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Abstract

In this work we consider deformations of Leibniz algebras over a field of
characteristic zero. The main problem in deformation theory is to describe all
non-equivalent deformations of a given object. We give a method to solve this
problem completely, namely work out a construction of a versal deformation
for a given Leibniz algebra, which induces all non-equivalent deformations
and is unique on the infinitesimal level.
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1. Introduction

After the classical work of Gerstenhaber in the 60’s [8, 9, 10, 11, 12], formal
deformation theory was developed in various categories. Computations were made,
but the question of obtaining all non-equivalent deformations of a given object was
not properly discussed for a long time. The right approach to this is the notion
of versal deformation: a deformation which induces all non-equivalent ones. The
existence of such a “versal" deformation for algebraic categories follows from the
work of Schlessinger[25]. For Lie algebras it was worked out in [5], and one can
do this in other categories as well. It turns out that (under some minor cohomology
restrictions) there exists a versal element, which is universal at the infinitesimal
level.

In the current paper we consider Leibniz algebras and give a concrete construc-
tion of a versal element. It is parallel to the general constructions in deformation
theory, as in [16, 24, 18, 13, 17]. The first concrete construction for Lie algebras
was given in [6]. Here we are going to work out a similar construction for Leibniz
algebras, suitable for explicit computations.

The rest of the paper is organized as follows: In Section 2 we give the necessary
definitions for Leibniz algebras and their cohomology. In Section 3 we define the
notion of deformation over a commutative local algebra base and introduce some
basic definitions regarding deformations. In Section 4 we construct a specific
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infinitesimal deformation of a Leibniz algebra, which turns out to be universal
in the class of infinitesimal deformations. We also introduce the notion of versal
deformation: a deformation which is unique on the infinitesimal level and induces
all other deformations. Section 5 deals with obstructions to extending a deformation
from a given base to a larger base. In Section 6 we give the construction of a versal
deformation and in Section 7 we illustrate our theory by some examples.

2. Leibniz Algebra and its Cohomology

Leibniz algebras were introduced by J.-L. Loday [19, 21] and their cohomology was
defined in [22, 20]. Let us recall some basic definitions.

Definition 2.1 A Leibniz algebra is a K-module L, where K is a field, equipped
with a bracket operation that satisfies the Leibniz identity:
[x.[y.z]l = [[x.y].z] = [[x.z]. ], forx,y, z€L.

Any Lie algebra is automatically a Leibniz algebra, as in the presence of
antisymmetry, the Jacobi identity reduces to the Leibniz identity. More examples of
Leibniz algebras were given in [22], and recently for instance in [1, 2].

Let L be a Leibniz algebra and M a representation of L. By definition, M is a
K-module equipped with two actions (left and right) of L,

[-.—]:LxM — M and [—,—]: M x L — M such that
[x.[y.2]] = [[x,y].2] = [[x.2]. ]

holds, whenever one of the variables is from M and the two others from L.
Define CL"(L; M) := Homg (L®",M), n > 0. Let

§":CL™(L;M) — CL" Y (L;: M)
be a K-homomorphism defined by
8" fx1,e Xnt1)

n+1
= [ SO X D]+ D (D L (e R X ), 0]
=2
+ Z (D)7 fxeq, e X1, X0 X ) X 1ae e X e X 1)

1<i<j<n+1
Then (CL*(L;M),8) is a cochain complex, whose cohomology is called the
cohomology of the Leibniz algebra L with coefficients in the representation M.
The nth cohomology is denoted by HL"(L;M). In particular, L is a representation
of itself with the obvious action given by the bracket in L. The nth cohomology of
L with coefficients in itself is denoted by HL"(L;L).
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3. Deformations

We introduce the notion of deformation of a Leibniz algebra over a commutative
algebra base. For an analogous definition for Lie algebras see [5, 6]. Fix a field
K of characteristic zero. Let L be a Leibniz algebra over K and A4 a commutative
algebra with identity over K. Let ¢ : A — K be a fixed augmentation, that is an
algebra homomorphism with (1) = 1 and ker(e) = 9. Throughout the paper we
shall assume that dim (9% /9M*k+1) < oo for all k.

Definition 3.1 A deformation A of L with base (A4,91), or simply with base A4, is
an A-Leibniz algebra structure on the tensor product A ® g L with the bracket [,]
such that
e®id : AQL—->K®L
is an A-Leibniz algebra homomorphism (where the A-Leibniz algebra structure on
K ® L is given via ¢&).
A deformation of the Leibniz algebra L with base A is called local if A is a

local algebra over K, and is called infinitesimal (or first order) if, in addition to this,
M2 = 0. Observe that for /;,l, € L and a,b € A we have

[a ®11.0® L]y =ab[1®[1.1Q 2]

by A- linearity of [,];. Thus to define a deformation A it is enough to specify the
brackets [1 ® [1,1 ® I5], for [1,l, € L. Moreover, since e ®id : AQL ->K® L is
an A-Leibniz algebra homomorphism,

(eRId)1QL,1QL])y=[lh.k]l=(®id)(1Q][l1,2])
which implies
NM®L,1QL]y—1®[l1,h]cker(e®id).
Hence we can write

M®4,1QL]y=1&][,] +ch ®yj,
J

where ) c; ® y; is a finite sum with ¢; € ker(e) =9 and y; € L.
Definition 3.2 Let 4 be a complete local algebra (A = lim (A/9M™)), where I

n—>oo
is the maximal ideal in A. A formal deformation of L with base A is an A-Leibniz

algebra structure on the completed tensor product
s n
AQL = l(lr_n (A/M")® L),

n—o0
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which is the projective limit of deformations with base A/9" such that
e®id: AL > K®L =1L

is an A-Leibniz algebra homomorphism.
Definition 3.3 Suppose A; and A, are two deformations of a Leibniz algebra L with
base A. We call them equivalent if there exists a Leibniz algebra isomorphism
¢:(AQL.[Ix) > (A®L,[]x,)
such that (e®id)o¢p =e®id.
We write A; = A, if A; is equivalent to A,.

Example 3.4 1f A = K[[¢]] then a formal deformation of a Leibniz algebra L over
A is precisely a formal 1-parameter deformation of L(see [4]).

Definition 3.5 Suppose A is a given deformation of L with base (A,991) and
augmentation ¢ : A — K. Let A’ be another commutative algebra with identity and a
fixed augmentation &’ : A — K. Suppose ¢ : A — A’ is an algebra homomorphism
with ¢(1) = 1 and ¢’ o p = . Let ker(s’) = 9. Then the push-out @A is the
deformation of L with base (4’,9) and bracket

(a1’ ®4 (a1 ®11).a5 @4 (a2 ® )1 = ajay ®4lar @l1,a2 ® 1]

where a/.a, € A', aj,a, € Aand 1,1, € L. Here A’ is considered as an A-module
by the map a’-a = a’¢(a) so that

AQRL=(AR44)RL =AQ@4(ARL).
Remark 3.6 If the bracket [,]; is given by

[1®11,1®12],’\ =1®[11,12]+chj®yj fOI‘Cj eimandyj eL (D)
J

then the bracket [,]4, 1 can be written as

1®41Q Ll =101L1+ > ¢(c)® ;. @)
J

4. Universal Infinitesimal Deformation

In this section we construct a specific infinitesimal deformation of a Leibniz algebra
L, which turns out to be universal in the class of all infinitesimal deformations of
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L. Let L be a Leibniz algebra which satisfies the condition dim(HL?*(L;L)) <
oo. This is true for example, if L is finite dimensional. Let us denote the space
HL?(L;L) by H throughout the paper. Consider the algebra C; = K@®H' by setting
(k1,h1)-(ko,hy) = (k1ka,k1hs +kyhy) where H' is the dual of H . Observe that the
second summand is an ideal of C; with zero multiplication. Fix a homomorphism

w:H — CL*(L;L) = Hom(L®? L)

which takes a cohomology class into a cocycle representing it. Notice that there is
an isomorphism H' ® L =~ Hom(H ;L), so we have

CRL=KoH)®L=K®L) &M ®L)=L&Hom(H :L).

