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1. Introduction

In the past years a lot of attention has been paid to nilpotent N-graded Lie algebras

of maximal class. By N-graded we mean that the Lie algebra is the direct sum of sub-
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spaces g;, ¢ € N such that [g;, g;] C g,+;. A Lie algebra of mazimal class is a graded Lie
algebra

9= 3210

over a field F, where dim(g;) = dim(gz) = 1, dim(g;) < 1 for ¢ > 3 and [g;, g1] = gi+1 for
i > 1. Algebras of maximal class are either finite dimensional, or all their proper factors
are finite dimensional. These infinite dimensional algebras can be viewed as (projective)
limits of nilpotent Lie algebras of maximal class. They are also called narrow, thin, or
coclass 1 Lie algebras.

Over fields of characteristic 0, all such Lie algebras have been classified in the case
that the number of generators is two. In fact, all N-graded infinite dimensional Lie
algebras with two generators e; and e; have been classified in [5], and exactly 3 of those
are of filiform type. An n-dimensional nilpotent Lie algebra is filiform, if dim(g?) =
n—2,...,dim(g¥) = n —k,...,dim(g") = 0 where g*¥ = [g,g"71], 2 < k < n. We
also call their projective limit filiform type. We list them with the nontrivial bracket

structures:
mo: [er, €] = eit1, i>2, i€N
my: e, 6] = ey, i>2, les,e5]=ejy2, j>3, i,jEN
DS [ei,ej] = (] - i)€i+j, i,j > 1.

Finite-dimensional N-graded filiform Lie algebras over fields of characteristic 0 are
classified in [11]. They include the natural “truncations” of the above three algebras
mo(n), ma(n) and V(n), which are obtained by taking the quotient by the ideal generated
by en+1, but there are other families as well.

The picture is more complicated in positive characteristic, see [1,2,10], but mg, my
and their truncations always show up.

The cohomology of N-graded Lie algebras of maximal class has been studied exten-
sively over a field of characteristic zero ([5,6,14]), but for positive characteristic, much
less is known. Recently it was shown that over a field of characteristic two, the algebras
mg(n) and my(n) have the same Betti numbers [13], and the cohomology spaces with
trivial coefficients are obtained in this case. In fact, these cohomology spaces are isomor-
phic [12]. For the truncated finite dimensional analogues, the first 3 cohomology spaces
are known over Zs.

In this paper we show that if the field F has characteristic p > 0, the Lie algebra mq(p)
admits the structure of a restricted Lie algebra. In fact, we show that there is a family
mé‘ (p) of such restricted Lie algebra structures parameterized by elements A € FP. Using
the ordinary Chevalley—Eilenberg complex and the partial restricted complex introduced
in [4], we calculate the dimensions of both the ordinary cohomology H%(m}(p)) and the
restricted cohomology H{(m}(p)) for ¢ = 1,2, and we explicitly describe bases for these

spaces.
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The organization of the paper is as follows. Section 2 contains the constructions of the
Lie algebras and restricted Lie algebras under consideration including explicit descrip-
tions of the Lie brackets, [p]-operators and both ordinary and restricted cochain spaces
and differentials. Section 3 contains the computation of both the ordinary cohomology
H*'(m})(p)) and restricted cohomology H}(m}(p)), and in particular it is shown that these
spaces are equal for primes p > 3. Section 4 contains the computations of H?(m}(p))
and H2(m}(p)). In Section 5, we interpret our results in the context of one-dimensional
(both ordinary and restricted) central extensions.

Acknowledgments. The authors are grateful for helpful conversations with Dmitry B.
Fuchs, and valuable suggestions from the referee which greatly improved the exposition.

2. Preliminaries
2.1. The Lie algebra my(p) over F
Let p > 0 be a prime, and let F be a field of characteristic p. Define the F-vector space
mo(p) = spang({e1,...,ep}),
and define a bracket on mg(p) by
le1,ei] =eip1, 1<i<p,

with all other brackets [e;,e;] (for @ < j) being 0. Note that my(p) is a graded Lie
algebra with k-th graded component (mg(p))r = Fey for 1 < k < p. If ;, 8; € F and

