition of associativity for m translates into the codifferential
property [d,d] = 0.

3. CONSTRUCTION OF ALGEBRAS BY EXTENSIONS

The theory of extensions of an algebra W by an algebra M can be described in
the language of codifferentials (see [4]), which we will use in our constructions here,
but there is a long history of the study of extensions, which we do not mention.
Consider the diagram

0—-M-—-V-W-=0

of associative K-algebras, so that V = M & W as a K-vector space, M is an ideal
in the algebra V, and W = V/M is the quotient algebra. Suppose that 6 € C2(W)
and p € C%(M) represent the algebra structures on W and M respectively. We
can view p and § as elements of C%(V'). Let T%! be the subspace of T**{(V) given
recursively by

T°% =K

TR =MeTHMeVverhi-?
Let C*! = Hom(T*!, M) C C*+{(V). If we denote the algebra structure on V by
d, we have

d=6+p+1+1,
where A € Cb! and ¢ € C%2. Note that in this notation, € C?°. Then the
condition that d is associative: [d,d] = 0 gives the following relations:
[6,A] + 3[A\, Al + [u,¥] =0, The Maurer-Cartan equation

(1, A
[0+ A 9]

0, The compatibility condition
0

The cocycle condition
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Since p is an algebra structure, [u, u] = 0, so if we define D, by D, (¢) = [u, ¢,
then D2 = 0. Thus D), is a differential on C(V)). Moreover D), : ! — CF+LL,
Let

Zl’f’l =ker(D,, : C*! — C*1 | the (k,1)-cocycles

Bl’j’l =Im(D, : okl Ck’l), the (k,l)-coboundaries
kil _ okl kil

Hp' =Z;"/B;", the D, (k,l)-cohomology

Then the compatibility condition means that A € Z11. If we define D5z (p) =
[0 + A, ], then it is not true that D§+>\ = 0, but Ds;aD,, = —D,Dsx, so that
Ds» descends to a map Dgyy : Hl’f’l — Hl’j*”l, whose square is zero, giving rise

to the Dy y-cohomology H;j”fw/\. If the pair (A, %) give rise to a codifferential d,
and (X, ') give rise to another codifferential d’, then if we express ¢’ = ¢ + 7, it is
easy to see that [u,7] = 0, and [§ + A, 7] = 0, so that the image 7 of 7 in H” is a
Ds i x-cocycle, and thus 7 determines an element {7} € HSZEH\'

If 3 € C% then g = exp(B) : T(V) — T(V) is given by g(m,w) = (m +
B(w),w). Furthermore g* = exp(—adg) : C(V) — C (V) satisfies g*(d) = d’, where
d=64p+XN+¢ with N =X+ [, 8] and ' = + [0+ A+ 3[p, 3], 8]. In this
case, we say that d and d’ are equivalent extensions in the restricted sense. Such
equivalent extensions are also equivalent as codifferentials on 7 (V). Note that A
and X’ differ by a D,,-coboundary, so A= \in H};l. If X satisfies the MC-equation
for some 1), then any any element A’ in A also gives a solution of the MC equation,
for the 1)’ given above. The cohomology classes of those A for which a solution of the
MC equation exists determine distinct restricted equivalence classes of extensions.

Let Gy w = GL(M) x GL(W) C GL(V). If g € Gprw then g* : CkL — Ok
and g* : C¥(W) — CF(W), so & = g*(6) and p' = g*(u) are codifferentials on
T (M) and T (W) respectively. The group Gs,, is the subgroup of G w consisting
of those elements g such that ¢*(6) = § and ¢g*(u) = p. Then G, acts on the
restricted equivalence classes of extensions, giving the equivalence classes of general
extensions. Also G, acts on H l’j’l, and induces an action on the classes A of A giving
a solution to the MC equation.

Next, consider the group G, consisting of the automorphisms h of V' of the
form h = gexp(B), where g € Gs,, B € C and A = g*(\) + [, 8. If d =
d+pu+A+¢—+7,then h*(d) =5+ pu+ X+ + 7’ where

T =g" (W) =+ [0+ X = 3w 8, 8] + g7 (7).

Thus the group Gs ,,» induces an action on H2:§+>\ given by {7} — {7/}

The general group of equivalences of extensions of the algebra structure § on W
by the algebra structure p on M is given by the group of automorphisms of V' of
the form h = exp(3)g, where 3 € C%! and g € Gs,,. Then we have the following
classification of such extensions up to equivalence.

Theorem 3.1. The equivalence classes of extensions of § on W by p on M is
classified by the following:

(1) Equivalence classes of X € H;’l which satisfy the MC' equation
[0, A + 3]+ [, 9] = 0
for some ¢ € C%2, under the action of the group Gs,,.
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(2) Equivalence classes of {7} € H2:§+>\ under the action of the group Gs , .

Equivalent extensions will give rise to equivalent codifferentials on V', but it may
happen that two codifferentials arising from nonequivalent extensions are equiva-
lent. This is because the group of equivalences of extensions is the group of invert-
ible block upper triangular matrices on the space V.= M & W, whereas the the
equivalence classes of codifferentials on V' are given by the group of all invertible
matrices, which is larger.

The fundamental theorem of finite dimensional algebras allows us to restrict our
consideration of extensions to two cases. First, we can consider those extensions
where § is a semisimple algebra structure on W, and p is a nilpotent algebra
structure on M. In this case, because we are working over C, we can also assume
that v» = 7 = 0. Thus the classification of the extension reduces to considering
equivalence classes of .

Secondly, we can consider extensions of the trivial algebra structure § = 0 on
a l-dimensional space W by a nilpotent algebra p. This is because a nilpotent
algebra has a codimension 1 ideal M, and the restriction of the algebra structure to
M is nilpotent. However, in this case, we cannot assume that 1 or 7 vanish, so we
need to use the classification theorem above to determine the equivalence classes of
extensions. In many cases, in solving the MC equation for a particular A, if there
is any ¢ yielding a solution, then 1) = 0 also gives a solution, so the action of G5, x
on H)? takes on a simpler form than the general action we described above.

Consider the general setup, where an n-dimensional space W = (U511, .« - Uptn)
is extended by an m-dimensional space M = (v, -+ ,v,,). Then the module struc-
ture is of the form

)\:wfj(Lk)j-—i-wfk(Rk)é-, hL,j=1,..mk=m+1...m+n,

and we can consider Ly and Ry to be m X m matrices. Then we can express the
bracket %[/\, A], which appears in the MC equation in terms of matrix multiplication.

(1) TN = oM (R RS + 0 (LR — RiLa)l — Y (L L)Y,

where i,7 =1,...m,and k,l=m+1,...m+n.
Next, suppose that § = 17" + -+ " T ™ i5 the semisimple algebra struc-

ture C" on W. Then we can also express [d, A] in terms of matrix multiplication.

(2) [6,\] = 05 (L)t — ¥ (Ry )

Since ¢ is semisimple, one can ignore the cocycle 1 in constructing an extension,
so the MC equation is completely determined by the equations (2) and 1, so we
obtain the conditions Therefore, the MC-equation holds precisely when

L}=1Ly, R}=Ry, LipLi=RyR =0ifk#1, LyR = R/Ly.

