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1. Introduction

Moduli spaces of low dimensional Lie algebras possess very interesting properties.
A moduli space of algebras of a fixed dimension has a natural stratification by orbifolds.
In the case of complex Lie algebras, these orbifolds consist of quasi-projective spaces,
given by removing a divisor from a certain CP", together with an action of a symmetric
group. Some of the strata are singletons, while other strata can be labeled by projective
coordinates. This point of view is new, and uses deformation theory to give the stratifi-
cation in a unique form, where elements in a stratum deform in a smooth manner along
the stratum, jump to elements in different strata, and also deform smoothly along the
families of the points to which they jump.

For algebras of dimension less than or equal to 5, we obtained that each family (non-
singleton) of solvable Lie algebras contains one special element, which is nilpotent. In
fact, the usual picture is that a family is given by the action of a symmetric group on P,
and the generic point of P™ corresponds to the nilpotent. We remark that if P is given
by projective coordinates (pg : --- : pn), then the generic point is (0 : --- : 0), which
is usually excluded from consideration by algebraic geometers, but cannot be excluded
in our consideration, since there is an algebra corresponding to the generic point. (The
terminology generic point is a bit unfortunate, since the generic point behaves in a very
nongeneric manner.) The key point here is that the nilpotent elements fit within a larger
picture in a natural manner. We also note that the generic element in one family may be
isomorphic to the generic element in another family. This behavior represents the only
overlap between families.

A big difference between our analysis of the structure of the moduli space of algebras,
and classifications given by previous authors is that our goal is not to simply determine
a list of the algebras, but to see how the moduli space is glued together. For that, we
needed to compute not only the cohomology of the algebras, but wversal deformations
of the algebras, which give complete information about all of the deformations. We will
describe later how these versal deformations are computed.

A classification of two- and three-dimensional Lie algebras was first given in [6]. A clas-
sification of real four- and five-dimensional algebras was given in [7.8]. A list of the
5-dimensional real Lie algebras was given in [10] and the same list also appears in the
recent article [3]. Real and complex Lie algebras are listed up to dimension 6 in the recent
work [11]. The main emphasis of these classification methods was to give a complete list
of the algebras, without many duplicates, although sometimes the lists were subdivided
in terms of other properties, such as invariants of the algebras.

The description we give of the moduli space gives a more natural decomposition of
the moduli space, and divides it into fewer pieces. We first give a summary of the moduli
spaces of three- and four-dimensional complex Lie algebras, then we give an analysis of
how we construct the moduli space of 5-dimensional algebras, and afterwards, we give
details on the deformations of the algebras.
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2. Three-dimensional Lie algebras

In [4,9], a decomposition of the moduli space of 3-dimensional complex Lie algebras
was given, in terms of strata given by projective orbifolds. However, in [9], where the
projective description was given explicitly, we still were missing one piece of the puzzle.
In the space CP! (hereafter referred to as P!), there is a special element (0 : 0), called
the generic element, which is usually excluded from the space, because with the removal
of this element P! becomes a smooth manifold, but when this element is included, the
topology becomes not even Hausdorff. However, in the correspondence between the el-
ements of P! to the algebras labeled as da(p : q), it turns out that setting both p and
q equal to zero gives rise to an algebra, and the manner in which this algebra deforms
in relation to the family ds(p : ¢) corresponds in a natural manner to the way in which
the generic element sits in the space P'. This means that there are jump deformations
from the algebra d2(0 : 0) to every element in the family, in parallel with the fact that
every open nbd of the point (0 : 0) in P! includes all of the points in P!. Thus, the
final form of the description of the moduli space, representing a completely canonical
ordering in terms of deformation theory, is given in the Table 1. We use the nontrivial
bracket structure in codifferential form, where wzj means the bracket [e;,e;] = eg. In
this notation the simple Lie algebra sly(C) is written in the form 32 + 13 + 423 which
means the nontrivial brackets of the three basis elements are [eq, es] = e3, [e1,e3] = ea,

[e2, e3] = e;.

Table 1

Cohomology of three-dimensional complex Lie algebras.
Type Classical notation Bracket structure H° H* H? H?
dy 512(C) P32 43S 4923 0 0 0 0
da2(p : q) t3(A), A =a/p ¥i°p+ 9% +93%q 0 1 1 0
da(1:1) t3(C) 1% PS4 23 0 1 2 1
dz(1: 0) t2(C) @ C 1%+ 9P 1 2 1 0
d>(0: 0) ns 28 1 4 5 2
ds t3(1) P1® 4 93? 0 3 3 0

Although the algebra given as do(p : q) is labeled by P!, there is an identification of
elements da(p : q) and da2(q : p), that is to say, these two elements are isomorphic. This
means that da(p : q) is labeled by the projective orbifold P!/, where the symmetric
group Yy acts on P! by permuting the coordinates.

The algebra listed as d; is sl (C), and it occurs first in the list because it is rigid, and
so does not deform to any other algebra. The family da(p : ¢) roughly corresponds to the
algebras which are classically referred to as t3(\), where A = ¢/p, except for the special
cases dz(1:0) =13(C) @ C, da(1:1) =v3(C), and dz(0 : 0) = ng. Finally, v3(1) = ds.

Now, the most serious change in our notation is that the elements t3(1) and t3(C) have
been interchanged, that is, we have altered the family by removing one of the elements
and replacing it with another. This is a very important change, which has to do with
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the natural projective decomposition of the moduli space of 2 x 2 matrices with the
action of the group SLo(C) x C* given by conjugation by the matrix and multiplication
by the element in C*. The equivalence classes of matrices correspond to the Jordan
decompositions of the matrices, up to a multiplication of the diagonal elements by a
constant. The classical decomposition corresponds to the following decomposition

10 01
0 0|

tg(A)H[O )\], t3(C) < L1

0 1] s ng(C)(—)

Our decomposition corresponds to

dz(p1(1)<—>[g ;], dsH[é (1)]

The key difference is that we include the elements whose Jordan form has a single block
in the family, and this is for a very important reason. If we make a small change in the
identity matrix, adding a small constant ¢ in upper right corner, to obtain the matrix
((1J i), it is easy to see that this matrix is equivalent to the matrix ((1J 1
is not only true for the matrices, but for the algebras they correspond to, so there is a

) . Moreover, this

jump deformation from dz to dz(1 : 1), but not the other way around. Accordingly, the
correct way to decompose the moduli space in terms of the ideas of deformation theory
is in terms of the decomposition we have given, rather than the classical decomposition.

We have not yet given a description of how a 2 x 2 matrix is related to a 3-dimensional
algebra. More generally, if a Lie algebra can be decomposed as an extension of a
1-dimensional Lie algebra by a trivial n-dimensional algebra, then the algebra is com-
pletely determined by the module structure on the n-dimensional space as a represen-
tation of the trivial algebra. In terms of the codifferential notation, we have that the
K3

%) is any n x n matrix.

