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Abstract
In this work we consider the moduli space of all noncommutative metric Lie algebras, hav-
ing a nondegenerate symmetric invariant bilinear form, over C and R up to dimension 5
and all metric Lie algebras over C in dimension 6. We introduce cyclic and reduced cyclic
cohomology to identify their metric deformations.
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1 Introduction

Recently, Lie algebras with an invariant inner product became an intensive topic of research
in Lie theory. Any reductive Lie algebra has such an invariant inner product, related to the
Killing form, which is an invariant inner product on a semisimple Lie algebra. Usually, one
considers such algebras over the real numbers, but complex forms also play a role. One
advantage in considering the complex case is that in the complex case all inner products are
equivalent, whereas over the real numbers the signature of the form also plays a role. Lie
algebras with an invariant inner product are also referred to as metric Lie algebras in the
literature, and include the 4-dimensional diamond (see 5.2) and oscillator algebras (see 5.4)
as examples of solvable real algebras with an invariant inner product.

Representations of the diamond Lie algebra have been studied [3, 15, 16] but in general,
the invariants of metric Lie algebras and the cohomology and deformations of such algebras
has not been studied.
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There is a notion of cyclic cohomology, which plays a role in the study of deformations
preserving an invariant inner product. We examine this notion in some depth in this paper,
and apply a variant of this type of cyclic cohomology to study metric deformations of these
metric algebras, that is deformations of these into other metric algebras.

Associative algebras with invariant inner products and their cyclic cohomology were
studied in [21] and the connection between cyclic cohomology and deformations of these
algebras preserving an invariant inner product was analyzed. Later, in [19, 20], a notion of
cyclic cohomology of Lie algebras was studied and it was shown that cyclic cohomology
classifies deformations preserving the invariant inner product.

An invariant inner product on a Lie algebra V is a symmetric, nondegenerate bilinear
form β on V which is invariant in the sense that

β([x, y], z) = β(x, [y, z])
for all x, y and z where [ , ] is the Lie bracket. The existence of an invariant nondegenerate
bilinear form determines a metric Lie algebra.

2 Cohomology and Cyclic Cohomology

Recall that the space of cochains C(V, M) of a Lie algebra with coefficients in a module M

is given by C(V,M) = hom(
∧

V,M). If Cn(V,M) = hom(
∧n

V,M), then C(V,M) =
�∞

n=0C
n(V,M). By convention, we usually consider

C(V, M) =
∞⊕

n=0

Cn(V,M).

(This difference is only important when considering L∞ algebras, which are a generaliza-
tion of Lie algebras.)

There is a map D : C(V,M) → C(V,M), called the coboundary operator which is
determined by the maps D : Cn(V,M) → Cn+1(V ,M) given by

D(ϕ)(v1, · · · , vn+1) =
∑

σ∈Sh(1,n)

(−1)σ vσ(1).ϕ(vσ(2), · · · , vσ(n+1))

+
∑

σ∈Sh(2,n−1)

(−1)σ ϕ([vσ(1), vσ(2)], vσ(3), , · · · , vσn+1),

where ϕ is an n-cochain, Sh(k, �) is the set of (un)shuffles of type (k, �), that is those
permutations of k + � which are increasing on 1 · · · k and k + 1 · · · k + �, (−1)σ is the sign
of the permutation σ and [·, ·] represents the Lie bracket on V .

A standard fact from Lie theory is that the map D satisfies D2 = 0 and so we can define
the (Eilenberg-Chevalley) cohomology

Hn(C, V ) = ker(D : Cn(V,M) → Cn+1(V ,M))/ Im(D : Cn−1(V ,M) → Cn(V,M)).

The cochains C(V, V ) with coefficients in the adjoint representation denote by C(V ),
so that Cn(V ) = Cn(V, V ) are the n-cochains of the Lie algebra, and Hn(V ) = Hn(V, V )

is called the cohomology of (the Lie algebra structure on) V .
An inner product 〈·, ·〉 on V is invariant with respect to a Lie algebra structure if

〈[u, v], w〉 = 〈u, [v, w]〉.
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Given any inner product, we can define a cochain ϕ ∈ Cn(V ) to be cyclic if the associated
element ϕ̃ : ∧n

V ⊗ V → K, given by

ϕ̃(v1, · · · , vn+1) = 〈ϕ(v1, · · · , vn), vn+1〉,
satisfies

ϕ̃(vn+1, v1, · · · , vn) = (−1)nϕ̃(v1, · · · , vn+1).

Note that an inner product is invariant with respect to a Lie algebra structure d ∈ C2(V )

precisely when d̃ is cyclic with respect to the inner product. Also, ϕ is cyclic precisely when
ϕ̃ is antisymmetric, that is ϕ̃ ∈ Cn+1(V ,K), where K is the trivial module structure.

If ϕ and ψ are cyclic cocycles, the Chevalley-Eilenberg bracket of the two cochains
[ϕ, ψ] is also cyclic (see [20, 21]), where if ϕ ∈ Ck(V ) and ψ ∈ Cl(V ), then [ϕ, ψ] ∈
Ck+l−1(V ) is given as follows. Let

(ϕ ◦ ψ)(v1 · · · vk+l−1) =
∑

σ∈Sh(k−1,l)

(−1)σ ϕ(ψ(vσ(1) · · · vσ (l))vσ(l+1) · · · vσ(k+l−1)),

then
[ϕ, ψ] = ϕ ◦ ψ − (−1)(k+1)(l+1)ψ ◦ ϕ.

This bracket equips C(V ) with the structure of a Z-graded superalgebra. In particular, the
Z-graded super Jacobi identity holds, as well as the graded antisymmetry, given by

[ψ, ϕ] = (−1)(k+1)(l+1)+1[ϕ, ψ].
This allows us to extend the Chevalley-Eilenberg bracket of cochains in C(V ) to

C(V,K), by defining

[ϕ̃, ψ̃] = [̃ϕ, ψ],
which equips Ck(V,K) with a graded Lie algebra structure. In fact, we can compute that if
ϕ ∈ Ck(V ), ψ ∈ C�(V ), then

[ϕ̃, ψ̃] =
∑

σ∈Sh(l,k)

ϕ̃(ψ̃(vσ(1), · · · , vσ(�)), vσ(�+1), · · · , vσ(k+�)).

It is not obvious why this formula is correct, since it seems unbalanced in terms of ϕ and ψ ,
but it can be checked that with this bracket

[ψ̃, ϕ̃] = (−1)(k+1)(�+1)+1[ϕ̃, ψ̃],
which is the graded antisymmetry corresponding to the antisymmetry of the bracket of ϕ

and ψ . Note that the coboundary operator on an element ϕ̃ ∈ Cn(V,K) is just given by

(Dϕ)(v1, · · · , vn+2) =
∑

σ∈Sh(2,n)

(−1)σ ϕ̃([vσ(1), vσ(2)], vσ(3), · · · , vσ(n+2))

= [ϕ̃, d̃](v1, · · · , vn+2)

This means that if we define the coboundary operator D on the space CCn(V ) of cyclic
cochains by

D(ϕ̃) = [ϕ̃, d̃],
then the associated cohomology HC(V ), called the cyclic cohomology of V , coincides
with the shifted cohomology H(V,K) of V with coefficients in K. That is, we have
HCn(V ) = Hn+1(V ,K), for k > 0. When k = 0, there are no −1-degree cyclic
cochains, but there can be 0-degree cochains in C(V,K), so HC0(V ) may not coincide
with H 1(V ,K). In fact, HC0(V ) = Z1(V ,K), because we ignore the 0-coboundaries in
computing the cohomology.
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When there is no invariant inner product, the cohomology H(V,K) is still well defined,
and it is natural to define the cyclic cohomology of V by

HCn(V ) =
{

Z1(V ,K), n = 0

Hn+1(V ,K), n ≥ 1

so that the definition of cyclic cohomology can be given independently of any invariant
inner product. This is similar to the associative algebra case, where one can define cyclic
cochains without reference to an invariant inner product. But it should be noted that the
bracket of cyclic cochains makes sense only in the presence of an invariant inner product.

