ABOUT LEIBNIZ COHOMOLOGY AND
DEFORMATIONS OF LIE ALGEBRAS

A. FTALOWSKI, L. MAGNIN, AND A. MANDAL

ABSTRACT. We compare the second adjoint and trivial Leibniz
cohomology spaces of a Lie algebra to the usual ones by a very el-
ementary approach. The comparison gives some conditions, which
are easy to verify for a given Lie algebra, for deciding whether it
has more Leibniz deformations than just the Lie ones. We also give
the complete description of a Leibniz (and Lie) versal deformation
of the 4-dimensional diamond Lie algebra, used in a WZW model,
and study the case of its 5-dimensional analogue by computing
Massey products.

1. INTRODUCTION

Leibniz algebras, along with their Leibniz cohomologies, were in-
troduced in [8] as a non antisymmetric version of Lie algebras. Lie
algebras are special Leibniz algebras, and Pirashvili introduced [17] a
spectral sequence, that, when applied to Lie algebras, measures the
difference between the Lie algebra cohomology and the Leibniz coho-
mology. Now, Lie algebras have deformations as Leibniz algebras and
those are piloted by the adjoint Leibniz 2-cocycles. On Lie algebra
cohomology we refer to [7, 6]. In the present paper, we focus on the
second Leibniz cohomology groups HL?*(g,g), HL?*(g,C) for adjoint
and trivial representations of a complex Lie algebra g. We adopt a
very elementary approach, not resorting to the Pirashvili sequence, to
compare HL?*(g,g) and HL*(g,C) to H*(g,g) and H?(g,C) respec-
tively. In both cases, HL? is the direct sum of 3 spaces: H*® ZL3 @ C
where H? is the Lie algebra cohomology group, ZL2 is the space of
symmetric Leibniz 2-cocycles and C is a space of coupled Leibniz 2-
cocycles, the nonzero elements of which have the property that their
symmetric and antisymmetric parts are not Leibniz cocycles. Our com-
parison gives some useful practical information about the structure of
Lie and Leibniz cocycles. We analyse the case of Heisenberg algebras,
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the 4-dimensional diamond algebra which is used to construct a Wess-
Zumino-Witten model, and its 5-dimensional analogue. We completely
describe a versal Leibniz and Lie deformation of the diamond algebra
by computing Massey products.

The last version of the paper was completed during the first author’s
stay at the Max-Planck-Institute for Mathematik Bonn. The authors
would like to thank Jim Stasheff for his valuable comments.

2. LEIBNIZ COHOMOLOGY AND DEFORMATIONS

Recall that a (right) Leibniz algebra is an algebra g with a (non nec-
essarily antisymmetric) bracket, such that the right adjoint operations
[—, Z] are required to be derivations for any Z € g. In the presence of
antisymmetry, that is equivalent to the Jacobi identity, hence any Lie
algebra is a Leibniz algebra.

The Leibniz cohomology HL*(g,g) of a finite dimensional Leibniz
algebra is defined from the complex C'L*(g,g) = Hom (g®°,g) = g ®
(g")®* with the Leibniz coboundary ¢ defined for v € CL"*(g, g) by

(00)( X1, Xa, -+, Xpp1) =
n+1
(X1, 0(Xa, -, Xpg1)] + Z (—1)i[¢<X17 oo ’X'z., oo X)), X

=2

+ Z (_1)j+1 w(Xla 7Xi717[Xi7Xj]7Xi+17"' >Xja"' 7Xn+1)-

1<i<j<n+1

(If g is a Lie algebra, ¢ coincides with the usual coboundary d on
C*(g.0) =g\ g )
For ¢ € CL'(g,9) = C'(g,9) =g ® ¢

(0)(X,Y) = [X,0(V)] + [0(X), Y] = ¢([X, Y]).
For v € CL2(g,9) = g ® (g%)%°,
(5¢)(X> Y, Z) = [X,LD(Y, Z)] + [¢(X, Z)?Y} - [¢<X7 Y>7Z]
- ¢([X,Y]7Z) + w(Xv [Y7 ZD + ¢([X7 Z],Y)

In the same way, the Leibniz cohomology HL®(g,C) with trivial
coefficients is defined from the complex C'L*(g,C) = (g*)®* with the
Leibniz coboundary

dc defined for v € C'L™(g,C) by

(5C¢)(X17X27' o 7X'n,+1> —
Z (_1)j+lw(Xl>"' 7Xifl> [Xi7Xj]>Xi+17"' 7Xj7"' 7Xn+1)'

1<i<j<n+1

If g is a Lie algebra, d¢ is the usual coboundary dc on C*(g,C) = A* g*.
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For ¢ € CL'(g,C) = g,
(0c)(X,Y) = —¢([X, Y]).
For ¢ € CL*(g,C) = (g*)*,
() (X,Y, Z) = =¢([X, Y], Z) + (X, [V, Z]) + 9([X, Z]. Y).