Thus the algebras are determined by an n X n matrix, and any such matrix determines

algebra is of the form d = wf-""ﬂa;-, where the matrix A = (a

a Lie algebra. Moreover, the equivalence classes of algebras of this type are precisely
given by the equivalence classes of Jordan decompositions, up to a scaling factor of the
eigenvalues. Understanding the deformations of the algebras within this class of algebras
is equivalent to understanding how the matrices can deform into each other, which gives
a decomposition into strata in a precise manner. This Jordan decomposition gives the
family da(p : ¢), and d3, while the zero matrix corresponds to the trivial Lie algebra
structure, which we omit from the description of the moduli space.

Note that the algebra d2(0 : 0) = n3 fits into this family, and it has jump deformations
to all the members of the family, as well as to the algebra d; = sl3(C). But it does not
jump to the element ds = v3(1). This is another vindication of the classification scheme
we have introduced for the 3-dimensional complex Lie algebras.
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3. Four-dimensional complex Lie algebras

The classification of 4-dimensional complex Lie algebras was first given in [8]. Actually,
the author gave a classification of real Lie algebras in this paper. Several others have given
classifications of complex Lie algebras, for example, [1,2]. In [5], we gave a decomposition
of this moduli space into projective orbifolds, corresponding to the deformation theory
of the algebras. Then we had not yet realized the significance of the generic element in
projective space. It turns out that the moduli space decomposes into exactly 7 families
(some singletons). The Table 2 gives the cohomology of every element in the moduli
space, including special cases within families where the cohomology does not follow the
generic pattern.

Table 2
Cohomology of four-dimensional complex Lie algebras.
Type H° H! H? H? H*
di =93 + ¢35t + 93! 1 1 0 1 1
do = 91® + 93* 0 0 0 0 0
ds(p:q) = v + 91" (0 +a) + 93P+ 93" + 43 0 1 1 0 0
ds(1:0) 0 1 2 1 0
ds(1:—1) 1 2 2 2 1
ds(0 : 0) 1 4 6 5 2
da = 2 + 142 4 24 4 3t 0 3 3 0 0
ds(p:q:r)=¢i*p + % +92tq + 3t + yitr 0 2 2 0 0
ds(p:q:—p—q) 0 2 2 1 1
ds(p:q:p+q) 0 2 3 1 0
ds(p:q:0) 1 3 3 1 0
ds(1:—1:0) 1 3 5 5 2
ds(0:0:0) 1 4 6 5 2
ds(p: @) = ¥1*p + ¥3*p + ¥3* + ¥itq 0 4 4 0 0
de(1: —2) 0 4 4 1 1
de(1:2) 0 4 5 1 0
de(0: 1) 2 6 6 2 0
de(1: 0) 1 5 7 3 0
de(0 : 0) 2 8 13 10 3
d7 = p1* + 3t + 3t 0 8 8 0 0

The algebra ds(p : q) is labeled by P!/Y,, where ¥y acts in the usual manner by
permuting the projective coordinates (p : ¢). The algebra ds(p : ¢ : r) is labeled by
P2 /%3, where the symmetric group Y3 acts on P? by permuting the coordinates. The
algebra dg(p : q) is labeled by P!, without any action of the symmetric group. We say
that these algebras determine strata given by projective orbifolds, which are given by an
action of a group on a projective space P™.

The algebras ds(p : ¢ : 1), de(p : q) and d7 arise as extensions of the 1-dimensional
Lie algebra by the trivial 3-dimensional Lie algebra, so are determined by a 3 x 3 matrix
representing the module structure. We have



A. Fialowski, M. Penkava / Journal of Algebra 458 (2016) 422—444 427

ds(p:q:7) < ydg(p:q) <

oo
o =
)
o o3
o8 o
Q= O
o = O
_ o O

1
,d7H 0
0

More precisely, we mean that the algebras correspond to these matrices, which give the
Jordan decomposition of the types of 3 x 3 matrices up to scaling the diagonal elements.

The algebras ds(p : ¢) and dy correspond to extensions of the trivial 1-dimensional
algebra by the only nontrivial nilpotent 3-dimensional algebra ns. The matrices repre-
senting the module structure on these algebras are

p+qg 0 0 2 00
ds(p:q) < 0 p 1], dgy< |0 1 0
0 0 ¢ 0 0 1

One sees a similar Jordan decomposition of the lower right 2 x 2 submatrix.

Now the generic elements d3(0 : 0), d5(0: 0: 0) and dg(0 : 0) are nilpotent. However,
there are only 2 nontrivial nilpotent complex 4-dimensional Lie algebras, which seems
contradictory, until one realizes that ds(0: 0) and d5(0 : 0 : 0) are isomorphic.

Every finite dimensional, solvable, complex Lie algebra L has a nilpotent ideal whose
dimension is at least half of the dimension of the algebra. In fact, there is a unique
maximal nilpotent ideal n, called the nilradical, which includes the derived algebra [L, L].
This makes it much easier to construct all the algebras. The algebra d; is the direct sum
of sl3(C) and the trivial algebra C, so is not solvable. The algebra ds is t2(C) @ t2(C),
a direct sum of two copies of the nontrivial (solvable) 2-dimensional complex Lie algebra.
However, it also can be realized as an extension of the trivial 2-dimensional algebra by
the trivial 2-dimensional algebra, so it has a nilpotent ideal of dimension 2, and in fact,
this ideal is the nilradical.

The algebras ds(p : q) and d4 are extensions of the trivial 1-dimensional Lie algebra
by the nontrivial 3-dimensional nilpotent algebra. The algebras ds(p : ¢ : r), dg(p : q)
and d7 are extensions of the trivial 1-dimensional Lie algebra by the trivial 3-dimensional
Lie algebra.

It is very interesting that every nontrivial 4-dimensional nilpotent algebra arises as
the generic element in a family. This would lead one to suspect that this pattern might
be a general pattern, although the existence of families of nilpotent Lie algebras, the
filiform families, in higher dimensions, means that the pattern is more complicated in
general. It is also clear that there can be families of Lie algebras whose generic element
is not nilpotent, if we consider a direct sum of a simple Lie algebra and a family. As
we shall see, in dimension 5, there is a nilpotent Lie algebra which is a singleton, not a
member of a family.

So far, for dimensions 3 and 4, we have found a natural decomposition of the moduli
space into strata, each of which is a projective orbifold, and moreover, the strata are
“glued together” by jump deformations. The fact that the moduli space can be decom-
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posed into strata has been known for a long time, but the description of the strata as
projective orbifolds was a new discovery of the authors.

4. Five-dimensional Lie algebras

If we have an exact sequence
0O—-M-—->L—->W-=0

of algebras, we say that L is an extension of W by M. We can view M as an ideal in L
and W as the quotient algebra L/M. Denote the algebra structures on M, L, and W by
1, d, and § resp. Then the algebra structure d = § + 4+ A+, where A\ : MW — M is
the “module structure” and ¥ : W ® W — M is the “cocycle”. In terms of the brackets
of cochains, the d determines an algebra structure precisely when the following three
conditions are satisfied:

[, A] = 0, the compatibility condition
1
5[6 + X,0 + A + [, 9] =0, the Maurer—Cartan condition

[0 + A, 9] =0, the cocycle condition.