In the presence of an invariant inner product, there is a connection between cyclic coho-
mology and deformations of an algebra preserving the invariant inner product. However,
as we shall see on a simple example, the connection is not as straightforward as one might
think.

We introduce a notation for an element of Cn(V ) by defining ϕI
i (eJ ) = δI

J ei , where I, J

are strictly increasing multi-indices of length n; i.e. I = (i1, · · · , in) with ik < ik+1 for
k = 1 · · · n− 1. This allows us to represent an algebra as a 2-cochain in a very simple form.
By convention, we use the symbol ψ in place of ϕ to represent multi-indices which are of
even length, and reserve the symbol ϕ for multiindices of odd length, corresponding to the
fact that when I is of even length, the associated map ψI

i is an odd cochain and when I is
of odd length, the associated cochain is an even element in the superalgebra structure on the
space of cochains.

In particular, a 2-cochain can always be expressed in the form

ψ = ψ
i,j
k ck

i,j ,

using the Einstein summation convention, where i < j and ck
i,j are the structure constants

determining the Lie algebra. In terms of the standard form for describing the Lie bracket,
the above formula translates to

[ei, ej ] = ck
i,j ek .

Moreover, the Jacobi identity for an algebra given by the cochain ψ translates into the
codifferential equation

[ψ, ψ] = 0.

Consider the simple three dimensional complex Lie algebra sl(2,C) on V = 〈e1, e2, e3〉,
which can be given by the cochain d = ψ12

3 + ψ23
1 + ψ13

2 (in the classical notation, the
nontrivial brackets are [e1, e2] = e3, [e2, e3] = e1, [e1, e3] = e2). It has an invariant inner
product represented by the identity matrix. It is well known that H 1(V ,C) and H 2(V ,C)

both vanish and that H 3(V ,C) is 1-dimensional. But this means that HC2(V ) = 〈d〉 is
generated by the cochain represented by the algebra itself, and that means that this cochain
is nontrivial. It is not difficult to show that d is not the coboundary of a cyclic 1-cochain,
which means that it really is true that the cyclic cohomology HC2(V ) has an extra basis
element. This means that in some sense, the algebra deforms along itself, which would not
make any sense in the usual notion of deformation of an algebra.

In fact, we will explain later that the two algebras d and (1 + t)d , while isomorphic, are
not formally isomorphic in the metric sense, and that is the source of the problem, because
deformation theory considers a deformation to be trivial only when it is generated by a
formal isomorphism. The problem turns out to be related to the fact that the identity matrix
is never a cyclic 1-cochain, and for reductive algebras, a multiple of the identity matrix
determines the only trivial deformation taking d to (1 + t)d .
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The problem with the cohomology can be analyzed as follows:

ker(D : CCn → CCn+1) = ker(D : Cn → Cn+1)
⋂

CCn

Im(D : CCn−1 → CCn) ⊆ Im(D : Cn−1 → Cn)
⋂

CCn

The inclusion on the bottom may be strict. One idea is to replace the left hand side with
the right hand side, and define a new type of cohomology, which we call reduced cyclic
cohomology

HRCn = ker(D : Cn → Cn+1)
⋂

CCn/(Im(D : Cn−1 → Cn)
⋂

CCn).

If we do this, then we obtain thatHRC2(V ) vanishes, since d is a coboundary of an ordinary
1-cochain. In fact, it is always true for any Lie algebra d that d = [d, I ], where I ∈
hom(V , V ) is the identity map, but the identity map is never a cyclic 1-cochain. Note that
the invariant inner product was used in the definition of reduced cyclic cohomology. In fact,
if the algebra is reductive (or more generally, contains a simple quotient), then HC2 does
not vanish. However, for the solvable algebras that we have studied, we have determined
that the reduced and ordinary cyclic cohomology coincide, which is a function of the type
of invariant inner products that arise in those cases.

The reduced cyclic cohomology expresses deformations of metric Lie algebras if we
allow formal deformations to be induced by any 1-cochain, instead of restricting to only
cyclic cochains. This arises because we allow cyclic coboudaries of non cyclic cochains in
the reduced cyclic cohomology, so we allow formal deformations which take a metric alge-
bra to another metric formal algebra, rather than just metric formal deformations. However,
there are problems with this point of view as well, because there is no reason to believe that
the deformation given by the exponential of a non-cyclic 1-cochain β preserves the invariant
inner product, even when [d, β] is a cyclic 2-cochain.

It is well known that the Killing form gives an invariant inner product for a semisim-
ple Lie algebra, and thus reductive Lie algebras have an invariant inner product. However,
these are not the only types of Lie algebras with invariant inner product. Examples of real
4 dimensional solvable Lie algebras with an invariant inner product are the diamond and
oscillator algebras, while in dimension 5, the nilpotent real Lie algebra W3, which we dis-
cuss later, also has an invariant inner product. These cases have been well studied [1, 2, 13,
14]. We will study low dimensional examples of real and complex Lie algebras and their
deformations preserving the invariant inner product.

3 Deformations

About deformations of algebraic structures see [5, 11].
Recall that a 1-parameter deformation of a Lie algebra structure d is a formal power

series of the form
dt = d + tψ1 + t2ψ2 + · · · ,

where ψk ∈ C2(V ) = hom(
∧2

V, V ) are 2-cochains, see [6]. The connection with
cohomology is given by the fact that ψ1 is a 2-cocycle, and moreover, we have

D(ψn) = − 1
2

∑

k+l=n

[ψk,ψl],

where [ψk,ψl] is the bracket of the cochains ψk and ψl . If dt is isomorphic to some algebra
structure d ′, then we say that dt and d ′ are equivalent, and we write dt ∼ d ′.
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If dt ∼ d ′ for all t in some neighborhood of the origin, then the deformation is called a
jump deformation from d to d ′. If, on the other hand, dt 
∼ dt ′ for t ′ 
= t in some neighbor-
hood of the origin, then the deformation is called a smooth deformation. In this case, the set
of algebras dt form a family of nonisomorphic algebras.

Multiparameter deformations are also possible, and there is a special type of multipa-
rameter deformation, called a versal deformation, which is of the form

d∞ = d + tiδ
i + higher order terms,

where the expression tiδ
i represents the Einstein summation notation for a sum of basis

elements δi for the cohomology H 2. There are relations of the form ri = tktlr
kl
i + ho,

which are formal power series of order at least 2, with the number of relations being
equal to the dimension of H 3. The base A of the deformation is the formal algebra
A = K[[t1, · · · , ]]/(ri), that is, the quotient of the ring of formal power series over the field
K by the ideal generated by the relations.

