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Introduction by the Organisers

ormations of mathematical structures are not only important in most parts
mathematics but also to a large extend in physics. Contractions are in some
espect dual to deformations. The aim of the proposed workshop was to bring
ogether world experts in these complementary topics of deformations and con-
ctions of various algebraic structures. Deformations and contractions have been
vestigated by researchers who had different approaches and goals. Tools such
cohomology, gradings, etc. which are utilized in the study of one concept, are
ely to be useful for the other concept as well. At this meeting there were math-
jans, mathematical physicists and physicists as well. The organizers hope
meeting was of benefit to all groups.

ecause various fields in mathematics and physics exist in which deformations
used, it was necessary to focus the topic of the workshop. The meeting mainly
dered deformations of algebras (in particular, of Lie algebras), groups, and
d algebraic structures, the corresponding contractions, and their applications
oblems in physics. Nevertheless, other fields with strong relations to the
topic were present too. One such field, discussed in detail at the workshop,
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with tight interaction was deformation quantization. But also other topics like
quantum groups, deformation of Hopf algebras, g-deformed physics, fuzzy spaces,
quantum systems as deformations of classical systems, etc showed up.
As the workshop had an interdisciplinary character it was considered to be

useful to start with some introductory talks on

(1) Deformations in mathematics and physics,

(2) Contractions of Lie algebras in physics,

(3) Cohomology and deformations,

(4) Deformation quantization,

with the aim to introduce the necessary concepts which were not always well-
known to all the different communities present. For more details on the concepts,
see the corresponding extended abstracts in this Oberwolfach report.

The following is a (non-exhaustive) list of topics which were discussed at the
workshop.

(1) The concept of rigidity and deformations in its different versions; rela-
tions to ‘tohomology, moduli spaces of algebras and existence of versal
families; for formally rigid infinite dimensional algebras there exist never-
theless global deformations which are locally non-trivial: the deformations
of enveloping algebras.
Contractions and its relations to deformations considered from a mathe-
matical point of view; the different concepts of contractions, generalized
In6nii - Wigner contractions, graded contractions, degenerations, orbit
closure, jump deformations, expansions: invariants of Lie algebra.
Contractions and their physical implications: macroscopic quantum sys-
tems, local current algebras, supergravity, regularisations, symmetry of
the hydrogen atom.
Deformation quantization; its application to field theory, algebraic vari-
eties, superformality, unimodular vector fields.
Deformations of vector field algebras; its relation to geometric moduli
spaces, algebras of Krichever-Novikov type, supergeometry

(6) Non-commutative spaces and related algebraic objects; differential geom-

etry of noncommutative spaces, Hopf algebras, operads, quantum groups,
curvature, elliptic gamma functions and triptic curves.

The workshop was attended by 44 participants from all over the world. The official
program consisted of 24 lectures. Two evening sessions of informal presentations
were organised. Beside the official program, there was ample time for the partici-
pants for further activities, such as self-organised sessions and discussion groups.

(2)
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Deformations in mathematics and physics
ALICE FIALOWSKI

1 : Th.;a)l notuf:nnl of‘ d.eformatiop. The theory of deformations originated with
“the problem of ¢ ass?fymg all possible pairwise non-isomorphic complex structure
on a given d;fferentlable real manifold. The fundamental idea, which shoula b's
lcred;md-it? Pf}lgrtllann;lwgs to introduce an analytic structure therein. The notion o?‘
ocal and infinitesimal deformations of a compl i ifold I
| . plex analytic manifold first appeared
in 'thc.‘.. work of Kodajlra and Spencer (1958). In particular, they proved I:l?at in-
hnu;esalnl;lk deéo;mutlons can be parametrized by the corresponding cohomoiogy
f ‘ : i _ group. 1e deformatio ; i ,
Alberto S. Cattaneo (joint with Giovanni Felder) iumﬂiShi (1965) and P:l:fhei;y Oflggrlnpdﬁ ur iy S
Superformality and deformation quantization ................oooeees 171 8 Spencer, algebro geomefl‘icr}(‘;uozi (t" e
: - ; ndations were systematically developed b i
(1960) and Schlessinger (1968). Formal d ior ) st o
. 968). 1 deformations of arbitrary ri
ciative algebras, and the related coh i bbb e
5 ; omology questions, were first investi
) . : e ] : 8, stigate
Gers‘tenhabe.r, in a series of articles (1964-1968). The notion of deforma%io;d .
appgmd to Lie .algebras by Nijenhuis and Richardson (1966-68) o
ol eca;u;e \’?I‘lOUS df}elds In mathematics and physics exist in which deformations
: used, we focused on the topic of the conferenc { i i
Hed, W - . e. We mainly consider here def:
mations of algebras (in particular, of Li I Sl
rticular, ie algebras), groups, and rel: i
structures and their applications t in pl i e o
: at o problems in physics. But besid
topic, to open up fertile interaction, we invi o
opic, t raction, we invited also researchers f i i
s : . nteraction, w searchers from neighbourin,
thprli)‘li'r.llfleb.lf)ne such topl.c with tight interaction is deformation quantization. Bu%
ni?, andl da ;0 Ee ot.E}ers, 'hke quantum groups, deformation of Hopf algebras, Leib-
S Jt.) ‘ ialgebras, 1.nﬁn1t.y algebras, g-deformed physics, fuzzy spaces u.:-a,ntl
VS Df_.Illb as deformations of classical systems etc. : ; e i
o :form?.tlop.ls one'c{f the tools used to study a specific object, by deforming it
aboufotli]e a‘r;m‘hus of .‘31m.11ar" structure objects. This way we get a richer picture
_ d(—‘-fon‘ 1te original object itself. But there is also another question approachpa via
en'lml-la] 11011. Roughly speaking, it is the question, can we equip the set of r;lath—
t.he' -I-tc.a. structures under consideration (may be up to certain equivalence) with
! m:’ .-jru;:turc of a topological or geometric space. In other words, does thelre exist
i r}.]); u 1bs_patce lfor Eese structures. If so, then for a fixed object the deformations
s object should reflect: the local struct : o o
et i ure of the moduli space at the point
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2. I e = T
L)ehmtlons: For simplicity, consider the Lie algebra case.
a;ztfﬁt bg a Lie algebra with Lie bracket pg over a field K
ntuitive definition: a deformation of £ is ‘ i
O Gtorplen o i 1s a one-parameter family £, of Lie

