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ON THE DEFORMATIONS OF L,
A. FIALOWSKI

Let W, be the Lie algebra of the vector fields on the line with polynomial coeffi-
cients, and L, its subalgebra, consisting of the fields, which turn into zero with
their first derivatives at the origin. In this work we study the deformations of L,.
Calculation of various invariants of infinite dimensional Lie algebras is rather com-
plicated, even in the case of affine Lie algebras (see [4]). L, seems in some sense the
next one by difficulty. The main results of the present paper, without proofs, have
been published in [3].

The study of deformations of nilpotent subalgebras in the Lie algebra of vector
fields was stimulated specifically by [2], where it was proved that the cohomology
with trivial coefficients of L, and similar nilpotent Lie (super) algebras of geometrical
origin are invariant under certain deformations. Moreover, L, seems to be the simplest
one among the Lie algebras which have higher order obstructions to continuation of
deformations, as follows from the properties of its cohomology with coefficients in
the coadjoint representation, which are studied in this work.

All these show that the study of deformations of L, has to be one of the first
steps on the way to study deformations of infinite dimensional Lie algebras.

1. At first we give some facts about the cohomology of L, with coefficients in
the coadjoint representation.

In W, choose the basis ¢_y, &, €, €s, ..., where e;=x'710/0x. The bracket in
this basis is of the form [e;, e;]=(j—i)€ +;. Then L, has the basis e, ez, .... We
also need the subalgebras L;cl¥; the basis in L; (i=0) consists of the fields
e, €iy1s ---- W, and L; are naturally graded, the grading (weight) of ¢; equals i.
This grading is inherited by the cohomology spaces with coefficients in the graded
modules. Specifically, H*(Ly; L)=® wHm (L3 L1)-

ProposiTioN 1. H*(Ly; L,), k=0 has dimension 2k—1 and is generated by
2
+i,i=1,2, ....,2k—1. (In other words, H{yy(Ly: E)e

elements of weight —
=Hg' (Las 1)).

Specifically, H*(L;; Ly) 1s one-dimensional with weight 0; HZ*(Ly; L) is
three-dimensional and is generated by elements of weights —2, —3, —4; H B B
is five-dimensional and is generated by elements of weights —7, —8, —9, —10, — 11.
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434 A. FIALOWSK1

Proor. This proposition follows from the results of [1]. Namely, the homology
groups of L, with coefficients in the modules #; ,, F, ,, F. +.x are calculated in [1].
Here #, ,, 4, u€C is the module with the basis f;, i€Z, & fi=(j+u—AG+1))fiy s
F;,, is the submodule of %, , with the basis f;, £;, f3, ...; F7 , 1s the module, con-
jugate to F; ,. The adjoint representation in this notation is F,,;. Remark that
H'(L,, Fy,,) is dual to H;(L,, F{,). By using Theorem 4.3 in [11 we get
Hi(Ly, F1)=H;_y(L,, F_y _)® H,(L,, #_,, _,). From Theorem 4.1 [1] it follows
that H;(L,, #_, _,)=0 for each i. Using Theorem 4.2 [1] and the subsequent we
receive that dim H;(L,, F_, _,)=dim H,(L,). Q.e.d.

The spaces H*(L,; 1) are calculated in [5]). By comparing the results of those
calculations with the above one we obtain the required Proposition. Cocycle ¢
representing H'(L,; L,) has the form ¢(e;)=ie;. The elements of H'(L,; L,),
as we know, are exterior derivations. Each of these derivations define a Lie al gebra,
containing L, as its ideal of codimension 1. In the present case we obtain L,.

Let us denote the three homogeneous elements of weights —2, —3 and —4
m H?*(L,; L,) by a, f and 7, respectively. We give explicitly the cocycles &, f, 7,
which represent the cohomology classes a, £, y:

%(es, eg) = de,,
G(es, ) =je; (j=4), dles,e) =—(j—Dej, (=4,
@(e;, e;) =0 for other i, j;
Bles, e5) = 8ey, PBles, e)) = 4y, Ples, e) = —10e,,
Bles,e) = (j+1)ejs, Ples, ) = —2je;, Ples,e)) =(j—1e;y, for j=35,
(D B(e;, e;) =0 for other i, j;
7(es, e3) = 14e;, 7(ey, €5) = 8ey, (e, €5) = —2de;,
7(es, €5) =—16¢ey, F(e,, e;) = 18e;.,

7 (e, ej) = (j+2)ej—2’ T(es, e) =—3(j+ 1)";‘—1} for j=6
7 (eq, e;) = 3je;, 7(es, ej) = "_(j_l)ej+1 i

¥(e;, e)) =0 for other i, j.