In fact, if we take 〈δi〉 to be a basis of H 2, 〈γ i〉 a basis of the 2-coboundaries, 〈αi〉 a basis
of H 3, and τ i a basis of the 4-coboundaries, then there is a unique choice of parameters xi ,
given by power series in the parameters ti of order at least 2, such that the deformation d∞,
given by

d∞ = d + tiδ
i + xiγ

i

satisfies
[d∞, d∞] = riα

i + uiτ
i ,

with both ri and ui being given by power series in the ti of order at least 2. Moreover, the
ui-s are contained in the ideal generated by the ri-s, which are called the relations on the
base of the deformation.

As a consequence, if we solve the relations on the base, we obtain solutions to the Lie
algebra condition [d∞, d∞] = 0. The deformation d∞ is called a miniversal deformation
of d , and all formal deformations of d can be obtained from d∞ in a natural manner.

In a series of articles on low dimensional algebras, the authors have computed versal
deformations for all algebras up through dimension 5 over C, and for dimension up to 4
over R.

For cyclic cohomology, we obtain a similar picture of deformations, including a versal
deformation, where this time, the δi , γ i , αi and τ i are cyclic cochains, with δi and αi given
by basis of HC2 and HC3 respectively. In order to do the computations necessary for this
paper, we had to adapt the routines we used to compute versal deformations of algebras to
compute the versal cyclic deformations, and this turned out to be more involved.

The source of the problem with deformations arises because of the notion of formal (or
infinitesimal) equivalence of deformations. Two infinitesimal deformations d and d ′ are
formally equivalent if there is a linear map β : g → g such that if g = exp(tβ) then

d ′ = g∗(d) = d + t[d, β].
Now, we want d ′ to be a metric algebra with respect to the same inner product, so there
are two ways to guarantee this. We can require β to be cyclic with respect to d, in which
case [d, β] is automatically cyclic, since the bracket of two cyclic cochains is cyclic, or we
can just require that [d, β] be cyclic. The latter case is potentially problematic for formal
deformations, because in that case, higher order terms arise, which may not be cyclic. Thus,
the restriction that β is cyclic is natural, and gives rise to a consistent deformation picture.
However, this is precisely what we obtain from the cyclic, rather than the reduced cyclic,
cohomology. This means that the algebras d and (1 + t)d may not be formally equivalent,
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and this is exactly what happens for any simple algebra, because the identity map is never a
cyclic cochain.

If d1 and d2 are two formal deformations of a Lie algebra with respect to the usual
cohomology, then they are said to be formally equivalent if there is a collection βi of 1-
cochains for i = 1, . . . such that the action of exp(t iβi) on d1 yields d2. The question is
what to do if we require from the cochains βi to be cyclic. Clearly, if we require βi to be a
cyclic cochain for all i, this will be sufficient to ensure that exp(t iβi)

∗ψ is cyclic, whenever
ψ is a cyclic cochain. But is the condition necessary? The answer turns out to be no! In fact,
if β = I is the identity map and

d1 = d + t iψi,

then

exp(tI ) ∗ d1 = d + t (ψ1 + d) + t2(ψ2 + ψ1) + · · · tk(ψk + ψk−1) + · · · ,

which is cyclic because all of the ψ terms are assumed to be cyclic. We will see how this
applies in our examples below.

In the more complicated cases we used computer programs for computing cohomologies.

4 Dimension 3

The simple complex 3-dimensional Lie algebra is sl(2,C). It can be given by

d = ψ12
3 − 2ψ13

1 + 2ψ23
2 .

This is the only nontrivial 3-dimensional complex Lie algebra with an invariant inner
product. There are two real forms for this complex algebra, sl(2,R) and so(3,R).

The first real form can be given by the structure d above, with respect to some basis
〈e1, e2, e3〉. It has an invariant inner product with respect to this basis, given by the matrix⎡

⎣
0 1 0
1 0 0
0 0 2

⎤

⎦. The signature of this matrix is (2, 1), but the signature of a metric Lie algebra

is only determined up to the transposition of the signature, so that there is an invariant inner
product with signature (1, 2) as well. However, we can give it uniquely by requiring the
first number to be greater than or equal to the second. In fact, the signature of the metric
is not always determinate. For example, for the 2-dimensional trivial algebra, any invertible
matrix will serve as a metric, so the signature is not well defined by the algebra.

The second real Lie algebra is so(3,R), which can be given by the structure

d = ψ12
3 − ψ13

2 + ψ23
1 ,

with invariant inner product given by the identity matrix, so its signature is (3, 0).
Note that it is not surprising that the invariant matrix is not the same as for sl(2,R),

because the form of the matrix depends on the choice of basis. However, here, since we
are over R, the signature of the matrix comes into play, so in fact, the two invariant inner
products are not of the same type, since they have different signatures.

In the Table below, we give the dimensions of the cohomology for the simple 3-
dimensional Lie algebras, for HCn, HRCn, and the standard cohomology Hn, with
coefficients in the adjoint representation (Table 1).

The Table applies for the complex simple Lie algebra and both of its real forms. The only
variations will be for the basis elements of the cohomology.
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Table 1 Cohomology of the
3-dimensional simple algebra n HCn HRCn Hn

0 0 0 0

1 0 0 0

2 1 0 0

3 0 0 0

While there are no deformations of sl(2,C), or any of its real forms, because the coho-
mology H 2 vanishes, something interesting occurs with cyclic cohomology. With respect to
HC2, we have a nontrivial cocycle given by d itself, and therefore, the 1-parameter defor-
mation dt = (1 + t)d is not a trivial deformation, which is very unusual, since this type of
deformation would be trivial with respect to the usual notion of deformation. Note that this
deformation preserves the metric. However, it is easy to see that if we take β = cI , then

exp(tβ)∗(d) = exp(ct)d,

and we can solve exp(ct) = 1+t for c. Thus, the two deformations are equivalent if we allow
the application of an exponential of a term which, although not cyclic, always produces a
cyclic cochain.

5 4-Dimensional Lie Algebras with Invariant Inner Product

Since cyclic cochains CCn(V ) correspond to cochains in Cn+1(V ,K), we have ccn =( 4
n+1

)
, where ccn is the dimension of CCn. Thus, for all 4-dimensional cyclic algebras, we

have

cc0 = 4, cc1 = 6, cc2 = 4 cc3 = 1,

and these are the only degrees in which there are nonvanishing cochains.

5.1 The Direct Sum sl(2,C) ⊕ C and its Real Forms

This algebra can be given by d = ψ12
3 + 2ψ23

2 − 2ψ13
1 , and in this form, an invariant inner

product is given by the matrix

B =

⎡

⎢
⎢
⎣

0 1 0 0
1 0 0 0
0 0 2 0
0 0 0 1

⎤

⎥
⎥
⎦ .

We use standard results on the computation of cohomology of Lie algebras. First, we
recall that

Hn(g,M ⊕ N) = Hn(g,M) ⊕ Hn(g, N)

if g is a Lie algebra and M and N are g-modules. Secondly, we recall the Künneth formula:

Hn(g ⊕ h, M) =
⊕

k+�=n

Hk(g,M) ⊗ H�(h, M),

where M is both a g and h-module. Finally, we use the isomorphism between cyclic
cohomology and shifted ordinary cohomology with trivial coefficients (except for n = 0).
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Finally, we use the fact that if g is simple (or semisimple), then Hn(g, g) = 0 for all n.
Let g = s be sl(2,C) and h = C in the above. We obtain

Hn(s ⊕ C, s ⊕ C) = Hn(s ⊕ C, s) ⊕ Hn(s ⊕ C,C)

=
⊕

k+�=n

Hk(s, s) ⊗ H�(C, s) ⊕ Hk(s,C) ⊗ H�(C,C)

=
⊕

k+�=n

Hk(s,C) ⊗ H�(C,C).

