W13/14"Emléktabla Workshop™

Extremal combinatorics / Matroid theory 08.13-08.18.2023.

Preliminary Schedule for 14" group:

Sunday

Arrival in the hotel from 14:00.
17:00-18:00 Short introduction/presentation of problems - Part I
18:00 Dinner
19:00 Short introduction/presentation of problems - Part II (if needed)

Monday

7:30-8:30 Breakfast
9:00 Grouping
10:00-17:00 Working in groups
12:30 Lunch
17:00 Presentation of daily progress
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Tuesday-Thursday

7:30-8:30 Breakfast
9:00-17:00 Working in groups
12:30 Lunch
17:00 Presentation of daily progress
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Friday

7:30-8:30 Breakfast
9:00-11:00 Working in groups
11:00 Final presentation of progress, farewell
12:30 Lunch
13:30-14:00 Check-out
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Strongly connected re-orientations and polarity

by Ahmad Abdi

Let D = (V, A) be a digraph with m arcs whose underlying undirected graph is 3-edge-connected.
A strongly connected re-orientation is a subset J C A such that DAJ (the digraph obtained after
flipping the orientations of the arcs in J) is strongly connected. Consider the set-system

SCR(D) := {xy : J is a strongly connected re-orientation} C {0, 1}™.

This set-system enjoys several appealing discrete geometric properties. Let S := SCR(D) for short.
For instance,

e S is antipodally symmetric, that is, a point belongs to S iff its antipodal point belongs to S:
peSif1—pesS.

e S is strictly connected, that is, between every pair of points in S there is a monotone path on
the skeleton graph of {0, 1} where all the intermediate nodes also belong to S. This follows
from [3] and uses the 3-edge-connectivity of the underlying undirected graph of D.

Let us describe this property in a different but equivalent way. Denote by G,, the skeleton
graph of {0,1}™. Then, if S C {0,1}™ is a restriction of S (i.e. it is obtained from S after
restricting some coordinates to 0 or 1 and then dropping the coordinates altogether), then the
subgraph G,,/[S’] induced on S’ is connected.

e Finally, S is cube-ideal, that is, its convex hull is described by hypercube and generalized set
covering inequalities. More specifically, it is described by

rz>0
r<1

Y wmet Y (l-w) 21 YUCV,U#0.

acdt(U) a€dt(U)

To see this, note first that the integer solutions to this system are precisely the points in S.
Secondly, note that the generalized set covering inequalities form a submodular flow system,
which in turn is box-TDI and so box-integral. This implies that the system above is integral.

The underpinning theme is to understand which restrictions of S have antipodal points.

Given disjoint I,J C A, consider the set-system obtained from SN{z : z, = 0 Va € I, x, =
1 Vb € J} after dropping the coordinates in I U J; we call this the restriction of S obtained after
O-restricting I and 1-restricting .J.

Problem 1. Find sufficient conditions on I,J C A such that the restriction S" of S obtained after
0-restricting I and 1-restricting J, contains antipodal points.

An obvious necessary condition is that the points in S’ do not agree on a coordinate, that is,
S" C{x:x; =a} for some i € [m/] and a € {0,1}.

Let S" C {0,1}™ be a set-system. We say that S’ is polar if either S’ C {x : 2; = a} for some
i€ [m'] and a € {0,1}, or S’ contains antipodal points; otherwise it is non-polar.

For instance, the following conjecture has been made in relation to the problem above.
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Conjecture 2. [2] If A— (I UJ) is a spanning tree of D, then the restriction S’ of S obtained after
0-restricting I and 1-restricting J, is polar.

Not all restrictions of S are polar. For instance, consider the digraph D below, let I be the set
of dashed arcs, and let J := (). (The orientation of the solid arcs is irrelevant, you can orient them
arbitrarily.) It can be shown that if S’ is the restriction of S obtained after O-restricting I, then
the points in S’ do not agree on a coordinate (every cut either has an incoming dashed arc or has
at least two solid arcs), yet S” does not contain antipodal points (the solid arcs cannot be oriented
in such a way such that every cut either has an incoming dashed arc, or has solid arcs crossing in
both directions).

S’ is strictly non-polar if it is non-polar and every restriction is polar. Observe that every
non-polar set has a restriction that is strictly non-polar. My hope is that the discrete geometric
properties above are helpful in tackling the above problems. More specifically,

Problem 3. What can be said about strictly non-polar set-systems that are both cube-ideal and
strictly connected?