Using the above identification, define a Leibniz bracket on Cy ® L as follows. For
(I1,¢1),(l2.¢2) € L ® Hom(H ;L) let

[(71.¢1).(l2.¢2)] = ([l1.12].¥)
where the map y : HH — L is given by

V() = uw(a)(1,k) + [¢1(a),l2] + [11,¢2(x)] forw € H .

It is straightforward to check that C; ® L along with the above bracket is a Leibniz
algebra over C;. The Leibniz identity is a consequence of the fact that Su(a) =
0 for « € H . Hence we get an infinitesimal deformation of L with base C; =
KeH.
Proposition 4.1 Up to an isomorphism, this deformation does not depend on the
choice of L.
Proof: Let
w H— CL*(L;L)
be another choice for . Then for @ € H , the cochains () and p/(e) in CL?(L; L)
represent the same class . So (o) — p' () is a coboundary. Hence we can define
a homomorphism
y:H— CLY(L;L)
on a basis {h;}1<i<n of H by y(h;) = y; with §y; = u(h;) — u'(h;). Clearly,
p—up' =38y.
Using the identification C; ® L =~ L & Hom(H ; L), define
p:C1®L— C1QL by p((l.9)) = (L),

where ¥ (o) = ¢() + y(@)(!),l € L and ¢ € Hom(H ;L).
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It is routine to check that p is a Cj-linear automorphism of C; ® L, where

P~ (Ly) = (1,¢) with ¢ (@) = ¥ (e) — y(@)() for & € H .

It remains to show that p preserves the bracket. Let (I1,¢1),(l2,¢2) € C1 ® L
with p(l1,¢1) = (l1,¥1) and p(l2.¢2) = (l2,¥2). Suppose

[(l1.¢1),(l2.92)] = ([1.12].¢3)

where ¢3(a) = () (1.12) + [¢1 (). l2] + [[1.¢2()], and

[(1,91), (L2, ¥2)] = ([, 2], ¥73)

where V3(a) = W' (@) (l1,02) + [V1(@),l2] + [[1, Y2 ()]

Then yr3(er) =’ (@) (11,12) + [V1 (@), l2] + [11, ¥2(@)]
=pu(e)(l1,12) =8y (e)(l1,l2) + [p1() + y () (1), 2]
+ [l1,¢2(a) + y () (12)]
=p(a)(lh.2) = [,y (@) (l2)] = [y (@) (h), L] + y () ([l1,12])
Hp1(a), ] + [y (@) (1), 2] + [p1 (@), l2] + [11, ()] + [[1, v (@) (12)]
=u(a)(h.2) + [p1(). ] + [l @2 ()] + v (@) ([11.12])
=¢3(a) + y(@)([I1.L2]).

Hence o([l1.02].¢3) = ([I1.12].¥3) = [(11, V1), (12, ¥2)] = [p(l1.¢1).p(I2,¢2)].

Therefore, up to an isomorphism, the infinitesimal deformation obtained above is
independent of the choice of u. O
We shall denote this deformation of L by ;.
Remark 4.2 Suppose {h;}1<i<n is a basis of H and {g; }1<;<n is the dual basis. Let
w(hi) = pn; € CL?(L;L). Under the identification C; ® L = L @ Hom(H ;L), an
element (/,¢) € L® Hom(H ;L) corresponds to 1 ®/ + Y ", gi ® ¢(h;). Then for
(11,¢1),(l2,¢2) € L & Hom(H; L) their bracket ([/1,/2],V) corresponds to

1®[l1.L] + Zgi ® (i (l1.02) + [p1(hi). 2] + [[1.¢2(hi)]).

i=1

In particular, for /1,l, € L we have

n
I®h,1QL]y =1®[h.L]+ th ® wi(l1,12).

i=1

The main property of 77 is the universality in the class of infinitesimal
deformations with a finite dimensional base (Proposition 4.4).

Let A be an infinitesimal deformation of the Leibniz algebra L with a finite
dimensional base A. Let {m; }1<;<, be a basis of 9 = ker(e) and {&;}1<;<, be the
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dual basis. Note that any element £ € 9t can be viewed as an element in the dual
space A’ with £(1) = 0. For any such £ set

oy e(l1,l) =£Qid([1®11,1®1L],) forli,lbelL. )

This defines a cochain «; ¢ € Hom(L®?;L) = CL*(L;L).
If we set ¥; = oy ¢, for 1 <i <r, the Leibniz bracket (1) in terms of the basis
of M takes the form

1®,1 QL)) =1®[11,12]+Zmi X x;
i=1

, )
=1L+ Y mi @ yi(1.h).

i=1

Lemma 4.3 The cochain o) ¢ € CL*(L;L) is a cocycle.
Proof: By definition,

8oy g(11,02,13)
=[l,ayt(l2,13)] + [on £ (11,13). 2] — [oa g (11.12).13]
—ape([l1.12].13) + ap g([l1.03].12) + ap g(l1.[l2.13]) for I1,12,15 € L.

Observe that
ERid)(1®1.[1®15.11®13]1]1)

= EQid)([10h 1 [L.LIa+[1®1, Y m;®x;];) (using (4))
j=1

= el b))+ ) _E@id)[1&L,m; & x;.

=1
Moreover,
EQiD1®L,m; ®x;] = (EQid)ym;[1®1,1®x;];
=(E®id)m;(1 ®[11,xj]+2r:mi ® 1)
=(E®id)(m; ®[l,x,]) (93;1= 0)

=[lh,¢®id)(m; ®x;)].
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Therefore

ERid)[1®1,[1®1,1®1[3]1]1)

=ape(h.[.B) +[h.E®id)Y m; ®x)]

i=1
=y e(l1,[2. ) +[1.¢E®id)([1®12,1®13]4 —1®[l2,13])] (by using (4))
=0 ¢ (I1,[2,13]) + [l 6(2,13)] (§(1) =0).

Similarly,
ERid)([1 ®h1,1®L]x1®15])) =axg([1,12].13) + [ax ¢ (1,12).13],

ERid)([[1 @11, 1®13]1,1R® L)1) = axe([l1,15].12) + [aa,(11,13).12].
It follows that

8oy £(11,02,13) = (¢(Rid)[1 @ 11,[1R 1L, 1 Q]34 —[[1® 11,1 ® 2], 1 ® 3],
+[[1®0h.1R®1]x,1®1]5)
=0 (by the Leibniz relation).

O

Proposition 4.4 For any infinitesimal deformation A of a Leibniz algebra L with
a finite dimensional base A there exists a unique homomorphism ¢ : C1 = (K &
H') — A such that A is equivalent to the push-out ¢«1n;.

Proof: Let A be an infinitesimal deformation of a Leibniz algebra L with base A,
where A is a finite dimensional local algebra over K and 91 is the maximal ideal
in A. Let dim(9) = r. Suppose {m; }1<i<r is a basis of 9 and {£; }1<;<, be the
corresponding dual basis of 9. For §& € M’ let a, ¢, € H be the cohomology class
of the cocycle a, ¢,. The correspondences

§ir—ayg and § —>ay g,
for 1 <i < r define homomorphisms
o M — CL*(L;L) with§oay =0anday : M — H.