Next, we need some elementary facts about the dimensions of Hk(s,C) and H�(C,C)

h0(s,C) = 1, h1(s,C) = 0, h2(s,C) = 0, h3(s,C) = 1

h0(C,C) = 1, h1(C,C) = 1, h2(C,C) = 0, h3(C,C) = 0.

where hk = dim(Hk). Thus we obtain that

h0(s ⊕ C, s ⊕ C) = h0(s,C) · h0(C,C) = 1 · 1 = 1

h1(s ⊕ C, s ⊕ C) = h1(s,C) · h0(C,C) + h0(s,C) · h1(C,C) = 0 · 1 + 1 · 1 = 1

h2(s ⊕ C, s ⊕ C) = h2(s,C) · h0(C,C) + h1(s,C) · h1(C,C) + h0(s,C) · h2(C,C)

= 0 · 1 + 0 · 1 + 1 · 0 = 0

h3(s ⊕ C, s ⊕ C) = h3(s,C) · h0(C,C) + h2(s,C) · h1(C,C)

+h1(s,C) · h2(C,C) + h0(s,C) · h3(C,C) = 1 · 1 + 0 · 1 + 0 · 0 + 1 · 1 = 1

To compute hcn, we get

hc0 = z1(s ⊕ C,C) = 1, hc1 = h2(s ⊕ C,C) = 0

hc2 = h3(s ⊕ C,C) = 1, hc3 = h4(s ⊕ C,C) = 1.

Let us summarize these results in the following (Table 2).
Just as in the case of the algebra sl(2,C), we discover that there is a nontrivial cyclic

deformation dt = (1 + t)d , and we can use the identity transformation to see that this is
formally equivalent to d, just as in the 3-dimesional case.

The real form sl(2,R)⊕R has an invariant inner product which can be given by the same
matrix as for the complex case, which has signature (3, 1). However, there is another real
form with signature (2, 2). For 3,R)⊕R, whose structure is given by d = ψ12

3 −ψ13
2 +ψ23

1 ,
we obtain an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤

⎥
⎥
⎦ ,

whose signature is (4, 0). On the other hand, there is also a real form with signature (3, 1).

Table 2 Cohomology of the
4-dimensional Lie algebra
sl(2,C) ⊕ C

n HCn HRCn Hn

0 1 1 1

1 0 0 1

2 1 0 0

3 1 1 1
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The reason that there are real forms with multiple signatures is that these algebras are
direct sums of a simple and trivial algebra, and when combining the signatures, there are
some variants possible. For example, with sl(2,R), the form of signature (2, 1) can combine
with either the form of signature (1, 0) on R to give a form of signature (3, 1), or it can
combine with the form of signature (0, 1) on R to give a form of signature (2, 2).

The fact that there is an overlap in the possible signatures of these two real forms turns
out to be important when we study deformations of the diamond and oscillator algebra.

The bases of the cohomology change from the sl(2,R) ⊕ R case, but the dimensions of
the cohomology are the same, so are also given by the Table above. We have the same extra
cyclic deformation for both real forms, realized by different cocycles.

5.2 The Complex Diamond AlgebraDC and its Two Real Forms

The complex diamond algebra can be given by d = ψ12
2 − ψ13

3 + ψ23
4 . It has an invariant

inner product given by the matrix

B =

⎡

⎢
⎢
⎣

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎤

⎥
⎥
⎦ .

The computation of the cohomology of the diamond algebra is not too difficult, but we
omit it, for brevity, and merely summarize the results in the table below (Table 3).

This is the first algebra we have encountered which has honest deformations, thus H 2(d)

does not vanish. In fact, a miniversal deformation of d depends on two parameters, say
t1 and t2. We omit the formula for the versal deformation, because it is long and we are
interested in the cyclic versal deformation.

For the complex case, this just means it deforms to sl(2,C) ⊕ C. A basis for HC2 is
given by 〈ψ = ψ23

1 − ψ24
2 + ψ34

3 〉. The versal cyclic deformation is given by

dt = d + tψ = ψ12
2 − ψ13

3 + ψ23
4 + tψ23

1 − tψ24
2 + tψ34

3 .

It turns out that d ∼ d ′ = sl(2,C) ⊕ C with the same metric as for the diamond algebra.

In fact, the matrix G =

⎡

⎢
⎢
⎣

0 0 1 1/2
1 0 0 0
0 t−1 0 0
0 0 t−1 −1/2 t−1

⎤

⎥
⎥
⎦ satisfies the property that G(dt (eiej )) =

d ′(G(ei)G(ej )), which shows that G gives an isomorphism betwee the algebras dt and d ′.

Table 3 Cohomology of the
algebra DC

n HCn HRCn Hn

0 1 1 1

1 0 0 2

2 1 1 2

3 1 1 2
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5.3 The Real Diamond AlgebraDR

The structure we gave for the complex diamond Lie algebra coincides with the structure for
the real diamond Lie algebra, so all of the above information on the cohomology and cyclic
cohomology is the same. However, there is an important difference related to the fact that
there are two real forms of the complex algebra.

In this case, we see that the signature of the real diamond algebra with the metric above
is (2, 2), which is one of the possible signatures of sl(2,R) ⊕R, but does not coincide with
a possible signature for 3) ⊕ R, so it could not possibly deform to that algebra. A simple
computation shows that the real diamond algebra does deform to sl(2,R) ⊕ R.

The real diamond algebra is given as a semidirect product of the Heisenberg algebra by
R, and this fact plays a role in the applications of this algebra.

5.4 The Oscillator AlgebraO

The oscillator algebra is the other real form of the complex diamond algebra. The structure
of this real Lie algebra can be given as

d = ψ12
3 − ψ13

2 − ψ23
4 .

An invariant inner product is given by

⎡

⎢
⎢
⎣

0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

⎤

⎥
⎥
⎦ .

The signature of this form is (3, 1), and the importance of this fact will become clear shortly.
A basis for HC2 is given by 〈ψ = ψ23

1 + ψ34
2 − ψ24

3 〉, so that once again, the versal
deformation is of the form dt = d + tψ . It can be shown that this deformation is isomorphic
to 3,R)⊕R when t > 0 and to sl(2,R)⊕R when t < 0. It is important to note that both of
these algebras have invariant inner products of signature (3, 1), and this explains why it is
possible to have this deformation into two algebras, when we didn’t have the same pattern
for the diamond algebra.