As a consequence, both Ly and Ry must be commuting nondefective matrices whose
eigenvalues are either 0 or 1, which limits the possibilities. Moreover, it can be
shown that Gy, the group of automorphisms of W preserving § is just the group
of permutation matrices. Thus if G = diag(G1,G2) is a block diagonal element of
G5, the matrix Gy is a permutation matrix. The action of G on A is given by
simultaneous conjugation of the matrices Ly and Ry by G1, and a simultaneous
permutation of the k-indices determined by the permutation associated to Gs.
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It is well known that a collection of commuting diagonalizable matrices can be
simultaneously diagonalized. When p = 0, this means we can assume that all of
the matrices Ly and Ry are diagonal. When p # 0, the matrices G; are required
to preserve u, and the compatibility condition [u, A] also complicates the picture.

It is important to note that given an m and a nilpotent element p on an m-
dimensional space M, there is an n beyond which the extensions of the semisimple
codifferential on an N dimensional space with N greater than n are simply di-
rect sums of the extensions of the n-dimensional semisimple algebra C" and the
semisimple algebra C¥ ™. We say that the extension theory becomes stable at n.
Moreover, the deformation picture also stabilizes as well.

When p = 0, we can easily see that at most m matrices Ly could be nonzero,
since we can assume they are diagonal matrices. Similarly, at most m matrices Ry,
can be nonzero. By rearranging using the fact that G is an arbitrary permutation
matrix, one can assume that all L, matrices when k > 2m vanish, and then we can
assume that all Ry matrices vanish if £ > 3m. Thus the extension theory becomes
stable when n = 2m.

When p # 0, the matrices Ly and Ry are still diagonalizable, so it also follows
that the extension theory is stable for n > 2m, but in fact it may become stable
for a much smaller value of n.

In higher dimensions, there are semisimple algebras which are not of the form
C™. Also, as m increases, the complexity of the nontrivial nilpotent elements u
increases as well. However, all 3-dimensional nonnilpotent algebras are extensions
of a semisimple algebra of the type C™, for n = 1,2, and there is only one nontrivial
nilpotent algebra in dimension 2, so the discussion above will suffice to characterize
the nonnilpotent 3-dimensional algebras in a straightforward manner.

4. ASSOCIATIVE ALGEBRA STRUCTURES ON A 3-DIMENSIONAL VECTOR SPACE

In our classification of the algebra structure on a 3-dimensional space, we recall
the classification of algebras on a 2-dimensional space, which is given in Table 1
below.

Codifferential H° H? H! H? H*
dy = it + 32 2 0 0 0 0
dy = Y32 + 9y° 0o 0 0 0 0
ds = 32 + ! 0o 0 0 0 0
dy =932+ +9f 2 1 1 1 1
ds = 3? 2 1 1 1 1
dg = 132 2 2 2 2 2

TABLE 1. Cohomology of the six codifferentials on a 2-dimensional space

In constructing the elements of the moduli space by extensions, we need to
consider two possibilities, extensions of the semisimple algebra structure on a 2-
dimensional space W by the trivial algebra structure on a 1-dimensional space M,
or extensions of an algebra structure on a 1-dimensional space W by a nilpotent
algebra structure on a 2-dimensional space M. In this second case, we need to study
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both extensions of the simple algebra structure on W and the trivial structure.
Moreover, there are two nilpotent algebra structures on M.

5. EXTENSIONS OF THE 2-DIMENSIONAL SEMISIMPLE ALGEBRA C & C BY THE
1-DIMENSIONAL TRIVIAL ALGEBRA C

Let W = (vg,vs) and M = (v1). The group Gasw is given by matrices of the
form

91,1 0 0
0

_ _ 911 Y 5
G=10 g22 g23|= { 0 G] , where G

92,2 92,3

] € GL(2,C).
93,2 033
0 93,2 033

The semisimple 2-dimensional algebra structure § on W is given by the codif-
ferential § = 32 + ¢33, The trivial 1-dimensional algebra structure on M is just

n=0.
The module structure A on M is given by

A= (L)1 + v (R} + 01 (L) + 91 (Re)i.

In other words, the matrices Ly and Ry are just numbers. Since m = 1 and n = 2,
this is the stable case. There are exactly 5 solutions, given below.

L1:1 L1:1 L1:1 L1:0 L1:O
Ri=1 R =0 Ri=0 R=1 R=0
Ly=0" Ly=0" Ly=0" Ly=0" Ly=0
Ry=0 Ry=1 Ry=0 PRy=0 Ry=0

These extensions give the nonequivalent codifferentials ds, ds, d4, ds, and dg.

6. EXTENSIONS OF A 1-DIMENSIONAL ALGEBRA BY A 2-DIMENSIONAL
NILPOTENT ALGEBRA

Let W = (vs) and M = (v1,v2). The group Ga,w is given by matrices of the
form

911 gi2 O & o
o o ~ 1911 g1,2
G=|g21 g22 0 |= [0 9373} , where G = [9271 9272} € GL(2,C).
0 0 933

The general form of the module structure A is given by the matrices

[ on o (B R
weli o m-d R

6.1. Extensions of the 1-dimensional simple algebra C. In this case, we have
§ = 133 There are two choices of u in this case, depending on whether the algebra
structure on M is the trivial or nontrivial nilpotent structure.
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6.1.1. Extensions by the nontrivial nilpotent algebra. In this case u = 2. The
condition [, A] = 0 forces A to have the following form:
L oL} Ll Rl
Ll[o - =10 1l

Since the matrices cannot be defective, it follows that either both matrices are the
identity or both the zero matrix. This gives exactly two possible choices for A,
corresponding to the codifferentials d7 and dg. It is interesting to note that this is
the stable case even though n < 2m.

6.1.2. Eztensions by the trivial nilpotent algebra. In this case, L; is given by the
identity matrix, diag(1,0), or the zero matrix. If L; is the identity matrix or the
zero matrix, then R; has the same possibilities, but when L; is given by the matrix
diag(1,0), we obtain one additional case, where R; is given by the matrix diag(0, 1).

This gives a total of 10 possibilities for A, which gives rise to the codifferentials
dg through dyg. This is not the stable case.

6.2. Extensions of the 1-dimensional trivial algebra Cy. Because any exten-
sion of the trivial algebra structure 6 = 0 by a nilpotent algebra is nilpotent, we
cannot assume that the “cocycle” 1 = c19§3 + co13® vanishes. Since § vanishes,
the Maurer-Cartan equation takes the following form:

3+ [ v] = 0.

6.2.1. Extensions by the trivial nilpotent algebra. In this case, the group Gs,, co-
incides with Gy w. The MC condition becomes simply [A, A] = 0, which forces
L? =0, R? =0and LiRy = R1L;. As a consequence, up to equivalence, we can
assume that lambda has the following form:

0 0
wefd]omelo ]

Thus we have A = ¥d3p + 31q. Also, if p’ = tp and ¢’ = tq, for some t # 0, then
N = 33p' + ¢3¢ is equivalent to A under the action of Gs,, so the X’s form a
projective family labeled by projective coordinates (p : q).

Any element of C%! is of the form 3 = 1$b; + 3by, and [\, 8] = ¥33(p + q)by.
Therefore, unless p = —q, it does not matter, up to equivalence, what the value of
co is. It may seem natural to choose ¢y = 0 as the generic value, but our experience
has shown that this is not the correct choice in order to correctly align the family.

The reason for this is as follows. Let us consider a neighborhood of the codiffer-
entials given by A labeled by (1: —1). For all nearby values, choosing cs = 1 yields
an equivalent codifferential to the one resulting from choosing c¢o = 0. However,
at exactly this point, the two codifferentials are not equivalent. Since every value
of ¢y except co = 0 yields an equivalent codifferential to the one with co = 1, the
codifferential given by choosing c3 = 0 has a jump deformation to the one given by
cg = 1. Thus the element with co = 1 should belong to the family instead of the
one with ¢y = 0.