For computing Leibniz deformations, we need to consider the 2- and
3-dimensional cohomology cocycles.

Let K be a field of zero characteristic. A deformation of a Lie alge-
bra with (nontrivial) base was introduced in [1]. We recall the notion
of deformation of a Lie (Leibniz) algebra g (L) over a commutative
algebra base A with identity, with a fixed augmentation ¢ : A — K
and maximal ideal 9. Assume dim (9% /9MF*1) < oo for every k (see
2, 4).

Definition 1. A deformation A of a Lie algebra g (or a Leibniz algebra
L) with base (A, M), or simply with base A is an A-Lie algebra (or an
A-Leibniz algebra) structure on the tensor product A® g (or A® L)
with the bracket [,]5 such that

e®id: ARg—>K®g(ore®id: AQL—-K® L)

is an A-Lie algebra (A-Leibniz algebra) homomorphism.

A deformation of the Lie (Leibniz) algebra g (L) with base A is
called infinitesimal, or first order, if in addition to this 9 = 0. We
call a deformation of order k, if 9**! = 0. A deformation with base is
called local if A is a local algebra over K, which means A has a unique
maximal ideal.

Suppose A is a complete local algebra (A = lim (A/9")), where

n—oo

2 is the maximal ideal in A. Then a deformation of g (L) with base A
which is obtained as the projective limit of deformations of g (L) with
base A/OM" is called a formal deformation of g (L).

Definition 2. (see [2]) Let C be a complete local algebra. A formal
deformation n of a Lie algebra g (Leibniz algebra L) with base C' is
called miniversal if
(i) for any formal deformation A of g (L) with base A there ezists a
homomorphism f : C — A such that the deformation X\ is equivalent
to fun;
(11) if A satisfies the condition 9M? = 0, then f is unique.

If only (i) is satisfied, we call the deformation versal.

Theorem 1. ([2, 4]) If H*(g; g) is finite dimensional, then there exists
a (mini)versal deformation of g (similarly for L ).

In [1] a construction for a miniversal deformation of a Lie algebra was
given and it was generalized to Leibniz algebras in [4]. The computation
for a specific Leibniz algebra example was given in [3].
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3. COMPARISON OF THE COHOMOLOGY SPACES HL? AND H? FOR
A LIE ALGEBRA

In [17] the relation between Chevalley-Eilenberg and Leibniz homol-
ogy with coefficients in a right module is considered via a spectral
sequence. The statements are valid in the cohomological version as
well. As a corollary, one deduces

Proposition 1. [17] Let g be a Lie algebra over a field K and M be a
right g-module. If

H.(g,M)=0, then HL.(g,M)=0.

As the similar statement is true for cohomologies, it implies that
rigid Lie algebras are Leibniz rigid as well.

Now we describe the Leibniz 2-cohomology spaces with the help of
Lie 2-cohomology space of a Lie algebra g.

Recall that a symmetric bilinear form B € S%g* is invariant, i.e.
B e (S?g*)? if and only if B([Z,X],Y) = —-B(X,[Z,Y]) VX,Y, Z € g.
The Koszul map [7] Z : (S%g%) — (A’ ¢*)" € Z%(g,C) is defined by
Z(B) = Ip, with Ig(X,Y,Z) = B([X,Y],Z) VX,Y,Z € g. Since the
projection 7 : g — g/C?g induces an isomorphism

w : kerT — S? (g/C2g)*,

(where C%g = [g, g]), dim (S?g*)° = @—l—dim ImZ, with p = dim H*(g, C).
For reductive g, dim (S%g*)? = dim H3(g,C) . Note also that the re-
striction of d¢c to (S2g*)? is —Z.

Definition 3. g is said to be Z-null (resp. Z-exact) if T = 0 (resp.
ImZ C B3(g,C)).

For more details on Z-null Lie algebras, see [13].

Example 1. The (2N + 1)-dimensional complex Heisenberg Lie al-
gebra Hy (N > 1) with basis (z;)1<i<ony1 and nonzero commutation
relations (with anticommutativity) [z;, x| = zony1 (1 <@ < N)isZ-
null since, for any B € (S2HN*)HN , B(zi, xony1) = By, [v, xn44]) =
—B([z;, 23], xn4i) = 0 (similarly with zy,; instead of z;) (1 <i < N),
and B(9€2N+1,JC2N+1) = B($2N+1, [$1,$N+1]) = —B([Ih $2N+1],9€N+1) =

0.