A matrix of an isomorphism between the dt and d ′ = 3,R) ⊕ R is given by G =⎡

⎢
⎢
⎣

0 0 1/2 1/2
1/

√
2t 0 0

−1/
√
2t 0 0 0

0 0 1/(2t) −1/(2t)

⎤

⎥
⎥
⎦. Note that t must be positive for this matrix to be real. We

omit the transformation that gives the isomorphism between dt and sl(2,R) ⊕ R.
Now, a natural question arises about why we did not encounter the same issue about

cyclic and reduced cyclic cohomology as for the cases of sl(2,C) and sl(2,C) ⊕ C. Note
that in those previous cases, the algebra was not a coboundary in the cyclic cohomology,
because the identity is not a cyclic cochain. This is also true in this case, but our algebra d
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is still a coboundary because [d, ϕ1
1 − ϕ4

4 ] = d. The cochain ϕ1
1 − ϕ4

4 is a cyclic cochain,
which means that d is the coboundary of a cyclic cochain!

6 5-Dimensional Lie Algebras with Invariant Inner Product

6.1 The Direct Sum sl(2,C) ⊕ C
2 and its Real Forms

This algebra can be given by d = ψ12
3 + 2ψ23

2 − 2ψ13
1 , and in this form, an invariant inner

product is given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎣

0 1 0 0 0
1 0 0 0 0
0 0 2 0 0
0 0 0 1 0
0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎦
.

In the Table below, we summarize the cohomology information. We omit any of the
calculations used to obtain this information (Table 4).

As usual for the algebras with a simple part, there is a metric deformation along the
algebra itself, and the nontrivial cyclic 2-cocycle is just the cochain d representing sl(2,C).
As in the previous cases of sl(2,C) and sl(2,C) ⊕ C, the cocycle d is not a coboundary of
a cyclic 1-cochain, but we still have exp(tI )d = exp(t)d, so we can eliminate the nontrivial
cocycle by exponentiation of a 1-cochain that preserves the cyclic cocycles.

The real forms corresponding to this complex algebra are sl(2,R) ⊕ R
2 and 3,R) ⊕

R
2. The cohomology dimensions remain the same, although the cocycles representing the

cohomology and deformations change for the different algebras.
As usual for the algebras with a simple part, there is a metric deformation along the

algebra itself, and the nontrivial cyclic 2-cocycle is just sl(2,C).
The real forms corresponding to this complex algebra are sl(2,R) ⊕ R

2 and 3,R) ⊕
R
2. The cohomology dimensions remain the same, although the cocycles representing the

cohomology and deformations change for the different algebras.
Since sl(2,R) has an invariant metric of signature (2, 1), and since the signature of an

invariant metric on R2 can be (2, 0) or (1, 1), this means we can obtain invariant metrics on
sl(2,R) ⊕ R

2 of signature (4, 1), or (3, 2).
Similarly, since 3,R) has an invariant metric of signature (3, 0), we can have invariant

metrics of signature (5, 0) or (4, 1) on 3,R) ⊕ R
2. Note that there is an overlap in the

possible signatures of the two real forms.

Table 4 Cohomology of the
5-dimensional Lie algebra
sl(2,C) ⊕ C

2
n HCn HRCn Hn

0 2 2 2

1 1 1 4

2 1 0 2

3 2 2 2
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6.2 The Complex Diamond Algebra PlusC:DC ⊕ C

.
The direct sum of the complex diamond algebra and C can be given by the structure

d = ψ12
2 − ψ13

3 + ψ23
4 .

It has an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎦
.

The versal cyclic deformation of DC ⊕ C can be given by

d∞ = ψ12
2 − ψ13

3 + ψ23
4 + tψ23

1 − tψ24
2 + tψ34

3 .

This deformation is isomorphic to sl(2,C) ⊕C
2. Note that since the diamond algebra itself

deforms to sl(2,C) ⊕C, this deformation is really obtained by just adding a plus C to each
of the algebras.

We summarize the cohomology information in the Table below (Table 5).
The deformation we gave forDC⊕C has real coefficients, so the structure also represents

the cyclic versal deformation of sl(2,R) ⊕ R with respect to the inner product given by
the matrix above, which has signature (3, 2). Both sl(2,R) ⊕ R

2 and 3,R) ⊕ R
2 have

metrics of this signature, but the deformation is only isomorphic to sl(2,R) ⊕ R
2 because

the matrices of the transformations which give isomorphisms with 3,R) ⊕ R
2 all have

unavoidable complex coefficients.
Let us see what happens if we choose the metric given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎦
.

This matrix has signature (2, 3) which is related to a matrix of signature (3, 2) in the way we
described before, because multiplying the matrix by −1 reverses the signature, but doesn’t
affect the deformations. It might seem that still, the cyclic versal deformation with this
matrix might be different, but it turns out that the generator of HC2 is the same for both
matrices, so their versal deformations can coincide.

Table 5 Cohomology of the
5-dimensional algebra DC ⊕ C n HCn HRCn Hn

0 2 2 2

1 1 1 5

2 1 1 5

3 2 2 5
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6.3 The Oscillator Algebra PlusR:O ⊕ R

We can use the same structure

d = ψ12
3 − ψ13

2 − ψ23
4

for the oscillator algebra plus R as we used for the oscillator algebra. A matrix of an
invariant inner product of signature (4, 1) is

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 1 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎦

We can give the versal cyclic deformation of d by the structure

dt = ψ12
3 − ψ13

2 − ψ23
4 + tψ23

1 + tψ34
2 − tψ24

3 .

We compute that dt ∼ sl(2,R) ⊕ R
2 when t < 0 and dt ∼ 3,R) ⊕ R

2 when t > 0. This
pattern corresponds to the pattern we observed for the deformations of the oscillator algebra.

As in the case of O, if we use a metric of signature (3, 2), we obtain the same versal
deformation as for the one of signature (4, 1), so there is no difference in the deformation
pattern depending on the choice of metric.

Note that we don’t have cochain representing the algebra appearing as a nontrivial cocy-
cle, because if we choose β = ϕ1

1 − ϕ4
4 , then [β, d] = d so the algebra is given by a trivial

cocycle.

6.4 The AlgebraW3

The algebra W3 can be given by the cochain

d = ψ34
2 + ψ35

1 + ψ45
3 .

This is the first nilpotent metric Lie algebra we have encountered in this paper.
It has an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 −1 0
0 0 0 0 1
0 0 1 0 0

−1 0 0 0 0
0 1 0 0 1

⎤

⎥
⎥
⎥
⎥
⎦

The cohomology of the algebra W3 is summarized in the Table below (Table 6).

Table 6 Cohomology of the
5-dimensional complex algebra
W3

n HCn HRCn Hn

0 2 2 2

1 3 3 7

2 3 3 9

3 2 2 9
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A basis of the cyclic nontrivial 2-cocycles (that is, a basis of HC2) is given by

HC2 = 〈 δ1 = −ψ23
1 + ψ35

1 − ψ24
3 + ψ45

3 + ψ34
5

δ2 = ψ23
2 − ψ35

2 − ψ25
3 + ψ35

5 ,

δ3 = ψ13
2 − ψ15

3 − ψ35
4 〉

This is the first algebra for which HC2 is larger than 1-dimensional, and moreover, the
versal deformation determined by the above basis of H 2 has higher order terms. In fact, a
versal deformation d∞ can be given by

d∞ = d + t1δ
1 + t2δ

2 + t3δ
3 + t1t3(−ψ15

3 − ψ35
4 − ψ12

3 + ψ23
4 + ψ13

5 ).

There are no relations on the base, so that [d∞, d∞] = 0, and thus d∞ is a Lie algebra for
all values of the parameters ti .

On the surface

2t1t3(2 + t1) = t22

we have that d∞ is isomorphic toDC⊕C, while elsewhere it is isomorphic to sl(2,C)⊕C
2.