Moreover, we have [\, 1] = ¥333(p — q)c1, and since [\, )] = 0, this forces ¢; = 0
unless p = ¢. In this case, when p = ¢ = 1, we obtain a special case for ¢; = 1. This
gives the element dig, while the generic case ¢; = 0 and p and ¢ being arbitrary,
with ¢o = 1 gives a projective family dog(p : ¢). When p =1, g = —1 and ¢; = 0,
we obtain the special element da;.
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In the case when p = ¢ = 0 we obtain no condition on either ¢y or ¢;. The
group G, s,» coincides with the group Garw, and the action of this group on C02
is just the multiplication of GL(2,C) on C?, which has exactly 2 orbits. Thus we
can reduce to the case when ¢; = 0 and ¢c; = 0 or ¢ = 1. The case co = 0 gives
the zero codifferential, while the case co = 1 corresponds to the element dag(0 : 0),
which fits the generic pattern.

6.2.2. Extensions by the nontrivial nilpotent algebra. Suppose that pu = ?2. Then
H = (02,93 + 082 + 1 + 13°) as before.

From the MC equation, we obtain that b} = 0 and ¢, = 0, Thus we can assume
that A = ¢$2¢ and that ¢ = ¢$3c;. Moreover, if ¢ # 0, we can assume that ¢ = 1.
However, we cannot make such a simplifying assumption for ¢;. Nevertheless, the
case when ¢; = 0 will be treated separately.

If c; =0and ¢ = 1, then A = 432 and ¢ = 0, so d = ¥?? + 32, It can be
shown that d ~ dgo(1 : 0). In fact, the permutation (1,2, 3) can be seen to give this
transformation. Note that the permutation matrix for this transformation does not
lie in Gpr,w. Thus the two codifferentials do not give equivalent extensions, but
give isomorphic algebra structures on V.

If A = ¢§2 and ¢ = ¢3¢y, with ¢; # 0, then d = ¥ + 32 + PBc;. Tt is
convenient to express ¢; = (1 — u)u, where u # 0 and v # 1. Let ¢ # 0 and

0 —a=iFw O
g be given by the matrix [ﬂu 0 o|. Then g*(d) = dao(p : q), where
0 1 u

p=q(u—1)/u.
If A\ =0 and ¢ = ¢33 then d = 32 + ¢33, Then g*(d) = dao(1 : 1), if g is the

0 10
automorphism given by the matrix l—l 0 0] .
0 -1
Finally, if A = 0 and ¢ = 0, then d = ¥?2, and the permutation (1,2,3) trans-
forms d into dao(0 : 0). Thus the extensions by the nontrivial nilpotent algebra just
give some special cases of the family dog(p : ¢), which already occur as extensions
of the trivial algebra.
This completes the classification of the moduli space of 3-dimensional complex
associative algebras by means of extensions. We summarize the information in
Table 6.2.2 below, including the special cases of the family dag(p : q).

7. COHOMOLOGY AND DEFORMATION THEORY

Hochschild cohomology was introduced in [12], and used to classify infinitesimal
deformations of associative algebras. Suppose that

my = m+ ty,

is an infinitesimal deformation of m. By this we mean that the structure m; is
associative up to first order. From an algebraic point of view, this means that we
assume that t2 = 0, and then check whether associativity holds. It is not difficult
to show that is equivalent to the following.

ap(b, ) — p(ab, ¢) + ¢(a, be) — ¢(a, b)c =0,
where, for simplicity, we denote m(a,b) = ab. Moreover, if we let
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Codifferential H° H? H' H? HY

di = +93% + oy’

dy = 95> + 3> + 7' + ¢

dz = 3% + 3% + {2

dy = V3% + 3> + 7!

ds = V3% +45° + 9! + oy

dg = 3> + 43

dr = 3% + 972 + !+ 957 + P17 + 93
ds = 933 + 32

dy = 3% + 3t + 32

dio = ¥ + i3 + 33

dyp = VP 4+ 3 38

diz = P33 + 13 + 3% 4+ 33

diz = P3° + Y3t 4+ 5 +3°

dig = ¢§3 + 932

dis = ¢35 + ¢33

dig = V3’ + 452 + 43

dyy = Y3 4+ 31 + 1B 4 32 23

dig = Y3°
dig = 3% + 3" +
d20 0: 0) = SS

(
(1:0) =¥} + ¢
dao(1:1) = 3° + 95" +43°

(1:=1) =13 =3t +¢3°
dao(p : q) = 3°p + Y3t q + ¢3°
da1 = 3> — ¢3!

= = W WWWWWH R OOOWWWWR =W
CUW W UTUTTO WO DOITNNDNNNDFRF PR OODONNDRFEFHOOOO

BN ENATWERE BN FRHHRRRWWRNNRROOOO
o R R e R R ==l S R I I e
orh oD wPovwwRrrooconmwRrRrOoOoOO

TABLE 2. Cohomology of the 21 families of codifferentials on a
3-dimensional space

be an infinitesimal automorphism of V, where A € Hom(V, V), then it is easily
checked that

g; (m)(a,b) = ab + t(aA(b) — Mab) + A(a)d).
This naturally leads to a definition of the Hochschild coboundary operator D on
Hom(7 (V),V) by

D(Qp)(a07 T aan) :CLO(P(al, T 7a/n) + (_1)n+1@(a‘0a e 7a'n—1)a'n
n—1
+ Z(_l)i+1@(a’07 (1, Qg4 1, A2, " 0 1a’n)'
=0
If we set C"(V) = Hom(V™,V), then D : C*(V) — C"*1(V). One obtains the

following classification theorem for infinitesimal deformations.

Theorem 7.1. The equivalence classes of infinitesimal deformations my of an as-
sociative algebra structure m under the action of the group of infinitesimal auto-
morphisms on the set of infinitesimal deformations are classified by the Hochschild
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cohomology group
H?(m) = ker(D : C*(V) — C3(V))/Im(D : C*(V) — C*(V)).

Moreover, the Hochschild coboundary operation translates into the coboundary
operator D on C(W), given by

D(p) = [d, ¢].
This point of view on Hochschild cohomology first appeared in [14]. The fact that
the space of Hochschild cochains is equipped with a graded Lie algebra structure
was noticed much earlier [7, 8, 9, 10, 11].

For notational purposes, we introduce a basis of C™ (W) as follows. Suppose that
W = (wq, -+ ,wp). Then if I = (i1, - ,i,) is a multi-index, where 1 < i < m,
denote wr = wj, -+ -w;,. Define p! € C"(W) by

@{(wJ) = 5{11%
where (5§ is the Kronecker delta symbol. In order to emphasize the parity of the
element, we will denote ! by 1! when it is an odd coderivation.

For a multi-index I = (i1, - ,ix), denote its length by ¢(I) = k. Then since W
is a completely odd space, the parity of ¢! is given by |¢f| =k +1 (mod 2). If K

and L are multi-indices, then denote KL = (ki,--- ,ko(x),l1,- -, lgzy). Then
J
(9021 O@j)(wK) = Z (71)1“(1()% @{(me(p}](wKQ)vas)
Ki1KsKz=K
= Y (F1)UE G O, wi,
K1 K2 K3=K

from which it follows that
o(I)
(3) Phow] = (~1)imat e )8 g,
k=1
where (I, J, k) is given by inserting J into I in place of the k-th element of I; i.e.,
(I, J k) = (i1, yik—1,01, " 5 Jo(a)s ikt 1, 5 de(r))-

Let us recast the notion of an infinitesimal deformation in terms of the language
of coderivations. We say that
is an infinitesimal deformation of the codifferential d precisely when [d;,d:] = 0
mod #?. This condition immediately reduces to the cocycle condition D(z)) = 0.
Note that we require d; to be odd, so that ¢ must be an odd coderivation. One can
introduce a more general idea of parameters, allowing both even and odd param-
eters, in which case even coderivations play an equal role, but we will not adopt
that point of view in this paper.