If ¢ denotes the center of g, then ¢ @ (S?g*)? is the space of invariant
¢-valued symmetric bilinear mapS and we denote F' = Id ® Z : ¢ ®
(52g")® = C3(g,9) =g ® A\’ g*. Then ImF = ¢ ® Im 7.

Theorem 2. Let g be any finite dimensional complex Lie algebra and
ZL3(g,9) (resp. ZL(g,C)) the space of symmetric adjoint (resp. triv-
ial) Leibniz 2-cocycles.
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(i) ZL3(g,8) = ¢ @ ker Z. In particular, dim ZL3(g, g) = ¢ P& where
¢ =dimc¢ and p = dim g/C*g = dim H'(g, C).

(ii) ZL*(g,9) /(Z*(8,9) ® ZLi(9,0)) = (¢ ® ImI) N B*(g,9).

(iii) HL*(g,9) = H*(g,9) ® (c@kerZ) @ ((¢ ® ImZ) N B*(g,9)) .

(iv) ZL3(g,C) = ker Z.

(v) ZL*(g,C) /(Z*(g,C) ® ZLi(g,C)) = ImZ N B3(g,C).

(vi) HL*(g,C) = H*(g,C) @ kerZ & (ImZ N B*(g,C)).

Proof. (i) The Leibniz 2-cochain space C'L2(g,g) = g ® (g*)** decom-
poses as (g ® A’ g*) @ (g ® S? g*) with g®.5? g* the space of symmetric
elements in C'L%(g, g). By definition of the Leibniz coboundary §, one
has for ¢ € CL?*(g,g) and XY, Z € g

(

(1) (V)XY Z)=u+v+w+r+s+t

with v = [X, (Y, 2)], v = [¢(X,2),Y], w = ~[)(X.Y), 2], r =
(X, Y], Z), s =X, [Y, Z)), t = (X, Z],Y). 0 coincides with
the usual coboundary operator on g ® /\2 g*. Now, let v = 1y + g €
CL*g,9) , v1 €@ \"g", o € g @ S?¢"

Suppose ¢ € ZL*(g,g) : 0 = 0 = 61 + Sy = dipy + 6. Then
0y = —diy) € g® /\3 g* is antisymmetric. Then permuting X and Y
in formula (1) for ¢y yields (6¢0)(V, X, Z) = —v —u+w —r +t +s.
As 01 is antisymmetric, we get

(2) w+s+t=0.

Now, the circular permutation (X, Y, Z) in (1) for ¢y yields (d¢0)(Y, Z, X) =
—v—w-+u—s—1t+r. Again, by antisymmetry,

(3) v+w+s+t=0,

iLe. (0Uo)(X,Y,Z)=u+r.

From (2) and (3), v = 0. Applying twice the circular permutation
(X,Y, Z) tow, we get first w = 0 and then u = 0. Hence (d¢0)(X,Y, Z) =
r = —o([X,Y],Z). Note first that u = 0 reads [X,o(Y, Z)] = 0. As
X,Y, Z are arbitrary, 1y is c-valued. Now the permutation of Y and
Z changes r to —t = s (from (3)). Again, by antisymmetry of i)y,
r=t=—s. As X,Y, Z are arbitrary, one gets ¢ € ¢ ® (S?g*)*. Now
F(y) = —r = =1 = dip1 € B3(g, g). Hence

o € ZLi(9,9) & F(¥o) =04 ¢y € Z°(g,9) < o € c@ker T,

Consider now the linear map ® : ZL?*(g,g) — F~'(B3(g,9))/ ker F
defined by ¢ +— [1)] (mod ker F). @ is onto: for any [po] € F~1(B3(g,g)) / ker F,
o € ¢ ® (S%g%)?, one has F(py) € B*(g,g), hence F(po) = dy,
01 € C*(g,9), and then ¢ = ¢y + ¢; is a Leibniz cocycle such that
() = [po]. Now ker ® = Z%(g,g) & ZL3(g, ), since condition [thg] =
[0] reads 1)y € ker F' which is equivalent to ¢ € Z%(g,g) ® ZL(g,9).
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Hence ® yields an isomorphism ZL?*(g,g) /(Z%(g,9) ® ZL3(g,9))
F~Y(B3(g,g)) / ker F' . The latter is isomorphic to Im F' N B3(g, g)
(c®@ImZ)N B3(g,9).

(i) results from the invariance of ¥y € ZL%(g, g).