Indeed, it is easy to prove that every two-dimensional cohomology class of L,
with coefficients in L, is represented by a single cocycle , which turns into 0 at the
field e, (i.e. w(ey, €;)=0 foreach ). Then for w(e;, e;) with 1 <i<j we can write a
system of equations, which has a unique solution (up to a constant multiplier).
By giving it explicitly we give another proof of the part of Proposition 1 related to
the two-dimensional cohomology.

REMARK. A simpler formula for the cohomology class « may be obtained
in the following way. Let e€H'(L,; 1) be an element of weight —2 and
v€H'(L,; L,) the cohomology class of the cocycle ey~ie; then a=gv. Classes
and y have no simple description of this kind.
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2. Obstructions of deformations of L;. - o

To find the versal family of L, we use the methods of [6]. In this work the Lie
operations of Massey are defined and the next process of finding the tangent cone
to the base of the versal deformation is proposed. Let K;cH*(L,; L,) (where
H?(L,: L,) is the tangent space to the base of the versal deformation ) be the cone,
consisting of all ¢ such that (¢, E)=0. Let further K, be the cone, consisting of
those elements ¢€ K, that (£, &, )30, and in general, K;={(€K; |, ..., £)i4130}
The tangent cone to the base of the versal family is the intersection of all K;.

In general, let & be a Lie algebra, [ , ], the deformation of the bracket. Let us
expand this deformation into a Taylor series:

[x, ¥l = Ix, j’].ﬁ-!ml (e, M+ 2w (x, P +..., x,yEL.
The Jacobiidentityis: . :
[ 71 z]e = [l ylo+ton (x, };)-{-Izcoz(x, Ntz = [[x, Vs Z)o+
+ fﬂ)]_([xs y]tl: Z)‘F"ﬁ(ﬂg([.f, y]o, Z)—I—f[a}l(x, y), Z]U+lzwl((ﬂl(x, y), Z)+
+ 8oy, y.)’ zhot...= [[xa z},, y],+[x, [y z]t]t.

From this equation it follows that w, is a 2-cocycle of £ with coefficients in the
coadjoint representation and also that the 3-cochain

oy (@, (x, ¥), 2)— (@, (x, 2), )+ @1 (013, 2), )

is coboundary of w,. Let a€ H*(Z; &) be the cohomology class of »,. We actually
prove that the Lie square (x, ) equals 0. For the continuation of the infinitesimal
deformation [x, y]+f@,[x, ¥] to speck[z]/¢® it is necessary that (e, a)=0.

If %=L, then, as easy to see, {x, a)={B, B)=0, because the weights of (, &)
and (B, ) are —4 and —6, and there is no such three-dimensional cohomology
class. Similarly, by consideration of the dimensions we have (x, B)={(x,7)=0.
The calculation of the remaining relations is less evident.

PROPOSITION 2. The Lie products (y,y), (B, y) and the Massey Lie cube 8B, B, B
are nontrivial, while (, a, ..., )30 for all i.

Proor. To prove (y,7)#0 substitute 7 into (1). The three-dimensional cocycle
we obtain is not cohomologous to 0, as its value on the cohomology class of weight
_ 8 is different from zero. Direct computation shows that (7, 7) has nonzero value

on the class of weight —8.
The fact that (B, y)#0 we may prove in the same way: however, we give an-

other proof for this.
Now {(a,a, ...,x)>0 follows from the fact that there exists a deformation with

infinitesimal deformation a.
The most laborious part of the proof is to show that (8, B, $)$0. Thisisequiv-
alent to the fact that for any Lie algebra over k[z]/* with the basis ¢; the bracket

cannot be of the following form:

leis e} = (G—D)eis j+ th(e;. e;) ey j-st %1 (e, ej)ei+j—s+‘3x2(eis e)epsj-9-

28*
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Here %, (e;, e;) and x,(e;, e;) may be defined step by step (i+j=1,2,...) from the
system of equations following from the Jacobi identity. For i+j=12 we get a
contradiction. Jacobi identities of weight 11 define an algebra L of dimension 11.
H?(L; 1) contains no elements of weight 12. This can be explained in the following
way.

The Lie algebra L with the basis ey, ..., e;; and the bracket [e;, el=(—i)e.;
has, similarly to L,, a three-dimensional cohomology class of weight 12 and a two-
dimensional cohomology class of weight 12. But L does not have any of these. It has
a filtration, and the corresponding coadjoint graded algebra is L. Hence there exists
a spectral sequence with the first term H*(L; 1) converging to H*(L; 1). In this
spectral sequence the differential of the two-dimensional class of weight 12 is a three-
dimensional class of weight 12.