For associative algebras, we require that d and  lie in C2(W). Since in this
paper, our algebras are be ordinary algebras, so that the parity of an element in
C™(W) is n+1, and thus elements of C2(W) are automatically odd. More generally,
one could require that d be an arbitrary odd codifferential, in which case we would
obtain an A, algebra, a natural generalization of an associative algebra.

We need the notion of a versal deformation, in order to understand how the
moduli space is glued together. To explain versal deformations we introduce the
notion of a deformation with a local base. It was first introduced for Lie algebras,
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see [1, 2] and the same definition holds for other algebraic stuctures as well. Here
we recall this notion.

A local base A is a Zs-graded commutative, unital K-algebra with an augmen-
tation € : A — K, whose kernel m is the unique maximal ideal in A, so that A is a
local ring. It follows that A has a unique decomposition A = K& m and € is just the
projection onto the first factor. Let W4 = W ® A equipped with the usual struc-
ture of a right A-module. Let T4(W4) be the tensor algebra of W4 over A, that is
Ta(Wa) = @2, Th(Wa) where TQ(Wa) = A and TETH (W4) = TH(Wa)a @4 Wa.
It is a standard fact that T%(Wj4) = T*(W) ® A in a natural manner, and thus
TaAWa)=T(W)® A.

Any A-linear map f : T4 (W) — T4(W) is induced by its restriction to T(W) ®
K = T(W) so we can view an A-linear coderivation d4 on T4(Wa4) as a map
04 :T(W)—-T(W)® A. A morphism f: A — B induces a map

f« : Codery(Ta(Wy)) — Coderg(Tp(Wg))

given by f.(64) = (1 ® f)da, moreover if §4 is a codifferential then so is f,(A4). A
codifferential d4 on T4(W,) is said to be a deformation of the codifferential d on
TW) if €.(da) =d.

If d4 is a deformation of d with base A then we can express

dqg =d+ ©
where ¢ : T(W) — T(W) ® m. The condition for d4 to be a codifferential is the
Maurer-Cartan equation,

1
5[%9@] =0

If m®> = 0 we say that A is an infinitesimal algebra and a deformation with base A
is called infinitesimal.

A typical example of an infinitesimal base is K[t]/(¢?); moreover, the classical
notion of an infinitesimal deformation: d; = d + ty is precisely an infinitesimal
deformation with base K[t]/(t?).

A local algebra A is complete if

A =lim A/mF
—
k

D(p) +

A complete, local augmented K-algebra will be called formal and a deformation with
a formal base is called a formal deformation. An infinitesimal base is automatically
formal, so every infinitesimal deformation is a formal deformation.

An example of a formal base is A = K][[t]] and a deformation of d with base A
can be expressed in the form

dy = d 4ty + t2ahy + ...

This is the classical notion of a formal deformation. It is easy to see that the
condition for d; to be a formal deformation reduces to

1 n
D(ny1) = 52 Uks Yt1-k]
k=1

An automorphism of W, over A is an A-linear isomorphism g4 : Wyq — Wy
making the diagram below commute:
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WAi>WA

ie* I i

W—Ww

The map g4 is induced by its restriction to T'(W) ® K so we can view g4 as a
map
ga:T(W)—-=T(W)® A
so we ca express g4 in the form
ga=IT+AX

where \ : T(W) — T(W) @ m. If A is infinitesimal then g,' =T — \.

Two deformations d4 and d/, are said to be equivalent over A if there is an
automorphism g4 of W4 over A such that ¢g%(da) = d/;. In this case we write
d'y ~da.

An infinitesimal deformation d4 with base A is called universal if whenever dpg
is an infinitesimal deformation with base B, there is a unique morphism f: A — B
such that f.(da) ~ dp.

Theorem 7.2. [1, 2] If dim H2,,(d) < oo then there is a universal infinitesimal
deformation d"™ of d, Given by

d" = d + 6't;
where H2,,(d) = (67) and A =K[t;]/(tit;) is the base of this deformation.

A formal deformation d4 with base A is called versal if given any formal defor-
mation of dg with base B there is a morphism f : A — B such that f.(da) ~ dp
(see [1]). Notice that the difference between the versal and the universal property
of infinitesimal deformations is that f need not be unique. A versal deformation is
called miniversal if f is unique whenever B is infinitesimal. The basic result about
versal deformation is:

Theorem 7.3. [1, 2] Ifdim H2,,(d) < oo then a miniversal deformation of d exists.

In this paper we will only need the following special result to compute the versal
deformations.

Theorem 7.4. Suppose H2,,(d) = (6¢) and [6°,67] = 0 for all i,j then the infini-
tesimal deformation _

dmnf = d + 6%;
is mingversal, with base A = K[[t;]].

The construction of the moduli space as a geometric object is based on the
idea that codifferentials which can be obtained by deformations with small param-
eters are “close” to each other. From the small deformations, we can construct
1-parameter families or even multi-parameter families, which are defined for small
values of the parameters, except possibly when the parameters vanish.

If d; is a one parameter family of deformations, then two things can occur. First,
it may happen that d; is equivalent to a certain codifferential d’ for every small value
of t except zero. Then we say that d; is a jump deformation from d to d’. It will
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never occur that d’ is equivalent to d, so there are no jump deformations from a
codifferential to itself. Otherwise, the codifferentials d; will all be nonequivalent if
t is small enough. In this case, we say that d; is a smooth deformation.

In [6], it was proved for Lie algebras that given three codifferentials d, d’ and d”,
if there are jump deformations from d to d’ and from d’ to d”, then there is a jump
deformation from d to d”. The proof of the corresponding statement for associative
algebras is essentially the same.

Similarly, if there is a jump deformation from d to d’, and a family of smooth
deformations dj, then there is a family d; of smooth deformations of d, such that
every deformation in the image of d} lies in the image of d;, for sufficiently small
values of ¢t. In this case, we say that the smooth deformation of d factors through
the jump deformation to d'.

In the examples of complex moduli spaces of Lie and associative algebras which
we have studied, it turns out that there is a natural stratification of the moduli space
of n-dimensional algebras by orbifolds, where the codifferentials on a given strata are
connected by smooth deformations, which don’t factor through jump deformations.
These smooth deformations determine the local neighborhood structure.

The strata are connected by jump deformations, in the sense that any smooth
deformation from a codifferential on one strata to another strata factors through
a jump deformation. Moreover, all of the strata are given by projective orbifolds.
In fact, in all the complex examples we have studied, the orbifolds either are single
points, or CP™ quotiented out by either 3,1 or a subgroup, acting on CP" by
permuting the coordinates.

We don’t have a proof at this time, but we conjecture that this pattern holds in
general. In other words, we believe the following conjecture.

Conjecture 7.5 (Fialowski-Penkava). The moduli space of Lie or associative al-
gebras of a fixed finite dimension n are stratified by projective orbifolds, with jump
deformations and smooth deformations factoring through jump deformations pro-
viding the only deformations between the strata.