(iii) results immediately from (i) and (ii) since BL?*(g,g) = B*(g,g) as
the Leibniz differential on CL'(g,¢) = ¢* ® g = C'(g, g) coincides with
the usual one.

(iv)-(vi) are similar. O

Remark 1. Since kerZ & (ImZ N B3(g,C)) = ker h where h denotes
T composed with the projection of Z3(g,C) onto H?(g,C), the result
(vi) is the same as in [14].

[ 11

Remark 2. Any supplementary subspace to Z?(g,C) & ZL2(g,C) in
ZL?*(g,C) consists of coupled Leibniz 2-cocycles, i.e. the nonzero el-
ements have the property that their symmetric and antisymmetric
parts are not cocycles. To get such a supplementary subspace, pick
any supplementary subspace W to kerZ in (S%g*)® and take C =
{B+w;BeWnIYB3g,CQC)),Ig=dw}.

Definition 4. g is said to be an adjoint (resp. trivial) Z L*-uncoupling
of

(¢ ® ImZ) N B*(g,g) = {0} (resp. ImZ N B*(g,C) = {0}).

The class of adjoint ZL?-uncoupling Lie algebras is rather exten-
sive since it contains all zero-center Lie algebras and all Z-null Lie
algebras. For non zero-center, adjoint ZL?-uncoupling implies trivial
Z L*-uncoupling, since ¢ ® (ImZ N B3(g,C)) C (¢ ® ImZ) N B3(g, g).
The reciprocal holds obviously true for Z-exact Lie algebras. However
we do not know if it holds true in general (e.g. we do not know of a
nilpotent Lie algebra which is not Z-exact).

Corollary 1. (i) HL*(g,9) = H*(g,9) ® (c ® ker Z) if and only if g is
adjoint Z L*-uncoupling.

(i) HL*(g,C) = H?*(g,C) ® kerZ if and only if g is trivial ZL?-
uncoupling.

Corollary 2. For any Lie algebra g with trivial center ¢ = {0}, HL*(g,g) =
H*(g,9).

Remark 3. This fact also follows from the cohomological version of
Theorem A in [17].

Proof. Let g be a Lie algebra and M be a right g-module. Consider
the product map m : g ® A"g — A™! in the exterior algebra. This
map yields an epimorphism of chain complexes

C*(g, 9) — C*(g7 K)[_1]7
where C, (g, K) is the reduced chain complex:
C()(g,K) =0, Cz(g,K) = CZ(Q,K) for 7 > 0.
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Define the reduced chain complex C'R,(g) such that C'R.(g[1]) is the
kernel of the epimorphism C,(g,g9) — C.(g,K)[—1]. Denote the co-
homology of C'R.(g) by HR.(g).

Let us recall Theorem A in [17]. It states that there exists a spectral
sequence

Ep, = HRy(g ® HL (g, M)) = H,{, (9. M).

pt+q

As the center of our Lie algebra is 0, it follows that E2, = 0, and so
we get H}(g,g) = 0.
But then from the exact sequence in [17]

0« Hay(g, M) < HLy(g, M) < Hi"(g, M) + H3(g, M) « ...

we get
HL2(97M) = H2(97M)
U

Corollary 3. For any reductive Lie algebra g with center ¢, HL*(g,g) =
H?(g,9) ® (¢ ® S*c*), and dim H*(g,g) = 02(6—2_1) with ¢ = dimc.

Proof. g = s ® ¢ with s = C%g semisimple. We first prove that g is
adjoint ZL?-uncoupling. ¢ @ (S%g")* = (¢ ® (5%*)°) @ (¢ ® S%¢*) =
c (S%%)° @c (S%¢*) . Suppose first 5 simple. Then any bilinear symmet-
ric invariant form on s is some multiple of the Killing form K. Hence
¢ ® (S%9%) = ¢c(CK) @ ¢ (S%c*). For any ¢y € ¢ ® (S%g*)*, F(v)
is then some linear combination of copies of Ix. As is well-known, Iy
is no coboundary. Hence if we suppose that F(i) is a coboundary,
necessarily F(iy) = 0. g is adjoint ZL*-uncoupling when s is sim-
ple. Now, if s is not simple, s can be decomposed as a direct sum
51 @ -+ D 5, of simple ideals of 5. Then (9%*)° = @, (9%s*)" =
;" CK; (K; Killing form of s;.) The same reasoning then applies
and shows that g is adjoint ZL?*uncoupling. ;jFrom (ii) in theorem
2, ZL3(g,9) = ¢ @ S**. Now, g = s @ ¢ with s = C?g semisim-
ple. s can be decomposed as a direct sum s; @ - - - @ s, of ideals of s
hence of g. Then H?(g,9) = @;-, H*(g,8:) ® H*(g,c). As s, is a non-
trivial g-module, H?(g,s;) = {0} ([6], Prop. 11.4, page 154). Hence
H?*(g,9) = H*(g,¢) = ¢ H*(g,C). By the Kiinneth formula and White-
head’s lemmas,

H*(g,C) = (H*(s,C) ® H(¢,C)) @ (H'(s,C)
®H'(c,C)) @ (H(s,C) ® H*(¢,C))
=H"(s,C) ® H*(c,C)
=C® H?*(c,C).