g=>>" aje;,, h=>3"_ Bie;, then
p
l9:h] =Y (@11 = aj-1f1)e;. (1)
=3

2.2. The restricted Lie algebras my(p)
For any j > 2 and g1, ...,g; € mp(p), we denote the j-fold bracket

[91,92,93,--',%‘] = [[~~~[[91792]a93]7-~}»9j]-

Equation (1) implies that the center of the algebra is Z(mg(p)) = Fep, and that any
p-fold bracket [g1, 92,93, .., gp] is 0. In particular, equation (1) implies (ad g)? = 0 for
all g € my(p). Therefore (ad ex)? = 0 is an inner derivation for all k& so that mg(p) admits
the structure of a restricted Lie algebra (see [9]). To define a [p]-operator on mgy(p), we
choose for each 1 < k < p, an element eLp] such that

ad egf] = (adeg)? =0.
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That is, we must choose eLp} in the center Fe, of the algebra mg(p). If we let A\ =

(A1, Ap) € FP, then setting e}f] = Arep for each k defines a restricted Lie algebra that
we denote by m}(p). Because p-fold brackets are zero, if [p] is any restricted Lie algebra
operator on mg(p), then for all g, h € mp(p), @ € F,

(g+ h)[p] = glPl 4 plPl and (ag)[p] = aPgll.

It follows that if A € FP, then for all g = 3" ager € m)(p),

p
glP = (Z ai/\k> ep- (2)
k=1

Everywhere below, we write m)(p) to denote both the graded Lie algebra mg(p) and the
graded restricted Lie algebra my(p) for a given A € FP. The Lie brackets and restricted
[p]-operators for these algebras are explicitly given by (1) and (2), respectively.

A natural question arises: For which A, A’ € F? are the graded restricted Lie algebras

my

(p) and m)’ (p) isomorphic?

Proposition 2.1. If \,\' € F?, the graded restricted Lie algebras m)(p) and m) (p) are
isomorphic if and only if A1 = w1\ and Ao = poy where py, ps € F are independent
parameters, and

—1M;117(k:73)+2 /

Ak ::Mg k>

forke3, ... p.

Proof. We only consider isomorphisms that preserve the grading as we are interested
in these algebras as graded restricted Lie algebras. Assume that there exists a graded
restricted Lie algebra isomorphism ¢ : m)(p) — m) (p), and let @(e;) = pier, p(ey) =
poes for some py,pus € F. Since ¢ preserves the Lie bracket, we must have ¢(eg) =
poph2er, k=3,...,p. Let pp = popt ™2 for 3 < k < p so that p(ey) = pxey for all k.
Moreover, ¢ preserves the restricted [p]-structure so that

(el = per)

for all k (here [p]’ denotes the restricted [p]-structure on m) (p)). Now,

e(el!) = p(hwes) = Auptyey and o) = (uer) "’ = uPXie,

so that Mgy = pj Ay, and hence A\ = iy, ' Ay, But g, = 22, so that

p

—1, p(k—3)+2
Ak = iy Lt Ne-

k—2) —1 2—
Dy TN = s
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It remains to show that the above condition on the \; gives rise to a graded restricted
Lie algebra isomorphism between m}(p) and mé‘,(p). If, for p1, puo € F, we define p(e1) =
uier, o(ez) = pges and p(eg) = ugulf_zek (3 <k <p), it is easy to check the argument
above is reversible, and we obtain a graded isomorphism between the restricted Lie

algebras. O
2.8. Cochain complexes with trivial coefficients
2.8.1. Ordinary cochain complex

For ordinary Lie algebra cohomology with trivial coefficients, the relevant cochain
spaces (with bases) are:

C’(my(p)) =T, {1};
C'(my(p) = my(p)*, {e" | 1<k <ph;
C*(my(p)) = (N*mj (p)*, {e" [1<i<j<p}k
C¥(my(p)) = (N*ma(p))*,  {e¥" |1<s <t <u<p},

and the differentials are defined by:

d°: C°(my(p)) = C*(mp(p))  d°=0;

d": CHm)(p)) = C*(my(p))  d'(v)(g,h) = ¥([g. h]);

d*: C*(m)(p)) = C3(my(p))  d*(¢)(g, h, f) = @([g. h] A ) — o([g, f] A h) +
o([h, f1 A g).