One might say that in this paper, we prove this conjecture is true for the moduli
space of 3-dimensional complex associative algebras.

8. DEFORMATIONS OF THE ELEMENTS IN THE MODULI SPACE

8.1. dy := 933 + 3% + 11, The matrix of this codifferential is

100 0 0 0 0O
0001 0O0O0O0
0 000O0O0OTO0TF 0

= o O

This is the only 3-dimensional complex semisimple algebra, and is the direct sum
of three copies of C. The algebra is both unital and commutative. We have h® = 3
and h"” = 0 otherwise, so this algebra is rigid, as is always the case with semisimple
algebras. Recall that HY is the center of an associative algebra, so the commuta-
tivity of the algebra given by d; is reflected in the dimension of H°. It is a nice fact
that one can detect the commutativity of an algebra in terms of its cohomology.
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8.2. dy = 33 + 3% + ¢3! + 33, The matrix of this codifferential is

001 01 0000

0001 O0O0O0O0O

00000 O0OO0OTO 071
This algebra is an extension of the complex semisimple algebra C? by the trivial
algebra Cgy. It cannot be decomposed as a direct sum. We have h® = 1, and its
center is spanned by v1 4 w2, which is also the identity of this algebra, so this algebra

is unital. Since h"™ = 0 for n > 0, the algebra is rigid. This algebra is isomorphic
to its opposite algebra.

8.3. d3 = ¢33 + 13?4+ ¢?'. The matrix of this codifferential is

001 00O0TO0TO0UP O
0001 0O0O0O00©O0
0000 O0O0OO0TO0°71

The algebra is an extension of the complex semisimple algebra Cy by the trivial
algebra Cy. It also is the direct sum of the simple 1-dimensional algebra C' with
the rigid 2-dimensional algebra d3z. We have h® = 1 and its center is spanned by
vs. Since this algebra is a direct sum of two rigid algebras, it is not surprising that
h™ =0 for n > 0, so that this algebra is rigid. Its opposite algebra is dy.

8.4. dy = ¢33 + 3% + {2, The matrix of this codifferential is

01 000O0O0O0TO
0 0010O0O0O0TO
0 000O0O0OO0DT O 1

The algebra is an extension of the complex semisimple algebra Cs by the trivial
algebra Cy. It also is the direct sum of the simple 1-dimensional algebra C' with
the rigid 2-dimensional algebra do. We have h° = 1 and its center is spanned by vs.
Since this is the opposite algebra to dsz, the dimensions of its cohomology spaces
H™ are the same as for d3. In other words, h” = 0 for n > 0, so this algebra is
rigid.

8.5. ds = 933 + 132 + ¢! + 12, The matrix of this codifferential is

011000000
0001 0O0O0O0U© O
0000 O0O0OO0TCO071

The algebra is an extension of the complex semisimple algebra Cy by the trivial
algebra Cy. It is also the direct sum of the simple 1-dimensional algebra C with
the unital commutative 2-dimensional algebra dy4, so the algebra ds is both commu-
tative and unital. Since the 2-dimensional algebra d4 deforms to the 2-dimensional
semisimple algebra, it is obvious that the 3-dimensional algebra ds deforms to the
semisimple algebra d;. In fact, the versal deformation of ds is given by

de° = ds + 1t



16 FIALOWSKI, PENKAVA, AND PHILLIPSON

0 01
If g is given by the matrix G = | -vi1 0] , then g*(d3°) = dy, as long as t # 0. In

VvVt 10
general, h" =1 for n > 0. In fact, a basis of H™ is just

H = (1, Y9, 103)
H™ = (1"} if nis odd
H"™ = (3") if n is even
In particular, ds will have nontrivial extensions as an A, algebra.

8.6. dg = 133 + 132, The matrix of this codifferential is
0000 O0OO0OO0OTP O
0001 0O0O0O0TO
000 0 O0O0OO0OO 01

The algebra is the direct sum of the complex semisimple algebra C, and the trivial
algebra Cy. Since the algebra is commutative h® = 3. This algebra is not unital.
The algebra can also be seen as the direct sum of the simple 1-dimensional algebra
and the 2-dimensional algebra ds, and its cohomology coincides with that of the
the 2-dimensional algebra. Its versal deformation is given by

d° = dg +1piit.

010
If t # 0, then ¢g*(dg®) = d; where g is given by the matrix G = [0 0 1]. In
t00
general, b = 1 for n > 0. In fact, a basis of H™ is just

H0:<1/’1>1/)271/J3>
H" = (p1") ifn>0
8.7. d7 = 33 + 2 + 3 + I3 + 32 + 23, The matrix of this codifferential is
0001 1 0100
0 000 O01O0T10
0 000 0 O0O0OTO01

The algebra is an extension of the simple 1-dimensional algebra by the nontrivial
nilpotent 2-dimensional algebra. It is the unique such extension of this nilpotent
algebra as a unital algebra, and it is also commutative.

Its versal deformation is given by

2= dr + 3Pt — it gt + U3t + Y3 .
Note that the versal deformation is given by the infinitesimal deformation, and that
it remains both unital and commutative. Therefore, it is not surprising that this

codifferential deforms to d; and ds. In fact, since ds deforms to dy, the fact that
d7 deforms to ds implies that it will deform to dy.

In fact, d® ~ dy, on the surface given by t; = u? + uv + v?, to = —uv(u + v),
except when v = u, v = —u/2 and v = —2u, where it is equivalent to ds, unless
u=1v=0.

In general,it appears that h” = 2 for n > 0, while A’ = 3, since the algebra
is commutative. It might be difficult to compute a basis for the cohomology, but
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the pattern looks similar to the codifferential dg of the 2-dimensional algebras (in
which case it might be difficult to compute this cohomology).

8.8. ds = 133 + 1?2, The matrix of this codifferential is
000 100O0O0TO
000 0O0O0OTO0OTU OO
000 0O0O0OO0OTO0O1

The algebra is the direct sum of the simple 1-dimensional algebra with the nontrivial
nilpotent 2-dimensional algebra. It is nonunital, but is commutative.
Its versal deformation is given by

d° = dg + 32ty + hitty + Y3ty + P3tts.

Note that the versal deformation is given by the infinitesimal deformation, and that
it remains commutative. Moreover, the versal deformation is just the direct sum
of the simple 1-dimensional algebra and the versal deformation of the nontrivial
nilpotent 2-dimensional algebra.

Except on the curves t{ = 0 and t; = —75%/47 d3® ~ dyi. Along the curve t; =0
(except when t, = 0), it is equivalent to ds, and on the punctured curve t3 = —t2/4,
the deformation is equivalent to dg. Note that all three of the codifferentials to
which dg deforms are in fact direct sums of the simple 1-dimensional algebra (given
by the codifferential ¥3%) and a 2-dimensional algebra to which the nilpotent 2-
dimensional algebra deforms.

We have h™ = 2 when n > 1 and the cohomology is precisely the same co-
homology as the cohomology of the nilpotent 2-dimensional algebra. Since dg is
commutative, h® = 3.

8.9. dg = 33 + ¢3! + 32, The matrix of this codifferential is
000 0O0O0OT1TUO0OO
000 0O0O0OO0OT1FPO
000 0O0O0OTO0OT 0?1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is neither unital nor commutative. Its opposite al-
gebra is dyig. It is one of a family of 3 rigid 2-dimensional algebras. In fact, in
dimension n, there is always a family of n rigid algebras which are extensions of
the simple 1-dimensional algebra.