8 A. FTALOWSKI, L. MAGNIN, AND A. MANDAL

Hence
Ac—1)

dim H*(g, g) = 5

4. EXAMPLES

For w, 7 € g*, ® stands for the symmetric product w O 7 =w® 7 +
TR w.

Example 2. For g = gl(n),
HL*(g,9) = ZL3(g.9) = Cz,e ® C(w™ O ™),

where (;)1<i<n2 18 a basis of g such that (z;)1<;cp2_1 is a basis of
sl(n) and x,2 is the identity matrix, and (w');<;<,2 the dual basis to
(%i)1<i<n2. Hence there is a unique Leibniz deformation of gl(n).

Corollary 4. Let g = Hy be the (2N +1)-dimensional complex Heisen-
berg Lie algebra (N > 1) as in example 1. ’
(1) ZL(%(HN, HN) has bGSiS ($2N+1®(u}z@w]))1<i<j<2]\[ wzth (wz>1<i<2]\r+1
the dual basis to (x;)1<icon+1
(i)

dim ZL3(Hn, Hy) = dim B*(Hy, Hy) = N(2N + 1);
TBN2+6N+1) if N >2

dimHLz(%N,HN):dimzz(HNafHN): {8 ifN=1.

Proof. (i) This follows from ker Z = S? (g/C?%g)".

(ii) Hy consists of adjoint ZL?-uncouplings since it is Z-null. The
result then follows from the fact that ([9]) dim B*(Hy, Hy) = N(2N +
1) and for N > 2, dim H?(Hy, Hy) = 25 (4N? = 1). O

Example 3. The case N = 1 has been studied in [3]. In that case,
dim ZL23(H1,H,) = 3 and the 3 Leibniz deformations are nilpotent, in
contradistinction with the 5 Lie deformations. The authors completely
describe a Leibniz versal deformation of the 3-dimensional Heisenberg
algebra.

Example 4. The 4-dimensional complex solvable “diamond” Lie alge-
bra 0 has basis (x1, z2, 23, £4) and nonzero commutation relations (with
anticommutativity)

(4) [9517352] = T3, [351, 953] = —T2, [1’2,333] = T4.

The relations show that 0 is an extension of the one-dimensional abelian
Lie algebra Cx; by the Heisenberg algebra ns with basis x, x3, 24.
It is also known as the Nappi-Witten Lie algebra [15] or the cen-
tral extension of the Poincaré Lie algebra in two dimensions. It is
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a solvable quadratic Lie algebra, as it admits a nondegenerate bilin-
ear symmetric invariant form. Because of these properties, it plays an
important role in conformal field theory. We can use 0 to construct

a Wess-Zumino-Witten model, which describes a homogeneous four-
dimensional Lorentz-signature space time [15]. It is easy to check that
0 is Z-exact. In fact, one verifies that all other solvable 4-dimensional
Lie algebras are Z-null (for a list, see e.g. [16]).

Consider 0 as Leibniz algebra with basis {ej, e, e3, es} over C.
Define a bilinear map [, | : 9 X 0 — 0 by [es, €3] = ey, [e3, 2] = —ey,
[ea, €4] = €9, eq, €3] = —ea, [e3,€4] = €2 — €3 and [ey, €3] = €3 — €9, all
other products of basis elements being 0.

We get a basis satisfying the usual commutation relations (4) by
letting

(5) Ty = i647 T9 = €3, T3 = ’i(—eg + 63), Ty = @'61.

One should mention that even though these two forms are equivalent
over C, they represent the two nonisomorphic real forms of the complex
diamond algebra.

We found that by considering Leibniz algebra deformations of 0 one
gets more structures. Indeed it gives not only extra stuctures but
also keeps the Lie structures obtained by considering Lie algebra de-
formations. To get the precise deformations we need to consider the
cohomology groups.

We compute cohomologies necessary for our purpose. First consider
the Leibniz cohomology space HL?(L;L). Our computation consists
of the following steps:

(i) determine a basis of the space of cocycles ZL?(L; L),
(ii) determine a basis of the coboundary space BL*(L; L),
(iii) determine a basis of the quotient space HL?*(L; L).

