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Chapter 1

Noncommutative rings

Throughout this chapter, a ring will always mean a ring with unity. By an R-

module, we always mean a left R-module unless otherwise stated.

The most important example of a noncommutative ring is the following. Let

V be a vector space over a field K. Put

R = EndK(V )
def
= {ϕ | ϕ is a K-linear map from V to V } .

Then R is a noncommutative ring, and V is naturally an R-module: for all r ∈ R

and v ∈ V , let r · v def
= r(v).

Other examples are the subrings of a noncommutative ring. If M is an R-

module, then M is also an S-module for any subring S of R.

If M is an abelian group (i.e., a Z-module), then R = EndZ(M) is a noncom-

mutative ring, and M is naturally an R-module.

1.1 Primitive and prime rings

Definition 1.1.1. The ring R is said to be simple if {0} and R are the only

two-sided ideals in R, i.e., R has no non-trivial two-sided ideals.

Definition 1.1.2. An R-module M is said to be irreducible (or simple) if {0}
and M are the only submodules of M . An R-module M is faithful if the action of

each R ∋ r 6= 0 on M is nontrivial (i.e., rm 6= 0 for some m ∈M). Equivalently,

the annihilator of M is the zero ideal (see Definition 1.1.5 below).

Definition 1.1.3. The ring R is primitive if there exists an irreducible, faithful

R-module.

1



2 Chapter 1. Noncommutative rings

Remark. There exists a ring which is left-primitive but not right-primitive.

Definition 1.1.4. The ring R is said to be prime if for all ideals A,B ⊳ R,

A ·B = {0} implies A = {0} or B = {0}.

Remark. A commutative ring is prime if and only if it is a domain, i.e., it has

no zero-divisors.

Clearly, a simple ring is always prime.

Definition 1.1.5. Let M be an R-module. The set

annR(M)
def
= {r ∈ R | rm = 0 for all m ∈M}

is called the annihilator of the module. It is not hard to show that the annihilator

of an R-module is a two-sided ideal in R. Similarly let

annR(m)
def
= {r ∈ R | rm = 0} , m ∈M.

Then annR(m) is a left ideal in R and

annR (M) =
⋂

m∈M

annR (m).

Proposition 1.1.1. A ring R is primitive if and only if there exists a maximal

left ideal I in R which contains no non-zero two-sided ideals.

Proof. ⇐ Consider the R-module R/I. This is irreducible (simple) because I

was maximal. We show that it is a faithful module. We have

R ⊲ annR(R/I) =
⋂

s∈R/I

annR (s) ⊆ annR(1 + I) = I.

By assumption, I contains no non-zero two-sided ideals, hence annR(R/I) = {0}.
Thus, R/I is faithful. We showed an irreducible, faithful R-module (namely R/I),

therefore R is primitive.

⇒ Take a faithful, irreducible R-module M . Let 0 6= x ∈ M . Since M is

irreducible, we have that Rx =M . By the Homomorphism Theorem,

M = Rx ∼= R/annR(x), (take r
ϕ7→ rx).
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Hence, annR(x) is a maximal left ideal in R (since M was irreducible). Suppose

that J ⊳ R and J ⊆ annR(x). If we show that J = {0}, then we are done. For

an arbitrary m ∈ M , there exists an r ∈ R such that m = rx; (this is because

Rx = M). Therefore, Jm = Jrx = (Jr)x = Jx = {0}. However, M is faithful,

whence J = {0}.

Corollary 1.1.2. A simple ring is always primitive.

Proof. It can be shown that a ring R with unity always has a maximal left

ideal (this is Krull’s Theorem). If R is simple, there are no non-zero two-sided ide-

als of R, except for R. The statement now follows from the previous proposition.

Corollary 1.1.3. A commutative ring is primitive if and only if it is a field.

Proof. By the previous proposition, we have that a commutative ring R is prim-

itive if and only if there exists a maximal two-sided ideal I in R which contains

no non-zero two-sided ideals. Since I contains itself, the latter is equivalent to

the statement that {0} is the only maximal two-sided ideal in R. This is further

equivalent to the statement that R is a field.

Example 1.1.1 (A ring which is primitive but not simple.). Let V be an infinite

dimensional vector space over a field K. Put R = EndK(V ). We claim that V is

a faithful, irreducible R-module. This follows from the well-known fact that given

any pair of v, w ∈ V , v 6= 0, there is a ϕ ∈ EndK(V ) such that ϕ(v) = w. Thus,

Rv = V for any 0 6= v ∈ V . By definition, R is primitive. However, R is not

simple as; the following is a non-trivial ideal of R:

I = {r ∈ R | dimK(Im(r)) <∞} .

We know that a commutative ring is prime if and only if it is a domain. Com-

paring this with Corollary 1.1.3, we see that primeness does not imply primitivity.

Nevertheless, we have the following proposition.

Proposition 1.1.4. If a ring is primitive then it is prime.

Proof. Let R be a primitive ring and let M be a faithful, irreducible R-module.

Take A,B ⊳R such that A 6= 0, B 6= 0. Take 0 6= b ∈ B. Since M is faithful, there
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exists an x in M such that bx 6= 0. Then {0} 6= Rbx ≤M . Since M is irreducible,

Rbx = M . For any 0 6= a ∈ A, we have aRbx = aM 6= {0}, whence aRb 6= {0}.
This implies that A ·B 6= {0}.

Definition 1.1.6. Let {Rλ | λ ∈ Λ} be a family of rings. We say that the ring R

is a subdirect product of this family, if there is an injective ring homomorphism

η : R →֒
∏

λ∈Λ

Rλ,

such that πλ ◦ η : R →→ Rλ is surjective for all λ ∈ Λ. Here, πλ is the projection

πλ :
∏

µ∈ΛRµ →→ Rλ.

Definition 1.1.7. A ring R is semisimple if R is a subdirect product of simple

rings. A ring R is semiprimitive if R is a subdirect product of primitive rings.

A ring R is semiprime if R is a subdirect product of prime rings.

Remark. A ring R is semiprimitive if and only if for any 0 6= r ∈ R there exists

a faithful irreducible R-module which is not annihilated by r.

Definition 1.1.8. Let R be a ring. A two-sided ideal I ⊳ R is maximal if R/I

is simple. A two-sided ideal I ⊳ R is primitive if R/I is primitive. A two-sided

ideal I ⊳ R is prime if R/I is prime.

Proposition 1.1.5. Let R be a ring. The set of all primitive ideals in R is equal

to the set of annihilator ideals of irreducible R-modules.

Proof. ⊇ Let S be an irreducible R-module and let P = annR(S). Then S is

an irreducible, faithful R/P -module. Indeed, let (r + P )s
def
= rs for all r ∈ R and

s ∈ S. Since S is irreducible R-module, we have that (r + P )S = rS = S for

r /∈ P . Thus, the ideal P of R is, by definition, primitive.

⊆ Suppose that P is a primitive two-sided ideal in R. Then, by definition, there

exists an irreducible, faithful R/P -module M . Then M is also an irreducible R-

module with P = annR(M). Indeed, let rm
def
= (r+P )m for all r ∈ R and m ∈M .