It remains to verify that (B, y)20. Here equality would imply that L, has a
deformation over speck[ty, £,]/(#, #3) such that in the deformed algebra

le; el = (—Der j+t1B(eis e e jat+taT(ers e)) ey j_attitan(e;, ) e 7.

Straight calculation shows that such an algebra cannot exist. Namely, the numbers
%;, ;=x(e;, e;) can be defined step by step. At the 12-th step we get a system of equa-
tions for x;;, which has no solution. -

Let us define now three deformations of the Lie algebra structure in L3 [ , I,
trBL i
le;s et = (i —D)(es;+ 14 5-1);

9 (j_i)e'-f-"' if‘ 'l:'sj:} la
2 ' ,‘:{ B %
( ) [eg eJ]I (j—l)ejﬂ-%—fje’j-. U{' i=1, j> l:
e e S bm Do Fihubitinign
(i—De;attje;, if 1=2, j22,

These three Lie algebra families may be realized inside the Lie algebra L,. By the
first deformation e; deforms into e;+te;_;, i=0. In other words, L, deforms
into the Lie algebra of vector fields on the line, vanishing at the origin and ¢. By the
second deformation the ¢s, i=>1 are unchanged and e, deforms into e,+7e,.
Analogously, by the third deformation e, turns into e,+fe, and the remaining
elements are unchanged. We show now that no other deformations exist.

From Proposition 2 it follows that the tangent cone to the base of versal defor-
mation of L, is a curve of degree 3, generated by «. The versal deformation consists
of three curves, tangential to «. These three curves correspond to the three Lie
algebra families.

It follows then

THEOREM. Each deformation of the Lie algebra structure in L, may be obtained

by substitution of the variable from one of the three families{ , T, [, F.[, B
(see formulas (2)).
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ProoF. It is sufficient to verify that the three families are nontrivial and pair-
wise nonisomorphic. Indeed, the Lie algebras with the brackets [, Ji, [, K
i#j, t’,t"#0 are not isomorphic neither with each other nor with L,. (Notice that
the algebraswith[ , J.,[ , Ji-areisomorphic for #°,#”#0.) Let L;(i) be an algebra
from the i-th family. First, L,(i)2 L, as L, is a nilpotent algebra, while L,(i),
for all 4, is only solvable. Further, the maximal nilpotent subalgebra in L,(1) has
codimension two, and in L;(2) and L,(3) codimension one. Finally, the algebra
[Ly(3), L,(3)] has two generators, while [L,(2), L,(2)] has three. So L,(1), L,(2) and
L,(3) are neither isomorphic to each other, nor to L,.

REMARKS. 1. From the Theorem it follows that all the nontrivial deformations
of L, lose the grading. In the class of graded Lie algebras L, has no nontrivial
deformations.

2. Let us study the change of grading by deformations of L, in detail. Let L
be a Lie algebra, lying in one of the three families. Choose in L the following basis:
{21, 8, ...}, 61=e,, E;=ey+06,; 3,8, ... are defined so that [é;,&]=({—1)&;,4
holds. In the new basis we have:

[, €] = (j—D)&4 j+on (i DNeisj1+@a(i, Ny j—gt+....

Here o, is a 2-cocycle of L, with coefficients in L, of weight —1 such that
@, (e, ¢;)=0. Such a cocycle is represented as a differential w=dv. It is easy to see
that v(e)=0,i2 and v(e,) is proportional to e,. Hence the parameter a may be
chosen so that @,=0. Let us call a basis in L canonical if @;=0.

Notice that w,, w, are cocycles of L, and dw,=[w;, @] Cocycles @y, w, are
proportional to those in (1). Choose in the three families three algebras — L', L%, L3
— such that m,=a,(L’) exactly coincides with the first cocycle in (1). For the first
and third family we have w,=0, but for the second one w;#0. Further

d(wy(L?) —, (LY) =0 and d(ws(L%)— w(LY) = 0.

Cocycles i, =w,(L*)—w,(L*) and i, =, (L%)—w,(L*) represent nontrivial coho-
mology classes of weight —4 from H?(L,; L,). These cocycles are proportional to
the third one in (1). Consequently, the quotient of these cocycles with coefficients u,
and p,, respectively, p=u/p, is a number, which may be easily computed. This
number occurs as one of the numerical characteristics of the versal deformation of L,.
It would be interesting to connect this number with other characteristics of the

deformation.
The author thanks B. L. Feigin and D. B. Fuchs for their helpful comments.
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