(i) Let v» € ZL*(L;L). Then ¢ : L ® L —» L is a linear map and
01 = 0, where

0 (ei, €5, en) = [ei, Y(ej, ex)] + [(eis ex), €3] — [(eis €5), ex] — U(lei, €], ex)
+ (e, [ej, ex]) + ¥ ([es, ex], €) for 0 < 4,5,k < 4.

Suppose ¢ (e;, e;) = Zizl aﬁjek where aﬁj e C;for 1<i,j,k <4
Since 07 = 0, equating the coefficients of eq, e3, e3 and e4 in 6¢(e;, €, ex)
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we get the following relations:

(4) ah = a%,l = ail = a%; = a%,2 = Q19 = aiz =

(47) ai3 = G?A = G%A = aé; = ag; = Qg1 = a%g = Q9 = agz = aé,z = 0;
(441) ag,l = a§73 = ag,?, = a§,3 = ai,l = aj@ = ai,4 = aiA = ai4 = 0;

(iv) a%,Q = _ag,l = ai3 = _aiS = _a§,1 = a§71;

(v) @%,3 = _aé,l = ai4 = _%21,13

(vi) ag,:} = _ag,z = _Q%A = ai2§ a;g = —a§72; a%,:& = —a§72;

(vi) G%A = _a411,2; a%A = _ai,Q; a%A = _ai,Q;

(vii) A3 4 = _a411,3; a§74 = _ai,:a; a?§74 = _ai,:’); a§74 = _ai,?)

(iz) a§74 = (ah - a§4); a§74 = (ai + ag3)

(x)aé?) = %(aés + a§2)§ azh = —(ah + a%3 + azlsz)-

Therefore, in terms of the ordered basis {e; ® e;}1<; j<4 of L ® L and
{€;}1<i<a of L, the transpose of the matrix corresponding to v is of the

form

0 0 0 0
0 1 0 0
) T —T 0
T3 ) 0 0
0 —T 0 0
0 0 0 0
Ty Ty Tg T
M= T T9 T10 —Ts
—XT2 —X T 0
Tn —Ts —ZTe —Z7
%(1’4 + IE11) 0 0 0
T12 13 (x5 — x9) (g + x5)
—(CC4 + 3+ $11> —T2 0 0
—Tg —ZTy —Z10 Tg
—T12 —r13 —(73 — z9) —(72+ T5)
T14 0 0 0

2 . R R R . — 43 .
Where :Cl - a/172, xQ — a1,3, .1'3 — a174, .1'4 — a2737 fL’5 - CL273, fI;6 - a273,

_ 4. 1 . 2, _ 3 . _ 1 1 .
L7 = Qg 3; T8 = Qg 45 L9 = Qg 4310 = Qg 47 T11 = A39; T12 = U3 4;

_ 2 _ 1
T13 = az, and T4 = ayy

are in C . Let ¢; € ZL?(L; L) for 1 < i < 14, be the cocyle with z; = 1
and z; = 0 for ¢ # j in the above matrix of . It is easy to check that
{¢1, -+, 14} forms a basis of ZL*(L; L).
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(ii) Let v9 € BL*(L;L). We have ¢y = dg for some 1-cochain
g € CLYL; L) = Hom (L; L). Suppose the matrix associated to ¢y is
same as the above matrix M.

Let g(e;) = ale; + ales + ales + atey for i = 1,2,3,4. The matrix
associated to g is given by

(Cl'g)i,jzl,...,zl

From the definition of coboundary we get

dg(ei, e;) = lei, g(e;)] + g(er), ¢5] = P([eis ¢5])

for 0 <14,j < 4. The transpose matrix of dg can be written as

0 0 0 0
—a3 —a} 0 0
af —af aj 0
0 (a3 4 a}) —a3 0
aj ai 0 0
0 0 0 0
—(ay _la% —3a§) —(aj ;‘ ay " az) —(a} —3613 —aifl
—(a3 — ay) (a3 + ag) —2a; —Qy
—a? aj —af 0
(a1 — a3 — a3) (af + a3 — a3) (af — a3) ai
0 0 0 0
—(ay—az+aj) —(a3—2a3—aj—aj) —(a3+ay) —(a3— a3)
0 (a? + a) a? 0
(a3 — aj) —(a3 + aj) 2a; a3
@ 4ad) (-2 ai-al) (atad) (ad—a)
0 0 0 0