The cochain spaces C™(m})(p)) are graded:

Cji(my(p)) = span({e*}), 1<k <p;
Ci(my(p)) = span({e"’}), 1<i<j<pitj=hk3<k<2p-1
C¥(my(p)) = span({e>t*}), I1<s<t<u<lps+t+u=k6<k<3p-3,

and the differentials are graded maps. For 1 < k < p, if we write

k i,j
E Ajjet,

1<i<j<p

then for 1 < g < r < p, we have

1 g=1r=k—1,k>3;
0 otherwise.

AII;T = dl (ek)(eq'r') = ek[€q7 er] = {
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Therefore d'(e') = d'(e?) = 0 and for 3 < k < p,

dl(ek) _ el,k—l. (3)
For 1 <i < j < p, if we write
B = Y e
1<s<t<u<p

Then for 1 <1 <m < n < p, we have

A = d* (e (epmn)

= eI (leg, em] A en) — e ([er,en] A em) + €7 ([em, en] A er).
Therefore (4) shows d?(e!) =0 for 2 < j < p, and for i > 2,
A2 () = i1y i1, (5)

2.8.2. Restricted cochain complex

For convenience, we include a brief description of the (partial) restricted cochain
complex employed below to compute the restricted Lie algebra cohomology with trivial
coefficients. We refer the reader to [4] for a detailed description of this (partial) complex.
The first two restricted cochain spaces coincide with the ordinary cochain spaces:

Co(mj(p)) = CO(mj(p)) =F
Cl(my(p)) 3

I
Q
)

Using the same notation as in [15], we let Homp (V, W) denote the set of Frobenius
homomorphisms from the F-vector space V to the F-vector space W. That is

Homp, (V, W) ={f:V = W | flaz + By) = o’ f(x) + 5" (y)}

forall , 8 € F and z,y € V.
If p € C%(m)(p)), then a map w : m)(p) — F has the x-property with respect to ¢ if
for all a € F and all g,h € m)(p) we have w(ag) = aPw(g) and

1
w(g+h) =w(g) +w(h) + ~elg, 92, gp-1] A gp)- (6)
g g gi_gr% #(g)@ 91,92 gp—1| NG

Here #(g) is the number of factors g; equal to g. We remark that w has the *-property
with respect to ¢ = 0 precisely when w € Homp, (m)(p), F). Moreover, given ¢, we can
assign the values of w arbitrarily on a basis for m}(p) and use (6) to define w : m)(p) — F
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that has the x-property with respect to ¢. We can define w this way because the sum in
(6) is symmetric in g and h (permuting the g; does not change the number of g; equal to
g = g1), both ¢ and the Lie bracket are bilinear, and the exterior algebra is associative
ensuring that w(f + (¢ + h)) = w((f + g) + h) so that w is well defined. The map w
is unique because its values are completely determined by w(e;) and ¢(e;, e;). We then
define the space of restricted 2-cochains as

CImy(p) = {(p,w) | ¢ € C*(mg(p)), w:my(p) = F
has the x-property with respect to ¢}.

If ¢ € C3(m)(p)), then a map n : m)(p) xmy (p) — F has the *+-property with respect to

¢ if for all « € F and all g, h, hy, hy € m)(p) we have n(-, k) linear in the first coordinate,
n(g, ah) = aPn(g, h) and

n(g, h1 + h2) = n(g, h1) +n(g, h2) —

S g A T by ] AT, (7)

We then define the space of restricted 3-cochains by

C2my(p) = {(¢.m) | ¢ € C¥(m(p)), n:my(p) x mp(p) = F

has the xx-property w.r.t. (}.

We will use the following bases for the restricted cochains:

C2(mj (p) {1};

C(my (p)) {" | 1<k<p);

C2my(p))  {(e", &) |1<i<j<ptu{(0,@")[1<k<p}
where " : mj)(p) — F is defined by

p
Ek E ;€; = Oéi7
i=1

and &%/ is the map &/ : m)(p) — F that vanishes on the basis and has the *-property
with respect to e?. More generally, given ¢ € C2(m}(p)), we let ¢ : m)(p) — F be the
map that vanishes on the basis for mé‘ (p) and has the x-property with respect to ¢. The
restricted differentials are defined by
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d - C(mg(p) — Cr(mg(p)) di=0
d; - Co(mg(p)) = CZ(mj(p))  da(¥) = (d'(v),ind" (v))
d? - C2(mg(p) — CL(mp(p))  di(p,w) = (d*(), ind*(p, w))
where ind" (¢)(g) := 1 (g)) and ind®(p,w)(g, h) := @(g A AIF).
If y € CLm)(p)) and (p,w) € C%(m)(p)), then ind'() has the *-property with