If r ∈ R, then

rM = (r + P )M =

{
0 if r ∈ P,

M if r /∈ P.
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Lemma 1.1.6. A two-sided ideal P of R is prime if and only if for every A,B⊳R,

A ·B ⊆ P implies that A ⊆ P or B ⊆ P .

Proof. By definition P ⊳R is prime if and only if R/P is prime. This is equivalent

to the statement that for every A,B ⊳ R/P , A · B = {0} implies A = {0} or

B = {0}. This is equivalent to the statement that for every A,B ⊳ R, A · B ⊆ P

implies A ⊆ P or B ⊆ P .

Lemma 1.1.7. A ring R is semiprime if and only if
⋂

P⊳R
P is prime

P = {0}. A ring

R is semiprimitive if and only if
⋂

I⊳R
I is primitive

I = {0}. A ring R is semisimple if

and only if
⋂

L⊳R
L is maximal

L = {0}.

Proof. The three statements are proven almost the same way, so we only prove

the first statement. ⇒ Suppose that

η : R →֒
∏

λ∈Λ

Rλ,

where Rλ is prime. By the Homomorphism Theorem

Rλ
∼= R/Ker (πλ ◦ η)

where πλ is the projection πλ :
∏

µ∈ΛRµ →→ Rλ. Since Rλ is prime, by definition,

Ker (πλ ◦ η) ⊳ R is a prime ideal. By the definition of a direct product, R ∋ r = 0

if and only if for all λ ∈ Λ, (πλ ◦ η)(r) = 0. Hence,
⋂

λ∈Λ

Ker (πλ ◦ η) = {0} .

Since the members of this intersection are prime ideals of R, it contains the inter-

section of all prime ideals of R. Thus,
⋂

P⊳R
P is prime

P = {0}.

⇐ Assume that
⋂

P⊳R
P is prime

P = {0}. We have

η : R →֒
∏

P⊳R
P is prime

R/P ,

with r
η7→ (r + P ) P⊳R

P is prime
. By definition, R/P is prime for all prime ideals P of R.

Thus, R is the direct product of prime ideals. To complete the proof, we need to

show that πP ◦ η : R → R/P is a surjection for all prime ideals P of R. Naturally

it is, since r
η7→ (r + P ) P⊳R

P is prime

πP7→ r + P .
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Proposition 1.1.8. A ring R is semiprime if and only if there is no {0} 6= I ⊳ R

two-sided ideal such that I · I = I2 = {0}.

Proof. ⇒ Suppose that I ⊳R such that I2 = {0}. Then, by Lemma 1.1.6, I ⊆ P

for any prime ideal in R, that is

I ⊆
⋂

P⊳R
P is prime

P.

By Lemma 1.1.7, this intersection is {0}. Hence, I = {0}.
⇐ Let b0 be any non-zero element of R. We should show that there exists a prime

ideal in R that does not contain b0. By assumption (Rb0R)
2 6= {0}, i.e., there is

a non-zero b1 = b0x0b0 for some x0 ∈ R. Similarly, there is a non-zero b2 = b1x1b1
for some x1 ∈ R. In this way, we obtain a sequence of non-zero elements of R:

b0, b1, b2, . . .. From the construction, it follows that there are x, y ∈ R such that

bj = bix = ybi for any i < j.

Let S be the family of ideals that are disjoint from the set {b0, b1, b2, . . .}. The
S is not empty, since {0} ∈ S. It can be verified that the conditions of Zorn’s

Lemma are satisfied for S. Therefore there is a maximal element M in S.

We claim thatM is a prime ideal. Indeed, assume in the contrary that for some

ideals A,B, we have M ( A and M ( B, but AB ⊆M . By the maximality of M

we have bi ∈ A and bj ∈ B for some i, j. Take any k > i, j. By the construction,

we have that for some z ∈ R, bk = bizbj ∈ AB ⊆M . This is a contradiction, since

M is disjoint from the set {b0, b1, b2, . . .}.

1.2 The Jacobson radical

Definition 1.2.1. The Jacobson radical (or simply the radical) of a ring R is

rad(R)
def
= {r ∈ R | r ∈ annR(M) for all irreducible R-module M}
=

⋂

M is an irreducible
R-module

annR(M).

Remark. Note that the radical of a module M is

rad(M)
def
=

⋂

N≤M
N is maximal

N.
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Because of the following proposition, this definition is a generalization of the con-

cept of the radical of a ring.

Proposition 1.2.1. For a ring R it holds that

rad(R) =
⋂

I⊳R
I is primitive

I =
⋂

L⊳R
L is a maximal

left ideal

L.

Proof. The first equality follows from Proposition 1.1.5. For the second equality

we use

annR (M) =
⋂

06=m∈M

annR (m).

We shall prove that the set of maximal left ideals in R and the set of annihilators

of non-zero elements in irreducible R-modules are equal. Indeed, let L be a max-

imal left R-module. Then, R/L is an irreducible R-module. It is clear that the

annihilator annR(1 + L) of the element 1 + L ∈ R/L is L. Conversely, start with

0 6= x ∈ M , where M is an irreducible R-module. By the irreducibility and the

Homomorphism Theorem

M = Rx ∼= R/annR(x),

hence, R/annR(x) is an irreducible R-module. Consequently, annR(x) is a maxi-

mal left ideal in R.

Corollary 1.2.2. A ring R is semiprimitive if and only if rad(R) = {0}.

Proof. By Lemma 1.1.7, a ring R is semiprimitive if and only if

⋂

I⊳R
I is primitive

I = {0} .

By the previous proposition, this intersection is the radical of R.

Proposition 1.2.3. Let R be a ring. We have the following:

(i) R/rad(R) is semiprimitive;

(ii) if I ⊳ R and R/I is semiprimitive then rad(R) ⊆ I.
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Proof. (i) Use the previous corollary and the fact that

rad (R/rad (R)) = rad (R) /rad (R) = {0} .

(ii) An irreducible R/I-module can be viewed as an irreducible R-module which

is annihilated by I. So if R/I is semiprimitive, then for all a ∈ R\ I there exist an

irreducible R/I module M that is not annihilated by a+ I. This follows from the

previous corollary and the definition of the radical. Thus,M – when it is viewed as

an R-module – is not annihilated by a, so a /∈ rad(R). Hence, R \ I ⊆ R \ rad(R),
or rad(R) ⊆ I.

Definition 1.2.2. Let R be a ring. An element r ∈ R is said to be left quasi-

regular if 1− r has a left inverse in R, i.e., R(1− r) = R. A left ideal is left

quasi-regular if all its elements are left quasi-regular.

Suppose that r is left quasi-regular, so there exists an r′ ∈ R such that (1 −
r′)(1− r) = 1 or r′r − r′ − r = 0.

Notation. Let a, b be arbitrary elements of a ring R. Define the operation ◦ :

R×R → R by a ◦ b = a+ b− ab. Specially, 0 ◦ a = a ◦ 0 = a.

It is easy to check that (R, ◦, 0) is an associative monoid.

Lemma 1.2.4. If I is a left quasi-regular left ideal of R, then I is a subgroup of

(R, ◦, 0).