In [1], cube-ideal strictly non-polar sets were studied, and partly characterized, as they are
helpful in generating ideal minimally non-packing clutters (for instance, they give rise to 716 such
clutters with at most 14 elements). Interestingly, the notion of strict connectivity showed up and
was studied there, albeit in a different context. I suspect there is more to be said.
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Covering a 2-base matroid by rainbow bases

by Florian Horsch

For a positive integer k, a k-base matroid is a matroid whose ground set can be partitioned into
k bases. A coloring of a matroid M is a mapping ¢ : E(M) — Z>,. For a positive integer p, we say
that ¢ is p-bounded if |¢p~(n)| < p for every n € Zsq. Given a matroid M and a coloring ¢ of M,
we say that a subset S of E(M) is rainbow with respect to ¢ if |¢(S)| = |S|. The following problem
is posed in [1].

Problem 1. Is there a positive integer p such that for every 2-base matroid M and every 2-bounded
coloring ¢ of M, there is a collection By, ..., B, of bases of M all of which are rainbow with respect
to ¢ and satisfy \J_, B; = E(M)?

It is not difficult to see, using matroid intersection, that every element of E(M) is contained in
a rainbow basis of M, hence the statement is true if p is allowed to depend on |E(M)|. In [1], it is
proven that a number of bases that is logarithmic in |E(M)| suffices and that the statement is true
if we replace '2-base matroid’ by "k-base matroid’ for some fixed k > 3.

References

[1] F. Horsch, T. Kaiser, M. Kriesell, https://arxiv.org/abs/2206.10322
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Problems

by Naonori Kakimura

Submodular reassignment

Problem 1. Let fi,...,fr : 2Y — R be k submodular functions. Design an approzimation or
fixed-parameter algorithm for the following problem:

minmax |[XAY;| s.t. X CU,Y; € argminf;.

e The problem is NP-hard by reduction from the closest string problem on binary strings even
when each f; has a unique minimizer.

e The problem of maximizing ) . | X AY;| instead can be solved in polynomial time by reduction
to the maximum flow problem [2].

Set-covering a (common) base

Problem 2. Design an approximation algorithm or show inapproximability for the following prob-
lem: Given a family of subsets S on the ground set V', find a subfamily F of S with minimum size
such that UFe}'F includes some common base of My and M. That s,

min |F| sub. to 3B € BiNBy, BC | J F.
FeF

e [t is a generalization of the set cover problem and the partial set cover problem that finds a
subfamily that covers at least k elements of V.

e The single matroid case (i.e., when M; = M) is known as the matroid base cover prob-
lem [3]. Tt also has applications to scheduling problem when M is a transversal matroid [1].
It is not difficult to see that the problem is a special case of the submodular cover problem
min | X| s.t. f(X) >k, because f(X) = 71(UgerS) is submodular.

References
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Opposite vertices of 2-polymatroids

by Tamas Kiraly

The following question was asked by Andras Frank several years ago, and I am not aware of
any significant development since then. A 2-polymatroid function on ground set V is an integer-
valued monotone increasing submodular set function f with the property that f(U) < 2|U| for
every U C V. The 2-polymatroid defined by f is the integer polyhedron

P(fy={zxeRV:2>0, ) z,< f(U)VUCV}.

uelU

Problem 1. Is it true that if P(f) is a 2-polymatroid which contains the 1 (all-ones) vector, then
it has a vertexr x* such that 2 — x* is also in P(f)?

The answer is affirmative if f has only even values. In this case, f/2 is a matroid rank function,
and the matroid union theorem implies that V' can be partitioned into a base B and an independent
set I. Hence, 2* = 2x® is a vertex of P(f) such that 2 — z* = 2y is in P(f).
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Roots of Ehrhart polynomials of reflexive polytopes

by Max Kolbl

Let P be a d-dimensional lattice polytope (i.e., a polytope which is the convex hull of points in
7). Tts lattice point enumerator is the function

Ep(k) = |kPNZY.

This function happens to be a polynomial of degree d and is more commonly referred to as the
Ehrhart polynomial of P.