respect to d'(1) and ind*(yp,w) has the sx-property with respect to d?(y¢) [4]. If g =
S aies, h="3 Biei, v = et and o = > 0;;¢%7, then

ind' (¥)(9) = pp | D_ A ()

and

ind2(<p,w)(g,h) = (Z 55)A1> ZO{jO’jP . (9)

i=1

Remark 1. For a given ¢ € C?(m)(p)), if (p,w), (p,w’) € C2(m)(p)), then d?(p,w) =
d?(p,w’). In particular, with trivial coefficients, ind?(y, w) depends only on ¢.

3. The cohomology H'(mp(p)) and H}(m)(p))

Theorem 3.1. If p > 3 and )\ € FP, then

and the classes of {e!,e?} form a basis.

Proof. It follows easily from (3) that dim(kerd') = 2 and {e!,e?} is a basis for this
kernel. Moreover d° = 0, so that

H'(m)(p)) 2 kerd' = Fe! @ Fe?.
Now, H}(mj(p)) consists of those ordinary cohomology classes [¢)] € H!(m}(p)) for

which ind" () = 0 [4]. If ¢ = S°7_| jupe® is any ordinary cocycle, then p, = 0 (p > 3)
so that for any g € m)(p), we have

ind" () (g) = ¢(g™') = pp (Z a%) =0
k=1

and hence H}(m}(p)) = H'(mo(p)). O
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Remark 2. For p > 3, formula (3) shows that for 3 < k < p, d'(ex) = e""*~1, so the set
{e!2,... elP~1} is a basis for the image d'(C*(m}(p)).

The above calculation of the ordinary cohomology H*(m}(p)) is valid also in the case
p = 2, but the restricted cohomology depends on A in this case. In particular, if p = 2,
and A = (0,0), then ind'(¢)(g) = 0 for all g € mg and hence H}(m)(2)) = H'(m}(2)). I
A # (0,0), then ind'(¥)(g) = 0 for all g € mg if and only if ys = 0 so that kerd! = {e'}
and H!(m}(2)) is one dimensional.

4. The cohomology H?(mp(p)) and H2(mp(p))
4.1. Ordinary cohomology

Theorem 4.1. If p = 2, H?(m}(2)) = C?(m)(2)) = span({e'?}) is I-dimensional.
If p > 3, then

. p+1
dim(H2(m) (p))) = 2~
and the cohomology classes of the cocycles {e'?, @5, p7, 0o, ..., Ypt2} form a basis, where

op = 2R _ o3R8 Ly (1) LElelELRLE

Proof. If p = 2, the algebra m}(2) is abelian so that d' = d? = 0.

If p > 3, the proof of Theorem 3.1 and the remark following the proof show that we
have dim(imd') = p — 2 and {e'?,...,e'P~1} is a basis for this image. If p = 3, d> = 0
so that the ordinary cohomology H?(m(3)) is 2-dimensional and has a basis consisting
of the classes of the cocyles e!'? and @5 = e%3.

If p > 3, a basis for ker d? is
B(Z?) = {e"?, M3, ... e"P 05,07, .., ©pt+2t

where ¢ = e2F=2 —3k=3 4 ... (—1)L§J6L§J’k_L§J. To see this, note that in order to
have d?> = 0, by using formula (5), it is clear that any cocycle element has to include
either the basis element e, and in this case this is a cocycle element, or it has to have
one and only one element of type e** in the combination, and all those are listed above.
The linear independence of the listed cocycle elements are clear. 0O

Example. If p = 7, then a basis for ker d? is
B(Z2) = {eb2,e13, eld 15 oL6 LT (23 (25 _ (34 (27 _ (36 4 (45)
The cohomology H?(m{(7)) has a basis consisting of the classes of

{61,77 23 25 _ 34 (2T _ 36 64,5}.
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4.2. Restricted cohomology with A =0

If A = 0, then (9) shows that ind® = 0 so that every ordinary 2-cocycle ¢ € C?(m(p))
gives rise to a restricted 2-cocycle (o, @) € C%(my(p)). Therefore we can construct a
basis for H2(mQ(p)) from a basis for H?(m3(p)) and the restricted 2-cocycles (0,e;),
1 < i < p. We summarize this in the following theorem. As before, the case p = 2 is
treated separately.

