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e consider versal deformations of ordinary (non-graded) three dimensional Lie
élﬁebra.s as special strongly homotopy Lie algebras. They correspond precisely to
e 0 even and 3 odd dimensional case. The classification of such Lie algebras is
1l known. As the symmetric algebra of a three dimensional odd vector space
ains terms only of exterior degree less than or equal to three, the construction
sal deformations of these special Lo algebras can be carried out completely.
ve a characterization of the moduli space of Lie algebras using Lo algebra
rmation theory as a guide to understanding the picture.

I dedicate this paper to lzrail Moiseevich Gelfand
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ntroduction 4
assification of low dimensional Lie algebras has been known for a long
For example, the classification of ordinary Lie algebras of dimension 3
ars in textbooks such as [10]. More recently, the moduli space of three
nsional Lie algebras was studied in [1, 12]. The problem of finding
| deformation of a given object is a basic question in deformation
¥ because such a deformation induces all other deformations. This
m turns out to be very difficult. Versal deformation theory was first
out for the case of Lie algebras in [2, 3, 5] and then extended to
homotopy Lie algebras—also called L., algebras—in [6]. We apply
general results to construct versal deformations of three dimensional
ary Lie algebras, treating them as examples of L., algebras.
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L algebras are natural generalizations of Lie algebras and superalge-
bras if one considers Zy-graded vector spaces. They were discovered in [11]
and have recently been the focus of attention. An ordinary 3-dimensional
Lie algebra is the same as an Lo algebra structure on a 0]3 (0 even and
3 odd) dimensional Zy-graded vector space. The advantage of considering
Lie algebras as L algebras is that the deformation problem becomes sim-
pler and we get a clearer insight into the moduli space of the variety of Lic
algebras in a given dimension.

For simplicity we will suppose that the underlying vector space is defined
over C.

A detailed version of this lecture will appear in (8].

2. Definitions
2.1. Strongly Homotopy Lie Algebras

Let W be a Zo-graded vector space over a field & and T(W) the reduced
tensor algebra T(W) = @5, We". For an element v = 11 ® ... @ ¥n In
T(W), define its parity [v] = 1|+ + |un, and its degree by deg(v) = n.
With parity T(W) is a Zo-graded space. The reduced symmetric algebra
S(W) is the quotient of the tensor algebra by the graded ideal generated
by u® v — (—1)““v ® u for elements u, v € W.

The symmetric algebra S(W) has a natural coalgebra structure, which
oceurs as a subalgebra of the tensor coalgebra, given by the diagonal map-
ping

n—1
Alwy ... wn) = Z Z €(o)we(1) - - Wo(k) @ Wo(k+1) - - - Wo(n)s
k=1 gcSh(k,n—k)

where we denote the induced product in S(W) by juxtaposition. Here
Sh(k,n — k) is the set of unshuffles of type (k,n — k); that is the subset of
permutations o of n elements such that o(z) < o(i+ 1) when i # k, and
e(c) is a sign determined by o (and w, ...wy) given by

Wa(1) - - wg(n} = E(O’)L‘Jl R

Thus if ¢ interchanges p and p + 1, then e(o) = (=1)"7"+*.

Obviously the kernel of A is W. This mapping is clearly coassociative.
The grading on S(W) is compatible with the coalgebra structure, as for
homogeneous ¢ € S(W), A(c) = 3, u: ® v; where [u,] + |vi| = |c| for all 4,
that is A has degree 0. With this coalgebra structure, and the Z, grading,
S(W) is a cocommutatice, coassociative coalgebra (without a counit).
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A coderivation on the graded coalgebra S(W) is a map 6 : S(W) —
S(W) satisfying
Aob=(6@I+I®J)cA.