This algebra has a trivial center, but h! = 3, reflecting that the space of outer
derivations is 3-dimensional. We have H' = (i, 0%, ©2) and h"™ = 0 unless n = 1.

8.10. dig = 33 + w%3 + z/)g?’ The matrix of this codifferential is
000010000
0 000OO0O1O0TU0TDO
0 000OOO0OO0OTO 071

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is neither unital nor commutative. Its opposite
algebra is dg.
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This algebra has a trivial center, but h' = 3, reflecting that the space of outer
derivations is 3-dimensional. We have H! = (3, 2, ¢2) and h"™ = 0 unless n = 1.
This is the second element in the family of 3 rigid extensions of the simple 1-
dimensional algebra.

8.11. dy1 = Y3 + 3 + 23, The matrix of this codifferential is
0600000 O0T1TO0OU0
000001 O0O0OUO0
0000 O0O0O0OTO0OT1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is neither unital nor commutative. It is isomorphic
to its opposite algebra.

This algebra has a trivial center, so h® = 0. In fact, the pattern for cohomology
seems to be

H' = (p3).
H2n — 0
H2H = (1" if > 0.

This algebra is the third element in the family of 3 rigid extensions of the simple
1-dimensional algebra.
8.12. di2 = ¢33 + 13 + 3% + ¢33, The matrix of this codifferential is
00001 O0O0O00O0
0 000O0OT1TO0T1FDPO0
0 00OOO0OO0OTO 071

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is neither unital nor commutative, and its center is
spanned by vs. Its opposite algebra is dys.

The versal deformation is given by

dSs = dia + ¥3°t,

and the versal deformation is equivalent to d3 when ¢ # 0.
Its cohomology is given by

H2n :< 22'n>
H2n+1 _ <(p%2n+1>.

8.13. di3 = 33 + 3 + 32 + 23, The matrix of this codifferential is
060 0000O0T1TTO0TUO0
000001010
0000 O0O0O0OTO0OT1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is neither unital nor commutative, and its center is
spanned by v3. Its opposite algebra is dys.
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The versal deformation is given by
dgs = diz + 93°t,

and the versal deformation is equivalent to d4 when t # 0.
Its cohomology is given by

2271

)

H2’n, — <
22'rL+1

H = (¥3 )-

8.14. di4 = g’?’ + 132, The matrix of this codifferential is

000 0O0O0OTO0OT 0O
0000 O0OO0OO0OT1O
0 000O0O0OTO0OTO0 1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is also a direct sum of the 2-dimensional rigid algebra
dy and the trivial 1-dimensional algebra. It is neither unital nor commutative, and
its center is spanned by v;. Its opposite algebra is dy5.

The versal deformation is given by

d5s = dia + 1 'ty + 3.

However, in this case, there are relations on the base of the versal deformation.
The relation is to(te — t1) = 0, which has solutions t3 = 0 or o = ¢;. For the
first solution, to = 0, the deformation is equivalent to d4. For the second solution,
to = t1, the deformation is equivalent to ds. Notice how different the deformation
situation is when there are relations. Neither dy nor d4 deform into the other, so
the deformations given by the two different solutions to the relations are not “near
to” each other.
The cohomology is given by

H® = <1/’1>-

H' = (¢1).

H2 = " 2, n>0
H> = (o1 68, >0

8.15. dis = 133 + 133, The matrix of this codifferential is

0 000O0O0OTO0OTO0TFP
000001 O0O00O0
0 000 O0O0OO0OT U1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-
tent 2-dimensional algebra. It is also a direct sum of the 2-dimensional rigid algebra
dy and the trivial 1-dimensional algebra. It is neither unital nor commutative, and
its center is spanned by v;. Its opposite algebra is di4.

The versal deformation is given by

dss = dia + 1 'ty + 3t
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As in the previous case, there are relations on the base of the versal deformation.
The relation is to(ta — t1) = 0, which has solutions t; = 0 or ¢t = t;. For the
first solution, t; = 0, the deformation is equivalent to ds. For the second solution,
to = t1, the deformation is equivalent to ds.
The cohomology is given by

¥1)-

1
®1)-
G el ns o0,
1
1

2n+41 12772
P2 )

=
=
= (¢
H™ = (p , n>0.

8.16. dig = 33 + 3% + 133, The matrix of this codifferential is

000 0O0O0TO0OTO 0O
0 000O0OT1TPO0OT 0O
0000 O0O0OO0TO0 1

The algebra is an extension of the simple 1-dimensional algebra by the trivial nilpo-

tent 2-dimensional algebra. It is also a direct sum of the 2-dimensional rigid algebra

d4 and the trivial 1-dimensional algebra. It is not unital, but it is commutative.
The versal deformation is given by

5 = dio + ity + 93t

On the punctured curve t; = 0, the deformation is equivalent to dg, while on
the punctured curve to = 0, the deformation is equivalent to ds. Otherwise, the
deformation is equivalent to d.

The cohomology is given by

HO = <w1aw2a ¢3>
12n 92n

H>™ = (2", n>0.

12w,+1 22n+1

H2n+1 = <</71 y P2 >

8.17. di7 = 33 + 13 + 3 4+ 32 4+ 133, The matrix of this codifferential is

000010100
0 000O0OT1TO0T1DPO0
000 OO O0OO0OTO 071
The algebra is the unique unital extension of the simple 1-dimensional algebra by

the trivial nilpotent 2-dimensional algebra, and it is commutative.
The matrix of the versal deformation is

0 0 ty to 1 01 0 O
ts te t1 t3 0 1 0 1 0
—t3ts + tsz tots tots —t1ty totg O O O 0O 1

Given that h® = 12, it is not surprising that there are a lot of relations on
the base of the versal deformation. Removing duplicate relations, we obtain the
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following 8 relations:
—tity +tats — ta® +tate =0, (tg —t1) (—t3+t1) =0, 1% +tats —ts> =0
to(t1 —t6) =0, t5(t1—ts) =0, ty(te+1t1)=0, tata =0, tat5=0
The solutions to these relations are given by
ti=te,ta=0 or to=0,t5=0,t5="ts,t1 = —tg
For the first solution to the relations, the deformation is equivalent to di, except
on some hypersurfaces, where it is either equivalent to ds or dy. For the second

solution, there are two parameters to the deformation, but the versal deformation
isequivalent to d2 unless both parameters vanish). In fact, the transformation g

1 —t1 0
given by the matrix G = | 4 «© 1] satisfies g*(d$9) = d2, whenever not both ¢;
—t4 0 1

and t4 vanish. This is an example of a two parameter family of deformations that
are all equivalent to the same deformation.

It is difficult to compute the cohomology in general. We have h® = 3, h! = 3,
h? =6, h® = 12, h* = 24, and it seems likely that A" = 3 * 2"~! when n > 1.
Determining a basis for H™ in general appears to be a difficult problem.

8.18. dis = 133. The matrix of this codifferential is
00 0O0O0O0OO0OTO0OO
00 0O0O0O0OO0OTUO0DO
0000 O0O0O0OTU 0?1

The algebra is the direct of the simple 1-dimensional algebra and the trivial nilpo-
tent 2-dimensional algebra, and it is commutative but not unital.
The matrix of the versal deformation is

tz ty ts to O 0O O O O
ts t¢ t1 t3 0 0 0 0 O
O 0 0 0O O 0 0 0 1

This means that the deformations of dyg are precisely the elements in the moduli
space which are direct sums of the simple 1-dimensional algebra, and an arbitrary
nontrivial 2-dimensional algebra, so the deformation theory of this codifferential
captures the complete deformation theory of the moduli space of 2-dimensional
algebras.