Theorem 4.2. Let A =0. If p =2, then
HZ(mg(2)) = CF(mg(2)) = span({(0,€), (0,€%), (e12,e"?)})
is 3-dimensional. If p > 3, then

_3p+1
2

dim(HZ (mg(p)))
and the cohomology classes of
{(O»El)a LR (Ovép)’ (6171)3 él’p)a (@5> 955)a (9077 857)7 BN (‘pp+2a Sz’p+2)}
form a basis.

Proof. If p = 2, the algebra mJ(2) is abelian, and ind" = ind® = 0 so that d! = d2 = 0.
If p > 3, the proof of Theorem 4.1 shows that

1,2 1,
{6 yerey € py@5a‘ﬂ7;~-~7@p+2}

is a basis for the kernel of d2. Since A = 0, (9) implies ind? = 0 so that

{(61’2, él’z), ce (el’p, éLp), ((,05, 555), (@77 @7); ceey (9010+2a ¢P+2)}

is a linearly independent subset of ker d2. Moreover, for 1 < k < p, the maps (0,*) are
also in the kernel of d? and the set

B(Zf) = {(07E1)7 R} (O’Ep)7 (61’27 él’2)a ey (el,p’ él’p)v (@57 @5)a CR) (@p+27 ‘Z’p+2)}

is a basis B(Z2) for kerd?. We can redefine é1~1 = ind'(e*) for 3 < k < p without
affecting the coboundary (see Remark 1) so that d.(e¥) = (eV'¢~1 &1F~1) and the set

{di(e*) | 3 <k <p} C B(Z?)
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forms a basis for the image dL(C*(md(p))). It follows that

1 _
dim(ker d2) = p + 21 23

and dim(im d}) = p — 2 which completes the proof. O

Remark 3. The maps @ in Theorem 4.2 are identically zero for k < p + 2. This is
because the (p — 1)-fold bracket in (6) always gives a multiple of e, so that ¢y vanishes
on e, Am}(p) for k < p+2. This, in turn, implies that ¢, € Homg,(m}(p),F), and since
Pr(e;) = 0 for all i, we have $p = 0. The same argument shows é'/ = 0 for j < p.
Moreover, the restriction of ¢,2 to e, Amy(p) is equal to e?P so that @, 2 = P, and
we can then use (6) to compute

(Za167> = *041 10[2;
Pp+2 <Z alez> = ¢&? (Z oczez> = ——0/1772043.

We now have explicit descriptions for all maps in Theorem 4.2.

Remark 4. Another approach for determining the dimensions in Theorem 4.2 for p > 2
uses the six-term exact sequence in [8]:

Homp, (g, M%) ———
(10)
- HZ(Q,M) - Hz(gaM) - HomFF(gaHl(g7M))

If g = m)(p) and M =T, the map A : H%(g, M) — Homg (g, H(g, M)) in (10) is given
by

Ay(g) - h = (g, b)) = ind*(p,w)(g, h)

where ¢ € C2(g) and g,h € g (see [15]). If p > 3, the map H}(m}(p)) — H'(m)(p)) is
an isomorphism so that the sequence (10) decouples and the sequence

0 ——= Homp,(m),F) —— H2(m) — H2(m}) —= Homp,(m), H'(m))
(11)

is exact. If A =0, A = 0 so that the sequence (11) reduces to the short exact sequence

0 — Homp,(m),F) —— H2%(m)) —— H?*(m}) ——= 0. (12)
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4.3. Restricted cohomology with A\ # 0
If o= 0i;¢™ and (p,w) € C%(m}), then (9) shows that
ind® (¢, w)(ej, €) = Niojp-
Therefore, if A # 0, then d2(p,w) = (d%¢,ind*(¢,w)) = (0,0) if and only if d?p = 0

and 01p = 09p = -+ = 0p—1p = 0. This observation, together with the calculation of the
basis B(Z2) of d? in the proof of Theorem 4.2, proves the following

Lemma 4.3. Let A # 0. If p = 2, then ker d? = span({(0,¢'),(0,&*)}). If p > 3 and then
a basis for the ker d? is

B(Z) = {(e"7,&"7), (¢pr2, Pps2) }-

As above, we treat the case p = 2 separately. It is interesting to note that when A # 0,
the basis for the cohomology H2(mj(2)) depends on which coordinate of ) is non-zero,
whereas this is not the case for p > 3.