et us suppose that the even part of W has basis ey ...€m, and the odd
part has basis fi...fn, 50 that W is an m|n dimensional space. Then
. basis of S(W) is given by all vectors of the form e} ...ekm L L
here k; is any nonnegative integer, and l; € Zz. An Lo structure on w
_13. simply an odd codifferential on S(W), that is to say, an odd coderivation
_whose square is zero. The A-module Coder(S(W)) of graded coderivations
a natural structure of a graded Lie algebra with the bracket (o, ] =
P — (-1)#¥9 o p. On the other hand, this space can be identified
with Hom(S(W), W), and the Lie superalgebra structure on Coder(S (W)
“determines a Lie bracket on Hom(S(W), W) as follows. Let

L., = Hom(S™(W), W)

hat L = Hom(S(W),W) is the direct product of the spaces Li. If
e L, and B € Ly, then (@, 8] is the element in Lm4n—1 determined by

[ﬂ?ﬁl(wl . 'wr;1+n_1) ]

G(J)a{ﬁ(wa(l) * g wcr(n))wa(n—i—l} ces wo’{rr}.-{—n—l))
g€Sh(n,m—1)

e

g€Sh(m,n—1)

E(U)ﬁ(a(wa(l] o -wcr(m))wo(m+]) L wa(m—{-n—l}}»

(1)

If W is completely odd, and d € La, then d determines an ordinary Lie
gebra on W, or rather on its parity reversion which is the same space
ith the parity of elements reversed. This is the case we consider in this
talk.

Suppose that § : S(W) — S(W') is a coalgebra morphism, that is a
1ap satisfying

Alog=(G®§) oD

fd and d' are Lo algebra structures on W and W', resp., then g is a
omomorphism between these structures if gjod = d'0g. Two L structures
‘dand d’ on W are equivalent, and we write d’ ~ d when there is a coalgebra

‘automorphism § of S(W) such that d' = g*(d) = g~ odo g. Furthermore,
if d = d’, then § is said to be an automorphism of the Lo algebra.
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2.2. Versal Deformations

For the classical theory of formal deformations we refer to [9].

Here we need a more general concept of deformation. A deformation
with a base for a Lie algebra was introduced in [2] and worked out in [3]. An
augmented local ring A with maximal ideal m will be called an infinitesimal
base if m? = 0, and a formal base if A = lim, A/m™. A deformation of
an L. algebra structure d on W with base given by a local ring A with
augmentation € : A — £ is an A-L structure d on W & A such that the
morphism of A-L, algebrase, = 1®€¢: La=L® A — L®K = L satisfles
e.(d) = d. (Here W & A is an appropriate completion of W ® A.) The
deformation is called infinitesimal (formal) if A is an infinitesimal (formal)
base.

In general, the cohomology H (D) of d given by the operator D : L — L
with D(¢) = [¢.d] may not be finite dimensional. However, L has a natural
filtration, which induces a filtration H™ on the cohomology. That means
if W is finite dimensional, H(D) is always of finite type, that is H"/H"!
is finite. A set 6; will be called a graded basis of the cohomology, if any
element d§ of the cohomology can be expressed uniquely as a formal sum
5 = (5,‘&‘.

For each §;, let u' be a parameter of opposite parity. Then the infinites-
imal deformation d! = d + &;u*, with base A = R[u;]/(uiu;) is universal
in the sense that if d is any infinitesimal deformation with base B, then
there is a unique homomorphism f : A — B, such that the morphism
fo=1® f: La— Lg satisfies f.(d) ~ d.

For formal deformations, there is no universal object in the sense above.
A wersal deformation is a deformation d*° with formal base A such that
if d is any formal deformation with base B, then there is some morphism
f: A — Bsuch that f,(d®) ~ d. If f is unique whenever B is infinitesimal,
then the versal deformation is called miniversal. In [6], we constructed a
miniversal deformation for L., algebras with finite type cohomology.

