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ON THE COHOMOLOGY H*(Ly, L)

A. FIALOWSKI

Introduction

Let WF°! = W, be the infinite dimensional Lie algebra of vector fields
f(:.c)% on the line with polynomial coefficients. The Lie algebra W; has an
additive algebraic basis consisting of the fields e = x"“%, k2 1, in which
the bracket is described by

[ex, ee] = (£ — K)exe.
Consider the subalgebras Lg, k > 0 of Wi, consisting of the fields such that
they and their first k& derivatives vanish at the origin. The Lie algebra Lj
is generated by the basis elements {e,ex+1,...}. The algebras W; and
Ly, are naturally graded by dege; = i. Obviously, the infinite dimensional
subalgebras Ly of W, are nilpotent for k2 1.

The cohomology theory of infinite dimensional Lie algebras is worked
out in [6]. The cohomology rings H*(W;) and H*(Ly), k 2 0, with trivial
coefficients are computed in [7] and [8]. The main results are the following:

CY= ot = 0,3
1 HY(Wy)=
(W1) { 0 for all other g,
G forg=10.1
2 9 le) =
e {0 for ¢>1,
$ odidien BTy (Tt )do(0102) for o2
In particular,
dim HY(L,)=2 for g2 1,
dim HY(L,) =2¢ + 1,
dim H9(L3) =(¢+ 1)
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With the help of this last result, one can compute the cohomology of the
Lie algebra W, with coefficients in different modules. For each A € C, let F),
denote the Wj-module of the tensor fields of the form f(z)dz~*, where f(z)
is a formal power series in z. Then the formula

(93)fd2™ = (o'~ Afo )iz~

gives the action of W7 on F)\. The module F) has an additive basis $ili=
=0,1,...} where f; =27dz~* and the action on the basis elements is

eif; =0 - (i+ DA)fig-

Denote by F) the W;-module which is defined in the same way, except that
the index j runs over all integers. Define the adjoint modules £, F1 as
modules of linear functionals F, — C, F) — C which are finite in the sense
that they take nonzero values only on a finite number of f;-s. Obviously
j:i = }-_1__)\ and FR = }-_]_,\/F_l_,\.
Let us define now the Lo-module F) , as the subspace, generated — like
A — by the elements f;, =0,1,..., on which Ly acts by

efi=0G+p—(E+1)A)fiy;

In this definition yx can be an arbitrary complex number. Let Fy , denote the
module, conjugate to F) ,. Finally define the modules Fxuover Wy as Fy ,
above, without requiring the positivity of 5. Obviously, ’f’f\,“ =F_ 15—, and
F,'\"u =F_1-r-u/F-1-2,-u. The cohomology of the Lie algebra W; and L
with coefficients in the above mentioned tensor field modules are known (see
2], [3]). The computation reduces to that of the cohomology of the algebra
Ly with trivial coefficients. In the case of the Lie algebra W;, the problem
is also solved for cohomology with coefficients of the form F\ ® F, [2].
Considering the adjoint representation as coefficient space, we get a
very important application of the cohomology. The elements of the space
H?*(L, L) correspond to the infinitesimal deformations of the Lie algebra L
(see e.g. [6]). In the case of the Lie algebra Lo, we get that H%(Lg; Lo)=0,
consequently, Lo is rigid (see [5] and [6]). As an L;-module, L is Fi.,
and we have the result dim HF_mJ[Ll; Ly)=dim H ,(L2;C) (see [4]). In
particular,
I chrwm=2.34
0 tTarm#£23,4.

Here the cohomology space is defined in the graded sense:

HY(Ly; 1) = QH] ) (L1; L1)

dim H(z_m)(Ll; Ll) e {
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where for the cocycle @, representing a class of H 3 (L;,Ll) the weight of

ores, ... ,e.q) is —m+i1+...+ 1.

The analogous problem for the Lie algebras Li, k> 1 seems to be very
difficult and has not been solved. Nor has any other cohomology space
for these Lie algebras been computed, with other than trivial coefficients.
We naturally want to know first of all the cohomology with coefficients in
the adjoint representation. In this paper, we prove the finiteness of these
cohomology spaces, and also give lower bounds for their dimensions. In fact,
we give estimates in the more general cases, where the coefficient module in
an Li-module L,: we study the cohomology spaces H*(Ly; L,) with k 21
and s> 1. We make the computations for the lower bound for k = 2.

Special attention is paid to the cohomology H?(Lj; L) which is, accord-
ing to the general theory, the space of infinitesimal deformations of the Lie
algebra L,. The computation of H2(Ly;Ls) is the first step in determin-
ing the base of the versal deformation of the Lie algebra Ly; recall that the
similar problem for L; is completely solved in [4].