We claim that
(a) Two deformations A; and A, are equivalent if and only if @), = a;,.
(b) If ¢ =id ®a)) : C; — K SN = A then ¢.n; is equivalent to A.
Let A; and A, be two equivalent deformations of the Leibniz algebra L with
base A. Then there exists an A-Leibniz algebra isomorphism

p:(A®L.[]x,) — (A® L.[11,) with (¢®id)op=ce®id.
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Now AQL=KPMIL=KSIL)POMNM®L)=LDM®L). Thus any
element of A ® L is of the form (I,Zlem,' ®[;) where [; € L for 1 <i <r. By
A-linearity, p is determined by the values p(1 ® /) for [ € L and hence p is of the
form p = p; + p2 where p; : L — L and pp : L — 91 ® L. The map p; must be
the identity map id : L —> L by the compatibility (e ® id) o p =& Q@ id. We shall
use the following standard identifications.

Hom(LMQ L) =M Hom(L;L) =~ Hom(OM';Hom(L:L)).

In terms of bases of 9t and 97, the above isomorphisms are given as follows.

r r
par— Y mi @i — Y xi
i=1 i=1
where ¢; = (§; ® id) o p> and y;(§;) = &;;¢i. We have
,
P11 =p1(1®D+p(1@) =11+ m ®¢:(I) forleL.
i=1
The map p is a Leibniz algebra homomorphism if and only if
P ®L.1® 1)) =[p(1®1).p(1 & 12)]1,-
If we take ;¥ = a3, ¢ 1 <i <r fork = 1 and 2, we have
r
N®h.1®bl, =105+ Y m @y’ (1.h).
i=1
Therefore p([1 ® 11,1 ® 12]5,)

=1Q[h,L]+ Zmi ® ¢i ([11.12])

i=1

+Y mi(1@y (b)) + ) m; ®¢,; (i (l1,1)))
i=1

i=1
=1®[li.L] + Zmi ® ¢i ([I1,12]) + Zmi(l @ ¥i'(l1,12))
i=1 i=1

(ml-mj = 0).
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Similarly, [p(1 ®11),p(1 ® [2)]x,

=1®[l,L] + Zmi Y7 (l,1) + Zmi ® [[1.¢i(12)]

i=1 i=1

+Zmi ® [¢i (11),12].
i=1

Thus, [p(1®11).p(1 Q@ 12)]5, —p([1 ® 1.1 ® 2]1,) =0,
r r
equivalently, Zmi ® (WA(l1,l2) — ¥ (11,12)) + Zmi ® 8¢i(l1,12) =0,
i=1 i=1

or equivalently, lﬁ,-l (I, 1) —vE(1,l2) = 8¢i (I1,12),
thatis, oy, g —an, e =8¢ forl <i <r.

Therefore, p is a Leibniz algebra homomorphism if and only if a;, = a;,. This
proves (a).

Now consider the map
p=id®a):Ci—KeM=A.

By (a) it is enough to show that a4, ,, = poay. Let {h; }1<i<, be a basis of H and
{gi}1<i<n be the corresponding dual basis of H'. By Remarks 3.6 and 4.2 we have

1®L 18 bLlpy = 1@ L1+ ) ¢(e) ® 1) l).
i=1

Letay’ : H' — 991 be the dual of a;. Then

a;/(g;) =Y &i(ax'(g;)m; and ar(&) =Y g;(ar(ENh;.

i=1 j=1
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Thus oy, p, (§)(11.12) =& ®id[1 Q11,1 ® l2]p.n,

=& ®id(1@[l.L]1+ ) ¢(g;) ® ulh;)(11.12))
j=1

=& ®id()_ay'(g) @ uh;)(l1.12))

Jj=1

=Y & (g) ® ulh)(11.1))

Jj=1

= Zgj(a;\(fi)) ® (hi)(l1,12))

Jj=1

n
= 1(Q_gj@nE)hy) (L)
j=1
= poay(&)(l,l2).
The uniqueness part of the theorem follows from the definition of ¢. O

Suppose A is a local algebra with the unique maximal ideal 9 and 7 : A —
A/9M? the corresponding quotient map. Assume dim(A/9M?) is finite. The algebra
A/9M? is obviously local with maximal ideal 9t/90t? and (M/M?)? =0. If Lis a
deformation of L with base A then w4\ is a deformation with base 4/9t? and it is
clearly infinitesimal. Therefore by the previous proposition we have a map

Az s (/2 — H .

Definition 4.5 The dual space (91/912)’ is called the tangent space of A and is
denoted by TA. The map a4 is called the differential of A and is denoted by d A.

It follows from Proposition 4.4 that equivalent deformations have the same dif-
ferential. We have constructed in this section the universal infinitesimal deformation
and our goal is to extend it to a versal one. It is known that in the category of
deformations of an algebraic object generally there is no universal deformation [15].
But under certain natural conditions it is possible to get a “versal” object, which still
induces all non-equivalent deformations.

Definition 4.6 A formal deformation 7, of a Leibniz algebra L with base C is called
versal, if

(i) for any formal deformation A of L with base A there exists a homomorphism
f : C — A such that the deformation A is equivalent to fx7;

(ii) if A satisfies the condition 9012 = 0, then £ is unique.

Theorem 4.7 If H is finite dimensional, then there exists a versal deformation.
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Proof: Follows from the general theorem of Schlessinger [25], like it was shown
for Lie algebras in [5]. O

5. Obstructions

The aim of this section is to study obstructions in extending deformations. For
this we need the interpretation of 1- and 2-dimensional Harrison cohomology of a
commutative algebra. Let us recall some definitions and results from [14].

Let A be a commutative algebra with 1 over K . Let (C;(A),5) denote the
standard Hochschild complex, where C,(A) is the A-module A®W@+D with A acting
on the first factor by multiplication of A. Let Sh,(A) be the A-submodule of C;(A)
generated by chains

Sp(abaZ’---,aq)

= Z sgn(it,iz,....ig)(ai.ai5,....a;,) € C4(A)
(i1,i2,..sig)€Sh(p,q—p)

foraj,as,....a; € A;0< p<gq.
It turns out that Sh. is a subcomplex of C.(A) and hence we have a complex
called the Harrison complex

Ch(A) = {Chy(A).8} : Chy(A) = Cy(A)/Shy(A).

For an A-module M, the Harrison cochain complex defining the Harrison cohomol-
ogy with coefficients in M is given by Ch9(A ;M) = Hom(Chy(A),M).

Definition 5.1 For an A-module M we define
HY,,.(4; M) = HY(Hom(Ch(A),M)).

Proposition 5.2 Let A be a commutative local algebra with the maximal ideal I,
and let M be an A-module with ONM = 0. Then we have the canonical isomorphism
Hf (A M)=HE (4 K)Q M.

Harr

Definition 5.3 An extension B of an algebra A by an A-module M is a K-algebra
B together with an exact sequence of K-modules

0—>M—->B-24—>0,

where p is a K-algebra homomorphism, and the B-module structure on i (M) is
given by the A-module structure of M by i(m)-b = i(mp(b)).
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Proposition 5.4 (i) The space H},
tions A — M.

arr (A M) is isomorphic to the space of deriva-
(ii) Elements of H 12{ arr(As M) correspond bijectively to isomorphism classes of
extensions
0—M-—B—A—0

of the algebra A by means of M.