When p = 0, the Maurer—Cartan condition (MC condition) reduces to [d + A, d + A] = 0,
which is the classical MC condition, and it is only when this classical condition holds
that A determines a module structure on M over the algebra structure  on W, and in
that case, ¢ is actually a cocycle with respect to a coboundary operator Dsyy given
by Dsya(e) = [0 + A, ¢]. The MC condition guarantees that D3, , = 0. We retain the
names module structure for A and cocycle for § in general, although they are not strictly
speaking accurate.

We first classify the nonsolvable 5-dimensional Lie algebras, then turn our attention
to the solvable ones.

4.1. Nonsolvable 5-dimensional Lie algebras

If a Lie algebra L is not solvable, then it has a decomposition
0->M—>L—S5—0,

where S is a semisimple algebra, and M is the maximal solvable ideal in L. When the Lie
algebra is defined over C, one can say a bit more, because we have a Levi decomposition
L =M xS, where M is the maximal solvable ideal and S is a semisimple subalgebra
of L. This means that in the extension of the algebra structure § on S by the algebra
structure p on M, we have ¥ = 0, so we only have to consider the module structure A,
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which actually will be a module structure, since the term [, 1] vanishes, so the classical
MC condition holds.

Since the only semisimple complex Lie algebra of dimension less than or equal to
5is S = sl(2,C), we know that a non-solvable Lie algebra is an extension of S by a
2-dimensional solvable algebra, which can either be the unique nontrivial 2-dimensional
Lie algebra, or the trivial one. Suppose M = (e1,e3) and S = (es, eq,€5), by which we
mean that M has the ordered basis ej,es and similarly for W. Then we can represent
51(2,C) by the codifferential § = 2¢3* — 2¢/3% + 34

The nontrivial solvable Lie algebra of dimension 2 can be represented by the codif-
ferential u = 112. The only extension of § by p is the direct sum which gives the first
algebra on our list:

di =1 + 207" — 2087 + 3%,

For extensions by the trivial structure, these correspond to the s[(2, C) module struc-
tures on C2. There is a standard irreducible representation of s[(2,C) on C?, which gives
the algebra

dy = 203" = 2057 + yi” — it 4 050 ot 40y’

The other extension is just the direct sum of § and the trivial algebra structure on M,
so is given by

ds = 20" — 205°¢3".

This completes the classification of the nonsolvable 5-dimensional Lie algebras.
4.2. Solvable 5-dimensional Lie algebras

The nilradical of a solvable complex Lie algebra has dimension at least 3, by a classical
Lie theory result, and the nilradical n contains the derived algebra L’ = [L, L], which
means that W = L/n is a trivial algebra. Thus every 5-dimensional solvable Lie algebra
can be given as an extension of a trivial algebra of dimension 1 or 2 by a nilpotent
algebra of complementary dimension 4 or 3. We begin by classifying the Lie algebras
whose nilradical is at least 4-dimensional. There are three possibilities which we have to
consider, u = 3%, 1 = ¥?3 + 3% and the trivial algebra. Then we will classify those
algebras which have a nilradical of dimension 3, which can either be the algebra d = 973
or the trivial algebra.

4.8. Extensions of a 1-dimensional algebra by a 4-dimensional trivial algebra
There are 5 classes of 4 x 4 matrices, essentially determined by the Jordan decompo-

sition of the matrix (up to a constant multiple), and these yield 5 algebras, 4 of which
are families. The matrices are as follows.
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p 1 0 0] [p 0O O0O] [p 100 [pOOO0] T [LOOO
0 g 1 0] l0op 1ol |0qgoo0| |0poofl o100
00 r 1/°]0 0 ¢ 1|°l0 0 p 1|°]0 0 p 1[°]0 0 1 0
000 s|] {000+ 000 ¢ |0004q] [0001

The first matrix gives rise to the family dog(p : ¢ : 7 : s) which is parameterized by P3 /3,
where the symmetric group ¥4 acts on P* by permuting the projective coordinates. The
element dag(0: 0: 0: 0) = 125 +1h3*+9)35, the generic element in the family, is nilpotent.

The second matrix gives rise to the family do1(p : ¢ : 7) which is parameterized by
P2 /%5, which acts by permuting the last two coordinates. The generic element in the
family, d21(0:0:0) = 3% + 135, is again a nilpotent algebra.

The third matrix gives rise to the family das(p : ¢) which is parameterized by P!/,
which acts by permuting the coordinates. The generic element dgo(0 : 0) = 1?5 + 93° is
also nilpotent.

The fourth matrix gives rise to the family da3(p : ¢), which is parameterized by P!
with no symmetries. The generic element da3(0 : 0) = 13° is nilpotent.

Finally, the fifth matrix gives rise to the algebra daoy4.

The classification of the part of the moduli space given by extensions of the trivial
1-dimensional algebra by a trivial nilpotent algebra is very easy, and it is also easy to
order the elements by simply looking at the cohomology of a generic element in one of the
subfamilies. The ideas we presented here extend in a straightforward manner to describe
the extensions of a 1-dimensional (necessarily trivial) algebra by an n-dimensional trivial
algebra.

4.4. Extensions of a 1-dimensional algebra by the 4-dimensional nilpotent algebra
p= 3t

For extensions of this type, we have to take into account that if A is the module struc-
ture on M, then the compatibility condition [g, \] = 0 imposes a nontrivial constraint.
The matrix A = (a}) of A = wzﬁa; must be of the form

D 0 a3 au

A— |2 g +r 0 0
10 0 q a3

0 0 asg3 T

The group Gs,, of linear transformations preserving p and § is the direct product
of the group G, of linear transformations of C* which preserve p and the group C*,
(which is the group of linear transformations of C preserving § = 0)and the action is
given by conjugation of the matrix A of A by the matrix G of an element in G, up to
multiplication by a number. An element of this groups acts on the space of algebras of
this form, and two algebras related by this action are isomorphic. The action allows us to
determine an element in one of these equivalence classes which has a nice form, without
losing any isomorphism types.
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A matrix G represents an element in G, precisely when it is of the form