I would like to thank Dmitrij Fuchs for stimulating discussions.

§1. Upper bounds. Finiteness

Suppose first that s > k. Then the Li-module cohomology H9(Lg; L,)
may be estimated via the cohomology H9(Lg41). Consider the module

IndL" (1) It has the following structure: it has the basis z1, z;, 23, 24, .
a,nd ek.’.c, =241, €x; =0 for £ > k. The sum

@ IndLHl(l]

is isomorphic to the module Nj , which has the following structure: it has
the basis Yss Ys+1s Ys4+25- -+
Ysek ¥s42k Ys.3k

\_/W/{ s

The action of the vector field ex is shown by the arrows, while the fields
eq with £ > k act trivially. One may assume that exy: = (t — k)yegr. (It is
important here that s > k, so that the difference ¢ — k cannot vanish.)

Now consider the complex C*(Lk;L,). It has a natural (decreasing)
filtration: F™% = F™C9(Ly; L,) consists of those ¢ € C4(Ly; L,), for which
c(ei,---,ei,) =0 for i3 +...4 g <m. Consider the groups

Fman d—l F'm+r,q+1
(FPmandFm-ra-l) 4 (Fmtlan d=1 Fetoeis

Gmrq ic
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They lie between the groups E;"?~™ and Ey{™™ of the spectral sequence,
corresponding to our filtration, and hence the sum ®,,G™? gives the upper
estimate for H9(Lg; Ls). On the other hand, for 7 = k+1 this sum is precisely
the cohomology of the complex with all the summands corresponding to the
action of e; with ¢ > r removed from the formula for the differential. But

this is nothing else but H(Ly; Nk ,).

REMARK. The descending filtration {F™} of the complex C*(Lg; L,) is
infinite, and this could create some convergence problems for the spectral
sequence, but in our case everything is good thanks to the finite dimen-
sionality of H*(Lix). What we have to check is essentially the fact that
N Im{HI(F™) — H9(Ly; Ls)} = 0. But actually H4(F™) =0 for m being
m
large enough. Indeed, let HE’ m,)(}.}k) =0 for m’ > m (the subscript is related
to the grading in Lg). Let then ¢ = ¢y, € F™7 be a cocycle, also of some fixed
degree d. Then c(ei,,...,e;,) =0for i;+...+i, <m and let O Cirs ot 48] =
=¢€j;..i;8m—d for i1 +...+ig=m. Then t, C(€iy s+ - 1€ig) T Ciyuudq 18 @ cocycle
in C{,,)(Lx), and hence ¢=6b, b€ Cl)(Lx). Define b, € F™~1 by the
formula

E(e' s bl )e dfori+...+j4g1=m
b 8‘,---,6' = 12 A Jq_l g q iy
m (€ J"_l) { 0 otherwise.
Evidently, ¢y — 8by, € F™+1; we set cpm41 = €m — 0by, and acting precisely as
before find by y1 With cmiy1 — 8bmi1 € F™t2: set emy2 = 6my1 — 6bmy1, and
o0
so on. The series Y. b, obviously converges (b,, have disjoint supports),
p=m
and ¢ = §b where b is the sum of the series.
Hence the following statement is valid.

THEOREM 1. If s>k,

dim HY(Ly; L,) £ kdim HY(Lx; Indf*, (1))=
=k dim Hq(Lk+1) <0G,
REMARK. The last inequality follows from [8].

The general case (s is arbitrary natural number, may be less than or
equal to k) can be traced back to the previous one. If s < k, then consider
the exact sequence

0— Lky1+L,— Ly/Liy1—0.

The cohomology spaces H¥(Lg; L,/ Lr+1), ¢=1,2,... are finite dimensional.
In particular,
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LEMMA.
dim HY(Lg; Ls/Lit1) Sdim HY(Lg) dim H( Lg; Lyjls)=
=(k+1-s)dim HY(Lyg).

ProoF. Denote the module Ly_;11/Lix+1 by M;. We have the exact
sequence

0O—-M,_1—-M;—-C—=0
from which it follows that M;/M;_; =C. Then
Ly/Liy1=Mry1-s D MpypsD...0 M1 D Mo=0,
and we have the next cohomology sequence:
coo— HY(Lg; M_1) » HY(Lg; M;) - HY(Lg;C) — ... .
From this it follows that
dim HY(Ly; M;) £dim HI(Lg; Mi—1) ® dim HY( L)
which gives dim H9(Lg; M;) £idim H9(Lg). The lemma is proved.
THEOREM 2. Ifs<k,
dim HY(Lg; Ls) Skdim HY(Lg41) + (k41— s)dim HY(Lg).
Proor. Consider the next cohomology sequence:
eeo— HY(Lg; Lg4r) = HY(Li; L) » HY(Lg; Ly / Lgg1) — - . . .
From this it follows that
dim H9(Ly; L,) £dim HY(Lg; Li41) + dim HY(Lg; L,/ Li41).