(iit) The space H }{arr(A;M ) can also be interpreted as the group of automor-

phisms of any given extension of A by M.
Corollory 5.5 If A is a local algebra with the maximal ideal N, then

m
Hlliarr(A 1K) = (W)/ =TA.

Let A be a deformation of a Leibniz algebra L with a finite dimensional local
base 4 and augmentation . Consider [f]€ HZ . (A ;K). Suppose

Harr
0—K->B24—0

is a representative of the class of 1- dimensional extensions of A, corresponding to
the cohomology class of f. Let ] = (i ®id): L=2=K®L —B®L,
P=(pRid):BQL— AQLand F = (¢Qid): BQL —K®L = L, where
¢ = g o p is the augmentation of B corresponding to the augmentation ¢ of A. Fix a
section ¢ : A —> B of p in the above extension, then

b (p(b),i~'(b—qo p(h))) o)

is a K - module isomorphism B —> (4 @ K). Let us denote by (a.k); € B the
inverse of (a,k) € (A & XK) under the above isomorphism.

The cocycles f representing the extension is determined by f(ai,az) =
i~Y((a1,0)4(a2,0)4 — (@1a2,0)4). On the other hand, f determines the algebra
structure of B by

(a1,k1)go(az,kz)qg = (araz , ay-ky+az-ki + f(ai,az))q. (6)

Suppose dim(A) =r + 1 and {m; };<j <, is a basis of the maximal ideal 974 of A.
Then {n;}1<i<r+1 is a basis of the maximal ideal Mp = p~1(M4) of B, where
nj = (@m;,0), forl < j <randn,;1 = (0,1);. Take the dual basis {&; }1<i<r
of sm’A . Then by (3) and (4), we have 2-cochains ¥; = a, ¢ € CL?(L;L) for
1 <i <r such that [,], can be written as

.
M®1.10LF=1®][1.L]+ Zmi ® Yi(l1.l) for ly,lr € L.
i=1
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Let v € CL?(L;L) = Hom(L®?;L) be an arbitrary element. Define a B-bilinear
operation (B® L)®?> — B® L,

1 @11,y ® LYy =biby ® 11, la]+ Y bibon; @Y (11.12) + bibany 11 @Y (11.12).

Jj=1
It is routine to check that the B-bilinear map {,} satisfies

@) Pl Ly =[P(l).P(I2)]x forl1.[ae B® L

Gi){I(1).11} = I[I,E(l;)] forleLandl; € B®L. @

So the Leibniz algebra structure A on A ® L can be lifted to a B-bilinear operation
{,}:(B®L)®? — B ® L satisfying (7).
Define ¢ : (B® L)®3 — B® L by

P12 13) = {12, I35} — . l2g Is) + {{l. I3} o} for [yl l3€ BR L. (8)

It is clear that {,} satisfies the Leibniz relation if and only if ¢ = 0. Now
from property (i) in (7) and the definition of ¢ it follows that P o ¢(I1,l2,l3) =
0 for l1,r,I3 € B ® L. Therefore ¢ takes values in ker(P). Observe that
¢(l1,02,l13) = 0, whenever one of the arguments belongs to ker(E). Suppose
li=b®I cker(E)CS BQL.Since ker(E) =ker(§) @ L =pl(ker(e)) ® L =
Mp ® L, we can write [; = Z;len, ®l} with l} eL; j=1,..r+1. Then for
l,l3€ B® L, we get

r+1 r+1
$U1.1.03) =Y n; @1 Iads) =Y n;¢(1®1}.1.13) =0.
j=1 Jj=1

This is because ¢ (1 ® I’.,15,13) € ker(P) = im(I) = im(i) ® L = i(K) ® L and
for any element k e K and/ € L,
nj-i(k)@I=i(pnj))k)@l=i(m;-k)®Il=i(e(mj)k)®[ =0 for1<j <r
and n,41-i(k) @1 =kn?,  ®1=0 (m; €MC Aandm; -k = e(m)k).
The other two cases are similar. Thus ¢ defines a linear map
- B®L
¢ (ke;(’g()E)

d(b1®@l1+ker(E).ba®ly+ker(E),b3Q@lz+ker(E)) = ¢(b1®11,02R15,b3R13).
Moreover, the surjective map E : BRL —> K® L=~L, defined by bQI —> £(b) R,

)®3 —> ker(P),

induces an isomorphism kfrx()%:) < L, where
B®L
L —> ca(l)=1Q1 +ker(E).
a ker(E) a(l) =1®1 +ker(E)
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Also, ker(P)=im(I)=iK)® L=Ki(1)®L é L where the isomorphism f is
given by B(kn,11 ®[) = kl with inverse B~'(/) = n,4+1 ® [. Thus we get a linear
map ¢ : L® —» L, such that ¢ = o ¢ o «®3. The cochains ¢ € CL3(L;L) and ¢
are related by

N1 @P(U1,12.13) =dp(1 @ 11,1 R 15,1 ®13). ©

We claim that the cochain ¢ is a cocycle. The coboundary 8¢ consists of 10 terms .
Let us rewrite the first term of =1 0 §¢ as follows.

B (1. ¢ (12.13.14)])

=141 ® [11.9(l2.13.14)]

= I([l1.¢(I2.13,18)]) (i (1) =nr41)

= I([l1,EQA ® ¢(I2,13,14))])

= {1(1),1® ¢(l2,13,14)} (by (i) of (7))

= {nr1 1.1 ® ¢(l2.13.14)}

={1® 1,141 ®p(l2,13,14)}

={1®h.0(1®L,1®13,1®14)} (by (9)

={I1®5,{1®L{1®3.1Q4L}}1}—{18L.{1QL,1®3}.1Q14}}
+{1R4L.{{1R5L,1Q14},1R1}}.

Similarly, computing other terms and substituting in the expression of B~ 0 §¢, we
get ﬂ_l O(gd_)(ll,lz,l3,l4) =0.

Let us show now that the cohomology class of ¢ is independent of the choice
of the lifting {,}. Suppose {,} and {,}’ are two B-bilinear operations on B ® L,
lifting the Leibniz algebra structure A on A® L. Let ¢ and ¢’ be the corresponding
cocycles. Set p={,¥ —{,}. Thenp: (B ® L)®?> — B ® L is a B-linear map.
Observe that

Pop(lilr) =[P(l), P(I2)]5 = [P(1), P(I2)] = 0 (by ()) in (7)).

Thus p takes values in ker(P) and induces a linear map
5 B®L

ker(E)

p(ly +ker(E),l +ker(E)) =p(ly,lx) forl1,l, e BQ L.

Hence we get a 2-cochain p : L®? — L such that p = Bopoa®? € CL?(L;L).
As before, for /1,l € L, we have n,4+1 ® p(l1,l2) = p(1 ® I1,1 ® [5). Then a
straightforward computation yields

B o8p(l.l2.l3) = B o (¢’ — ) (1.12.15), forly,lr.l3 € L.

)‘X’2 —> ker(P),
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Hence (¢’ — ¢) = §p.

Suppose a B-bilinear operation {,} is given on B ® L, lifting the Leibniz algebra
structure [,]; on A ® L. Then any other B-bilinear operation on B ® L, lifting [,],,
is determined by a 2-cochain p as follows. Define {,}’ : (B ® L)®? — B ® L by
{l1,1Y ={l1,[,} + T o p(E(l1),E(l2)) for l;,l; € B® L. Then it is easy to see that
{,} is a lifting of [,], such that the 2-cochain p induced by the difference {,}' —{,},
is the given 2-cochain p.