The method of construction is as follows. Define a coboundary oper-
ator D by D(y¢) = [p,d]. First, one constructs the universal infinitesimal
deformation d' = d + 8;u’ as before. The infinitesimal assumption that the
products of parameters are equal to zero gives the property that [d',d'] = 0.
Actually, we can express

[dljdl] i {—1)51(5"“)161,éj}u*'uj i 6kafju-iu'? + 5@%11“-”'?':

where the 3; form a basis of the coboundaries, because the bracket of d*
with itself is a cocycle. Note that the right hand side is of degree 2 in the

83

sarameters, so it is zero up to order 1 in the parameters.
If we suppose that D(v;) = —13;, then by replacing d' with

d*=d + kai‘juiuj,
_one obtains
(@2, ) = Grabutud + 20, bl utnd] + Pyeblyuted, bl uted]

_Thus we are able to get rid of terms of degree 2 in the coboundary terms
'ﬁi, but those which involve the cohomology terms §; can not be eliminated.
_This gives rise to a set of second order relations on the parameters. One
continues this process, taking the bracket of the n-th order deformation d",
ding some higher order terms to cancel coboundaries, obtaining higher
order relations, which extend the n-th order relations.
b Either the process continues indefinitely, in which case the miniversal
deformation is expressed as a formal power series in the parameters, or after
. a finite number of steps, the right hand side of the bracket is zero after
Ql;plying the n-th order relations. In this case, the miniversal deformation
mply the n-th order deformation. We obtain a set of relations R; on
parameters, one for each d;, and the algebra A = C[[u']]/(R:) is called

the base of the miniversal deformation. For details see [5, 6].

3'.: Equivalence Classes of 3-Dimensional Lie Algebras

Suppose that W = (f1, f2, f3). Then S{(W) decomposes into three pieces.

SY(W) = (f1, f2, fa), dim(S (W) = 0|3
S2(W) = (fif2, f1f3, faf3), dim(S*(W)) = 3]0
S} (W) = (f1fafa), dim(S3(W)) = 0|1.

Let L = Hom(S(W), W) and L, = Hom(8™(W),W). Then

Ly(W) = {¢} | I € {100,010,001},5 =1...3}, dim(L,) = 9|0
Lo(W) = {¢} | T € {110,101,011},j=1...3},  dim(L2) = 019
- Ly(W) = {pi" |j=1...3}, dim(L3) = 3|0

ollows that the only candidate for an odd codifferential is of the form

<110 110 110

L= a)+y a2ty az+

' 1 101 101
o1%as + 3 as + @3 as +

Aar + oflas + ¢flas (2
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Being a quadratic codifferential, we see that d gives an L . structure pre-
cisely when it determines a Lie algebra structure. It is natural to consider
the derived subalgebra W' = d(S?*(W)). Let

a1 az as
A= a4 A5 06
ar ag ag

It is easy to see that the rank of A is precisely equal to the dimension of the
derived subalgebra. In particular, when det(A) = 0, the derived subalgebra
has dimension less than three.

The codifferential condition (d,d] = 0 is equivalent to a system of three
quadratic equations.

If det A # O then the only possibility is ag = —a2, ag = a1, and
ag = —a4. Thus
5 ay az a3
R ] B R 1 F 5 LR (3)
ar —a4 @1

whose determinant does not vanish in general. Consequently we have only
this one pattern to consider for when the derived subalgebra has dimension
three.

When the derived subalgebra has dimension one, we can choose a basis
such that the codifferential d has the simple form

d = ¢ + )% + ¢} lar (4)

Moreover, it is easy to check that any coderivation of this form is a codif-
ferential.

Finally, suppose that the derived subalgebra has dimension two. Then
we can express d in the form

d= 1%y + ¢as + ¢ lar + ¥ as. (5)

Each of these three cases can be reduced to a much simpler form, up
to equivalence. Let us begin with the one dimensional derived subalgebra
case first. Let us suppose that g is a linear automorphism of the symietric
coalgebra of W.

Two codifferentials d’ and d are equivalent precisely when there is some
automorphism g such that d’ = gdg~!, in other words, d'g = gd. We get
that all one dimensional solutions are equivalent to one of two codifferentials
d = ©}'° which is the Lie algebra ny @ C or d = ¢! which is the 3-
dimensional nilpotent Lie algebra ns.

Next, let us consider the two dimensional solutions.