Using now the lemma, we get the result.

EXAMPLE. For small values of ¢,

1 for g0
dim H9(Ly)={ k+1for g¢=1
ﬂ%lfor g=2

Consequently, we have
dim HY(Lg; L) Sk(k+2)+ (k+1)=k* + 3k + 1

and

dim HZ(L];; L) £

B(k+1)(k+4)  K(k+3) &,
5 $ == (B 46k + 7).
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The first inequality shows that our upper bounds are too crude, because
for H(Lg; Lg) we have

PROPOSITION.
dim Hl(Lk; Lij =%

Proor. Consider the Lg-module Lg, and the following exact sequence:
0-—>Lk—>LQ—> Lo/Lk-*O

Obviously, the dimension of the trivial module Lo/Lg is k. Then we have
the next cohomology sequence:

HO(Ly; Lo) — H°(Lx; Lo/ L) = H*(Lk; L) 5 H'(Ly; Lo) — .

Here H°( Ly, Lo) = 0 as there are no invariants. Further, dim H°(Ly; Lo/ Lx) =
k and 7 is monomorphism. Easy to see that u is zero, comsequently
dim H'(Ly; L) = k. Remark that the exterior derivations of Ly are the

bracket operations with eg,e1,... ,€k41-
For k =2 the second inequality gives

dim H?(Lq; Ly) £23.

§2. Lower bounds

We can compute the cohomology H*(Lg; L), with the help of the spec-
tral sequence associated to the filtration

L33L3+13L3+23...

in the coefficient module. As L;41/L; is a one-dimensional trivial Lx-module,
the first term of this spectral sequence consists of the group H9(Li). The
spectral sequence itself is a modification of the one introduced by Feigin
and Fuks in [2] for computing the cohomology space of the Lie algebra L,
with coefficients in the modules F) , (see Introduction). Let us give a more
convenient construction of this spectral sequence. We have the grading in

the cohomology spaces:
H*(Li; L) = @ H{y(Li; Ls)
where H, *,.)(Lk; L,) is the cohomology of the cochain complex of the form

(*) R e e e e T R Z.
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Denote the cochain groups of this complex by CE{,}(L;‘; L,). These cochain

groups are similar to the cochain groups C'9(Lg), with the following differ-
ence: in (x) one should have iy + ...+ i, + 72 8. So we have the following
situation. The cochain groups C*(Lg) are also graded:

CI(Lk) = PO, (L),

and we have the isomorphism
(%) Cly(Li; L) = €D Cf(Lw).

tZs—r
This isomorphism is given by the mapping

[ei A A eig = @i igCivttighr] € CLy(Lki Ly) &
- [6,‘1 N\ €;, aﬁ"_,'q] & C(qt)(Lk), t=t41+...+ iq.

We assign to the summand CF:)(Lk) in the expansion (*#) the filtering index
t. So we have the spectral sequence with:

+
Epa - CF_:)(LU for p2s—r,
0 forp<s—r;

EP9 Hrj:}(Lk) forpgs—'r,
1
0 forp<s—r.
The spectral sequence converges in usual sense to H, E‘q)(Lk; L,). For r > s the

E? term of our spectral sequence does not depend on r; for example, if k =2
it has the form

7

7%

(Here M means a one-dimensional space; the differentials act by the usual
way to the right and then down.)

—S ‘§_ L
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Let ER = @ E&? and o" = ¢™(r) be equal to the sum of ranks of
p+g=n
differentials d": E? — E™*+! (for a 2 1). Clearly

dim H{"‘,)(Lk; L,)=dim E} — "' — o".

For almost all r 2 s, the numbers p"(r) are the same (as the differential
depends on r polynomially). These generic values of p"(r) may be easily
calculated since we know that dim H9(Lg; L,) is finite for any ¢ (see Section

1) and thus H(qr)(Lk; L,) =0 for almost all .
Consider the case k = 2. In this case the dimensions of Ef are the
following:

bl B0 s LB B ol
s+2 1l - 3 — 5§ - 7 —

s+1 1 - 3 - 5 = 7 —

8 1 - 3 = 5§ —= 7 =

s—1 0 3 - b = T =

s—2 0 b Rl TR r e

s—3 0 1 - 5 = 7 —

s—4 0 0 5 - 7 —

s—5 1| 0 0 5 —- 7 —

s—6 | 0 0 5 — 7T —

s—7 1] 0 0 5 - 7T —

s—8 | 0 0 4 - 7 =

s—9 0 0 3 - 7 —
s—-10] 0O 0 2 - 7 —
s—111] 0 0 1 - 7 —
s—12] 0 0 0 7 —
s—15| 0 0 0 Tr =L
s—16| 0 0 0 6 — ...etc.