The above consideration defines a map 6 : Hf (A K) — H L3(L:L)
by 0, ([f]) = [¢], where [¢] is the cohomology class of ¢. The map 6, is called
the obstruction map.

Proposition 5.6 Let A be a deformation of the Leibniz algebra L with base A and
let B be a 1-dimensional extension of A corresponding to the cohomology class
[fle H 121a - (A:K). Then A can be extended to a deformation of L with base B if
and only if the obstruction 6,([f]) = 0.

Proof: Suppose 6, ([f]) =0. Let

0—K—>B-24—50 (10)

be a 1-dimensional extension representing the cohomology class [f]. Let {,} be
a lifting of the Leibniz algebra structure A on 4 ® L to a B-bilinear operation on
B ® L. Let ¢ be the associated cocycle in CL3(L;L) as described above. Then
01([f]) = [¢] = 0 implies ¢ = p for some p € CL?(L;L). Now take p’ = —p, and
define a new linear map

(Y (BOL)®*— B®L by {li,lbY = {li,b} + 1 0 p'(E(lh),E(l2)).

If ¢’ denotes the cocycle corresponding to {,}, we have ¢/ — ¢ = §p’ = —¢. Hence
¢’ = 0 which implies ¢’ = 0. Therefore, {,}’ is a Leibniz algebra structure on BQ L
extending A. The converse is clear. O

Assume 0, ([f]) = 0 for [f] € Hf,,,(A;K). Let us denote by S the set of all
isomorphism classes of deformations w of L with base B such that p,u = A. The
group of automorphisms 4 of the extension (10) has a natural action o7 of A on S,
given by u > usu for u € A. This is clearly well-defined, because if u = u/, then
Usefh =2 Useft.

On the other hand, H acts on S as follows. Suppose p and p' are two
deformations of L with base B such that p.u = p.u’ = A. Let J’u be the 3-
cochain determined by [,],, as before. If ¥ € CL?(L;L) is the cochain determined
by [.], — [.]w, then we have, J’u — J’u’ = §y¥. But J’u =0= Q{;u’ (p, ' are the
Leibniz brackets). Hence ¥ is a cocycle.
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Suppose now pq = pu with isomorphism p: (B® L.[,],) — (B®L.[,]4,)- As
explained in the proof of Proposition 4.4, the 2-cochain determined by [,], — [.]4,
is a coboundary. Hence [,], —[.]u, = b, for some 1-cochain b,, determined by
p. Therefore, ¥y =[] = [luy = (Llw = [1w) + (Ll = [wi) = ¥ + 8b,. This
allows us to introduce a map 07 : Hx S — S, o2 (¢, ) = i/, where [.],v — [.]4
determines . The above discussion shows that the map is well-defined. It is clear
that the action is transitive.

Let us consider the relationship between the two actions o7 and 0, on S.

Proposition 5.7 Let A be a deformation of the Leibniz algebra L with base A and
let

0-—>K—->B-2s4-—50

be a given extension of A. If u : B —> B is an automorphism of this extension
which corresponds to an element h € H ;1 arr (AK) = TA, then for any deformation
w of L with base B, such that ps«j = A, the difference [,]y, . — [, is a cocycle
in the cohomology class dA(h). This means that the operation o1 and o, on S are
related to each other by the differential dA : TA —> H.

Proof: Recall that o, : H}ia”(A;K) xS — S, 01(¢p,) = ux/ where u is the
automorphism in A corresponding to & = [¢] € HY,  (A4;K), and

Harr

oy :H xS — S, oo(,p0) =

where [,],» —[.] determines y € H.

We need to show that the 2-cocycle determined by the difference [, ], ,—[.], can
be represented by dA(%). One can easily prove this by choosing a basis {#; }1<;j<;
of M /IM? and writing out [,],,, , — [.],, in terms of 777;. Namely, using the notations
of Section 4, one gets

/
[ = Ll = D7) @ Yi(l1.1).

i=1

Thus the cocycle determined by this difference is Zleh(ﬁu)wi (I1,12). On the
other hand for the dual basis {§i}15i5,, ifh = Zlex,-éi and x; = h(m;), then
dA(h) =ay, ) (h) = le-zl h(m;)[¥;]. This completes the proof. O
Corollory 5.8 Suppose that for a deformation A of the Leibniz algebra L with base
A, the differential dA : TA —> H is onto. Then the group of automorphisms A of the
extension (10) operates transitively on the set of equivalence classes of deformations
W of L with base B such that p«jt = A. In other words, if | exists, it is unique up
to an isomorphism and an automorphism of this extension.
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Suppose now that M is a finite dimensional A-module satisfying the condition
MM = 0, where 9 is the maximal ideal in A. The previous results can be
generalized from the 1-dimensional extension (10) to a more general extension

0—M—>B-2A—s0.

If we try to extend a deformation with base A to a deformation with base B, as
in the beginning of the this section, then an analogous computation yields

B®L

®3 __ _ ~
er (E)) ker (P)=im(I) =M Q L.

¢ (
It will give rise to ¢ € CL3(L; M ® L) with the cohomology class
[ple HL3(L;:M @ L) =M @ HL3(L:L).
The obstruction map for this extension is
0r: Higpr(A:M) — M ® HL?(L; L) defined by 6;([f]) = [$].

Then, as in the case of 1-dimensional extension, we have the following.

Proposition 5.9 Let A be a deformation of a Leibniz algebra L with base (A, N)
and let M be a finite dimensional A-module with MM = 0. Consider an extension
BofA

0—M—B-2s4—50

corresponding to some [ f] € HE, . (A;M). A deformation p of L with base B such
that p«jpu = A exists if and only if the obstruction 0,([f]) = 0. If dA : TA — H
is onto, then the deformation [, if it exists, is unique up to an isomorphism and an
automorphism of the above extension.

We end this section with the following naturality property of the obstruction
map.

Proposition 5.10 Suppose Ay and A, are finite dimensional local algebras with
augmentations €1 and &5, respectively. Let ¢ : Ay —> Ay be an algebra
homomorphism with ¢(1) = 1 and &1 o ¢ = &5. Suppose A, is a deformation of
a Leibniz algebra L with base Ay and A = ¢« A2 is the push-out via ¢. Then the
following diagram commutes.
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H?Iarr (AZ; ]K)
O,

¢ HL(L; L)

O,

Hiore (A K)

arr (

Figure 1:

Proof: Let [fa,] € Hp,, (AvK) and [fa,] = ¢*(fa) € Hpy,,, (42K)
correspond to the classes of 1- dimensional extensions of A; and A,, represented
by

0— K- 4 25 4y —0, k=1.2.