One popular question in the study of Ehrhart polynomials is to investigate the distribution of
their roots. Of particular interest is the case where P is reflezive, i.e., where the dual polytope ' of
P is also a lattice polytope. In that case, the roots are distributed symmetrically not only across
the real line (which follows from the fact that the Ehrhart polynomial has real coefficients), but
across the critical line CL := {z € C|PRe(z) = —1/2} also. Reflexive polytopes whose Ehrhart
polynomial roots all lie on the critical line are called C'L-polytopes. A natural problem that arises
is the following.

Problem 1. Classify all C' L-polytopes.

While there is no hope that this problem will be solved any time soon in full generality, restricting
the problem to certain families of polytopes has proven useful. One popular class is that of symmetric
edge polytopes, which was originaly been defined as a class of graph polytopes but has recently been
generalised to regular matroids [1]. Given a regular matroid M with a unimodular representation
U € 79" its symmetric edge polytope Py is given by the convex hull of the columns of U and
-U.

With that in mind, we can ask a more appropriate question.

Problem 2. Find classes of reqular matroids whose symmetric edge polytopes are C'L.

A popular tool for studying C'L-ness is the theory of interlacing polynomials [2], which was used
e.g. in [3].

References
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[2] S. Fisk, Polynomials, roots, and interlacing. arXiv preprint math/0612833, 2006.
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!The dual polytope of P C RY is given by P° := {z € (R%)°|Vy € P: (x,y) > —1} where (R?)° is the dual space
of R,
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Selectability in Matroids

by Vasilis Livanos

Let M = (S,Z) be a matroid, and P(M) its corresponding polytope, i.e. the convex hull of the
indicator vectors of the bases of M. Let x € P(M). Consider the random set R(z) in which each
i € S appears with probability x;. For i € S, let R — i denote R(x) \ {i}, for brevity.

The problem asks with what probability is an element ¢ € S not spanned by R(z) —i. It is
easy to see that no non-trivial lower bound on this probability can be given, for all 7 € S. Simply
consider a uniform matroid of rank 1 with |S| = 2 and 2y = 1 — ¢, 29 = . Therefore, we consider
lower bounds that pertain only to some elements in S.

Problem 1. For every M and x € P(M), there ezists an i € S such that

Pr[i ¢ span(R(x) —i)] >

[N

Along with Kristof Bérczi and Yutaro Yamaguchi, we have resolved the problem for all matroids
of rank at least %, as well as several special cases of matroids (i.e. all uniform matroids). Re-
solving this problem for all matroids will be a crucial step in the development of optimal online

approximation algorithms for matroids [1].

References

[1] Vasilis Livanos. Simple and optimal greedy online contention resolution schemes. In
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QUOTIENTS OF M-CONVEX FUNCTIONS

by Georg Loho

The notion of a quotient of two matroids is a fundamental concept in the structure theory of
matroids and it forms the building block of flag matroids in the sense of [1].

On one hand, matroids are special M-convex sets, that is, sets of integer points in the base poly-
tope of an integral submodular function, since rank functions of matroids are integral submodular
functions. On the other hand, valuated matroids are functions of the form ¢: (“ﬂ) — RU{—o0}

such that argmax {qb(z) —c'z|z€ ([Z])} forms the bases of a matroid for each vector ¢ € R(7).

Matroids are those valuated matroids which attain the values zero on the bases and —oo elsewhere.

The notion of quotient of matroids has recently been generalized to valuated matroids [2] and
M-convex sets [3]. M-convex functions in the sense of [4] form a vast generalization of matroids,
encompassing valuated matroids and M-convex sets.

Problem 1. Generalize the notion of quotient to M-convex functions while keeping many crypto-
morphic characterizations and desirable properties.

References

[1] A. V. Borovik, I. M. Gelfand, and N. White. Coxeter matroids, volume 216 of Progr. Math.
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[3] S. Fujishige and H. Hirai. Compression of M*-convex functions — flag matroids and valuated
permutohedra. J. Combin. Theory Ser. A, 185:105525, 2022.

[4] K. Murota. Discrete convex analysis. STAM Monographs on Discrete Mathematics and Appli-
cations. Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2003
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Simultaneous independent sets in matroids

by Péter Madarasi

Let Si,..., Sk be finite disjoint sets, and let us be given a matroid M;; on the groundset S; U S;
for all 7, 7 such that 1 <17 < j < k. Our goal is to find a maximum-size F* C S; U ---U S such that
F'is independent in every M;;.