The complex

1-3—=5—-7—-9—...

(the numbers are the dimensions of the spaces) is acyclic iff the differentials
are of ranks 1,2,3,4,5,.... Thus at a generic point our complex is of the
form

S350 sgl
(the rank of the differential is shown above the arrow). At a finite number
of exceptional points the ranks are smaller. In those cases the complex is
truncated. If a matrix A = B has rank < r then the rank of the truncated

matrix (M cannot be larger than max(r, k).
*
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The cohomology space will be the smallest, if the ranks are maximal as
we described (the smaller the rank, the larger the cohomology space). The
maximal possible ranks are the following (the rank does not drop anywhere):

cohomology

H° H!' H? H3 .

r>s e bt T D e B
- } §3 53 7 & { ik u
) § g8l
5—8 ogugiisp adf grovgens gy
s—4 T LA, G L Bl Gt 4
s—5 el TE T
s—6 } B Nel 2 B { Q. B8 B
s—7T 0 0 2 0
s—8 s s - Qculise 91 9
s—9 §i 8 eqpelly b =vagais ap! ndy
s—10 g 5 8 R o A |
F=11 - R e TN
s§=12 74565 0 i it By 3
s—13 n g 3
s—14 ¥ ol 3
a=15 Y 3
s—16 5 5 2
5 — . 1

4 = 0

| SRR 8 18
Here the ranks are maximal, but everywhere we must have

rank <3 and
rank < number of rows.
From these computations one obtains:

THEOREM 3.
dim H(Lg; L,) 2 2¢°

for any q, not depending on s. In particular, we obtain

dim H*(Ly; L) 2 8,
dim H3(Ls; Ly) 2 18.
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ProoF. From the above computations we get

{ 1 -1
dim H%(Ly, L,) = @ +q(g+1)+ q(q_z_) =242,
q L q
Q-1 ST o e q-1
q-2 g+l q-2

Comparing the above result with the estimation from Section 1:
dim HY(Ly; L,) S2HY(L3) =2(q+1)? for s > 2.

This means that the dimension is between 2¢* and 2(q+ 1)2. The lower
bound is perhaps closer to the real value of the dimension.

Let us write out separately the results for the 2-dimensional cohomology
space of the Lie algebra L, with coefficients in the adjoint representation:

8 < dim H?(Ly; Ly) £23.

The computation in Section 2 for Li with k > 2 is analogous, but, be-
cause of the unwieldy formulas for dim H(‘{,}(Lk), the answer would be very

complicated. But it seems likely that the following is true.

CONJECTURE. For any k and s,
dim HY(Ly; L,) = kdim HY Y (Liy,).

If this is true, then the estimate of Theorem 3 is actually exact. But the
similar estimates for Ly with k > 2 are only close to reality. For example,
the procedure of this section gives for ¢=1,2,3,4

dim H9(Ls; L,) 2 3,15,41, 87,
while the conjecture asserts that

dim H9(Ls; L,) = 3,15, 42, 90.

§3. Another method for computing H%(L,; L,)

With the help of results from [3] we have another method of computing
the cohomology H?(L,; Ly). We have

H*(Ly; L) = HY(Ly; M)
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where M is the “coinduced” module Coind‘f; Ly. This module is generated
by the elements

€2, €3, €4,...
€y, TE3, TEqy...

zley, zle3, Tley,...

The action of the Lie algebra is the following. The action of the field e, is
multiplication by z, while in the upper row ez, e3,+.. act in the natural way.
The actions of the other elements are defined using the previous ones. For
instance, for n 2 2, k 2 2 we have

(k—m)em+r =em(er) = [zem—1(ek) — em—1(zex)]

m—2
from which it follows that
em(zer) = (k—m)zempr — (m—1)(k—m — 1)emiry1.

Analogously,

em(z"er) = Zem(2" ter) — (M — emsr(z™ ex) =
= (k ait m)ir"em.l.k + n(m o IJ(k - - 1]x"“16m+k+1+
+lower degree terms at z

which gives a recurrent method of determining e, (z"e).
Having the structure of the module M, we apply the complex

1 2 3
M(—-M@MhM@M«-M@M#...

(see [3]). To find the space H?(Ls; L2), it is enough to know the singular
vectors in the Verma module Vp of degree 5, 7, 12, 15. We should remark
that although the above computation can be worked out, and should give a
precise answer, it leads to complicated formulas.
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