Fix some sections g : Ay —> A;{ of py for k = 1,2. Then, as in (5), we get
K-module isomorphisms A4} = Ay @ K . Let (b,x)q, denote the inverse of (b,x)
under the above isomorphisms. The algebra structures on A; are determined as in
(6). Define ¥ : A, = (A2 @K) — A = (41 @ K) by ¥ ((a.x)g,) = (¢(a).X)q,
for (a,x)q, € A). Itis clear that ¥ is a K-algebra homomorphism. Thus we get a
homomorphism between the two extensions given by

0 K— 2 a2 4 0
ﬂ l w l¢
0 A 0
i Ay b1 !
Figure 2:

Let Iy =i, ®id, Py = pr ®id and E; = &, ®id , where &, = & o py for
k = 1,2. Suppose My, is the unique maximal ideal in Ay. Then S)JTA;c = p;l(imAk)
is the unique maximal ideal of A;. Denote by {my;}1<i<r, a basis of M4, and
{nkit1<i<ri +1 a basis of My, for k =1,2. Here ng; = (mg;,0)q, for 1 < j <rg
and ng e, +1) = (0,1)g, . By (4), the Leibniz bracket on A> ® L is defined by

2
101,165, =1Q[,L]+ Zmzi ® Y2 (l1,l2) forli,lb e L
i=1

and ¥? = «aj,g,, where {&;} is the dual basis of {my;}. Let ¢p(mz;) =

25‘1:101',]"”1] where ¢; ; e Kfor 1 <i <r, and 1 < j < r;. Then the push-
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out A1 = ¢pxA, on A1 ® L is defined by

¥ Il

(@L 1Ll = 1®[I.h]+ Y (O c,my) @y ()

i=1 j=1
ri

= 1®[h.L]+ Y my @Y (.l forlil, € L.
j=1

Here W} € CL?(L;L) is defined by w}(ll,lz) =12 ¢i,jv?(lh.l) forlyl, € L.
For any 2-cochain y € CL?(L;L), let {,} : (A} ® L)®> — A} ® L be the Aj-
bilinear operation on A; ® L lifting A, defined by

Tk
(1@4h.10Lh =1®[l1.L]+ Y ng @VE(l1.12) + nicr+1) ® x(h.12)

Jj=1

for k =1,2 and /4,l, € L. We know that {,}; satisfies properties (i) and (i) of (7).
We claim that ¥ ® id preserves the liftings. It is enough to show that (V ®
id){1®1,1® L)) ={y®id (1®L),Y ®id (1®1)} forl1,l; € L. Now

Y Rid){1®11,1®1}>)

=y ®[l,L]+ Y Yy (MY (n2)) ® Y5 (1 12) + ¥ (DY (n2(11) ® x(U1,12)
j=1

=1®[h,L]+ Z(ch,imli) @ V(1) +nigr 1) ® x(l1.12)

j=1i=1

(P(m2)) = ch,imli and ¥ (n2¢r,+1)) = ¥ ((0.1)g,) = (¢(0).1)g, =1n1¢r4+1))

i=1

=y()[l,L]+ ZW(I)mli QY (l1,1) + ¥ (Dnyp+1) ® x(l1,12)
i=1

={yv()hL,yv(1)®hh

={Yy®id (1®14),y®id (1R®13)}1, which proves our claim.

Let ¢ be defined by {,}; as in (8) and ¢x the corresponding cocycle as in (9).
As Y (na(,41)) = N1(ry+1), it follows from the definition of ¢ and the previous
claim that [¢2] = [¢1]. Therefore, 0, (Lfa,]) = [§1] = [f2] = 63, ([f1a]) = 62, 0
¢*([fa,]). Hence 65, = 0;, 0 ™. O
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6. Construction of a Versal Deformation

In this section we give an explicit construction of versal deformation of a given
Leibniz algebra following [6].

Consider the Leibniz algebra L with dim(H) < co. Set Cop = K and C; =
K @ H'. Consider the extension

0—H -5 ¢; 25 Co—> 0,
where the multiplication in C; is defined by
(k1,h1) - (k2,h2) = (kika , kiha +kahy) for (k1,h1),(k2,h2) € C1.

Let n; be the universal infinitesimal deformation with base C; as constructed in
Section 4. We proceed by induction. Suppose for some k > 1 we have constructed
a finite dimensional local algebra Cj, and a deformation 7 of L with base Cy. Let

w: Hpgrr (CiK) —> (Cha(Cy))

be a homomorphism sending a cohomology class to a cocycle representing the class.
Let
ka : ChZ(Ck) — Hlearr (Ck7K)/

be the dual of . By Proposition 5.4 (ii) we have the following extension of C:

0—> H}pp (CoK) “5 Crpy =5 G — 0. (11)

The corresponding obstruction 0([fc,]) € Hz,,,(Ck;K) ® HL3(L:;L) gives a
linear map wy : leia” (Cx;K) — HL3(L;L) with the dual map

wr': HL*(L;L) — H%,,,(Cr:K)'.
We have an induced extension
0 —> coker(w},) —> Ci+1/ix+1 0w} (HL*(L;L)) — Cx — 0.
Since coker(w;) = (ker(wy))’, it yields an extension

0—> (ker(op)) 5 oy 25 0 — 0 (12)
where Cxi1 = Cikay1/iks10 w, (HL?>(L;L)') and ix41, pr+1 are the mappings
induced by iz and ji 41, respectively. Observe that the algebra Cy is also local.
Since Cy is finite dimensional, the cohomology group H? . (Cy:K) is also finite

Harr
dimensional and hence Cy is finite dimensional as well.
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Remark 6.1 1t follows from Proposition 5.2 that the specific extension (11) has the
following ‘“‘universality property”. For any Cg-module M with 9IM = 0, (11)
admits a unique homomorphism into an arbitrary extension of Cy:

00— M —B— C,—>0.

Proposition 6.2 The deformation ny with base Cy, of a Leibniz algebra L admits an
extension to a deformation with base Cy1, which is unique up to an isomorphism
and an automorphism of the extension

ik Pk
0 —> (ker(wg)) —> Criq —> Cr —> 0.
Proof: From the above construction of the extension (12) it is clear that the
corresponding obstruction map is the restriction of wy,

Wk |ker(wp) : ker(wx) — HL?(L;L).

Hence, it is the zero map. Thus the result follows from Proposition 5.9. O

By induction, the above process yields a sequence of finite dimensional local
algebras Cy and deformations 7, of the Leibniz algebra L with base Cy

Ko, 2o 2o ..
such that pg+1,9x+1 = nx. Thus by taking the projective limit we obtain a formal
deformation 7 of L with base C = 1(1111 Ck.

k—o00
Next, we give an algebraic description of the base C of the versal deformation.

For that we need the following Proposition from [14].

Proposition 6.3 Let A = K[x1,x3,...,Xx,] be the polynomial algebra, and let 9 be
the ideal of polynomials without constant terms.
(a) If an ideal I of A is contained in 92, then H?

farr(A/ 1K) = (I/IMI)'.
(b) There is an extension for B = A/I:

0—> I/9MI —> A/ 2> 4/1 —> 0

where i and p are induced by the inclusions I — A and NI — 1.

Suppose dim(H) = n. Let {h;}1<i<n be a basis of H and {g;}1<i<n be
the corresponding dual basis. Let K[[H']] denote the formal power series ring
K([g1,....£gx]] in n variables g1,...,g, over K . Now a typical element in K[[H']] is
of the form

o
Y aifi(g1es8n) = a0+ a1 f1(g1, . gn) + a2 f2(g1, 0 8n) + -
i=0
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where ¢; € K and f; is a monomial of degree i in n variables gy,...,g, for i =
0,1,2,... . Let 9 denote the unique maximal ideal in K[[H’']], consisting of all
elements in K[[H']] with constant term being equal to zero.

Proposition 6.4 For the local algebra Cy we have Cy = K[[H']]/ Ik for some ideal
I, satisfying M2 =1, D I, D ... D I D Mk+1,

Proof: By construction, C; = K & H’ = K[[H']]/972. Suppose we already know
that C = K[[H']]/Ix where 92 D I; D 9%+, Then by specifying 4 = K[[H']]
and I = I; in Proposition 6.3, we get Cyyq = K[[H']]/9I. In the previous
construction, Ck41 is the quotient of C’k+1 by an ideal contained in [ /M, C
92 /M. Hence Cy 4 = K[[H']]/Ix+1 where M2 D I4q D M D ME+2. The
proof is now complete by induction. U

Corollory 6.5 For k > 2 the projection py . Cp —> Ck_1 induces an isomorphism
TCy —> TCy—_1. In particular, for every k > 1, TC, = TCy = H. Moreover,
under the above identification of T Cy, with H, the differential dny : TC, —> H is
the identity map.