We get that the nonequivalent solutions have the form d(}) = ei0 +
Z ,tig“ parameterized by the punctured unit disc in C, with th.e b?undar}'
Jued together. Moreover, if we consider the case A = 0, which is a one
dimensional solution, it is then easy to see that it is equivalent to the
solution d = @110, We therefore add this one-dimensional solution as 2
Jimit point to the family of two dimensional solutions. (For details see [8].)
~ Now, if the matrix associated to d is not diagonalizable, then they all
arise from the single codifferential d = ©1°* + Q0 + 3! which is the
solvable 3.dimensional Lie algebra.
- Finally, in the three dimensional case we obtain one equivalence class
with codifferential of the form @ = pL10 430 + 7!t which gives the simple
Lie algebra sl(2, C}.
Thus, up to equivalence, We obtain precisely the codifferentials

dl i (pliill
d() = o1 + 95" A
=@+t +er

011
dy =@+ 9y o

here d()) is identified with dix1).

Versal Deformations and the Moduli Space

ét, we compute the cohomology of the codifferential, use it to write
universal infinitesimal deformation, and then apply the bracket pro-
s above to determine a miniversal deformation and the relations on the
rameters. Along the way, we will discover that the cohomology of the
ifferentials reveals a lot of information about the moduli space of three

imensional Lie algebras.

1. The Codifferential d3 = e QL0 4 M

ere the space H' is 30-dimensional, and all higher cohomology vanishes.
Nevertheless, since we have three cocycles, all even, we do have a non-
ial infinitesimal deformation. Let us adopt the convention to use the
ek letter # for an odd parameter, and the Roman letter ¢ for an even
ne. For an odd ‘parameter §, we have 92 = 0 as a consequence of the
raded commutativity, so we do not consider this to be a relation on our
arameter algebra. Thus, we have

0o 010
L0 4 19 4 81 (510 + 300 + (24 - N2t (93 +1")0s:




B
b3
i
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In computing [d},d}], we note that the brackets of the cocycles with dj
vanish, so we only need to compute the brackets of the cocycles with each
other. We obtain

[d3, d3] = (92”° + 91'%)6102 + (93%° — ©1°")6103 + (£3'° + 93°1)0205.

Of course, these are all cocycles which are not coboundaries, so we ob-
tain the relations #;6; = 0 for all i, . Thus the infinitesimal deforma-
tion is miniversal, and the base of the miniversal deformation is given by
Cl1,02,03]/(0102,0,03,0205).

Note that the vanishing of H? is consistent with the observation that
any small change in the codifferential d3 will give rise to a codifferential d’
which will still have a 3-dimensional derived subalgebra. Thus any small
change in ds gives rise to the same codifferential, and we see that ds does
not deform into any of the other codifferentials.

4.2. The Codifferential da = @] + @3 + P!

Let us first determine its cohomology. We get three obvious 1-cocycles,
0. g 901 and in addition also 1% 4 910, The space H? is

w3y w1 and @y
1- dnnensmnal with a basis ¢9'! and the higher cohomology is zero. The

universal infinitesimal deformation is given by
dl = @100 4 101 4 (14 )01 4 p100g, 4 p01g, 4 02019, + (0190 4 L0104,
We have
[d3, d3) = 23° 01 + ©3°! (6162 — 03604) — 31020,

Of the three cocycles appearing on the right hand side of this equation,
only the first is a coboundary. Thus we obtain two second order relations,

0102 — 0305 = 0 and 6,84 = 0, and we need to add something to d} to
obtain a second order deformation. Since D(1%9) = —i%! we can express
d} = d} + }°°t8,. We compute

[d ] = ODI 91 83 e 8394) 001 (92!94 + 39192)

Since no coboundary terms occur, we obtain that d2 is a miniversal defor-
mation, and the base is given by

A = C[[t, 01,02, 03,04]] /(6102 — B304, 0204 + 16, 02).