Proof. Take r ∈ I. Since is left quasi-regular, there exists an element r′ ∈ R such

that 0 = r′ ◦ r. This is equivalent to r′ = r′r − r. Both terms on the right-hand

side are from I, thus r′ ∈ I. By applying this argument for r′ we have that there

exists an element r′′ ∈ I such that 0 = r′′ ◦ r′. It follows that

0 = r′′◦r′ = (r′′ ◦ 0)◦r′ = (r′′ ◦ (r′ ◦ r))◦r′ = ((r′′ ◦ r′) ◦ r)◦r′ = (0 ◦ r)◦r′ = r◦r′,

whence r′ ◦ r = r ◦ r′ = 0.

Theorem 1.2.5. The elements of the radical of a ring R are left quasi-regular,

and rad(R) contains all left quasi-regular left ideals. Consequently,

rad (R) = {r ∈ R | sr is left quasi-regular for all s ∈ R} .
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Proof. Take any r ∈ rad (R). Suppose for a contradiction that R(1 − r) 6= R,

i.e., r is not left quasi-regular. There exists a maximal left ideal L in R among

the left ideals that contain R(1− r). In particular, 1− r ∈ L. On the other hand,

L ⊇ rad(R) ∋ r, thus 1 = 1−r+r ∈ L. This is a contradiction. Thus, all elements

of rad(R) are left quasi-regular.

Suppose for a contradiction that J is a left quasi-regular left ideal, which is not

contained in rad(R). There exists a maximal left ideal L in R among the left ideals

that not contain J . Since L ( J + L ⊳ R, using the fact that L is a maximal left

ideal, J + L = R. It follows that there exist elements j ∈ J and ℓ ∈ L such that

j+ℓ = 1, that is, ℓ = 1−j. The element 1−j, with j being in the left quasi-regular

left ideal J , has a left inverse, thus L ⊇ Rℓ = R. This is a contradiction. Hence,

rad(R) contains all left quasi-regular left ideals.

Remark. A nilpotent element is always left (and right) quasi-regular. Indeed,

suppose that an = 0, then

(1− a)
(
1 + a+ a2 + · · ·+ an

)
= 1− an = 1,

(
1 + a+ a2 + · · ·+ an

)
(1− a) = 1− an = 1.

Corollary 1.2.6. If J is a left ideal in R consisting of nilpotent elements, then

J ⊆ rad(R).

1.3 Completely reducible modules

Definition 1.3.1. Let R be a ring. An R-module M is completely reducible if

for any submodule M ′ ≤M , there exists a submodule M ′′ ≤M such that M ′⊕M ′′.

(i.e., M ′ +M ′′ =M and M ′ ∩M ′′ = {0})
For example, an irreducible module is completely reducible, since the only

submodules are {0} and the module itself.

Proposition 1.3.1. A submodule and a factor module of a completely reducible

module is again completely reducible.

Proof. Let M be a completely reducible module. Let M ′ ≤M , and M ′′ ≤M be

its direct complement. We have

M ′ ∼= M/M ′′.
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Hence, it is sufficient to prove the statement for factor modules. Let N ≤ M be

a submodule of the completely reducible module M . Let η : M →→ M/N be the

natural surjection (m 7→ m+N). Let P be a submodule ofM/N . By assumption,

there exists a Q ≤ M such that M = η−1(P ) ⊕ Q. Then M/N = P ⊕ η(Q).

Indeed, let m + N ∈ M/N . Since M = η−1(P ) ⊕ Q, we can write m = p + q,

where p ∈ η−1(P ) and q ∈ Q. Thus, m + N = η(m) = η(p) + η(q) ∈ P + η(Q).

Therefore, P + η(Q) = M/N . It remains to prove that P ∩ η(Q) = {0 +N}.
Suppose that a ∈ P ∩ η(Q). Then a = m + N = η(m), for some m ∈ M . More

precisely m ∈ η−1(P ) ∩ (Q + N) ⊆ η−1(P ). Then m is in the direct complement

of N , thus a = η(m) = 0 +N .

Proposition 1.3.2. A completely reducible module has a non-zero irreducible sub-

module.

Proof. Let M be a completely reducible module. Take 0 6= x ∈M . Consider the

family F of those submodules of M that do not contain x. The F is not empty,

since the submodule {0} does not contain x. Clearly, (F,⊆) is a partially ordered

set, and by Zorn’s Lemma, there exists a maximal member N of this family. By

definition, any submodule P ) N contains x. Hence, any non-zero submodule of

M/N contains 0 6= x + N ∈ M/N . By the previous proposition, M/N is com-

pletely reducible. On the other hand, any two non-zero submodule of M/N have

a nontrivial intersection (x+N is in the intersection). Thus, M/N is irreducible.

Consequently N is a maximal submodule of M , and the direct complement Q of

N is an irreducible submodule of M . Indeed, Q ∼= M/N , which is irreducible.

Definition 1.3.2. A set {Mα}α∈A of submodules of a module M is independent,

if for all β ∈ A
Mβ ∩

∑

α∈A
α 6=β

Mα = {0} .

Remark. A set of submodules is independent if and only if any finite subset of

those submodules is independent.

Lemma 1.3.3. If {Mα}α∈A is an independent set of submodules of the module M ,

and N is a submodule of M such that

N ∩
∑

α∈A

Mα = {0} ,
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then {Mα}α∈A ∪ {N} is independent.

Proof. Assume the contrary that there exist α1, . . . , αk ∈ A such that

Mα1 ∩N +
k∑

i=2

Mαi
6= {0} ,

i.e., there exist xi ∈Mαi
(i = 1, 2, . . . , k) and y ∈ N such that

0 6= x1 = y + x2 + · · ·+ xk.

Since {Mαi
}ki=1 is independent, we have y 6= 0. Thus,

0 6= y = x1 − x2 − · · · − xk ∈ N ∩
∑

α∈A

Mα,

which is a contradiction.

Proposition 1.3.4. The following are equivalent for a module M :

(i) M is generated by its irreducible submodules;

(ii) M =
⊕

α∈AMα with Mα being an irreducible submodule of M ;

(iii) M is completely reducible.

Proof. (i) ⇒ (ii) Suppose that M =
∑

α∈AMα with Mα being an irreducible

submodule of M . By Zorn’s Lemma, there is a B ⊆ A which is maximal with the

property that {Mβ}β∈B is independent. By the definition of the independence,

N
def
=
∑

β∈B

Mβ =
⊕

β∈B

Mβ.

We need to show that N = M . It is sufficient to show that Mα ⊆ N for all

α ∈ A \ B. Assume the contrary that there exists an α ∈ A \ B such that

Mα 6⊆ N . By the irreducibility of Mα, Mα ∩ N = {0}. Thus, by the previous

lemma, {Mβ}β∈B ∪{Mα} is independent. This contradicts the maximum property

of B.
(ii) ⇒ (iii) Take a submodule P of M =

⊕
α∈AMα. By Zorn’s Lemma, there is

a B ⊆ A which is maximal with the property that {P}∪{Mβ}β∈B is independent.

Put

N
def
= P ⊕

(
∑

β∈B

Mβ

)
.
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We need to show that N = M . We can prove this very similarly to the way we

did in the previous part.