This is a typical pattern in the deformation picture of algebras.
For example, dt = d + t2δ

2 is isomorphic to sl(2,C) ⊕ C
2 when t2 
= 0, while the

1-parameter deformations dt = d + t1δ
1 and dt = d + t3δ

3 both give jump deformations
to DC ⊕ C. Notice that we obtain 2 different 1-parameter families isomorphic to the same
algebra, but the generic deformation is still to the algebra sl(2,C) ⊕ C

2.

7 6-Dimensional Lie Algebras with Invariant Inner Product

Up to now, our method of determining the Lie algebras with invariant inner product
depended on the classifications of the moduli spaces of algebras of the corresponding
dimension given in [7–9, 18], which built upon earlier classifications of the algebras. For
dimension 6, we have not constructed the moduli space of such algebras, so there are two
methods of attack which will yield all the metric Lie algebras.

First, there is a classification due to Mubarakzyanov [17], who gave a classification of all
solvable, nonnilpotent real Lie algebras of dimension 6. Since the classification of nilpotent
algebras is known [4], and the classification of nonsolvable Lie algebras is straightforward,
this is sufficient to give a complete classification of the metric Lie algebras.

The second method is due to Kac [12], who gave a method of constructing a metric Lie
algebra of dimension n + 2, given any metric Lie algebra of dimension n. This construction
yields an algebra with a nontrivial center, but from [4], we know that any solvable metric
Lie algebra has a nontrivial center. Moreover, this construction yields every solvable metric
Lie algebra, as well as some of the nonsolvable Lie algebras.

We first study the algebras which are nonsolvable, then the algebras likeDC⊕C
2,W3⊕C

and the algebra W4, the latter being the only nilpotent 6-dimensional metric Lie algebra,
and then we will study the rest of the solvable metric Lie algebras.

7.1 The Direct Sum sl(2,C) ⊕ sl(2,C)

The algebra can be given by

d = ψ12
3 + 2ψ23

2 − 2ψ13
1 + ψ45

6 + 2ψ56
5 − 2ψ46

4 .
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Table 7 Cohomology of the
6-dimensional complex algebra
sl(2,C) ⊕ sl(2,C)

n HCn HRCn Hn

0 0 0 0

1 0 0 0

2 2 0 0

3 0 0 0

It has an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 0
1 0 0 0 0 0
0 0 2 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

We have

HC2 = 〈ψ1 = −ψ46
4 + ψ56

5 + 1
2ψ

45
6 , ψ2 = −ψ13

1 + ψ23
2 + 1

2ψ
12
3 〉,

which are essentially the 2-cochains which determine the direct summands that make up the
algebra. The metric versal deformation is given by

d∞ = d + t1ψ
1 + t2ψ

2,

and this is just the same type of pattern of deforming along itself that we saw with simple Lie
algebras, except that now there two parameters of deformation along the original algebra,
induced by the two simple pieces of the algebra. We summarize the cohomology of this
algebra in the following (Table 7) .

Note that the only variation in the dimensions of HCn is in the case n = 2, where
we pick up the special deformation along the algebra itself. It is not difficult to show that
no nontrivial linear combination of the cocycles ψ1 and ψ2 is a coboundary of a cyclic
1-cochain.

7.2 The Semidirect Product T∗(sl(2,C)) of sl(2,C) andC3

This is the algebra which is given by the coadjoint representation of sl(2,C) on its cotangent
space. This algebra is given by the cochain

d = 2ψ12
2 − 2ψ13

3 + ψ23
1 + 2ψ14

4 − 2ψ16
6 + 2ψ25

4 + ψ26
5 + ψ34

5 + 2ψ35
6 .

It has an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 2 0
0 0 0 0 0 1
0 0 0 −1 0 0
0 0 −1 0 0 0
2 0 0 0 0 0
0 1 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

We have

HC2 = 〈ψ1 = 1
2ψ

46
1 − ψ45

2 + ψ56
3 , ψ2 = −2ψ12

4 + ψ23
5 − 2ψ13

6 〉.
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Table 8 Cohomology of the
6-dimensional complex algebra
T ∗(sl(2,C))

n HCn HRCn Hn

0 0 0 0

1 0 0 1

2 2 1 1

3 0 0 0

The versal metric deformation is given by

d∞ = d + t1ψ
1 + t2ψ

2 + t1t2(· · · ),
where the · · · stands for a sum of other cochain terms. There are some terms with a factor
of 1 + √

1 + 4t1t2 in the denominator, but these denominators are constant if either t1 or t2
vanish.

When t1 
= 0 the deformation is isomorphic to sl(2,C) ⊕ sl(2,C). In particular the 1-
parameter family dt = d+t1ψ

1 gives a jump deformation to this algebra. On the other hand,
when t1 = 0, the deformation is dt = d + t2ψ

2 is isomorphic to itself. The explanation is
different than the first case, becauses the cochain d actually is a coboundary. This type of
behavior occurs for ordinary deformations, but is a rare phenomena.

Since the algebra does not occur as a deformaton of itself in the ordinary deformation
sense, we must haveψ2 is a cyclic coboundary of a noncyclic 1-cochain. In fact, the cochain
β = ϕ1

5 − 2ϕ2
4 satisfies [d, β] = ψ2, and it is not difficult to see that β is not a cyclic

cochain.
This example makes it clear that an algebra which has a simple quotient can have a higher

dimensional HC2 even when it is not given by a direct summand.
The following Table gives the cohomology of this algebra in low degrees (Table 8).

7.3 The Direct Sum sl(2,C) ⊕ C
3

For this algebra, defined by
d = ψ12

3 − 2ψ13
1 + 2ψ23

2

has an invariant inner product given by the matrix

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 0
1 0 0 0 0 0
0 0 2 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

HC2 = 〈ψ1 = ψ56
4 − ψ46

5 + ψ45
6 , ψ2 = −ψ13

1 + ψ23
2 + 1

2ψ
12
3 〉.

The metric versal deformation of this algebra is just

d∞ = d + t1ψ
1 + t2ψ

2

and there are no relations on the base. The algebra deforms to sl(2,C) ⊕ sl(2,C) as well
as to itself, in the usual pattern for algebras with a simple quotient. Note that the second
cocycle is just half of d. When t1 
= 0, the deformation is isomorphic to sl(2,C)⊕ sl(2,C),
while if t1 = 0, the deformation is isomorphic to d.

We summarize the cohomology of this algebra in the following (Table 9).
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Table 9 Cohomology of the
6-dimensional complex algebra
sl(2,C) ⊕ C

3
n HCn HRCn Hn

0 3 3 3

1 3 3 9

2 2 1 9

3 3 3 6

7.4 The Algebra Family g6,2(λ)

The algebra g6,2(λ)(see [22]) is represented by

d = ψ12
2 + λψ13

3 − ψ14
4 − λψ15

5 + λψ35
6 + ψ24

6 ,

where the case λ = 0 is generally excluded from the family, because it is decomposable.
This algebra has some symmetries in the sense that replacing λ with 1/λ (when λ 
= 0)

or −λ gives an isomorphic algebra.
A matrix of an invariant bilinear form for this algebra is

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Note that since λ does not appear in the matrix, the same bilinear form works for all λ.
In addition to λ = 0, the case λ = 1 is special in the sense that for both cases, the

cohomology and deformation patterns are not generic.
We first give the generic picture of the deformations. We have

HC2 = 〈ψ1 = −ψ24
1 + ψ26

2 − ψ46
4 + λψ35

1 − λψ36
3 + λψ56

5 , ψ2 = ψ12
2 − ψ14

4 + ψ24
6 〉.