There are 16 nontrivial relations on the base of the versal deformation, corre-
sponding to the fact that A3 = 16, and the solution to these relations decomposes
into 7 distinct solutions. The deformations which occur are dy, ds, d4, ds, dg and
dg, the six elements of the moduli space which correspond to the six nontrivial
2-dimensional algebras.

It is easy to compute the cohomology of this codifferential. We have h? = 3,
and A" = 2"t for n > 0. In fact, a basis of H" is given by those elements in
C™ whose indices are either 1 or 2, which accounts for the dimension. This is a
pattern which should be repeated in every dimension. That is, the extension of the
simple 1-dimensional algebra by a trivial m-dimensional algebra should have have
H™ coinciding with C™ of the m-dimensional subspace, and therefore we will have
h™ = m™tl. Moreover, the codifferential will deform to those elements which are
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direct sums of the simple algebra and a nontrivial element of the m-dimensional
moduli space.

Actually, we can say a similar thing about the direct sum of the 1-dimensional
simple algebra and any m-dimensional algebra. Its cohomology coincides with
the cohomology of the m-dimensional algebra, and its deformations correspond to
the deformations of the m-dimensional algebra. However, many of the extensions
of the 1-dimensional simple algebra by a trivial m-dimensional algebra are not
decomposable as direct sums of the simple algebra and an m-dimensional algebra.

8.19. dig = %3 + ¢%3 + 1/)31 The matrix of this codifferential is

0000 O0OO0OO0TO0 1
000010100
000 0O0O0O0OTO0TF©

This is an extension of the of the trivial 1 dimensional algebra by the trivial 2
dimensional nilpotent algebra. It is nilpotent, and therefore not unital, but it is
commutative.

The matrix of the versal deformation is

tg to to 0O 0O O O O 1
—t; 0 0 ¢t 1 0 1 0 O
to 0 0 0 t3 to t3 ta t1

There are no relations on the base of the versal deformation, which means that the
infinitesimal deformation is versal. However, given that there are 3 deformation
parameters, it is not surprising that the codifferential has a lot of deformations. It
deforms to dq, ds, dg, d7, dg and dqg.

It appears that h™ = 3 for all n, but the basis of H™ looks rather difficult to
compute.

8.20. doo(p : q) = ¥33 + ¥3%p + ¥3'q. The matrix of this codifferential is

000O0O0O0TO OO 0O
0000 P poO0OggoO01
0000O0O0O OO0

This is a projective family of extensions of the of the trivial 1 dimensional algebra
by the trivial 2 dimensional nilpotent algebra. By projective, we mean that the
codifferential labeled by (p : ¢) is isomorphic to the element labeled by (tp : tq)
for any nonzero t. Moreover, dag(p : q) ~ dao(q : p), so that actually, the family
is parameterized by the projective orbifold P! /%5, where the action of $5 on P! is
given by permuting the projective coordinates. Note that we include the generic
point (0 : 0) of P! in our consideration. We shall describe this special point in more
detail below.

The algebra dag(p : ¢) is nilpotent, and it is not commutative except when p = g,
in other words, the special points d2o(0 : 0) and dag(1 : 1).

There are some special points for which the cohomology of the codifferential is
not generic, the points dgg(0 : 0), dag(1 : 0), and the two orbifold points dag(1 : 1)
and dgg(1 : —1). (An element of an orbifold is called an orbifold point if its isotropy
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group is nontrivial.) We will describe the deformation theory of these special points
separately.

8.20.1. Generic Case. Let us suppose that (p : ¢) is not one of the four spacial
points listed above. Then h? = 3, and A% = 3, so there are three parameters to
the versal deformation and 3 relations on the base. The versal deformation is a
bit complicated, so we do not give the general form. However, the relations on the
base are given by

(3t2+t1q+t3t1)t1 =0.
(2t1q—|-3t2—|-2t3t1 —ptl)tl =0.
(3t2—|—2t1q—|—2t3t1)(3t2—|—t1q+t3t1) =0.

When we solve these relations, we obtain two solutions. The first is given by
t; = to = 0, and the second by the two conditions p = ¢+ t3 and 3t3 = —t1(q+t3).
For a solution to the relations to be “local”, it is necessary that the solution is well
defined if all the ¢ parameters can be set equal to zero. However, in the second
solution, if we substitute t3 = 0 in the first equation we obtain p = ¢, which is not
local unless p = ¢, which only happens at a special point. Thus generically it is not
true. As a consequence, generically only the first solution applies and in this case,
the versal deformation has a very simple format:

doo(p : @)™ = dao(p: q+t3).

This means that generically, dog(p : ¢) only has deformations along the family!

Generically, h® = 1 and the center is spanned by vy. We have h' = 2, h? =
h? = 3 and h* = 4. It seems likely that it would be very difficult to compute the
cohomology for this codifferential.

8.20.2. The special point dag(1 : —1). In this case, h? = 3 as before, but h® = 4,
and the versal deformation has four relations on the base, with exactly one solution,
for which two of the parameters vanish. The solution gives a codifferential dao(1 :
—1)% = dao(1 : —1) + ¥dlt, which is equivalent to dog(1 +t3 : —1 + t3 + /—t3).
This is also just a deformation along the family. Thus the special point (1: —1) is
not too special. The cohomology is not generic though, because h® = 4 and h* = 5
which are not the generic numbers. The center is still spanned by vs.

8.20.3. The special point dgo(1 : 0). In this case, h? = 5 and h3 = 8, so there are 5
parameters to the versal deformation, and 8 relations on the base. We will not give
them here, but mention that one of the relations has a denominator 1 — t5. It is
interesting to note that while there is no guarantee in our method of computation
of the versal deformation that the form of the versal deformation or the relations
on the base should be given by rational functions of the parameters (theoretically,
they are given by formal power series in the parameters), computationally, in the
cases we have studied it has always been possible to find a basis of the cohomology
for which both of these conditions hold.
In the case here, there are four solutions of the relations on the base:

(1) t1=0,t2=0,t3=0,t4 =0

(2) t2=0,t3=0,t5=0

(3) ta=0,t5 =0, t; =t — 1o

(4) t3=0,15 =0, t; =ty —lo



24 FIALOWSKI, PENKAVA, AND PHILLIPSON

For the first solution, the versal deformation is dag(1 : 0)>° = dao(1 : t5), which
gives a deformation along the family.
For the second solution, the versal deformation has matrix

—t1 + 21, 0 t4(t4 — tl) 0 0 0 tq 0
0 ty — 11 0 t4(t4 — tl) 1 0 0 0
0 t4(t4 — tl) 0 0 ty4 t4(t4 — t1) 0 t4(t4 — tl)

Except on the curves t; = t4 and t; = 2t4, the deformation is equivalent to dj.
On the punctured curve t; = t4, the deformation is equivalent to di4 and on the
punctured curve t; = 2t4 it is equivalent to d3.

For the third solution, the versal deformation has matrix

ts 0 0 00 0 0 O to
0 0 t3 0 1 —t2 0 O 1
0 0 0 0 t3 0 t3 0 —ta+t3

Except on the curves t3 = 0 and t3 = —to, the deformation is equivalent to ds.
On the punctured curve t3 = 0 the deformation is equivalent to di5 and on the
punctured curve t3 = —ty it is equivalent to dys.