He = o +to1 +tpp + ..
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where ; are L-valued 2-cochains, i.e. elements of Homyx (AL, L) = (.32(!3_:_ L), and
Ly is a Lie algebra for each t € K. Two deformations, £; and £ are equivalent if
there exists a linear automorphism z:, = id + Pyt + Yot + ..
linear maps over K, i.e. elements of (1 (£, £) such that

He(@:y) = ¥ (e (@), d(y))) for a,y € L.
The Jacobi identity for the algebras £, implies that the 2-cochain ¢; is indeed &

cocycle, i.e. dyioy = 0. If ) vanishes identically, the first nonvanishing ; will be
a cocycle. If ; is an equivalent deformation with cochains @}, then

. of £ where ¥; are

©1 — 1 = diy,
hence every equivalence class of deformations defines uniquely an element of
HAL. L)

b) Consider now a deformation £, not as a family of Lie algebras, but as a
Lie algebra over the algebra K[[t]]. The natural generalization is to allow more
parameters, or to take in general a commutative algebra over K with identity as
base of a deformation. Let us fix an augmentation ¢ : A — K, g(1) = 1, and set
Kere = m, which is a maximal ideal.

Definition. A deformation \ of £ with base (A,m) is a Lie A-algebra structure
on the tensor product A @y £ with bracket i aisd

eRId: ARL-KRL=L
s a Lie algebra hormomorphism.

A deformation with base A is called local if the algebra A is local, and it is called
infinitesimal if, in addition to this, m? = 0. For general commutative algebra base,”
we call the deformation global.

c) Fomﬂefomatiom. Let A be a complete local algebra (completeness means
that 4 = nlingo (A/m™), where m is the maximal ideal in A). A formal deformation

of £ with base A4 is a Lie A-algebra structure on the completed tensor product
ABL = lim ((A/m™) © L) s.t.
n—og

e®id: ARL - KQL="C
is a Lie algebra homomorphism.

d) Formal versal deformations. Tt is known that in the category of algebraic
varieties the quotient by a group action does not always exist (Hartshorne). Specif-
ically, there is no universal deformation in general of a Lie algebra £ with a com-
mutative algebra base A with the property that for any other deformation of £
with base B there exists a unique homomorphism f : B — A that induces an
equivalent deformation. If such a homomorphism exists (but not unique), we call
the deformation of £ with base A versal.

The classical one-parameter deformation theory did not study the versal prop-
erty of deformations. A more general deformation theory of Lie algebras follows
from Schlessinger’s work (1968). Namely, for complete local algebra base deforma-

tions, und € minor restriction, there exists a so-called miniversal deformation:

led miniversal, if o
- - formal deformation A of £ with any complete local base A there exists
I orphism f:B — As.t. the deformation A is equivalent to the push-out

A atisfies m? = 0, then f is unique. |
"tuation is much worse for global deformations, where we lose the coho-
1 for obtaining deformations, and there is no way so far to get a versal
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ontractions of Lie algebras in mathematics and physics
MARC DE MONTIGNY

1 briefly review the concept of contraction of Lie algebras and some
ications in physics. The relation with deformations is that non-trivial
ns induce inverse “jump deformations” (defined in other contributions to
kshop). First, I recall the general definition of a contraction from Ref. [1],
ntains more details about contractions and deformations of Lie algebras.
1 Lie algebra g of dimension NV over an arbitrary field k (physicists work
the real and the complex fields). Let us denote the basis elements of
-,z } and write the Lie brackets as

{.',Ca, -’rb] S Cgbxca

¢ture constants CS,. A contraction is defined via a non-singular linear
of g denoted U, € GL(N, k), which depends_o_n a pa’.r.an@,e_r e. The