For k = 2, the problem asks for a maximum-size independent set in the matroid M, defined on
the groundset S; U Ss.

For k = 3, both the matching and matroid intersection problems are special cases. It turns out
that the case k = 3 reduces to the matroid matching problem, and it is polynomial-time solvable
provided that the matroids are linear [1, 2]. However, no combinatorial algorithm or nice min-max
formula is known, not even in the graphic case.

Problem 1. Give a combinatorial algorithm and a min-maz formula for graphic matroids when
k=3.

The complexity of the non-linear case is open for k = 3, and even the linear case is unknown for
k> 4.

Problem 2. Is the problem solvable in polynomial time for arbitrary matroids when k = 37
Problem 3. Is the problem solvable in polynomial time (for graphic matroids) when k > 47

Another natural generalization of the case k = 3 to larger k’s is when, for every i € {1,... k},
at most two of the matroids are non-free whose groundset includes S;. In this case, the problem
reduces to the matroid matching problem for all £, but no combinatorial algorithm is known.

References

[1] L. Lovéasz, Matroid matching and some applications. Journal of Combinatorial Theory, Series
B, 28(2), pp.208-236, 1980.

2] T. A. Jenkyns, Matchoids: a Generalization of Matchings and Matroids. Ph.D. Thesis, Uni-
versity of Waterloo, 1974.
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Group-labeled Matroid Problems

by Taihei Oki

Group-labeled combinatorial optimization problems are considered for the shortest path problem
in, e.g., [1]. We here consider the group-labeled variants for matroidal problems.

Let I' be an abelian group, where the operation is denoted in additive notation. A group-labeled
matroid is a matroid M whose ground set E is endowed with a group labeling ¢» : E — I'. The
label of a set X C E is defined as the sum of labels of the elements in X, i.e., ¥(X) := > .y ¥(e).
Zero and non-zero bases of M are bases whose labels are the zero element Op € I' and a non-zero
element, respectively.

The most basic problems on group-labled matroids are the following:

e ZERO BASE PROBLEM: given a group-labeled matroid, find its zero base (if it exists).

e NON-ZERO BASE PROBLEM: given a group-labeled matroid, find its non-zero base (if it
exists).

The target group element Or in the (NON-)ZERO BASE PROBLEM can be replaced with any
other element g € I' by considering the (NON-)ZERO BASE PROBLEM for the direct sum of M and
the free matroid over the singleton of a new element having label —g.

NON-ZERO BASE PROBLEM is indeed tractable:

Theorem 1. NON-ZERO BASE PROBLEM is polynomial-time solvable.

Proof (sketch). Take any base B of M. If B is a non-zero base, then we are done. Suppose not.
We exhaustively search for e € '\ B and f € C(B,e)? such that B + e — f is a zero base. If such
e and f are found, output B 4+ e — f; otherwise, we can show that M has no non-zero base in the

following way. Let e € £\ B. Since Op = (B +e — f) = ¢(B) +¢(e) — ¢¥(f) = ¥(e) — (f) for
all f € C(B,e), all elements in the fundamental circuit C(B, e) have the same label ¢)(e). Thus, all
elements in a connected component of M has the same label. Since any base of M is the disjoint
union of bases of the connected components, all bases have the label ¥(B). O

There are several natural generalizations of NON-ZERO BASE PROBLEM:

e WEIGHTED NON-ZERO BASE PROBLEM: given a group-labeled matroid equipped with a
weight function w : £ — R, find a minimum-weight non-zero base.

e NON-ZERO COMMON BASE PROBLEM: given two group-labeled matroids with the same
ground set and the same group labeling, find a non-zero base of both matroids.

e WEIGHTED NON-ZERO COMMON BASE PROBLEM, NON-ZERO MATROID PARITY PROB-
LEM, ...

Problem 1. Are these problems polynomial-time solvable? If not, what are tractable special cases?
ZERO BASE PROBLEM is hard in general:

Theorem 2. ZERO BASE PROBLEM s NP-hard.

2The fundamental circuit of e in B, i.e., the unique circuit in B U {e}.
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Proof (sketch). Reduction from the subset sum problem to ZERO BASE PROBLEM for the uniform
matroid with I' = Z. O

If ' = Zs, ZERO and NON-ZERO BASE PROBLEMS are the same, thus polynomial-time solvable
by Theorem 1.