For the fourth solution, the versal deformation has matrix

t4. 0 0 O 0 0 ts —tots to
0 0 0 #ts 1 —t2 O 0 1
0 00 0 tx+ O 0 tatys —ta+ts

Except on the curves t; = 0 and t4 = 0, the deformation is equivalent to dz. On the
punctured curve t3 = 0 the deformation is equivalent to di4 and on the punctured
curve t4 = 0 it is equivalent to dys.

The center of dao(1 : 0) is spanned by va, h' = 2, and we have h* = 8, which is
not generic.

8.20.4. The special point dao(1 : 1). We have h? = 5 and h® = 7, so there are 5
parameters and 7 relations on the base of the versal deformation. There are two
solutions to the relations

(1) t;=0,t3=0,t4=0,t5=0

(2) ta=0
The first solution gives the deformation dag(1 : 1 4 ¢2), which is just a deformation
along the family. The second solution is a bit complicated, so we will not give the
precise form. Since there are 4 nonzero parameters in the expression for the versal
deformation, it is not surprising that the deformation can be equivalent to several
different types, di, ds, dg, d7, ds, dig and dig9. Notice that dyg is another nilpotent
algebra.

8.20.5. The generic point dog(0 : 0). Unfortunately, the point (0 : 0) is traditionally
called the generic point in the literature, because its behavior is anything but
generic. In projective geometry, the closure of the generic point is the entire space,
which is reflected here in that dog(0 : 0) has jump deformations to any point dag(z :
y) (except itself).

We have h? = 9 and h® = 17, so there are 9 parameters and 17 relations on
the base of the versal deformation, giving 9 solutions to the relations on the base,
which we will omit here for brevity. The versal deformation can be equivalent to
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dy, dg, d3, dy, ds, dg, d7, dg, d12, di3, d14, d15, dig, d17, dis, dig, and it has jump
deformations to dgg(z : y) for any (z : y) except (0 : 0). Most of these jumps follow
from the fact that it jumps to dao(x : y), because an algebra always deforms to any
algebra to which an algebra that it jumps to deforms.

This algebra is commutative. We have h' = 5 and h* = 33, which are not
generic.

8.21. dgy = 133 — 131, The matrix of this codifferential is
000 0O0O0O O 0O
00001 0 -1 0O
00 0O0OO0OO0O O 0O

This is an extension of the of the trivial 1 dimensional algebra by the trivial 2
dimensional nilpotent algebra. It is nilpotent and its center is spanned by vs.

We have h?2 = 5 and h? = 8, so there are 5 parameters and 8 relations on the base
of the versal deformation. We do not give the formula for the versal deformation
or the relations on the base, but give the solutions to the relations below:

(1) t3=0,t4=0,¢5=0
(2) t1:0,t2:0
(3) t1 = —tg, tg = —1
The third solution is not local, since t4 = —1.
The first solution has matrix

ta 0 tita 0O 0 O ¢ 0 0
0 ta 0 tyta 1 t; -1 0 O
0 0 0 0 0 0 to t1ts t

and gives a jump to di;.
The second solution has matrix

0 0 0 O 0 0 0 0 O
ts 0 0 0 1+t 0 —1 0 ¢
0 0 0 O 0 0 0 0 O

This gives a jump deformation to dgp(1 : —1) and smooth deformations nearby.
Whenever a codifferential has a jump deformation to another codifferential, it al-
ways has smooth deformations to codifferentials which are near the codifferential
to which it jumps.

If we restrict our study of the deformations of the nilpotent elements to just
the nilpotent elements, we see a completely parallel pattern to the moduli space of
3-dimensional Lie algebras.

9. UNITAL ALGEBRAS

It is well known that finite dimensional unital algebras only deform to unital
algebras. Let us identify the unital algebras and their deformations which occur
in this moduli space. It is not hard to see that if an algebra is unital, then in
terms of the decomposition of the algebra as a semidirect sum of its radical and its
semisimple part, that the identity of the algebra must be equal to the identity in
the semisimple part. Moreover, no nilpotent algebra can be unital. Therefore, it
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is easy to identify the unital algebras in the moduli space. They are di, ds, ds, dr
and di7. We have jump deformations

dy7 ~ dy ~ ds ~ dy,

while ds, the only noncommutative unital algebra, neither deforms to any other
algebra, nor does any unital algebra deform to it. (It is possible for a nonunital
algebra to deform to a unital one, and in fact, there are algebras which deform to
ds.).

It is known that any n-dimensional algebra can be realized as an ideal in an
n + l-dimensional unital algebra in a natural manner, by simply adding a new
basis element which becomes the identity in the extended algebra. Thus, every
2-dimensional algebra can be realized as an ideal of a 3-dimensional algebra in
this form. One might imagine that one could therefore identify the 2-dimensional
algebras as forming a subset of the unital algebras in a natural manner, but this is
not the case, as the process of constructing a unital extension does not produce an
injective map of algebras.

For example, of the six 2-dimensional algebras di,--- ,dg, the 2-dimensional
algebra d; extends to the 3-dimensional algebra di, the 2-dimensional algebras
dy and d3 extend to the 3-dimensional algebra ds, the 2-dimensional algebras d,
and ds extend to the 3-dimensional algebra ds, and the nilpotent 2-dimensional
algebra extends to the 3-dimensional d7. Thus it is not possible to reconstruct the
2-dimensional algebras from the unital 3-dimensional algebras in a simple manner.

10. COMMUTATIVE ALGEBRAS

If an algebra deforms to a commutative algebra, then it must be commutative.
On the other hand, commutative algebras can deform to noncommutative ones, as
is well known. The commutative algebras which occur in this moduli space are
dq, ds, dg, dr7, ds, dig, di7, dig, doo(1 : 1) and da(0 : 0) (and of course, the zero
algebra). All commutative algebras deform to dj, which is just C?, while every
algebra except d; and dg also deform to ds. There is a long sequence of jumps

ng(O : 0) ~ d17 ~ d7 ~ d5 ~ dl.

The algebras dig, dig and dg have jumps to both ds and dg, while dag(1 : 1) jumps
to dig and dig. The algebra dop(0 : 0) has jump deformations to every other
commutative algebra (except the trivial one).

11. CONCLUSIONS

We gave in this paper a logical classification of the elements in the moduli space
of 3-dimensional associative algebras and computed all the versal deformations. The
only elements which will play a role in constructing higher dimensional algebras are
the nilpotent algebras, since every algebra is either semisimple, an extension of a
semisimple algebra by a nilpotent algebra, or an extension of a trivial 1-dimensional
algebra by a nilpotent algebra, so in some sense, it is not so important what order
the nonnilpotent algebras are presented in. We have been careful to construct
the algebras in such a manner that the deformations always are in a “downward
direction”; that is, the label of an algebra is never lower than the label of an algebra
to which it deforms.
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One sees from our description of the algebras that there are certain families of
algebras, which have counterparts in higher dimensions. Up to dimension 3, the
only complex simple algebra is C, but in dimension 4, the matrix algebra gl(2, C),
which is simple, adds some new features to the description of the moduli space. We
are hoping that a systematic construction of the moduli spaces of higher dimension
is possible. However, the computational complexity will increase dramatically in
higher dimensions, making it difficult to compute the versal deformations, so that
there are practical limitations to our approach.

We have shown that for 3-dimensional complex associative algebras, the conjec-
ture of Fialowski-Penkava, that the moduli space decomposes into strata given by
projective orbifolds, connected by jump deformations holds. It remains to be seen
whether the conjecture will hold in higher dimensions.
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