91,1 0 913 914 O
92,1 94,4933 — 93,494,3 923 924 0
G=1|0 0 933 934 0 |,
0 0 943 9gaa O
0 0 0 0 955

and its determinant g 1 (94,4933 — 93749473)2 g5.5 is nonzero. Let us assume that go1, g14,
go4, 923 and g13 vanish, which will not affect the determinant. Then the elements aq3,
a14 are replaced by a13933 + 14943 and a13934 + a14944, so this represents the action
of GL(2) on C?, which means that we can assume that a;4 = 0 and either a;3 = 1 or
a1z = 0. Next, it turns out that if agqy # 0 we can assume that ays3 = 0, so we get three
subcases given by azq = 1 and a43 = 0, az4 = 0 and aq3 = 1, and az4 = ag3 = 0. Finally,
for each of these cases, we can assume that either as; = 1 or ag; = 0. Thus we split the
analysis into a bunch of discrete cases. Of course, these cases overlap quite a bit, but
after some analysis, we obtain the following families, including some singletons:

dia(p:q:7) =3 +0PPp+ 03" + 03 (g + 1) + 0P + 03P q + ¢3° + ¢r
diz(p:q) = 5" + 9’0+ @) + 93 (0 + ) + U7 + 0P+ ¥3° + 01
dia(p:q) = V3" + 1"+ 3" (0 + @) + P + 3P + ¥ + ¢’
dis(p: q) = ¥5* + 91" D+ 93 + 057 (29) + i° + U5 g + ¥i’q

dig = 5" +201° + 2037 + 97 + 5 + ¢
dir = 93" + 017 + 95”2057 + 45 + 0P
dis = V3" +1” + 37 + U7 + U + 0
dig = 95" +3°
The family di2(p : ¢ : 7) is parameterized by P? /%5, where X5 acts by permuting the
last two coordinates. The family di3(p : ¢) is parameterized by P!/Y,, where Yo acts

in the standard manner. The families di4(p : ¢) and di5(p : q) are parameterized by P,
with no action of a symmetric group.

4.5. Extensions of a 1-dimensional algebra by the 4-dimensional nilpotent algebra
=P+ 3t

The compatibility condition [u, \] = 0 places strong limitations on the form of the
matrix for A\. Moreover, if A is replaced by A + [, 8] where 8 : W — M is a 1-cochain,
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then we arrive at an isomorphic algebra, so we can use this to express A in a nice form.

Its 4 x 4 matrix A can be given by

2a33,1 + G441 0 0 ai4,1
0 as 3,1 + 4,41 0 0
A fr—
0 0 a3.3,1 0
i 0 0 as3,1 04,41 |

Moreover, considering the action of the group G, s of symmetries of u, we can also
assume that ai4 and ay43 are either 1 or 0, which gives 4 cases. We obtain the three
algebras

do(p : q) =7 + 5" +1°(2p+ q) + ¢35’ (p + q)
+ PP+ 0P + 91 +9i%q
dio =P + Y3 + 391° + 2¢3° + 93° + yf® + g
di =91 + 93" +0r” + 057 + 0 + 9

This completes the analysis of the algebras which have a nilradical of dimension 4.
We now turn our attention to the algebras with a nilradical of dimension 3. Their clas-
sification is more subtle than the ones we have studied so far.

4.6. Lie algebras with trivial 3-dimensional nilradical

A Lie algebra with trivial nilradical M = (ey, es, e3) is determined by the module
structure A = 1/1{ 4A§ + 1/)17 SB;:, and the cocycle ¥ = 1#°c’. The algebra structure on W is
d = 0, the algebra structure on M is p = 0 and the MC condition reduces to [\, A] = 0.
But this happens precisely when the matrices A and B in the definition of A commute.
Moreover, there is an action of G, = GL3 x GL2 on the As, which is as follows:
If G = diag Gy, Gw is a block diagonal decomposition of an element of G w, and
N = 4121;- + 9] 53;, then A and B are given by linear combinations of the conjugation
of A and B by Gjs, where the coefficients of the linear combination are determined
by Gw .

We first note that if one of the matrices A or B is strictly upper triangular, then the
maximal nilpotent ideal will have dimension larger than three, so we arrange for at least
generically this not to be true. A strictly upper triangular matrix can be conjugated to
one of the following forms

p 1 0 p 0 0 1 0 0
0 g 1], 0 p 1], 0 1 0f. (1)
0 0 r
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Let us suppose that A has been conjugated to the first of these forms. Then the
conjugated form of B must be upper triangular. Note that we can assume that neither
A nor B has a zero diagonal, because in that case, the maximal nilpotent ideal of L
would have higher dimension. Thus by adding a multiple of the conjugated B to the
conjugated A, and then restoring it to Jordan form, we can assume A is of the form

010
A=10 p 1] , and B is upper triangular. We can also assume p # 0, because one of p
0 0 ¢

or ¢ can be assumed nonzero, so we can conjugate to assume that p does not vanish. By
adding a multiple of the conjugated matrix A to the conjugated matrix B, we can thus
assume that B = 0. After these assumptions, we can then express B uniquely in the
(—=r+uqg)p r—uq U

0 0 r ] Since scaling es by a constant multiplies

0 0 rlg—p
the matrix B by an overall constant, we can reduce to two cases, u =1 or u = 0.

form B =

4.6.1. The case u =1

(=r+q@p r—9q 1
Let us first consider the case v = 1. Then B has the form B = 0 0 r .
0 0 r(g—p)

The first question we ask about this form is whether it is projective, that is, whether the
algebra determined by (p,q,r) is isomorphic to the algebra determined by (¢p,tq,tr),
when t # 0, and it can be shown that this is true.

Now, it is true that one also has to consider the possible values of 1, but it can be
shown that whenever p # and not both ¢ and r vanish, that the algebra determined by
adding v is isomorphic to the algebra obtained by ignoring it.

Thus we obtain a projective family ds(p : ¢ : r). However, there are problems with
this “family”, because, for certain subfamilies, there are more isomorphisms than usual,
so that in order to obtain a good family, we have to exclude 7 P's, given by p = 0,
q=0,7r=0,p=gq,p=r,q=r, and pr = ¢*>. Then, on the resulting space S, which
is P2 minus a certain divisor, there is an action of ¥3, but not the usual one we have
encountered, so that ds is given by S/X3. The group of symmetries is generated by the
transformations

@ (—q+p) @ (r—q p(r—q°q
p—¢* " r(rp—¢*) r(=g+p)(rp—q?)

op:q:r)= (( rp =) pp—aq) (?"q)p>.

T(p:q:r)=

—q+r)(r—p) r—p r—p

It can be checked that 7 has order 2, o has order 3, and that o7 = 702, so that they
generate a group isomorphic to 3.

Note that there are some necessary conditions on (p : ¢ : r) in order for these maps
to be well defined. It is immediate from the formulas that we cannot have r =0, p = gq,
p=r,q=ror pr=q*. However, the fact that p # 0 and ¢ # 0 can be determined by
examining powers of these maps.
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Now, let us analyze the seven P's which we have excluded. The first P! is given by
elements of the form d5(0 : p : ¢). It turns out that ds(0: p: ¢) ~ds(p: 0:0) ~ di5(p: 0).
The entire P! collapses to 1 point (excluding the generic element), and this algebra is
isomorphic to a special case in another family. Thus this P' doesn’t generate any new
algebras.