Problem 2. Is ZERO BASE PROBLEM polynomial-time solvable if I is a fized finite abelian groups?

This is true for regular matroids by algebraic technique (details omitted). More generally, ZERO
CoMMON BASE PROBLEM and ZERO PARITY BASE PROBLEM for Pfaffian pairs [3] (including
arborescences) and Pfaffian parities [2] are tractable if I is a fixed finite abelian group. How about
other matroids with I' = Z3?

References

[1] Y. Iwata and Y. Yamaguchi. Finding a shortest non-zero path in group-labeled graphs. Com-
binatorica, 42:1253-1282, 2022.
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parity problems. SIAM J. Discrete Math., 36(3):2121-2158, 2022.

(3] K. P. Webb. Counting Bases. PhD thesis, University of Waterloo, Waterloo, 2004.
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Integrality gap for the common intersection of multiple matroids

by Neil Olver

Let My, M,,..., My be k matroids on the same groundset F. Let P; be the independence
polytope of matroid M;. Consider the problem of, given a weight vector w : £ — Rsq, finding
a maximum weight set that is independent in all £ matroids. We can phrase this as an integer
program:

max w’x
s.t. x e P, 1=1,2,...,k
z € {0,1}F

Problem 1. What is the integrality gap of the LP relaxation obtained by dropping the integrality
constraints?

The conjecture is that it is £k — 1. For k = 2, this is of course true—this simply says that
the intersection of two matroid polytopes is integral. For k = 3, it also holds [1]; the proof is via
an iterative rounding/relaxation approach, also with an invocation of matroid intersection. What
about k > 37

A proof of this conjecture would likely yield a (k — 1)-approximation for this problem. Using
local search methods rather than LP-based methods, a (k — 1 + €)-approximation is known, for any
¢ > 0 [2]. This has no implication for the integrality gap, however.

References
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14" Emléktabla Workshop 13

Symmetric edge polytopes: degree of the y-polynomial

by Lilla Tothmérész
Let G = (V, E) be an undirected graph. Its symmetric edge polytope is the following:

Pg = conv{l, —1,,1, =1, |w € E} c RY

This is a nice polytope that is quite actively investigated recently. It is known to be reflexive,
hence its Ehrhart A*-polynomial is symmetric. Thus, one can write the h*-polynomial in symmetric
basis, and obtain the vy-polynomial.

Suppose now that G is bipartite. In this case there is another polynomial associated to G:
the interior polynomial. With Tamas Kalméan, we noticed that whenever we computed these two
polynomials, their degrees agreed.

Problem 1. For an undirected graph is it true that the degree of the ~v-polynomial of the symmetric
edge polytope always agrees with the degree of the interior polynomial?
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vy-positivity of (non-symmetric) edge polytopes

by Lilla Téthmérész
Let D = (V, A) be a directed graph. Its edge polytope is the following:

Q¢ = conv{l, — 1, | ub € A} c RV

A particularly nice (and actively researched) special case is if D is obtained from an undirected
graph by substituting each (undirected) edge with two oppositely directed edges. In that case, the
polytope is called the symmetric edge polytope-

The edge polytope is reflexive if and only if D is strongly connected (in particular, in the sym-
metric case), hence its Ehrhart h*-polynomial is symmetric. Thus, one can write the h*-polynomial
in symmetric basis, and obtain the y-polynomial.

Ohsugi and Tsuchiya conjectures that for a symmetric edge polytope, the coefficients of the
~v-polynomial are nonnegative.

For general strongly connected digraphs, v-positivity does not hold.

Problem 1. Identify classes of strongly connected digraphs where there is or there isn’t y-positivity.
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Diameter reduction by edge reversals

by Lilla Tothmérész

Suppose that we have a directed graph D = (V, A). It is known that if we want to make D
strongly connected by reversing some of its edges, then we need to reverse at least v(D) edges,
where

v(D) =min|{F C A| F intersects each directed cut }|,

and this quantity is computable in polynomial time.

We can also think of making a directed graph strongly connected, as decreasing its (directed)
diameter from oo to at most —V—.

With this philosophy, we can ask:

Problem 1. What is the minimum number of edges we need to reverse in a directed graph D to
obtain a graph with diameter at most k?