This basis works unless λ = 0, which we will study separately, and λ = 1, which has much
larger cohomology. The reason the basis is not valid for λ = 0 is that the first cocycle was
obtained from a cocycle with λ in the denominator, which is invalid if λ = 0.

The versal deformation is given by

d∞ = d + t1ψ
1 + t2ψ

2 + t1t2(−ψ24
1 + ψ26

2 − ψ46
4 ).

When t1 
= 0, the deformation is equivalent to sl(2,C) ⊕ sl(2,C). When t1 = 0, the
deformation is a smooth deformation in a neighborhood of g6,2(λ), and these are all the
deformations that occur generically. The deformation is isomorphic to g6,2(

λ
1+t2

). This
isomorphism can be given by the linear transformation given by the matrix

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The generic cohomology picture is given in the Table below (Table 10).
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Table 10 Cohomology of the
algebra g6,2(λ)for generic λ n HCn HRCn Hn

0 1 1 1

1 1 1 5

2 2 2 7

3 1 1 6

7.4.1 The Special Case λ = 0

This is isomorphic to D ⊕ C
2, the diamond algebra plus C2, which can be represented by

the cochain
d = ψ12

3 − ψ13
2 + ψ23

4 .

The algebra g6,2(0) is represented by the cochain

ψ12
2 − ψ14

4 + ψ24
6 .

It has the same bilinear form as the generic case, so we will use the g6,2(0) structure in our
computations below.

We do have to replace the generic cocycles representing H 2, and we have

HC2 = 〈ψ1 = ψ24
1 − ψ26

2 + ψ46
4 , ψ2 = ψ13

3 − ψ15
5 + ψ35

6 〉.
The versal deformation is given by

d∞ = d + t1ψ
1 + t2ψ

2 + t1t2(−ψ35
1 + ψ36

3 − ψ56
5 ).

When t1 
= 0 and t2 
= 0, it jumps to sl(2, C) ⊕ sl(2,C). For example, the deformation
given by

dt = d + t (ψ1 + ψ2) + t2(−ψ35
1 + ψ36

3 − ψ56
5 ),

which is obtained by substituting t1 = t and t2 = t , is isomorphic to sl(2,C) ⊕ sl(2,C)

whenever t 
= 0. A matrix of a linear transformation which realizes this isomorphism is
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 t1 0 0
0 1 0 0 0 0

−1/2 0 0 0 0 −1/2 t1
0 0 −t1

3 0 0 0
0 0 0 0 1 0

1/2 t1 0 0 0 0 −1/2 t1
2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The deformation dt = d + t1ψ
1 is isomorphic to sl(2,C) ⊕ C

3. Finally, if we substitute
t1 = 0 into d∞, we obtain the algebra g6,2(t2). This means that when t2 is small, we obtain
an element of the family which is “near” to our algebra. This is the simplest type of an
example of a smooth deformation (Table 11).

Table 11 Cohomology of
DC ⊕ C

2 n HCn HRCn Hn

0 3 3 3

1 3 3 10

2 2 2 13

3 3 3 12
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7.4.2 The Special Case λ = 1

The first evidence that this case is special is that the dimension of HC2 is 6, rather than the
generic value 2. We have

HC2 = 〈 ψ1 = ψ13
3 − ψ15

5 + ψ35
6 , ψ2 = ψ34

1 − ψ36
2 + ψ46

5

ψ3 = ψ25
1 − ψ26

3 + ψ56
4 , ψ4 = −ψ24

1 + ψ26
2 − ψ46

4 + ψ35
1 − ψ36

3 + ψ56
5

ψ5 = ψ12
3 − ψ15

4 + ψ25
6 , ψ6 = ψ13

2 − ψ14
5 + ψ34

6 〉.

We get

d∞ = d + tiψ
i + t1t4 + t2t5 + t3t6

1 + t1
(ψ24

1 + ψ26
2 + ψ46

4 ).

Also, there are 3 relations on the base, given by

−2 t2t4 − 4 t5t3 − 2 t5t4t3 + 2 t5
2t1 + 2 t5t6t2

2 t1t4 + 4 t6t3 + 2 t6t4t3 − 2 t6t5t1 − 2 t6
2t2

2 t1t5 − 2 t6t2

These relations are polynomials representing the coefficients of the three basis elements of
H 3 in the bracket [d∞, d∞] (these are the only terms in the bracket), and therefore these
relations must be equal to zero. When solving these relations in Maple, we came up with
6 solutions. Each of the solutions is local, meaning that the origin in t space lies within
the range of the solution. We do not give these solutions, but merely give the results of the
analysis of the deformations given by the solutions.

The algebra g6,2(1) has jump deformations to the algebras sl(2,C)⊕ sl(2,C) sl(2,C)⊕
C
3, T ∗(sl(2,C)) and g6,3, the algebra we will study next, as well as smooth deformations

in a neighborhood of itself in g6,2(λ). The value λ = 1 is truly a special case. Later we will
discuss an interpretation which will make this case even more special.

The cohomology of g6,2(1) is given in the table below (Table 12).

7.5 The Algebra g6,3

The algebra g6,3 is represented by the cochain

d = ψ34
4 + ψ35

4 + ψ35
5 + ψ13

1 + ψ13
2 + ψ23

2 − ψ14
6 − ψ15

6 − ψ25
6 .

Table 12 Cohomology of the
algebra g6,2(1) n HCn HRCn Hn

0 1 1 1

1 3 3 5

2 6 6 7

3 3 3 6
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Table 13 Cohomology of the
algebra g6,3 n HCn HRCn Hn

0 1 1 1

1 1 1 3

2 2 2 3

3 1 1 2

A matrix of an invariant bilinear form for the algebra is

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

A basis for HC2 is given by

HC2 = 〈ψ1 = w − ψ16
2 + ψ15

3 + ψ56
4 , ψ2 = ψ23

1 + ψ34
5 − ψ24

6 〉.
The versal metric deformation is given by

d∞ = d + t1ψ
1 + t2ψ

2 + ho,

where all the higher order terms are multiplied by t1t2, so they are only quadratic in the
parameters.

The algebra has jump deformations to sl(2,C) ⊕ sl(2,C) and to T ∗(sl(2,C)). It also
deforms in a neighborhood of g6,2(1) but does not have a jump deformation to that algebra.
For example, if both t1 and t2 are nonzero, then the deformation is isomorphic to sl(2,C) ⊕
sl(2,C), while if t2 = 0, then it gives a jump deformation to T ∗(sl(2,C)). Finally, if t1 = 0,
then we get a deformation in a neighborhood of g6,2(1), but it does not jump to g6,2(1).

This means that there are two distinct algebras which deform in a neighborhood of
g6,2(1). In some prior works (see [10]), the authors have encountered this type of situa-
tion, and the analysis sometimes required an interchange of the elements in the family to fit
the deformation pattern. After the completion of the description of the deformations of the
algebras, we will address this situation.

We summarize the cohomology of this algebra in the following (Table 13).