Proof: We have Cyp = K ; C; = K @ H' = K[[H']]/9? and for k > 2, C; =
K[[H']]/Ix where M2 = I; D I, D ... D I D MK+, The projection py : Cx —>
Cr—1is given by pr(f + Ix) = f + I, for f € Cr and k > 1. The map
Dk gives rise to a surjective linear map 9t/ —> 9/I;—,. Taking the quotient

map M/ I, — ;?2/ /Ilkk‘_‘l , we get an epimorphism 9/, — ;?2/ /Ilkk‘_‘l with kernel
92/ I which corresponds to an isomorphism
QUYL M/ I—1
H .
M2/Ie /I
As aresult we get an isomorphism
m/lk ’ 9:)/I/Ik—l /
=T7C TCro1 = (7).
(im2/lk) kK —> TCr—1 (EUIZ/Ik_l)
Observe that for any k > 1, TCy = (939?2//11/{,{ ) = (%)’ =~ T'Cy. On the other hand,
since C; = K@M’ with maximal ideal H' and (H')? = 0. Hence TC; = (H')’ = H.
The last assertion follows from the definition of the differential. U
Proposition 6.6 The complete local algebra C = 1<£n Cy can be described as
k—o00

C = K[[H']]/1, where I is an ideal contained in IN>.

Proof: Consider the map

¢ :K[[H']] — Cx =KJ[[H']]/Ix defined by ¢(f) = f + I for f €K[H].
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Since I, D MK+, the map ¢ induces an epimorphism
o K[[H']]/9* ! — € for each k > 1.
In the limit we get an epimorphism

K(H]] = lim K[H])/M"! — lim Cy.

k—o0 k—o0

Therefore C =~ K[[H']]/1 where I = (" I is the kernel of the epimorphism.  [J

Finally we prove the versality property of the constructed deformation 1 with
base C. For this we use the following standard lemma.

i p . . . .
Lemma 6.7 Suppose 0 — My —> By —> A —> 0 is an s-dimensional extension
of A. Then there exists an (s — 1)-dimensional extension

0—> My_ —> By —> A —>0
of A and a 1-dimensional extension

O—>KL>BSL>BS_1—>O,

Theorem 6.8 Let L be a Leibniz algebra with dim(H) < oo. Then the formal
deformation n with base C constructed above is a versal deformation of L.

Proof: Suppose dim(H) = n. Let {h;}1<i<n be a basis of H and {g;}1<i<n the
corresponding dual basis of H'. Let A be a complete local algebra with maximal
ideal 2 and let A be a formal deformation of L with base A. We want to find a
K-algebra homomorphism ¢ : C —> A such that ¢.n = A. Denote A9 = A/IM =
K; A; = A/9MM? =~ K & (TA)'. Since A is complete, we have 4 = 1<lr_n AJINK.

k—o00
Moreover, for each k we have the following finite dimensional extension

ok A A

0— ok +1 - Mmk+1 - mk

— 0,
. omk
because dzm(W) < 00.

Letd im(mmk—L) = ng—1. A repeated application of Lemma 6.7 to the extension

2
O—>£—>i—>i=A1—>O

3 3 m2
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yields 71 number of 1-dimensional extensions as follows.

0—K—A4,— A4 —0

0—K— A3 —> A, — 0

0—K-— Ay, +1 = =5 — 4n, — 0.

3
Similarly, the extension

m3 A A
00— — — — —> ——
M4 M4 m3
splits into n, number of 1-dimensional extensions and so on. Thus we get a
sequence of 1- dimensional extensions

=An+1—0

0—K™ 8 4 X5 4y —0 k=1

Since A = lim A/?Jﬁk, it is clear that A = lim Agx. Let O : A —> A be
<« <«

k—00 k—o00
the projection map for the inverse system {Ag.qgk}x>1 with the limit A, where

Q1 : A— Ay = A/9M? is the natural projection. Let Qx A = Ak, then Ay
is a deformation of L with base Ax. Thus Ay = QA = (gk+1© Qr+1)xA =
qk+1sAk+1. Now we will construct inductively homomorphisms ¢, : C; — A;
for j = 1,2..., compatible with the corresponding projections C;1; — C; and
Aji1 — Aj, along with the conditions ¢;,n; = A ;. Define

¢1:Cr— Ay as id®(dL)  KOH — Ko (TA) .

From Proposition 4.4 we have ¢1,1m1 = A1.

Suppose we have constructed a K-algebra homomorphism ¢y, : Cy —> Ay with
Pr«lk = Ag. Consider the homomorphism ¢ : HZ .. (Ax: K) — HZ,  (Ci:K)
induced by ¢y. Let

0—KE "™ —0

represent the image under ¢, of the isomorphism class of extension

Ji+1 qk+1
0—K— Agy; — A —0

(see Proposition 5.4). Then we have the following commutative diagram
where v is given by ¥ ((x,k)q) = (¢x (x).k)4 for some fixed sections g and ¢
of pr+1 and g, respectively. Observe that by Proposition 5.10 the obstructions

/
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0 K Ukt1 B Pk+1 Cy 0
¥ l lOk
Jk+1 qk+1
0 K Apsr Ay, 0
Figure 3:

in extending A to the base Ay and that of i, to the base B coincide. Since Ag
has an extension Az, the corresponding obstruction is zero. Hence there exists a
deformation £ of L with base B which extends 7 with base Cj such that ¥.§ =
Ak+1. By Remark 6.1 we get the following unique homomorphism of extensions.

0 H]_I;Y%hm(cld K) kel Crrr Cy 0
l’rl \LX
0 K B Cr 0
Figure 4:

Since the deformation 7, has been extended to B, the obstruction map
wk : Hyyypr (C:K) — HL?(L; L)

is zero. Therefore the composition 7’ o w; : HL3(L;L) — K is zero. So t/
will induce a linear map 7 : Hy,,, (Ci:K)'/w; (HL?*(L;L)") —> K. Also the map
X : Cr+1 —> B will induce a linear map

X1 Crs1 = Ciq1/ig+1 00 (HL?(L;L)') — B.

Since coker(w;) = (ker(wy))’, the last diagram yields the following commutative
diagram.

0 H(k‘ﬂ‘(tdk))/ Ck+] Ck 0
0 K B Ck 0
Figure 5:

By Corollary 6.5, the differential
d Nk - TCk — H
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is onto, so by Corollary 5.8, the deformations y«ni4; and £ are related by some
automorphism u : B —> B of the extension

0—K-—B—C,—0

with U (Y «nr+1) =& Now set g1 = (Y ouoy): Crr1 —> Apy1, Where ¥ is as
in Figure 3 . Then

Pk+1xMk+1 = Vs OUx O YuTlk+1 = Vb = Agt1.

Thus by induction we get a sequence of homomorphisms ¢y : Cx —> Ax with
Ok «k = Ax. Consequently, taking the limit, we find a homomorphism ¢ : C —
A such that ¢.n = A. If 9? = 0, then the uniqueness of ¢ follows from the
corresponding property in Proposition 4.4. U

7. Examples

In this final section we discuss two examples. We begin with a computation of versal
deformation of a three dimensional Leibniz algebra.