Theorem 4.4. If p =2 and A = (A1, \2) # 0, then dim(H2(m}(2))) = 1.
If Ay # 0, then the cohomology class of the cocycle (0,€) is a basis for H2(m}(2))
If A2 = 0, then the cohomology class of the cocycle (0,€2) is a basis for H2(m)(2))

Proof. If p = 2, then the ordinary differentials d* = d? = 0, and (8) shows that
ind'(e') = 0 and ind*(e?) = \j&* + \y&2. It follows that
{(0, 8" + Age%)}

is a basis for the image d%(m}(2)). Moreover, (p,w) € ker d2 if and only if ind?(p,w) = 0
if and only if (p,w) € span({(0,e), (0,€2)} by (9). If Aa # 0, then

ker(d?) = span({(0,2"), (0,%)}) = span({(0,2"), (0, \;e* + \2&?)})
so that the cohomology class of (0,&") is a basis for H2(m}(2)). If Ay = 0, then the image
d;(m)(2)) = span({(0, \e")}) = span({(0,€")})
so that the cohomology class of (0,&?) is a basis for H2(m}(2)). O

Theorem 4.5. If p > 3 and \ # 0, then

3p—3

dim(H2(m) () = 2
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and the cohomology classes of

{(0’51)7 SRR (O’Ep)v (3057 @5)) (3077 4157) R (Sppa @p)}

form a basis. In particular, the cohomology Hf(mg‘(?))) has a basis consisting of the
cohomology classes of the cocycles

{(0,"),(0,2%),(0,e%)}.

Proof. This follows immediately from Lemma 4.3. O
5. One-dimensional central extensions

It is well known that one-dimensional central extensions of an ordinary Lie al-
gebra g are parameterized by the cohomology group H?(g) [7]. Likewise, restricted
one-dimensional central extensions of an ordinary Lie algebra g are parameterized by
the restricted cohomology group H?2(g) [4]. In the case that g is a restricted simple
Lie algebra, the authors in [3] use the exact sequence (10) to show that H?2(g) =
H?(g)®Homp, (g, F) and the cohomology classes of the cocyles (0,2%), 1 < k < dim g span
a (dim g)-dimensional subspace of H*(g). Moreover, if E}, denotes the one-dimensional
restricted central extension of g determined by the cohomology class of the cocycle (0, e ),
then Ey, = g ® Fc as a F-vector space. For all 1 <14,5 < dimg,

(i, 23] = [0, 75] g3

[, ¢] = 0;
(13)
6Eza] _ Igp}g + 6
Pl — 0,
where [-,]4 and -[Pls denote the Lie bracket and [p]-operation in g respectively, and &

denotes the Kronecker delta-function.

If A = 0, the restricted Lie algebra g = mJ(p) is not simple, but the exact sequence
(12) shows that Theorem 3.1 and Corollary 3.2 in [3] also hold for the algebra mJ(p),
and we have

Theorem 5.1. If p > 2, then
HZ(mg(p)) = H*(mg(p)) ® Hompe (mg(p), F),

and there is a p-dimensional subspace of H2(mQ(p)) spanned by the cohomology classes of
the cocycles (0,e*) such that if Ej, denotes the corresponding one-dimensional restricted
central extension, then Ey = mi(p) ® Fc and the bracket and [p]-operator are given

by (13).
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If A # 0, then an ordinary cocycle ¢ € C?(m)(p)) need not give rise to a restricted

1,7

cocycle (p,w) € C2(m)(p)). For example, if p = 7, then ¢ = e!7 is an ordinary cocycle

but (9) shows that
ind?(e™7, "7 (er, e5) = A,

so that ind® # 0 if \; # 0.

In any case, the sequence (12) shows that HZ(mj(p)) always has a p-dimensional
subspace spanned by the cohomology classes of the cocyles (0,e%), 1 < k < p. Each of
the corresponding restricted one-dimensional central extensions Ej, of mj(p) are trivial
when considered as ordinary one-dimensional central extensions.
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