(iii) ⇒ (i) Suppose that M is completely reducible. Let N be the submodule

of M generated by all irreducible submodules of M . Assume the contrary that

N ( M . By the completely reducibility of M , there exists a {0} 6= Q ≤ M such

that M = N ⊕ Q, with Q being completely reducible by Proposition 1.3.1. By

Proposition 1.3.2, Q has an irreducible submodule {0} 6= S. By the definition of

N , S ⊆ N . This is a contradiction, since Q ∩N = {0}.

1.4 The Density Theorem

Definition 1.4.1. Given a ring R, denote by Rop, and call the opposite ring

of R, the ring which has the same underlying set and additive group as R and a

multiplication ·op defined as

a ·op b = b · a.

Here · denotes the multiplication in R.

A left R-moduleM can always be viewed as a right module over Rop, by simply

defining m · r to be rm. This is a well defined right module. Indeed, we have

m · (r ·op s) = (r ·op s)m = (sr)m = s(rm) = (rm) · s = (m · r) · s.

Given a left R-module RM , S = End(RM) is a ring. The M is naturally a left

S-module by s ·m = s(m). The action of R on M commutes with the action of S

on M :

r · (s ·m) = r · (s(m)) = r · s(m) = s(rm) = s · (rm), for all r ∈ R, s ∈ S.

We can view M as a right Sop-module similarly to that above. Then, M has a

left and a right structure, that commute. This observation leads to the following

definition.

Definition 1.4.2. Given two rings A, B and an abelian group M , we say that M

is an A-B bimodule, if

(i) M is a left A-module;
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(ii) M is a right B-module;

(iii) for all a ∈ A, b ∈ B and m ∈M : (am)b = a(mb).

In the latter case, we write amb.

For example, any R-module M is an R-Sop bimodule, where S = End(RM).

Lemma 1.4.1 (Schur). A non-zero homomorphism between irreducible R-modules

is an isomorphism.

Proof. Let M and N be irreducible R-modules, and ϕ : M → N be a non-zero

R-module homomorphism. We have Ker(ϕ) ≤ M and Im(ϕ) ≤ N . Since ϕ is

non-zero, M 6= Ker(ϕ). Consequently, by the irreducibility of M , Ker(ϕ) = {0}.
Similarly, Im(ϕ) = N .

Corollary 1.4.2. For any irreducible R-module M , End(RM) is a division ring

(skew field).

Proof. Apply Schur’s Lemma with N equals M . It follows that every non-zero

element of End(RM) is an isomorphism, that is, has an inverse. Thus, End(RM)

is a division ring.

Let D be a division ring. A D-module is called vector space over D. Given a

vector space V over a division ring D, we consider End(DV ).

Definition 1.4.3. A subset S of End(DV ) is called dense if given any finite set

x1, x2, . . . , xn of linearly independent elements in V and any y1, y2, . . . , yn in V ,

there exists an s ∈ S such that s(xi) = yi for all 1 ≤ i ≤ n.

Remark. If dim(DV ) is finite, then the only dense subset of End(DV ) is End(DV ).

Theorem 1.4.3 (Jacobson–Chevalley Density Theorem). A ring is primitive if

and only if it is isomorphic to a dense subring of linear transformations of a

vector space over a division ring.

Proof. ⇐ Suppose that R is a dense subring of End(DV ) where D is a division

ring. We claim that RV is a faithful and irreducible R-module. It is faithful, since

R is a subring of End(DV ). The density of R implies Rx = V for all x 6= 0, which

means that RV is irreducible.
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⇒ Suppose that R is primitive. Let V be a faithful and irreducible R-module.

By Schur’s Lemma, End(RV ) is a division ring. Therefore D
def
= End(RV )op is a

division ring. Thus, we can consider RVD as an R-D bimodule. We remark that

since RV is faithful, R →֒ EndR(VD). Take some n ∈ N, then

(RVD)
n def
= V n def

= V ⊕ V ⊕ · · · ⊕ V︸ ︷︷ ︸
n times

is, again, an R-D bimodule. Consider the rings

R′ def
= EndR (V n) and R′′ def

= EndR′ (V n) .

We shall prove that if W is an R-submodule of V n, then W is an R′′-submodule

of V n. Since V is irreducible, by definition, V n is completely reducible. Let W̃ be

the direct complement of W . Let us denote by π the projection V n →→ W with

Ker(π) = W̃ . Clearly, π ∈ EndR (V n) = R′. Hence, for any x ∈ R′′, w ∈ W :

x(w) = x(π(w)) = π(x(w)) ∈ W . This proves that W is an R′′-submodule.

Consider the map

η : EndR(VD) →֒ EndR′(V n
D)

defined by

a 7→ (ã : (v1, v2, . . . , vn) 7→ (av1, av2, . . . , avn))

We show that ã ∈ EndR′(V n
D) indeed. Let ξi : VD →֒ V n

D defined by v 7→
(0, 0, . . . , v

↑
ith space

, . . . , 0) for i = 1, 2, . . . , n. Also, let πj : V
n
D → VD given by

(v1, v2, . . . , vn) 7→ vj

for j = 1, 2, . . . , n. For every x ∈ R′ = EndR (V n) set xij
def
= πj ◦ x ◦ ξi ∈

EndR(RV ) = Dop. Clearly

x (v1, v2, . . . , vn)︸ ︷︷ ︸
V n
D

= (v1, v2, . . . , vn)




x11 · · · x1n
...

. . .
...

xn1 · · · xnn


 def

= (v1, v2, . . . , vn)X.

Then we have x(ã(v1, v2, . . . , vn)) = x(av1, av2, . . . , avn) = (av1, av2, . . . , avn)X =

= ã((v1, v2, . . . , vn)X) = ã(x(v1, v2, . . . , vn)).

Now, our aim is to show that R is dense in EndR(VD). Take any finite linearly

independent x1, x2, . . . , xn ∈ D and y1, y2, . . . , yn ∈ D. It is well known that there

exists an a ∈ EndR(VD) such that axi = yi for all i = 1, 2, . . . , n. Thus,

(y1, y2, . . . , yn) = (ax1, ax2, . . . , axn) = ã (x1, x2, . . . , xn) ∈ R′′ (x1, x2, . . . , xn) .
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But we showed earlier that the latter one is equal to R (x1, x2, . . . , xn). Therefore,

there is an r ∈ R such that (y1, y2, . . . , yn) = r (x1, x2, . . . , xn) = (rx1, rx2, . . . , rxn).

This proves that R is dense in EndR(VD).

1.5 Wedderburn–Artin Theorems

Definition 1.5.1. An R-module M is said to be artinian if the descending chain

condition (hereinafter d.c.c.) holds for the submodules of M . (i.e., there is no

infinite strictly decreasing chain M1 ) M2 ) M3 ) · · · of submodules of M)

Equivalently, any non-empty set of submodules of M contains a minimal element.

Definition 1.5.2. A ring R is artinian if RR is artinian.