Example 7.1 Let L be the vectorspace over C with basis {e1, e,, e3}. Define a
bilinear map [, | : L x L — L, by [e1,e3] = ez, [e3,e3] = ey, and, all other
products of basis elements being zero. Then (L, [, ]) is a Leibniz algebra. This is
an example of a nilpotent Leibniz algebra [3]. Using the method developed in the
present paper, a versal deformation for this Leibniz algebra is constructed in [23]
as follows. A basis of HL?(L;L) is given by {[u1],[2]} where 1, and u, are
2-cocycles represented by the matrices

00000 -1 000
00 00O O O0O0OODO
00 00O O OO0OODO
and
001 00O0O0O0ODO
0000 O0O0OOO0ODO
00 0O0O0O0OO0OTU 0O

with respect to the ordered basis
te1®er,e1Qere1 ®es,ex®ep,exRez,60Qes,e3®er,e3 ®ez,e3Res)

of L®2 and {ey,e5,e3} of L. Let {t,s} be the dual basis in HL?(L;L)’. By Remark
4.2, the universal infinitesimal deformation of L can be written as

Qe 1®e;ly =1&][eie;]+1Q®uileie;) +s5s® palei.e))
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with base C; = C@ C r @ C s. The possible obstructions at each stage in extending
n1 to a versal deformation with base C[[¢,s]] can be realized as the Massey brackets
of w1 and w,. It turns out that all these Massey brackets are zero and represented
by 0-cocycles. Thus 7; itself is a Leibniz bracket with base C[[¢,s]] and represents
a versal deformation of L. Explicitly, the versal deformation is given by

le1,e3]rs = €2 +ers, [es.es] s =er1, [ex.e3]rs = —eit,

with all other products of basis elements being zero.

Since any Lie algebra L is a Leibniz algebra it is natural to investigate whether
one recovers the same deformation picture of L if itis seen as a Leibniz algebra. The
following example illustrates that a Lie algebra L. when viewed as a Leibniz algebra
may admit new deformations which are Leibniz algebras but not Lie algebras.
Moreover, the versal deformation of L as Lie algbera and that of L when viewed as
a Leibniz algebra may differ.

Example 7.2 Let L be the vectorspace over C with basis {ej, ez, e3}. Define
a bilinear map [, | : L x L — L, by [e1,e3] = ez, [e3,e1] = —ez, and, all
other products of basis elements being zero. Then (L, [, ]) is the complex three-
dimensional Heisenberg Lie algebra.

Let us first determine the universal infinitesimal Leibniz deformation of L. For
this, we need to compute HL?(L;L). Let ¢ : L®2 — L be a 2-cocycle. Suppose
Vieiej) = Zizlal’-"jek where al’-"j e C; for 1 <i,j,k <3. Since v is a cocycle,
we have

SV (eiej.er) =lei,V(ej.e)] + [V (ei.er).ej]—[V(ei.e;).ex] — ¥ ([ei.ejl.ex)
+ Y (ei.lej.ex]) + v (lei.exl.e;) =0 for 0=<i,jk=<3.

Using the expression of y(e;,e;) above we get some relations between the

coefficients al’-c ;- If we use the resulting relations then the matrix of ¥ with respect

to the ordered basis
{e1®er,e1 Rez,e1 @ezera®er,ex@en,enRe3,e3Q¢€1,63Re2,63Qe3})
of L®2 and {e;,e,,e3} of L takes the form

0 x x5 —x» 0 xg —x5 —xg O
X1 x3 xX¢ —x3 0 X9 X130 —Xo X11
0 x4 x7 —x4 0 xo —x7 O 0
2 .. 1 .. 2 .. _ 3 .. _ 1 .. _ 2.
where x1 = aj ;5 x2 = ay 55 X3 =aj,; Xa =aj,; X5 =a; 3] X6 =dj3;
3 .. 1 . 2. _ 2. _ 2
X7 =aj3; X8 =0, 35 X9 =da53; X10 =d3; and X1 = a3,

are in C .
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Let ¢; for 1 <i < 11, be the cocycle with x; = 1 and x; = 0 for i # j in the
above matrix of ¥. It is easy to check that {¢,---,¢11} forms a basis of the subspace
of 2-cocycles in CL?(L;L).

On the other hand, let ¥ be a 2-coboundary so that ¥y = §g for some 1-cochain
g. Letg(e;) = gler + g7er + glr”e3 for i = 1,2,3. The coboundary formula gives

8g(ei.ej) = [ei.glej)] +[g(ei).e;]—g([ei.e;])

for 1 <i,j < 3. From this we write down the matrix of §g. But g = ¥ is also a
cocycle and we know the form of the matrix for a 2-cocycle as given above. If we
use this information then the matrix of v takes the form

0 0 x5 0 0 0 —xs 0 O

0 X3 X6 —X3 0 —X5 —Xg X5 0

0 0 —x3 0 0 0 x3 0 O
Let ¢;" € BL?(L;L) for i = 3,5,6 be the coboundary with x; = 1 and x; = 0 for
i # j in the above matrix of . It follows that {¢},$5,¢¢} forms a basis for the
subspace of 2-coboundaries in CL?(L;L). It is then straightforward to check that

{U1],[P2], (@4, (@71, [#s]. [o]. [P10]. [#11]}

forms a basis of HL?(L;L) where [¢;] denotes the cohomology class represented
by the cocycle ¢;. Thus dim(HL?*(L;L)) = 8. Let {t;}1<i<g denote the dual
basis. Then by Remark 4.2, the universal infinitesimal deformation of L with base
C® HL?(L;L) is given by

lei.ejly, = 1®eiej]+11 @pi(eiej)+12 Rpaleiej) +13Q Palei.e;)
+14 @ Pr(eiej) +1s Q@ psleiej) +1t6 @ Polei,e;)
+17 @ prolei.ej) + 13 @ Pr1(ei.e;).

In particular, we get 8 non-equivalent infinitesimal deformations of L given by u; =
Ho +t¢; fori = 1,2,4,7,8,9,10,11, where o denotes the original bracket in L.
Observe that ¢; is skew-symmetric for j = 2,4,7,8,9 and hence the infinitesimal
deformations p; for j =2,4,7,8,9 are Lie algebras.

A similar computation yields that 2-dimesional Chevalley-Eilenberg cohomol-
ogy space is 5-dimesional and spanned by the cohomology classes of ¢; for
j = 2,4,7,8,9. Hence as before one can write down the universal infinitesimal
deformation of L as a Lie algebra. It follows that the universal infinitesimal
deformation of L as Lie algebra is not the same as the one when we view it as
Leibniz algebra. Thus we see that even at the infinitesimal level the universal
deformation of a Lie algebra differs from that when the Lie algebra is deformed
as a Leibniz algebra. See [7] for some computation of versal deformations of 3-
dimensional Lie algebras. This example shows that by deforming a Lie algebra L in
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the category of Leibniz algebras not only one recovers its Lie algebra deformations
but can get new deformations of L which are only Leibniz algebras as one might
expect.

Conclusions: In this work we gave a constructive method for Leibniz algebras for
the solution of the main deformation question, suitable for specific computations.
The main feature of this method is that it completely describes all non-equivalent
deformations — a problem which did not have a satisfactory solution for a long time.
For this we had to consider deformations with complete local algebra base, which
was necessary for the existence of a versal deformation. The construction presented
here is an inductive procedure, which consists of extending the base of deformation
at each step. The specific description of the base of the versal deformation is useful
for computations. The examples at the end illustrate the advantages of using our
method.
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