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Cohomology of certain N-graded Lie algebras

D. V. Millionshchikov and A. Fialowski

In [1] infinite-dimensional N-graded Lie algebras with two generators over a field K of char-
acteristic zero were classified. In particular, it follows from this classification that an arbitrary
N-graded Lie algebra g = € i>1 0 with one-dimensional homogeneous components g; such that
[91,9i] = gi+1, ¢ > 2, is isomorphic to one (and only one) of the three algebras L1, mg, and mg
that are defined by the basis {e;,7 € N}, g; = (e;), and the non-trivial commutation relations

Lq: [ei,e]-]:(j—i)ei_;,_]- Vi,jEN;
mo: [er,ei] =eip1 Vi 2

mo: [61,61'] = €41 Vi Z 2, [62,6]'] = 6]'+2 V_] Z 3.

The cohomology H*(L1) with trivial coefficients was calculated by Goncharovain [2]. The purpose
of the present note is to calculate the cohomology H*(mg) and H*(mz).

Let g = @, (es) be an arbitrary N-graded Lie algebra with one-dimensional components. We
consider the dual basis {e,e’(e;) = 62}. The space C(g) of g-dimensional cochains of the
algebra g can be identified with the space A%(g*) of formal series > a;; . .i €'t A--- Aeia, so that

Cl(g) = @ «Cr(g), where the (finite-dimensional) subspace C}(g) is generated by the monomials
€'l A --- Ae'a such that i1 4 -+ + iq = k. The latter decomposition defines a second grading of
the cochain complex C*(g) and correspondingly of the cohomology H*(g).

Let b be an ideal of codimension one in some Lie algebra g. We choose X € g, X ¢ b. The
conjugate operator ad X* of the operator ad X can be extended to A?(g*):

ad X" (§1A& A AEg) = ad X G ALA - Ng+E&iAad X N Alg+- - +E& A& A - Nad X 7Eq.

The operator ad X* commutes with the differential d of the cochain complex and thus defines a
map ad X*: H*(b) — H*(b) in cohomology.

Theorem 1 (Dixmier, [3]). There is the following long ezact sequence in cohomology of Lie

algebras:

ad X*

)5 HI (0) = H(g) — H(6) "5 H(6) = -

<o > HI71(p

We apply Theorem 1 to g1 = mg, b1 = (es,e3,...), X1 = e1. The cohomology of the

Abelian ideal b; is the (completed) exterior algebra A*(b7). One can show that the operator

ad X; = adej is surjective on A*(b}), and the problem of calculating the cohomology H*(mg)

reduces to finding its kernel. Let P;(k) denote the number of partitions of a positive integer k
into exactly ¢ summands: k=x1 + -+ x4, 1 <x1 <22 < -+ L 2q.

Theorem 2. The cohomology algebra H*(mg) = EB]W] H(mp) is linearly generated by the classes
of the following homogeneous cocycles:

el, €2, w(e A A€l petatl) = Z(—l)l(adef)l(eil AeZ A Aeta) Aela T ()
>0

where 1 < q, 2 <11 <i2 < -+ < ig; in particular,

dim Hz+q(q2+1) (mo) = Py(k) — Py(k —1).
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The multiplicative structure is defined as follows:

[EAwEne netT) =0, [E]AwEne Aetl)y =w(e® AEne Aelth), (2)
j—itl
wEneNeTY AwmnAed Ned Tl = Z (—D'w((aded) (e ne) AT Anpned Aedt)
=0
+(=1)77¢ w((ade})i—i= Ae) A (aded) (nAed) AedTs ned
1)J—itdegn dei)—? 1+S£ i deb)s J J+s Jjt+s+1
s=>1
+ (—l)j_i+deg n+1 Zw((ade{)j_“'l""s(f A ei) A (adel)®(n A ej) Aeltstl A ej+s+2)
s=>1
or i< j, where £ and 1 are arbitrary homogeneous forms in A*(€2,...,e'~1) and A*(e?,...,el71),
fori<j, where £ and bit h f in A*(e2 i—1 d A*(e? J—1
respectively.

Example. The following cocycles form a basis of H?(mp):
j—2

e2ned, Snet—e? ned, et A’ —eP Al +e? Al .., w(e! /\e]'H) = Z(—l)le]_lAe]+1+l, R
=0

We now apply Theorem 1 to go = mg, by = (e1,e3,€e4,...), X2 = ez. The ideal by is in the
obvious way isomorphic to mp and therefore its cohomology is already known. The operator ad e}
is ‘almost surjective’: Im(ad e}) @ (e3) = H*(b3).

Theorem 3. The following cocycles form a homogeneous basis of the bigraded cohomology algebra
H*(m2) = @, x Hy(m2):

el, 62, 62/\63, 63/\64—62/\65,
1 ) ) ) )
Wit oiia g 12 = D 70 ((ad s + (ad ) (€1 Ao A i) peia T pgiat2ety ()
>0

where 1 < q, 3 <11 <i2 < -+ < ig; in particular, for ¢ > 3

dimHY 0y (m2) = Pa(k) = Pa(k = 1) = Py(k = 2) + Py(k — 3).

2
Remark. In fact, the formulae (1)—(4) involve only finite sums, since the operators ad e} and
adey + (ad e{)2 lower the second grading by one and two, respectively. The operators ad e}
and (ad e})? coincide only on the space of 1-forms. It is worth mentioning that Theorem 2 is valid
over a field of any characteristic, and Theorem 3 over an arbitrary field of odd characteristic. This
is important, because all the algebras considered above are Lie algebras of maximal class (see [4]),
which are widely used in the theory of p-groups.
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