The second P! consists of the elements of the form ds(p : 0 : ¢). When ¢ # 0 and p # q,
we also observe that ds(p: 0: q) ~ ds(p : p: q), so these two P's essentially parameterize
the same algebras, with two exceptions. The algebra ds(1 : 0 : 0) is isomorphic to
ds(0 : 1:0) which we saw was isomorphic to dj5(1 : 0). The algebra d5(1:0: 1) is not
isomorphic to an element outside the family.

The third P! consists of elements of the form ds(p : p : ¢), and as already noted above,
gives elements isomorphic to those of the form ds(p : 0 : q) except for the elements
ds(1:1:1), which is isomorphic to di4(0 : 1), and the element d5(1: 1 : 0).

The fourth P! consists of elements of the form ds(p : ¢ : 0). We have ds(p : q :
0) ~ ds(q : p : 0), so there is some symmetry on this P!. The only nongeneric point is
ds(1:0:0) =ds5(0:1:0), which we have already seen is isomorphic to di5(1 : 0).

The fifth P! consists of elements of the form ds(p : q : p). When p # £q, we have that
ds(p:q:p)~ds(q®: £pq: p?), so the two strata overlap except at the points (1 : 1) and
(1: —1) of the fifth P1. Next, we also have a symmetry on this fifth P! minus the divisor
{(1:1),(1:—=1)}, given by ds(p : ¢ : p) ~ ds(p : —¢q : p). Note that this is precisely
the same divisor we have to exclude when we are considering the map to the sixth P
given by pr = ¢2, and so there is a corresponding symmetry on that stratum as well. In
fact, the only elements in that stratum not covered by this map are ds(1 : 1 : 1) and
ds(1: —1:1). The first of these points is isomorphic to d14(0 : 1), so the only remaining
point is ds(1: —1:1).

The seventh P! consists of elements of the form ds(p : ¢ : q). This P! also collapses to
a discrete set of points. If p £ 0 and ¢ # 0, and p # ¢, then ds5(p: q: q) ~d5(2:1:1).
The cases where p = 0 or ¢ = 0 are isomorphic to ds(1 : 0 : 0), which has already been
discussed above, and when p = ¢ # 0, we obtain ds(1 : 1 : 1), which has also been
discussed above. Thus we only obtain one new case d5(2:1:1).

In our analysis, we have not taken into account that in addition to the A term, there
may be a nontrivial ¢ term. One can check that for our A, the cocycle condition [\, ] =0
is automatically satisfied. We have ¢ = 1°¢c1 + ¥35ca + 103°c3. There is a special cases
of an algebra where the 1 term doesn’t vanish, and we will discuss it later.

4.6.2. The case u =10
—rp T 0
0 0 r

0 0 r(g—p)
r = 0, we obtain an algebra which has a nilradical of dimension higher than 3, so we can

reduce to the case when r = 1. If we take the algebra

In this case, the matrix of B reduces to the form B = . Now, if

do(p: q) = ¥t + 3 + it + ¥3tq — ¥1p + PP + ¢3° + 3 (g — p),
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then we obtain a projective family. However, there is a group of symmetries for d(p : q),
which is generated by

op:q)={@—q:p)

Tp:q)=@:p—q).

These transformations yield a group isomorphic to X3, with ¢ being of order 3, and 7 of
order 2. However, we also have to remove a divisor from this P!, consisting of the points
(1:0),(1:1)and (0: 1), because the group of symmetries above are not all well-defined
on these three points. Moreover, dg(1 : 1) ~ dg(1 : 0), so we obtain only two special
algebras dg(1: 0) and dg(0 : 1).

We still need to take into account that we may add a ¢ term to the d(p : q). It is
easily checked that there are no conditions on the adding of the i term, and we obtain
one additional algebra:

dr = P+ 3t + 3t + 2050 + ¢ + 2030 + 2930 4 3P

4.6.8. Algebras not matching the first matriz form in equation (1)

Now, suppose that no linear combination of the matrices A and B is of the first form
in equation (1). Then either both A and B can be replaced with linear combinations
which are diagonalizable, or we must have a Jordan form of the second type for one of
the matrices. Let us assume it is matrix A. Now two commuting matrices can be made
simultaneously upper triangular, and we may then conjugate one of them by another
upper triangular matrix to put it in Jordan normal form.

Let the diagonal entries in the upper triangular matrix B be z, y and z. Now if
p # ¢, then we must have z = y, otherwise, a linear combination of A and B would
have distinct eigenvalues, and so could be represented by the first type of matrix in
equation (1). Moreover, unless y = z we can assume that p # ¢. But in this case, we
can add a multiple of the first matrix to the second to make y # z. Since the matrix
B is assumed to not have a Jordan normal form of the first type, its Jordan form must
be F 2 (1)] , so that adding a multiple of A to B produces a diagonalizeable matrix, and

00y
since p # ¢, we know that A is diagonalizeable. But we have assumed that we cannot

do this, so the alternative is that p = ¢ and x = y. But now, adding a multiple of one of
the matrices to the other gives a strictly upper triangular matrix, which would give an
algebra with nilradical of dimension at least 4.

This means we can assume that both A and B are diagonalizable, and actually are
diagonal. Thus we have two matrices of the form diag(p, p, ¢) and diag(z, z, y). By adding
a multiple of one to the other we can assume that x = 0, and we also may assume y # 0
because otherwise the nilradical has too high of a dimension. In fact, we can scale z = 1,
and then by adding a multiple of the first matrix to the second, we can assume ¢ = 0 and
even p = 1. This gives the algebra dg = 1% + ¥32* + ¢3°. Finally we ask what happens
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if we add a v term ¢ = ¢ °c; + ¥5%ca + 135¢3? It can be shown by direct computation
that such an algebra is in fact just isomorphic to dg.

4.7. Algebras with 3-dimensional nilradical ju = 13>

In this case, the compatibility condition [u,A] = 0 puts some constraints on the
matrices A and B of A, and taking into account that we can add a p-coboundary
term to simplify the form of A, we first obtain that the A matrix is of the form
aze +asz O 0

0 az2 a23 |, and the B matrix is of the same form with coefficients b;;
0 aze  as3
instead of a;;. However, one can also presume that as3 = 0. Next, the Maurer—Cartan

A=

condition puts additional constraints on the matrices, so we eventually can represent A
in the form A = 2¢1* + ¢3* + ¥3* + 91 (p + @) + 93°p + ¥3° + ¥Pq.

Next, we have to take into account the possible ¥ term 1 = ¥#c; + ¥3°ca + ¥3ocs.
The cocycle condition [\, 1] = 0 forces ca = ¢35 = 0, so we only have to add a single term.

It appears we have generated a whole family of algebras, but it turns out that when
p # g, all of them are isomorphic to dy = 1% + 3+ + 134 + 15 + 135, When p = ¢ the
algebra is isomorphic to dg(p : 0). Thus we only obtain one new algebra.