Since 1)y = dg is also a cocycle in CL*(L; L), comparing matrices dg
and M we conclude that the transpose matrix of ¢y is of the form
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0 0 0 0
0 1 0 0
T2 T —X 0
0 To 0 0
0 - 0 0
0 0 0 0
Ty Ty Tg T
Mt = Ty L9 T10 —Zg
—X9 —T1 T 0
—X4 —T5 —Tg —T1
0 0 0 0
T1g T3 —Ty (T2 + T5)
0 —X9 0 0
—Trg —Tg9 —T10 Ze
—T12 —T13 Ty —(T2 + 5)
0 0 0 0

Let ¢/ € BL*(L; L) fori =1,2,4,5,6,8,9,10,12,13 be the cobound-
ary with ; = 1 and x; = 0 for © # j in the above matrix of . It
follows that {¢/17 Qb,27 ¢£la (b:fn ¢%7 /87 (béa /107 /127 (bll?)} forms a basis of the
coboundary space BL?(L; L).

(iii) It is straightforward to check that

{13l [¢7], [011], [D1a]}

span HL?*(L; L) where [¢;] denotes the cohomology class represented
by the cocycle ¢;.

Thus dim(HL*(L; L)) = 4.

The representative cocycles of the cohomology classes forming a basis
of HL?*(L; L) are given explicitely as the following.

(1) ¢3: ¢s(er, eq) = €1, d3(eq,e1) = —e1; d3(es, eq) = e3; P3(es, e3) = —es;
(2) ¢7: dr(ez, e3) = e, Pr(es, ea) = —ey;

(3) 11 - ¢>11(€3, 62) = €1, 92511(63763) = %61, ¢11(€47€1) = —€1;

(4) 14 - ¢14(€4, 64) = €1.

Here ¢3 and ¢; are skew-symmetric, so ¢; € Hom(A2L; L) C Hom(L%®?; L)
for t =3 and 7.

Consider p; = po + to; for i« = 3,7,11,14, where uo denotes the
original bracket in L.

This gives 4 non-equivalent infinitesimal deformations of the Leibniz
bracket pg with pz and p7 giving the Lie algebra structure on the factor
space L[[t]]/ < t* >.

Now we have to compute the nontrivial Massey brackets which give
relations on the base of the miniversal deformation.
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Let us start to compute the nonzero brackets [¢;, ¢;] which are the
obstructions to extending infinitesimal deformations. We find

[p3, 03] =0,  [p7,P7] = 0.

That means that these two infinitesimal Lie deformations can be ex-
tended. In fact, they can be extended to real Lie deformations as
follows.

We give the new nonzero Lie brackets (and their anticommutative
analogue).

The first deformation

[62, eg]t =e1 + t€4
[ea; e4]t = €2
e, e4]s = €2 — €3
is isomorphic to sl(2,C) & C for every nonzero value of ¢, see [5].
The second deformation represents a 2-parameter projective family
d(A, p), for which each projective parameter (A, u) defines a noniso-

morphic Lie algebra (in fact, the diamond algebra is a member of this
family with (A, u) = (1, —1)):

€2,€3/\pu = €1

a®
w

Q)
Ny

Ap = €2 1 pes

€1, €4\ \u (/\ + ,U/)el-

[e2, €3]
le2, eq]n, = Aeg
[e3, €4]
[e1, €4]

Furthermore, we also have [¢14, $14] = 0 which means that ¢4 defines
a real Leibniz deformation:

[ =€

[ =€
[63764 t = €2 — €3
[ = te;.

We note that this Leibniz algebra is not nilpotent.

For the bracket [¢11, ¢11] we get a nonzero 3-cocycle, so the infinites-
imal Leibniz deformation with infinitesimal part being ¢1; can not be
extended even to the next order. That means it gives a relation on the
base of the versal deformation.

The nontrivial mixed brackets [¢;, ¢;] also determine relations on the
base of the versal deformation.

Among the six possible cases [¢3, P11, [P3, d14] and [d11, ¢14] are non-
trivial 3-cocycles, the others are represented by 3-coboundaries.

Thus we need to check the Massey 3-brackets which are defined,
namely

< @3, @3, o7 >
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< ¢37 ¢77 (b? >
< ¢77 ¢77 (bll >
< ¢77 ¢77 ¢14 >

< @7, P14, P14 >
In these five possible Massey 3-brackets, only < ¢3, ¢3, ¢7 > is rep-

resented by nontrivial cocycle.
So we now proceed to compute the possible Massey 4-brackets. We
get that four of them are nontrivial:

< ¢37 ¢77 ¢77 ¢11 >
< ¢37 ¢77 ¢77 ¢14 >
< ¢77 ¢77 ¢147 ¢11 >

< @7, Q7, P14, P14 >.
At the next step, we get that all the Massey 5-brackets which are

defined are trivial.
So we can write the versal Leibniz deformation of our Lie algebra:

€1,€2)y = [62761]1) = [61, 63]1) = [6’3,61]1; =0,

e1,eq4)y = tey, es, €]y = —(t+u)ey,

€, €3]y = €1 + seq, [e3, ea]y = (u—1)e; — sey,
ea)w

es, e

4o = €2 + (t - 1)637 [647 63]1) = —e€z + (1 - t)637

€1,€1v = [62762]11 = [63, 63]11 = 1/2U€1,

)

]

]

4] = €2, [64762] = —€y,
]

]

€4, €4]y = Wey.