Definition 1.5.3. Let F be a field. By an associative F -algebra we mean a ring

R, which is also an F -vector space such that the vector space addition is the ring

addition and for all λ ∈ F , a, b,∈ R we have λ(ab) = (λa)b = a(λb). Equivalently,

1R ∈ F ⊂ Z(R), where

Z(R)
def
= {r ∈ R | rs = sr for all s ∈ R}

is the centre of R.

Example 1.5.1. A finite dimensional module over a finite dimensional algebra is

artinian. Indeed, submodules are subspaces as well, thus the d.c.c. clearly holds.

Example 1.5.2. The ring Z⊕Q is not a Q algebra, because the identity element

of Q is not the identity element of the ring although Q is contained in the centre.

Lemma 1.5.1. Suppose that M =M1⊕M2⊕ · · ·⊕Mp where M1,M2, . . . ,Mp are

irreducible R-modules. Then

(i) the irreducible summands together with their multiplicities are uniquely de-

termined by M ;

(ii) for any sub- or factormodule N of M , there exists a subset J ⊆ {1, 2, . . . , p}
such that

N ∼=
⊕

j∈J

Mj .
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Moreover, if N is a proper submodule or factormodule of M , then J (

{1, 2, . . . , p}.

Proof. (i) Suppose that M1 ⊕ M2 ⊕ · · · ⊕ Mp =
⊕

λ∈ΛNλ, with Nλ’s being

irreducible R-modules. By Proposition 1.3.4, M is completely reducible. Let I be

the maximal subset of Λ such that M1 ∩
∑

λ∈I Nλ = {0}. Then

M =M1 ⊕
⊕

λ∈I

Nλ.

Since

M1
∼= M/

⊕

λ∈I

Nλ
∼=
⊕

λ∈Λ\I

Nλ,

by the irreducibility of M1, |Λ \ I| = 1. Therefore, Λ \ I = {ν1}, say. Thus,

M1
∼= Nν1 . It follows that

M2 ⊕M3 ⊕ · · · ⊕Mp
∼= M/M1

∼=
⊕

λ∈Λ\{ν1}

Nλ.

Since p is finite, so inductively we can show that for every i ∈ {1, 2, . . . , n} there

is a νi ∈ Λ such that Mi
∼= Nνi and |Λ| = p, indeed for the last step

Mp
∼=

⊕

λ∈Λ\{νi}
p−1
i=1

Nλ.

Since Mp is irreducible we must have
∣∣Λ \ {νi}p−1

i=1

∣∣ = 1.

(ii) Since any sub- or factormodule N of M is completely reducible by Propo-

sition 1.3.1, according to Proposition 1.3.4, N can be written as a direct sum of

irreducible modules. By the same argument of (i) the desired result follows.

Corollary 1.5.2. A finite direct sum of irreducible R-modules is artinian.

Proof. By (ii) of Lemma 1.5.1, there is no infinite strictly decreasing chain of

submodules, because there is only finitely many of them.

Theorem 1.5.3 (First Wedderburn–Artin Theorem). The following are equivalent

for a ring R:

(i) R is simple artinian;
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(ii) R is primitive artinian;

(iii) R ∼= Mn(D) for some division ring D and n ∈ N.

Remark. The statements of the theorem are also equivalent to (iv) R is prime

artinian. We will prove this later, using the Second Wedderburn–Artin Theorem.

Proof. (i) ⇒ (ii) It is true in general, that a simple ring is always primitive.

(ii) ⇒ (i) If R is primitive artinian then R is prime artinian. This is (iv). Later

we will prove that (iv) implies (i).

(ii) ⇒ (iii) Suppose that R is primitive artinian. By the Jacobson–Chevalley

Density Theorem, R is a dense subring of End(VD) for some division ring D

and right D-vector space V . We shall show that V is finite dimensional. Sup-

pose, to the contrary, that V is an infinite dimensional D-vector space. Take

an infinite set {x1, x2, . . .} ⊆ V of linearly independent elements. Let Lj =

annR({x1, x2, . . . , xj}) ⊳left R for j = 1, 2, . . .. Since R is dense, for every j we

have an rj ∈ R such that rj(x1) = rj(x2) = · · · = rj(xj−1) = 0, but rj(xj) = v 6= 0.

Thus, rj ∈ Lj−1 \ Lj, that is

L1 ) L2 ) L3 ) · · ·

is an infinite strictly decreasing chain of left ideals in R. This is a contradiction,

since R is artinian. Thus, dim(VD) = n < ∞. Consequently, the only dense

subring of End(VD) is End(VD). Hence, R = End(VD) ∼= Mn(D). The latter is by

choosing a basis in VD, and observing that VD ∼= Dn.

(iii) ⇒ (ii) First, we show that Mn(D) is simple (consequently primitive). Let I
be a two-sided ideal in Mn(D). Suppose that I 6= {0}. Then, there is an A ∈ I
such that aij 6= 0 for some i, j ∈ {1, 2, . . . , n}. Let Eij(b) ∈ Mn(D) be the matrix

that has 0’s everywhere except D ∋ b 6= 0 in entry (i, j). Let c be the left inverse

of aij, then
n∑

k=1

Eki (c)AEjk (1) =
n∑

k=1

Ekk (1) = I ∈Mn(D),

which is in I, since it is a two-sided ideal. Therefore I = Mn(D). Let us denote

by Li the set of those matrices in Mn(D) whose every column is the zero vector

in Dn except the ith column (i = 1, 2, . . . , n). It is straightforward to show that
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Li is a left ideal in Mn(D). Then Li ∼= Dn as left Mn(D)-modules. Since Dn is an

irreducible Mn(D)-module, we have that

Mn (D) =
n⊕

i=1

Li

is the direct sum of irreducible Mn(D)-modules. By Corollary 1.5.2 we conclude

that Mn(D) is artinian.

Theorem 1.5.4. The radical of an artinian ring is nilpotent, i.e., for any artinian

ring R there exists an n ∈ N such that (rad(R))n = {0}.

Proof. Let R be an artinian ring. Consider the following descending chain of

ideals:

rad(R) ⊇ (rad(R))2 ⊇ (rad(R))3 ⊇ · · · .
Since R is artinian, there is a k ∈ N such that

(rad(R))k = (rad(R))k+1 = (rad(R))k+2 = · · · def
= P.

We shall show that P = {0}. Assume, to the contrary, that P 6= {0}. We know

that P = P 2. Consider the set

{L | L ⊳left R,L ⊆ P, PL 6= {0}} ∋ P.

By the equivalent definition of an artinian ring, there is a minimal element I of

this set. Hence, PI 6= {0} which implies that there is a b ∈ I such that Pb 6= {0}.
Clearly, Pb ⊳leftR, Pb ⊆ I ⊆ P and P (Pb) = P 2b = Pb 6= {0}. Therefore, Pb is in
the above set, and by the minimality of I, we must have Pb = I. Consequently,

there is an x ∈ P such that xb = b or (1− x)b = 0. Since x ∈ P ⊆ rad(R), 1− x

has a left inverse, thus b = 0. This contradicts the assumption that Pb 6= {0}.

Proposition 1.5.5. If an artinian R-module M is the subdirect product of irre-

ducible R-modules, thenM is the direct sum of finitely many irreducible R-modules.