7.6 The AlgebraW3 ⊕ C

The algebra is given by

d = ψ34
2 + ψ35

1 + ψ45
3 .

It has an invariant matrix given by

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 −1 0 0
0 0 0 0 1 0
0 0 1 0 0 0

−1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.
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Table 14 Cohomology of the
complex algebra W3 ⊕ C n HCn HRCn Hn

0 3 3 3

1 5 5 12

2 6 6 21

3 5 5 24

A basis for the cohomology HC2 is given by

HC2 = 〈 ψ1 = ψ26
1 + ψ46

5 + ψ24
6 , ψ2 = ψ16

2 + ψ56
4 − ψ15

6

ψ3 = ψ16
1 − ψ46

4 + ψ14
6 − ψ26

2 + ψ56
5 + ψ25

6 , ψ4 = −ψ23
1 − ψ24

3 + ψ34
5 ,

ψ5 = −ψ13
2 + ψ15

3 + ψ35
4 , ψ6 = ψ23

2 − ψ25
3 + ψ35

5 〉
We have

d∞ = d + tiψ
i + ho,

where ho stands for the higher order terms all of which have degree 2 in the parameters.
There are 3 relations on the base, 2 of which are nontrivial. We have jump deformations

to sl(2,C) ⊕ sl(2,C), T ∗(sl(2,C)), sl(2,C) ⊕C
3, and g6,3, and smooth deformations in a

neighborhood of g6,2(1). Note that it does not have a jump deformation to g6,2(1), which is
very important.

We summarize the cohomology of this algebra in the Table below (Table 14).

7.7 The Complex AlgebraW4

The nilpotent algebra W4 is given by

d = ψ15
4 − ψ13

2 − ψ35
6 .

It has an invariant inner product given by

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

We have

HC2 = 〈ψ1 = ψ34
1 − ψ36

3 + ψ46
4 + ψ25

1 − +ψ26
2 + ψ56

6 , ψ2 = ψ15
1 − ψ26

2 + ψ56
6

ψ3 = ψ24
2 − ψ25

3 + ψ45
5 + ψ14

4 − ψ16
3 + ψ46

6 , ψ4 = ψ45
1 − ψ46

2 + ψ56
3 ,

ψ5 = ψ35
1 − ψ36

2 + ψ56
4 , ψ6 = ψ23z

2 − ψ25
4 + ψ35

5 , ψ7 = ψ23
1 − ψ26

4 + ψ36
5 ,

ψ8 = ψ14
2 − ψ15

3 + ψ45
6 , ψ9 = ψ12

4 − ψ13
5 + ψ45

6 + ψ23
6 , ψ10 = ψ12

3 − ψ14
5 + ψ24

6

ψ11 = ψ12
2 − ψ15

5 + ψ25
6 , ψ12 = ψ12

1 − ψ16
5 + ψ26

2 + ψ23
3 − ψ24

4 + ψ34
5 〉
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Table 15 Cohomology of the
complex algebra W4 n HCn HRCn Hn

0 3 3 3

1 8 8 15

2 12 12 30

3 8 8 36

The form of the versal deformation is relatively simple:

d∞ = d + tiψ
i + ho,

where the higher order terms are all quadratic or cubic in the parameters.
The complexity of this versal deformation is in terms of the relations on the base. The 8

relations give rise to 21 different solutions to the relations, yielding jump deformations to
every 6-dimensional metric Lie algebra other than itself, including g6,2(λ) for all values
of λ.

We summarize the cohomology information for W4 in the Table below (Table 15).

8 Ordering of the Elements in Dimension 6

It is natural to take sl(2,C)⊕sl(2,C) to be the first element, while T ∗(sl(2,C)) the second,
and sl(2,C) ⊕ C

3 the third.
There are some problems involving the algebras g6,2(1) and g6,3. They arise because of

the deformation patterns involving g6,2(1). Both this algebra and g6,3 deform in a neigh-
borhood of g6,2(1). Also, the cohomology of g6,2(1) has dimension 6, while that of g6,3
has only dimension 2. In [10], we found that in this circumstance, it makes sense to inter-
change the two elements, in other words, we have a solvable family g6,2(λ) in which
λ 
= 1, but g6,2(1) = g6,3. It fits the deformation picture in that we have algebras with
a higher cohomology dimension jump to algebras with a lower cohomology dimension.
But there is another way in which this switch fits the deformation pattern. The algebra
W3 ⊕ C deforms in a neighborhood of g6,2(1) but does not jump to that algebra. With the
switch, we obtain that W3 ⊕ C jumps to g6,2(1) and deforms in a neighborhood of that
algebra.

In Fig, 1, the downward direction corresponds to the direction of the jump deforma-
tion. The fact that it is always possible to arrange the ordering of the algebras to have this
property is from a standard fact of deformation theory: every jump deformation leads to
an algebra with strictly smaller second cohomology group, which means there is a uni-
directionality in the jump deformation theory. For smooth deformations along a family,
the dimension of the cohomology need not drop, and there are often special points in the
family where the cohomology has larger dimension than the generic case. In our picture,
the corresponding points are g6,2(1) and g6,2(0). Here g6,2(0) is the nilpotent Lie algebra
D ⊕ C

2.
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Fig. 1 Moduli space of
6-dimensional complex metric
Lie algebras

sl(2,C)   sl(2,C)   

sl(2,C)   ³ T*(sl(2,  ))

0 1

W₄

W₃

₆,₂( )

₆,₃

9 Conclusions

In our investigations of metric algebras of dimension up to 6, exactly the algebras with a sim-
ple quotient are the ones for which the reduced cyclic cohomology has smaller dimension
than the cyclic cohomology, and these algebras have smooth deformations along themselves.
Whether this pattern holds in general is not obvious, because we have only looked at low
dimensional algebras, and the only example of an algebra with a simple quotient but not a
simple direct summand that we encountered is T ∗(sl(2,C), which is a semidirect product
of sl(2,C) and C3.

In all of our examples, we have seen that the reduced cyclic cohomology coincides with
the reduced cyclic cohomology except in the cases where there is a simple quotient, and
those algebras have a formal nontrivial deformation along themselves. It is reasonable to
conjecture that this is the general pattern.

For the algebra sl(2,C), we found that the cochain d representing the algebra is not
a coboundary, which never happens for ordinary deformations, as it is the coboundary of
the identity transformation. For cyclic deformations, the problem begins with the fact that
the identity is never a cyclic 1-cochain for a simple algebra, because of the nature of the
Killing form. However, we defined a notion of reduced cyclic cohomology, which considers
as coboundaries those cochains which are cyclic coboundaries, rather than coboundaries of
cyclic cochains. This increases the dimension of the cyclic coboundaries, and so decreases
the dimension of the cyclic cohomology, which we called reduced cyclic cohomology.

In addition, we noted that the bracket of the identity matrix with any cochain is itself,
therefore applying the exponential of a multiple of the identity to a cyclic deformation gives
another cyclic deformation. If we consider any two such deformations to be equivalent, then
in this sense, replacing the algebra with a nonzero multiple of itself gives an equivalent
algebra.
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However, this explanation is not sufficient to explain why the algebra T ∗(sl(2,C)) has a
deformation along itself, because the cochain representing the algebra is trivial. In this case,
a nontrivial cocycle not given by the algebra determines a deformation along the algebra.

Funding Research of the second author was funded by grants from the University of Wisconsin-Eau Claire.
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