[
[
[
[62;
[
[
[

With the nontrivial Massey brackets and the identification t = ¢3,s =
O7,u = P11, w = P14, We get that the base of the versal deformation is

Cl[t, s, u, w]]/{u?, tu, tw, vw; t*s; ts*u, ts*w, s*uw, s*w?}.

Example 5. The quadratic 5-dimensional nilpotent Lie algebra gs 4
[11] has commutation relations [x1, xo] = z3, [21, T3] = x4, 22, 23] = 5.

This is an extension of the trivial Lie algebra Cz; by the 4-dimensional
Lie algebra Cxy x n3 (ng the 3-dimensional Heisenberg Lie algebra
(2, 3] = x5). As it is moreover the only 5-dimensional indecompos-
able nilpotent Lie algebra which is not Z-null, it can be considered as
a b-dimensional analogue of the diamond algebra 0.

Let us first compute its trivial Leibniz cohomology. We here denote
simply d for dc, and w®’ for w® A w? (see also [10],[12]).
B?(g,C) = (dw?® = —w'? dwt = —w'3 dw® = —w?3), dim Z%(g,C) =
6, dim H?(g,C) = 3, Z%(g,C) = (wh*, w5 w + w?1) & B*(g,C),
dim ZL3(g,C) = 3, ZL3(g,C)(X kerZ) = (w' @ w!,w!' ® w? w? @ w?),
dim ZL*(g,C) = 10, dim HL?*(g,C) = 7, and

ZLQ(ga(C) = Z2(g,C)@ZL3(g,(C)€B(Cgl,
HIL*(g,C) = H*(g,C) & ZLi(g,C) ® Cgy
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with g = B+ w™ and B = w!' ©® W’ — w? ® w! + w? @ w?. (Here
ImZ = CIg = Cdw"® and ImZ N B3(g,C) = Im Z is one-dimensional.)
054 is not trivial ZL2-uncoupling (hence not adjoint ZL*-uncoupling
either), and g; is a coupled Leibniz 2-cocycle.

Now let us turn to the adjoint Leibniz cohomology, which represents
nonequivalent infinitesimal Leibniz deformations.
dim Z?(g,g) = 24; ZL3(g,9) = ¢ ®ker Z has dimension 6, dim ZL*(g, g) =
32,

ZL*(g,0) = Z%(9,9) ® ZL3(g,9) © CG; ® CGy,
HL*(g,9) = H*(g,9)® ZLj(g,9) ® CG, ® CGs,

where (G1, Gy are the following Leibniz 2-cocycles, each of which is
coupled:

G1 = I5® (B + w1’5)
G2 = 14X (B + w1’5)

Here H?(g,g) has dimension 9.
Of course these spaces are too huge to compute, but we would like to
point out some structural similarity with the diamond algebra.

One may observe that the coupled cocycle ¢1; of D reads in the basis

(5)
¢11 = _Z.ZE4 & (C — w213 + w1,4)

with C = w! ® w? + w? ® w? + w3 ® w? the non degenerate invariant
bilinear form, a similarity with G, G5. The similarity extends to the
fact that GG1, G5 cannot be extended to the second level.

As for Lie deformations, g5 4 has a number of deformations. Without
identifying all of them, we list some:

1. A three-parameter solvable projective family d(p : q : r) where
054 belongs (it is its nilpotent element, with p = ¢ = r = 0) with
nonzero brackets
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2. A solvable Lie algebra with nonzero brackets

T3, T4| = 2.CE4
T3, T5| = —2ZE5
Ty, T5| = T3

T2, T5] = X1
Lo, T3] = — T2
T1,Ty4| = Ta.

(T2, T5)pq = T1 + DT2
[ Ipg = T2+ qz3
(4, 25]p.g = 23 + (P + @)24
[21, %5]pq = (P + @)1
[T, 23]p.q = P11

[ Ipa = a7
[ Ipg = 1.

5. Another 2-parameter solvable projective family with nonzero
brackets
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