Proof. The definition of M being a subdirect product of irreducible R-modules

means that
⋂

N�M
N is maximal

N = {0} (Why?).

Let S be the family of submodules which are the intersection of finitely many

maximal submodules. By the artinian property, there is a minimal element in
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S, say L with L = N1 ∩ N2 ∩ . . . ∩ Nk for some k (Ni � M being maximal for

i = 1, 2, . . . , k). By the definition of S, L ∩ N ∈ S for all maximal submodule N

of M . Using the minimality property of L, we have that L ∩ N = L, therefore

L ≤ N for all maximal submodule N of M . Thus, L ⊂ ⋂
N�M

N is maximal
N = {0}.

Hence, N1 ∩N2 ∩ . . . ∩Nk = {0}. In this way

M →֒
k⊕

i=1

M/Ni︸ ︷︷ ︸
irreducible

.

By Lemma 1.5.1, M can be written as
⊕

j∈J⊆{1,2,...,k}M/Nj.

Corollary 1.5.6. If R is a semisimple ring and the d.c.c. holds for two-sided

ideals, then

R = R1 ⊕R2 ⊕ · · · ⊕Rk

is the ring theoretic direct sum of finitely many simple rings: Ri ⊳R, Ri is a simple

ring (i = 1, 2, , . . . , k).

Proof. Let M(R) be the subring of EndZ(R) generated by the elements of the

sets {x 7→ ax | a ∈ R} and {x 7→ xa | a ∈ R}. Then R is an M(R)-module, and

the ideals in R are the same asM(R)-submodules in R. We can apply the previous

proposition with R
def
= M(R) and M

def
= R.

Theorem 1.5.7 (Second Wedderburn–Artin Theorem). The following are equiv-

alent for a ring R:

(i) R is semisimple artinian;

(ii) R is semiprimitive artinian;

(iii) R is semiprime artinian;

(iv) R ∼=
⊕q

i=1Mni
(Di), where D1, . . . , Dq are division rings and n1, . . . , nq ∈ N;

(v) RR is completely reducible;

(vi) all R-modules are completely reducible.
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Proof. (i) ⇒ (ii) It is true in general, that a semisimple ring is always semiprim-

itive.

(ii) ⇒ (i) Suppose that R is semiprimitive artinian. By definition, a semiprimi-

tive ring is the subdirect product of primitive rings. Since the homomorphic image

of an artinian ring is artinian, we conclude that R is the subdirect product of prim-

itive artinian rings. By the First Wedderburn–Artin Theorem, this is a equivalent

to the statement that R is the subdirect product of simple artinian rings, hence R

is semisimple (and artinian).

(ii) ⇒ (iii) It is true in general, that a semiprimitive ring is always semiprime.

(iii) ⇒ (ii) By Theorem 1.5.4, rad(R) is nilpotent. Since R is semiprime, by

Proposition 1.1.8, R has no non-zero nilpotent ideals. Thus, rad(R) = {0}. There-
fore, by Corollary 1.2.2, R is semiprimitive (and artinian).

(i) ⇒ (iv) Using Corollary 1.5.6 and the fact that a homomorphic image of an

artinian ring is artinian, we conclude that R is the finite direct sum of simple

artinian rings. We can now apply the First Wedderburn–Artin Theorem for the

summands.

(iv) ⇒ (v) In the proof of the First Wedderburn–Artin Theorem, we saw that

Mni
(Di) ∼= Dni

i ⊕Dni

i ⊕ · · · ⊕Dni

i︸ ︷︷ ︸
ni times

,

when we view the Dni

i ’s as Mni
(Di)-modules. By the natural surjection R →→

Mni
(Di), they are isomorphic as R-modules as well. Moreover each Dni

i is an

irreducible R-module. Hence, RR is the finite direct sum of irreducible R-modules,

which means by Proposition 1.3.4 that RR is completely reducible.

(v) ⇒ (ii) An irreducible submodule of RR is a minimal left ideal of the ring R.

Thus, if RR is completely reducible, we have by Proposition 1.3.4 that

RR =
⊕

λ∈Λ

Mλ,

where each Mλ is a minimal left ideal in R. The set Λ is in fact finite. Indeed by

the definition of the direct sum, 1 = eλ1+eλ2+· · ·+eλk with λi ∈ Λ, i = 1, 2, . . . , k.

Therefore, for any r ∈ R, r = r · 1 = reλ1 + reλ2 + · · ·+ reλk . Hence,

RR =M1 ⊕M2 ⊕ · · · ⊕Mk,
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where Mi = Reλi for i = 1, 2, . . . , k. Since each Mi is an irreducible R module, by

Corollary 1.5.2, RR is artinian. It remains to show that it is semiprimitive. We

have

rad (R) =
⋂

L is an irreducible
R-module

annR (L) ⊆
k⋂

i=1

annR (eλi) ⊆ annR (1) = {0} .

Therefore, by Corollary 1.2.2, R is semiprimitive.

(v) ⇒ (vi) Let M be any R-module. We have

M =
∑

06=x∈M

Rx.

Define, for all 0 6= x ∈ M , ϕx : R → Rx by r 7→ rx. In this way, Rx is

a homomorphic image of a completely reducible module, hence it is a completely

reducible module. By Proposition 1.3.4, Rx is generated by its simple submodules,

and henceM is generated by its simple submodules. Using Proposition 1.3.4 again,

M is a completely reducible R-module.

(vi) ⇒ (v) This implication is a logical triviality.

Theorem 1.5.8 (Uniqueness in the Second Wedderburn–Artin Theorem). Let q, s

be positive integers. We have

q⊕

i=1

Mni
(Di) =

s⊕

i=1

Mki (∆i)

if and only if q = s and after a possible reordering n1 = k1, n2 = k2, . . . , nq = kq

and D1
∼= ∆1, D2

∼= ∆2, . . . , Dq
∼= ∆q.

Proof. Let R
def
=
⊕q

i=1Mni
(Di). We claim that q is the number of isomorphism

classes of irreducible R-modules. Indeed, let Si
def
= Dni

i as an Mni
(Di)-module

(i = 1, 2, . . . , q). By the natural surjection R →→ Mni
(Di) we can view the Si’s

as R-modules (i = 1, 2, . . . , q). The S1, S2, . . . , Sq are irreducible, and Si 6∼= Sj for

i 6= j, since they have different annihilators:

annR (Si) =
∑

j 6=i

Mnj
(Dj).
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We have

RR ∼= (S1 ⊕ S1 ⊕ · · · ⊕ S1︸ ︷︷ ︸
n1 times

)⊕ · · · ⊕ (Sq ⊕ Sq ⊕ · · · ⊕ Sq︸ ︷︷ ︸
nq times

)

as R-modules. By Lemma 1.5.1, any irreducible factormodule of RR is isomorphic

to one of the Si’s.

Next, we show that any irreducible R-module is isomorphic to a factormodule of

RR. Indeed, an irreducible R-module S is cyclic, i.e., S = Rs for some s ∈ S. The

map ϕ : R →→ S, r 7→ rs is an R-module homomorphism. By the Homomorphism

Theorem,

S ∼= R/Ker(ϕ).

Hence, we proved the claim on q. The ni’s are uniquely determined: ni is the

multiplicity of Si in the direct decomposition of RR.