Let us study the induced topology on the moduli space of equivalence classes
of codifferentials. This topology is not Hausdorff. If every neighborhood of
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a point a contains the point b, then we note that a is in the closure of b. In
is case, we shall say that a is infinitesimally close to b.

Since there is a nontrivial deformation in the Lie algebra direction itself,
‘we can explore how the deformation moves our codifferential in the moduli
space. Note that d} is a codifferential which has two dimensional derived
bra, and it has eigenvalues 1 and 1 + ¢, so it lies in the family d()),
is near to d(1). In fact, a punctured neighborhood of d; looks exactly
a neighborhood of d(1). This phenomena shows up in the classical
ormation theory as jump deformation. However, d(1) is not close to dg,
he sense that a small neighborhood of d; does not contain d(1). When
e study d(1), we shall see that the opposite statement is not true.

. The Family of Codifferentials d(X) = 1% + @31 A

'he cohomology will depend to some extent on the value of A.

-~ We shall see that the only thing special about the case A = 0 is that
he dimension of the derived algebra drops to 1, but as far as deformations
go, it will behave like a generic element of the family. The cases A = %1,
owever, are not generic in terms of their deformations. This makes sense,
ause in the identification of td\ with dA~!, we see that every point in
nit disc has a neighborhood that is like a usual disc in C, with the
eption of +1, which are orbifold points. So it is not surprising to find
kind of exceptional behavior for these codifferentials.

. Generic case of d(X)

st, we treat the generic case. Clearly, H! = (p}%, 90, o901, ©3°1).
e space H? is one-dimensional and we can choose ©3!! as a basis. All
higher cohomology classes are zero. Thus, the universal infinitesimal
ormation is given by

dA)! = 1% + WA + ) + 01%08; + 93190, + 0185 + 3014,.
S easy to verify that

(AN, d(N)] = 209°10,03 + 25°1850,.

us d(M\)! is miniversal and the base of the miniversal deformation is
A= C[[t,0;,02,03,604])]/(6163,0204).

: I'L(Joking at the deformation in the Lie algebra direction, we see that the
formation simply moves along the d()\) family.
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4.3.2. The special case d(—1)

Now, let us consider the special case A = —1. Then we have an extra cocycle
319 in H?, and correspondingly, an extra cocycle ¢i'! in H*®. Thus, the

universal infinitesimal deformation becomes

1
d(-1)" =1 + @I (=1 + t1) + 1% + ©3'%0; + K305 + 3",
+ 031%, + p3110;.

Then
1
§[d(—1)1,d(—1)1] = 0°101603 + 5% 6264 + 3 (t201 + t262)
+ @311 (0501 + 0502 — t1ta) — 01110503 — 31656,
+ (@11 — 3 )ta0s + (—3'® + 03 )tabs.

Note that the first four terms are cocycles, so they give rise to second order
relations, while the last four terms are coboundaries, so we need to add
corresponding terms to obtain the second order deformation

d(=1)? = d(—1)* + 0310305 + ©11%0405 — 301205 — 3 0t0,.

Finally, let us compute the bracket of the second order deformation with
itself. We obtain

1
E[d(—l)z,d(—l)Q] = 09900,05 + 9% 0204 + PA0(t20 + t202) +

‘Péu(esfh + 0582 — tita) + @311(938592 — tit2f3) +
@30 (040501 — titabs) — 03 %2030, + 03'0t2004 —
©30t20461 + o1 t20403.

All the terms except ¢3!, ©319, ©3'%, and 3% are cocycles, and these
exceptional terms are not coboundaries. Thus, by the general theory, their
coefficients must be zero.

Note that d(~1) is infinitesimally close to d3, but not the other way
around. In some sense, this explains the extra infinitesimal deformation in
the Lie algebra direction.