This completes the analysis of the elements of the moduli space. Table 3 gives a
description of the elements in the moduli space, along with the dimensions of the coho-
mology of the elements. For families, only the generic cohomology is given, as subfamilies
may have cohomology of larger dimension, particularly the cohomology dimension h? of
the cohomology H? may be larger, meaning that special subfamilies and elements may
have more deformations than the generic elements.

5. Comparison to earlier results

The first classification of 5-dimensional real Lie algebras appeared in [7]. We found
it difficult to piece out the classification in the paper, because no list of algebras was
included. On the other hand, in [10] a list of the nondecomposable algebras was given,
and the same list appeared in the recent paper [3]. Because the classification is given
for real, rather than complex, Lie algebras, there is some duplication if one regards the
algebras as complex Lie algebras. For example, the algebras numbered 36 and 37 on the
list are two real forms for the same complex algebra. We found the list useful in checking
our work, and verified that every algebra in the list is covered by our classification, and
no additional algebras were found. There is mistake in the list in [10], because the family
numbered 32(u), depending on the parameter u, gives algebras which are all isomorphic
as real algebras for u # 0, so the inclusion of the parameter u is a mistake.

Our goal in this work is to analyze the structure of the moduli space, in terms of a
natural stratification by orbifolds, dictated by deformation theory. We have been able to
determine such a stratification, where each stratum consists of either a singleton point,
a projective orbifold given by the action of a symmetric group on a P" for some n
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Table 3
Cohomology of five-dimensional complex Lie algebras.
Type H° H! H? H3 H? H°
dy = 293% — 2935 4 3% 4 12 0 0 0 0 0 0
do — 2034 _ 9435 45 12
’ v 13 1/}523—’_ ¢324+ 1/’115 0 1 0 0 1 0
— 1" T+ + 4y
ds = 2¢3* — 2935 + ¢3° 2 4 2 4 2
dy =93 + 1t + 93t + y° + 30 0 0 0 0 0
ds(p:q:r) = ¥i* +93'p + 93 + ¢3tq
+¢1°(a = )p+ 47 (r — q) + ¢7° 0 1 2 1 0 0
+ 3% — ¢§r(p — q)
d . — 24 24 34 34
6(p:q) 1 ;1/12 p;% ;ws q35 0 1 0 1 0 0
- 1P+¢'1 “F"pg +'¢}3 (qu)
d7 — %4_,’_1!)24 +wg4 +2w§:4
35 35 35 45 1 2 2 1 0 0
+ Y77 + 2957 + 2937 + ¢y
dg = P1* 4 2t 30 0 3 6 3 0 0
do(p:q) = ¥7° + 93" +¥1°(2p + @) + ¥3°(p + @) 0 L L o 0 o
+93°p + ¢5° + 91 + 95
dio = 3% + 3% + 391° + 295° + 93 + 9% + 9P 0 2 0 0 0
din = 9% + 3 + 1% + 3% + ¢ + ¢i° 0 4 2 0 0
d . . — 34 + 15 + 15 + 25 +
12(prq:m) 5 35w1 p35 Ys 45% (;15 ) 0 5 5 0 0 0
+ Y17 + P57+ P3° +PyCr
dis(p:q) = 3 +91°(p+ @) + ¥3°(p + q) + ¥3°
35 45 45 O 3 3 0 O 0
-+ w?, p+ wg, + w4 q
dia(p:q) = 3 +91°p +¥3° + ¥3°(p + q)
35 35 35 45 O 3 3 0 0 O
+ Y77 Y3+ vy P
d . _ 34 15 15
15(p:q) bt ‘:Swl p+1¢;i . - o 4 4 0 0 0
+w2 (ZQ)+¢1 +"/)3 Q+1/}4 q
die = 3" + 27 + 293° + 97° + 3% + ¥° 0 5 5 0 0 0
dir = 3% + 7% + ” +203% + 937 + 9p® 0 6 6 0 0 0
dis = 3" +97° + 3% + 9% + 9% +9g® 0 4 8 4 0 0
dig = P3* + 3° 1 11 20 21 15 4
d P A L) 25 25
20(pigqiris) = 9P pg;r Lk 3: p3 q45 - 0 3 3 0 0 0
+’¢J2 +'¢}3 7’+'¢13 +¢4 S
dor(p:q:r) = X0p 4+ p25p 4 3°
21(piq:m) 1 p35 by 1745 b . 0 5 5 0 0 0
+ 1/’3 q+ "ps + w4 T
daz(p:q) = ¢1°p +3° +¢3°¢
35 45 45 0 7 7 0 0 0
+ wg p+ 1/13 + w4 q
daa(p: @) = ¥1°p + ¥3°p + ¥3°p + ¥5° + ¥5i°q 0 9 9 0 0
dag = 97 + 37 + P3° + ¥3° 0 15 15 0 0 0

between 1 and 4, or a quasi projective orbifold given by an action of a symmetric group

on a quasi projective space obtained by removing a divisor from either P2 or P'. This

last phenomenon did not occur in lower dimension, but the projective orbifolds were

present. The important feature of the stratification is that given an algebra, it will have

smooth deformations along its stratum (assuming it is not a singleton stratum), jump
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deformations to elements in different strata, and smooth deformations along that stratum
in a nbd of the point to which it jumps. This gives a natural method of characterizing
the moduli space.

The classification in [10] gives a total of 40 elements, some depending on parameters,
and leaves out the decomposable algebras. Our method of constructing the moduli space
gives a total of only 24 strata, consisting of 11 families, of which one is parameterized
by an orbifold constructed from P3, three from orbifolds constructed from P2, and seven
from orbifolds constructed from P!, as well as thirteen singletons (not including the
trivial algebra). In [10], there are 18 families and 22 singletons. Some of the variation
is explained by the fact that we classify complex Lie algebras, and the others classify
real Lie algebras, but even taking this into account, the previous classification does not
capture the essence of how the space is glued together. Thus our classification scheme is
simpler than the previous ones.

6. Deformations of the algebras

In order to determine the deformations of the algebras, we compute the versal de-
formation of an algebra, which is a multi-parameter deformation that contains the
information about all deformations. The universal infinitesimal deformation of an al-
gebra d is of the form

dt = d+ ',

where the §° give a prebasis of H2, that is, they are 2-cocycles which project to a basis
of H?. The deformation is infinitesimal because [d*,d?] = 0 (mod ()I2), where I5 is the
ideal in C[ty,,---,] generated by all quadratic terms ¢;¢;, in other words, it is zero up
to first order. The universality means that every infinitesimal deformation of d can be
obtained from d'.

The versal deformation is of the form

where z; are formal power series in the variables ¢; of order at least 2. Let (a?) be a preba-
sis of H2, (3) be a basis of the 3-coboundaries, and 7% be a prebasis of the 4-coboundaries,
so that jointly, they give a basis of the 3-cochains. Then for a 2-cochain d*°, we can ex-
press
[d°°,d>®] = a'r; + B's; + Tu;.