Finally, we prove that – up to isomorphism – each division ring Di is uniquely

determined, since Di
∼= End(RSi)

op, for all i = 1, 2, . . . , q. Indeed, let i be arbitrary

from {1, 2, . . . , q}. Define the map Φ : Di → End(RSi)
op by

d 7→ (ϕd : s 7→ sd).

Clearly, Φ is an injective ring homomorphism and ϕd ∈ End(RSi)
op. We show that

Φ is surjective. Let ϕ ∈ End(RSi)
op and write ϕ(e1) = e1d + e2µ2 + · · · + eni

µni
,

where {ej}ni

j=1 is the standard basis in Dni

i and d, µ2, . . . , µni
∈ Di. Then ϕ(s) =

ϕ([s, 0, . . . , 0] e1) = [s, 0, . . . , 0]ϕ(e1) = sd for any s ∈ Si.

Proposition 1.5.9 (Addendum to the First Wedderburn–Artin Theorem). The

following are equivalent for a ring R:

(i) R is simple artinian;

(iv) R is prime artinian.

Proof. (i) ⇒ (iv) It is true in general, that a simple ring is always prime.

(iv) ⇒ (i) Suppose that R is prime artinian. Then, naturally, R is semiprime

artinian. By the Second Wedderburn–Artin Theorem, R is semisimple. From

Corollary 1.5.6 and the fact that the homomorphic image of an artinian ring is

artinian, we have that

R ∼=
q⊕

i=1

Ri,
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where Ri⊳R, Ri being simple artinian (i = 1, 2, . . . , n). We have RiRj ⊆ Ri∩Rj =

{0} for i 6= j. By the definition of primeness this can happen only if q = 1, that

is R ∼= R1. Thus, R is simple artinian.
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Chapter 2

Basics of Representation Theory

The notion of a module over a non-commutative ring originates in the area of

group representations.

2.1 Group representations

Definition 2.1.1. Let F be a field, G be a group. By a representation of G on

F we mean a group homomorphism ρ : G→ GL(V ), where V is an F -vector space

and GL(V ) is the group of all invertible transformations of V .

Definition 2.1.2. Given two representations ρi : G→ GL(Vi), i ∈ {1, 2}, of G on

F , any linear map T : V1 → V2 is said to be G-equivariant if ρ2(g)◦T = T ◦ρ1(g)
for all g ∈ G. Given two representations ρi : G → GL(Vi), i ∈ {1, 2}, of G on

F , ρ1 and ρ2 are said to be isomorphic if there exist some G-equivariant vector

space isomorphism from V1 onto V2. A representation ρ : G→ GL(V ) of the group

G on the field F is said to be faithful if ρ is injective.

Definition 2.1.3. By an action of a group G on a set X we mean a group

homomorphism s : G → Sym(X) = {X → X bijections}. Given a group action

s, we have the following notation: for any g ∈ G and x ∈ X, gx
def
= s(g)x. In

this way, (gh)x = g(hx) and 1x = x. The actions s1, s2 of G on X1, X2 are

isomorphic if there exists a bijection T : X1 → X2 such that gT (x) = T (gx) for

all g ∈ G and x ∈ X1.

Definition 2.1.4. Given a representation ρ : G → GL(V ), any vector subspace

W of V is said to be G-invariant (or ρ-invariant) if ρ(g)(W ) ⊆ W for all g ∈ G.

25
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A representation ρ : G → GL(V ) of G on F is said to be irreducible if {0} and

V are the only invariant subspaces of V . A representation ρ : G → GL(V ) of G

on F is said to be completely reducible if any invariant subspace of V has an

invariant direct complement.

Now let F be a field, G be a group and ρ : G→ GL(V ) be a representation of

G on F . Let W ⊆ V be invariant subspace of V . One can define a representation

ρW : G→ GL(W ) by

g 7→ ρ(g)|W .
The ρW is well defined. Indeed, W is an invariant subspace, i.e., ρ(g)(W ) ⊆ W ,

hence ρ(g)|W ∈ GL(W ). Let g, h ∈ G, then for any w ∈ W we have

ρW (g + h)(w) = ρ(g + h)(w) = ρ(g)(w) + ρ(h)(w) = ρW (g)(w) + ρW (h)(w).

Therefore, ρW is a group homomorphism and so a representation of G on F . We

can also define ρV/W : G→ GL(V/W ) by

ρV/W (g)(v +W )
def
= ρ(g)(v) +W.

for all v ∈ V and all g ∈ G. Let g ∈ G, ρV/W (g) is linear transformation on

V/W since ρ(g) is linear transformation on V . The ρV/W (g) is injective since W

is ρ-invariant subspace, and surjective since ρ(g) is surjective. Then ρV/W (g) ∈
GL(V/W ) and ρV/W is well defined. Let g, h ∈ G and let v ∈ V , then

ρV/W (g + h)(v) = ρ(g + h)(v) +W

= (ρ(g)(v) + ρ(h)(v)) +W

= (ρ(g)(v) +W ) + (ρ(h)(v) +W )

= ρV/W (g)(v) + ρV/W (h)(v)

= (ρV/W (g) + ρV/W (h))(v).

Therefore, ρV/W is a group homomorphism and so a representation of G on F .

Given two representations ρi : G → GL(Vi), i ∈ {1, 2} of a group G on a field

F , we can define the sum of ρ1 and ρ2 as follows:

(ρ1 + ρ2) : G→ GL(V1 ⊕ V2)

(ρ1 + ρ2)(g)(v1 + v2)
def
= ρ1(g)(v1) + ρ2(g)(v2),

for all g ∈ G, v1 ∈ V1 and v2 ∈ V2. Let g ∈ G, then (ρ1 + ρ2)(g) is a well

defined transformation on V1⊕V2. Indeed, every element v ∈ V1⊕V2 has a unique
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decomposition v = v1 + v2 for some v1 ∈ V1 and some v2 ∈ V2. Also (ρ1 + ρ2)(g)

is injective. Indeed, Ker((ρ1 + ρ2)(g)) =

= {v ∈ V1 ⊕ V2 | (ρ1 + ρ2)(g)(v) = 0}
= {v1 + v2 ∈ V1 ⊕ V2 | v1 ∈ V1, v2 ∈ V2 and ρ1(g)(v1) + ρ2(g)(v2) = 0}
= {v1 + v2 ∈ V1 ⊕ V2 | v1 ∈ V1, v2 ∈ V2 and ρ1(g)(v1) = 0 and ρ2(g)(v2) = 0}
= {v1 + v2 ∈ V1 ⊕ V2 | v1 ∈ Ker(ρ1(g)) and v2 ∈ Ker(ρ2(g))}
= {0}.

Let u ∈ V1 ⊕ V2, then there exist u1 ∈ V1 and u2 ∈ V2 such that u = u1 + u2.

Since ρ1(g) and ρ2(g) are surjective, there exist v1 ∈ V1 and v2 ∈ V2 such that

ρ1(g)(v1) = u1 and ρ2(g)(v2) = u2. Let v = v1+v2, then clearly (ρ1+ρ2)(g)(v) = u,

i.e., (ρ1 + ρ2)(g) is surjective. Hence (ρ1 + ρ2)(g) ∈ GL(V1 ⊕ V2).