Now at first it may seem strange that this is the first case where one of
our codifferentials deforms into ds. After all, generically, we would expect
the matrix of a codifferential to be invertible. But looking carefully at the
codifferential with matrix (3) and the form of a solution in the family, it be-
comes clear that only when A = —1 can a small change in the codifferential
give a solution satisfying (3).
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3. The special case d(1)

n this case, there are two additional 1-cocycles, 3% and 1%, Thus
. H! = 6, dim H? = 3 and dim H® = 0. So we pick up two extra 2-
seycles, p3°' and {!!. It is convenient to replace the cocycle 9!, which
e used as a basis of the cohomology in the generic case, with 10 —
3'!, because it simplifies the interpretation of the bracket of the universal

infinitesimal deformation with itself. Thus,

d(1)} = 1%+ BN+ (019 — o8t + 03 o + 61 s
+ 01909, + 29199, + 265 + 3 64 + 05 %0s + ¥} bs,

d we compute that
1), d(1)}] = (3% — @3M)(tabs — taf6) — 2°" (24165 + t2(62 — 61))

+ @01 (26106 + t3(62 — 61)) — 1" 0506 + ©91%9506
+ %L(6,63 — 0486) + 3" (6204 — 365)
+ ©h00(0205 — 6185) + @1 (6186 — 6206),

ch is precisely the set of cocycles appearing in the universal infinitesimal
mation, multiplied by the second order relations. Thus the infinitesi-
eformation is miniversal.
ow let us interpret how d(1) fits into the moduli space. Note that
re is a deformation along the family, given by the cocycle ©i® — 9!,
two other directions of deformation, each of which corresponds to a
eformation of d(1) into the special codifferential dz. In fact, if we consider
three dimensional deformation space parameterized by (t1, t2, t3), we see
t precisely two curves correspond to a deformation in the dy direction.
us we see that d(1) is infinitesimally close to da, although the converse
ot true.
So far, we have been able to associate two of the three special codiffer-

I _ia‘ls with the family in some manner.

The Codifferential dy = 9"

gives a nilpotent Lie algebra structure, so that we expect to find a lot
deformations. i

1 this case dim H! = 6, dim H? = 5 and dim H® = 2. Let us analyze
his codifferential sits in the moduli space. Clearly there are a lot of
ons one can deform. As 1% — 3! and 1! + ¢§'! are cobound-

there remain three ways to deform d, into ds, via the cocycles ©3'°,
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03 + 3% and 1% — I Generically, if we add small multiples of these
cocycles, we will obtain a codifferential which is equivalent to d3. Thus d,
is infinitesimally close to dj.

Next, if we add an appropriate multiple of ©1% + a@l®, then we are
constructing an element in the family d(A) with a matrix B given by B =

t at : ; :
(1 0). (The fraction of its eigenvalues determines the element of the

family, see [8].) This way we get an element of the family for any value
of A except A = +1. The reason that we do not obtain an element of the
family for A = 1 is that the resulting matrix is defective, so we obtain d,
instead. There is a solution for A = —1, however, given by the cocycle 10!,
Thus we see that d; is infinitesimally close to dy and to every member of
the family except for A = 1. Moreover, it is not hard to check that if we
take d to be of the form

d= (P?H 3 (P%lotl i (P%Olt:g it (Lpélo 4o (p:]j(}l)ts 1 @élotrl A (Pé{)lt.'is

then there is no automorphism which takes it to d(1).

Thus we conclude that d; is infinitesimally close to every codifferential
except d(1). From the behavior of the elements dy and d(1), it is more
natural to consider dy as a member of the family, because it has the same
cohomology as the other members of the family except d(1). Note, for
example, that dim H%(d2) = 1, the same as the generic elements of the
family, while dim H?(d(1)) = 3.

For constructing a miniversal deformation for this Lie algebra, we have
to do three steps which we will not discuss now in this talk.

4.5. Deformations of the Trivial Codifferential dy = 0

This codifferential evidently must deform into every possible type, so we
know that it is infinitesimally close to every point in the moduli space.
Moreover, since there are no coboundaries in the bracket, the infinitesimal
deformation is obviously miniversal.

On the other hand, we do obtain some relations, and these relations
carry some information about how the moduli space is put together. In
addition, all second order relations can be determined from the relations
on the zero codifferential, by using appropriate values for the coefficients.
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