Then d* is said to be a (mini)versal deformation if s; = 0 for all i. If we choose ~*
so that D(v%) = %Bi, then s; = z; + ajktjtk + bjktjxk + cjkxjxk for some constants
a’*, b/% and ¢/*. But this means that we can use the implicit function theorem to show
that we can solve the system of equations s; = 0 for the x; as functions of the ¢; in
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some nbd of the origin in ¢, x space. Substituting in the solution in d*>° gives the versal
deformation. However, we also obtain some relations r;, which are functions of the ¢;,
with power series having order at least 2. Finally, it can be shown that the u; lie in the
ideal generated by the r;. Moreover, the z; are actually analytic functions of the ¢;, since
the s; are polynomial in the ¢ and x variables, so d*° is a convergent power series. If we
take a solution the system of equations r; = 0, we obtain an element d*° which is an
actual algebra.

We have developed software using the Maplesoft computer algebra system for doing
these computations. Of course, there can be several problems which occur. First, the
system of equations s; = 0 may be difficult to solve. Since these are essentially quadratic
equations in several variables, and it is known that the problem of solving quadratic
equations is NP complete, meaning that we don’t have a polynomial time algorithm for
solving arbitrary systems of quadratic polynomials, it is not surprising that they may
be difficult to solve. Even if we can find a solution, the form of the solution may be very
complicated. Furthermore, we also have to solve the relations r; = 0, and this may prove
impossible.

For algebras of dimension 4 or less, we were always able to solve the equations s; = 0,
and surprisingly, we obtained that the x variables were expressable as rational functions
of the t variables. For 5-dimensional algebras, we have encountered cases where solutions
exist that are not rational, but still are algebraic, and other cases where we could not
solve the equations. Thus we cannot give a complete picture of the deformations, but
still we obtain a fairly reasonable approximation of the picture.

We already remarked on the deformations of the algebras d;, d> and d3. There is a
jump deformation from ds to d; and the other two algebras are rigid. d4 is completely
rigid as well since all of its cohomology vanishes.

The algebras ds(p : g : r) given by the quasi projective orbifold, excluding the seven
special P's, all have h? = 2, so deform only along the family, that is, they have only
smooth deformations along the family. There is one algebra in this group ds(3: =3 : 1)
whose cohomology dimensions are 0,1,2,3,4,2 (in other words h° = 0, h! = 1, ete.),
where R’ is the dimension of H?, but since h? = 2, it deforms in a generic manner.

Some of the special P's have generic deformation behavior. The subfamily ds(p : 0 : q),
ds(p:q:0),ds(p:p:q)and ds(p: q: p) as well as the P! given by ds(p : ¢ : 7) such
that pr = ¢, all have generic cohomology except at some special points. The family
ds(p : q : q) generically has cohomology numbers 1, 3,3, 1,0, 0, so has extra deformations,
and the two elements in the degenerate subfamily ds(0 : p : ¢) both reside in other
families, so are not really part of the family d5(p: q : r).

The family dg(p : q) has h? = 3 generically. The special point (1 : 0) has generic
cohomology, and so deforms generically, but the special point d(0 : 1) has cohomology
dimensions 2,7,10,7,2,0, so has a lot of extra deformations. Also the generic element
dg(0 : 0) has a lot of extra deformations.

The algebra d; has h? = 2. From its construction, it is evident that it deforms along
the family ds(p : ¢ : r). However, even though the second cohomology group is of low
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dimension, we were not able to explicitly construct the versal deformations. On the other
hand, we computed a (pre)basis (5, 2) of H?, and discovered that the infinitesimal de-
formations d* = d+ §°t are both actual deformations, and both are smooth deformations
along the family ds(p : ¢ : r) in a nbd of d5(1 : 0 : 0), so that accounts for all of the
deformations of dy.

Now, given the construction of dr, and the fact that ds(0 : 0 : 0 is isomorphic to
dy5(1 : 0), it really is evident that d7 and ds(1 : 0 : 0) should be exchanged because they
both deform in a nbd of d5(0 : 0 : 0) and the one with the larger cohomology should not
be the one in the family. Since the cohomology numbers of d5(1:0:0) are 1,5,9,7,2,0,
it is clear which element would belong in the family. Note that the cohomology h? of d;
is generic for the family d5(p : ¢ : r). On the other hand, the element d5(1 : 0 : 0) doesn’t
belong to the quasi-projective family, but is a special element, so we did not formally
interchange the elements.

The algebra dg has h? = 6, and it jumps to d5(1: 1:0), dg(1 : 1) and deforms in nbds
of these points.

The family dg(p : ¢) has h? = 1 generically, and therefore, generically it deforms only
along the family. There are some special points, whose cohomology is not generic. The
elements dg(1 : 0), with cohomology numbers 0,1,2,1,0,0, dg(0 : 1), with cohomology
numbers 0,1,3,2,0,0, dg(1 : —1), with cohomology numbers 0, 1,2, 1,0, 0, all have extra
deformations, which we did not compute. The three elements dg(3 : —2), dg(2 : —3) and
dg(1 : —4) have cohomology numbers 0,1,1,1,1,0, and the element do(3 : —4), with
cohomology 0,1,1,0,1,1, deform generically, but have different cohomology than the
generic case. The generic element dg(0 : 0) has cohomology 0,1,4,7,8,6,2, and thus a
lot of deformations. It is nilpotent, and also isomorphic to d12(0: 0 : 0).

The algebra djp has h? = 2, and there is a jump deformation to dg(1 : 1) and it also
deforms in a nbd of this point.

The algebra di; has h? = and it is hard to compute the deformations.

The family di2(p : ¢ : 7) generically has h? = 2, so generically, algebras in this family
have deformations only along the family. There are some special P's, whose cohomology
(and deformations) are not generic.

Generically, elements of the family di3(p : ¢) have h? = 3, and generically deform
along the family, jump to d12(p, ¢, p + q) and deform in a nbd of that algebra. There are
also a lot of special cases, but we won’t study them here.

Generically, elements of the family di4(p : ¢) have h? = 3, deform along the family,
jump to dia(p : p : q) and deform in a nbd of this algebra. There are several special
values of the parameters that have nongeneric deformation patterns.

Generically, elements of the family di5(p : q) have h? = 4, deform along the family,
jump to d12(p : q : q) and deform in a nbd of this algebra.

The algebra dig has h? = 5, it jumps to d12(2:1: 1), di3(1: 1) and dy5(2 : 1) as well
as deforming in nbds of these points.

The algebra dy7 has h? = 8, it jumps to dia(1:1: 1), di4(1: 1) and di5(1 : 1) as well
as deforming in nbds of these points.
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The algebra dig has h? = 8 and we were unable to compute the versal deformation.
We obtained some information on the deformations, by computing deformations given
by using several, but not all of the cocycles at the same time. These are not really the
versal deformation, but are multi-parameter deformations which do reveal a lot about
the general deformation picture. There are jump deformations to de(x : y), ds, di1,
d12(2:1:1), dy3(1: 1), d14(1 : 0) and dy5(2 : 1) and deforms in a nbd of di2(2:1: 1),
dy3(1:1), d14(1:0), and dy5(2: 1).

The algebra dig has h? = 20, and so it is surprising that we were able to compute
the versal deformation easily. However h? = 21, so there are 21 relations in 20 variables,
which we were not able to solve. What we do in this case is reduce the number of variables
by setting some of them equal to zero, and then solving. This gives a partial deformation,
in the sense that the solutions give some of the deformations, but not necessarily all of
them. We then apply the same method with other variables being set equal to zero, and
so we obtain more of the solutions. With a little luck, we may be able to obtain all of
the solutions. In particular, we found jump deformations to dy(0 : 0), d12(0 : 0 : 0),
d14(0 : 0), and dy5(0 : 0), which means it also must jump to ds(0 : 0 : 0) because it is
isomorphic to dy4(0 : 0). Now, the generic element in a family has jump deformations to
every element in the family, so dig must have jump deformations to every element of the
form ds(z : y : 2), do(x : y), dia(x : y : 2), dia(z : y), and dy5(x : y). In particular, we
know which other nilpotent algebras di9 deforms to.

The family dag(p : ¢ : 7 : s) has h? = 3, which means that generically, the deformations
lie only along the family. There are some special subfamilies whose cohomology is not
generic and which have more deformations, but there are a lot of them, and we will not
include this information.

The family doy(p : ¢ : ) has h? = 5, and generically, there is a jump deformation to
dao(p : p: q : ), and deformations in a nbd of this point, as well as deformations in a
nbd of do1(p : ¢ : 7). Again there are some special subfamilies, which we do not describe
here. The 4 x 4 matrix A which gives the versal deformation for a generic element is
given by

0 p+ta 1 0
t5 tg q 1

0 tl 0 r

The family doo(p : q) has h? = 7, and generically, there are jump deformations to
dor(p:q:q),dai(q:p:p)and doo(p:p:q:q), as well as deformations in nbds of these
points. The 4 x 4 matrix A which gives the versal deformation for a generic element is
given by
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P 1 t7 0

0 qg—+ts 0 t3
A =

0 0 P+ t1 1

a6 to q

The family doz(p : q) has h? = 9, and generically, there are jump deformations to
da1(p:p:q) and doo(p:p:p:q), and it also deforms in nbds of these points. The 4 x 4
matrix A which gives the versal deformation for a generic element is given by

[p+ts 4 tg 0
ty p+tsg to O
0 0 p 1

t3 ts tr q

The algebra dys, with h? = 15, has jump deformations to doz(1 : 1), dao(1 : 1),
do1(1:1:1)and doo(1l:1:1:1) as well as deformations in nbds of these points. Note
that the 4 x 4 matrix which determines an extension of the trivial 1-dimensional algebra
by the trivial 4-dimensional algebra has 16 entries, and by the projectivity of the space
of such algebras, we could have a maximum of 15 independent cocycles, which is exactly
realized by this algebra. Interestingly, the algebra only deforms within this subclass of
algebras. The versal deformation can be given by the 4 x 4 matrix A below.

(14 t1g t7 ts ty |
t11 1415 te t15
A =
t12 tg 14+t t4
RZE t1o t3 1]

It should be evident from the form of this matrix that des deforms to all of the families

dao — dag.
7. Nilpotent algebras

There are 11 families, ds(p : q : ), ds(p : q), di2(p : q : 1), di3(p : q), d1a(p : q),
dis(p:q), doo(p:q:7r:5),dar(p:q:r), doa(p: q) and dayg(p : q). The generic element in
each of these families is nilpotent. In addition, the algebra dy9, which is not a member
of a family, is also nilpotent. This would give 12 nilpotent algebras, except that some of
these algebras are isomorphic. The isomorphisms are

d5(0 :0: 0) ~ d14(0 : O) ~ d15(0 : O)



A. Fialowski, M. Penkava / Journal of Algebra 458 (2016) 422—444 443

Table 4

Cohomology of nilpotent five-dimensional complex Lie algebras.
Type H° H' H? H® H* H®
It p 3t 43 1 6 13 15 10 3
»3° + 3® 2 14 15 10 3
W3t + 3% + 4% + u5° 1 6 2
P3t+ 9%+ g° 2 7 2
3t 4 p3® 1 11 20 21 15 4
»35 + 35 4 3° 1 5 8 8 6 2
PI® 4 g 2 10 19 20 12 3
»3® 3 14 28 13 17 4

d6(0 : O) ~ dQl(O :0: 0)
d9(0 : 0) ~ d12<0 :0: 0)

Thus we eliminate 4 of the algebras, as duplicates, which leaves 8 algebras. The trivial
algebra is not in this list of algebras, and it is also abelian, so in the end, we have a total of
9 nonisomorphic nilpotent complex Lie algebras. The algebras da1 (0 : 0 : 0) = 3° +3°,
daz = 13° and the trivial algebra, so there are 6 indecomposable algebras.

It would be very difficult to calculate the versal deformations of these algebras. How-
ever, we give Table 4 of their cohomology, which should give some idea of how complicated
their deformations are.

We don’t give the cohomology for the trivial algebra, because every cochain is a
cocycle, so we have h™ = 5"*! and of course, the trivial algebra deforms to every other
algebra.

The important observation to make here is that all but one of our nilpotent algebras
arise in a family of solvable algebras, a fact that wasn’t observable in the previous
classifications.

8. Conclusions and questions

In the moduli spaces of Lie algebras of dimension 3, 4 and 5, we found a simple
description of a stratification of the moduli space which corresponds in a clear manner
to the deformations of the algebras. We were able to give a numerical ordering of the
algebras such that an algebra only deforms to algebras whose number is less than or
equal to the number of the algebra, with one exception, that the generic element in a
family might not follow this restriction. In some sense, this means the generic element
in a family does not precisely belong to the family.

We also saw that every family of solvable Lie algebras contained a nilpotent algebra,
and moreover, it always was the generic element in the family. On the other hand,
there is a nilpotent 5-dimensional Lie algebra which does not belong to a family. We
conjecture that families of nilpotent algebras are special subfamilies of families of solvable
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Lie algebras, and that every family of solvable Lie algebras will contain at least one
nilpotent algebra.

Based on the results we obtained about moduli spaces of low dimensional complex
Lie and associative algebras, the authors came to a conjecture that these moduli spaces
have a stratification by projective orbifolds, “glued” together by jump deformations. This
conjecture has been shown to be true for Lie and associative algebras of dimension up
to 4, and for non-nilpotent associative algebras of dimension 5. Here, we showed that the
conjecture is still true for complex Lie algebras of dimension 5, but we had to allow quasi
projective orbifolds, so the picture is a bit more complicated. It is possible that the quasi
projective orbifolds could be replaced with projective orbifolds, but we don’t know if this
is possible. A proof of our conjecture would need a more sophisticated understanding of
the moduli spaces.
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