Now let g, h ∈ G and let v ∈ V1⊕V2, then there exist v1 ∈ V1 and v2 ∈ V2 such

that v = v1 + v2, hence

(ρ1 + ρ2)(g + h)(v) = ρ1(g + h)(v1) + ρ2(g + h)(v2)

= ρ1(g)(v1) + ρ1(h)(v1) + ρ2(g)(v2) + ρ2(h)(v2)

= (ρ1 + ρ2)(g)(v) + (ρ1 + ρ2)(h)(v)

= [(ρ1 + ρ2)(g) + (ρ1 + ρ2)(h)](v).

Therefore, (ρ1 + ρ2) is a group homomorphism and so is a representation of G on

F .

Suppose that ρ : G → GL(V ) is a representation of G on F , and W1, W2 are

invariant subspaces of V such that V = W1 ⊕W2. Then

ρ ∼= (=)(ρW1 + ρW2) and ρV/W1
∼= (=)ρW2 .

Definition 2.1.5. Let G be a group, and F be a field. The group algebra F [G]

– or simply FG – is

FG =

{
∑

g∈G

agg | ag ∈ F for all g ∈ G and |{g ∈ G | ag 6= 0}| is finite
}
,

with addition and multiplication defined as follows:

(
∑

g∈G

agg

)
+

(
∑

g∈G

bgg

)
def
=
∑

g∈G

(ag + bg)g,
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(
∑

g∈G

agg

)
·
(
∑

g∈G

bgg

)
def
=
∑

g∈G

(
∑

kh=g

akbh

)
g.

The FG becomes an F -algebra by defining

a ·
∑

g∈G

agg
def
=
∑

g∈G

(a · ag)g,

for all a ∈ F and
∑

g∈G agg ∈ FG.

Remark. One can think about FG as the set of F -valued functions on G with

finite support and with pointwise addition and convolution of functions as the mul-

tiplication operator.

Let G be a group, F be a field. Any representation ρ : G → GL(V ) can be

extended to an F -algebra homomorphism ρ̃ : FG→ EndF (V ) by

∑

g∈G

agg 7→
∑

g∈G

agρ(g).

In this way, V can be viewed as an FG-module, by defining (
∑

g∈G agg) · v
def
=

ρ̃(
∑

g∈G agg)(v) for all v ∈ V .

Conversely, let V be an FG-module. For all g ∈ G, define ρ(g) : V → V by

v 7→ gv (g ∈ FG).

Clearly, ρ(g) is linear. Also Kerρ(g) = {v ∈ V | ρ(g)(v) = 0} = {v ∈ V | gv =

0} = {0}, i.e., ρ(g) is injective. For all v ∈ V , g−1v ∈ V and ρ(g)(g−1v) = v,

i.e., ρ(g) is surjective. Hence, ρ(g) is an invertible linear map on V . Now define,

ρ : G→ GL(V ) by

g 7→ ρ(g).

Let g, h ∈ G, and let v ∈ V . Then

ρ(g + h)(v) = (g + h)v = gv + hv = ρ(g)(v) + ρ(h)(v) = (ρ(g) + ρ(h))(v).

Thus, ρ(g + h) = ρ(g) + ρ(h), i.e., ρ is a representation of G on F . Moreover, ρ̃

gives the same FG-module structure we started with.
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Dictionary.

Group representation ⇆ FG-module

Invariant subspaces ⇆ FG-submodules

Factor representations ⇆ Factor FG-modules

Irreducible representations ⇆ Irreducible FG-modules

Completely reducible representations ⇆ Completely reducible FG-modules

G-equivariant linear map ⇆ FG-module homomorphism

Definition 2.1.6. An element e in a ring is called an idempotent if e2 = e

(projection).

Lemma 2.1.1. Let V be a vector space over a field F . Then there is a one-to-one

correspondence between the sets

{Idempotents in EndF (V )} and

{Ordered pairs (V1, V2) of subspaces of V such that V = V1 ⊕ V2}.

Proof. ⊆ Let e ∈ EndF (V ) be an idempotent. For any v ∈ V , let v1 = e(v)

and v2 = v + (−1)e(v). First, e(v2) = e(v + (−1)e(v)) = e(v) + (−1)e2(v) =

e(v) + (−1)e(v) = (1 + (−1))e(v) = 0e(v) = 0, i.e., v2 ∈ Ker(e) and v1 ∈ Im(e).

Now, v1 + v2 = e(v) + v + (−1)e(v) = (1 + (−1))e(v) + v = 0 + v = v. Hence,

V = Ker(e) + Im(e). Let v ∈ Ker(e) ∩ Im(e), then there exists a u ∈ V such that

v = e(u) and e(v) = 0. Now v = e(u) = e(e(u)) = e(v) = 0, i.e., Ker(e) ∩ Im(e) =

{0}. Therefore, V = Ker(e)⊕ Im(e).

⊇ Suppose that V = V1 ⊕ V2. Define the map e : V → V by

v1 + v2 7→ v1 (vi ∈ Vi).

Clearly, e2 = e and V = V1 ⊕ V2 = Im(e)⊕Ker(e).

Lemma 2.1.2. Given a representation ρ : G → GL(V ) and a vector space V

with the direct sum decomposition V = V1 ⊕ V2. Then the subspaces V1 and V2

are invariant subspaces if and only if the idempotent e : V → V , v1 + v2 7→ v1 is

G-equivariant.

Proof. ⇐ If e is G-equivariant, then V1 = Im(e) and V2 = Ker(e) are invariant

subspaces (since the kernel and the image of a homomorphism of modules are

submodules).
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⇒ Suppose that V = V1 ⊕ V2, and V1, V2 are invariant subspaces. Let g ∈ G,

take any v ∈ V . Then there exist v1 ∈ V1 and v2 ∈ V2 such that v = v1+ v2. Then

ρ(g)(v) = ρ(g)(v1) + ρ(g)(v2).

But ρ(g)(v1) ∈ V1 and ρ(g)(v2) ∈ V2 (since V1 and V2 are invariant subspaces).

Hence,

e(ρ(g)(v)) = ρ(g)(v1) = ρ(g)(e(v))

for all g ∈ G and all v ∈ V , i.e., e is G-equivariant.

Corollary 2.1.3. Given a representation ρ : G → GL(V ) and an invariant sub-

space W ⊆ V . Then W has an invariant direct complement if and only if there

exists a G-equivariant idempotent e ∈ EndF (V ) with Im(e) = W .

Remark. Any τ ∈ EndF (V ) is G-equivariant if and only if ρ(g)τρ(g)−1 = τ for

all g ∈ G.

Theorem 2.1.4 (Maschke’s Theorem). Let G be a finite group, F be a field. (Then

FG is finite dimensional, hence artinian.) Then FG is semisimple if and only if

char(F ) ∤ |G|.

Proof. ⇒ Suppose that char(F ) | |G|. So char(F ) = p, for some prime p. Let

c
def
=
∑

g∈G g ∈ FG, then for any h ∈ G:

hc = h
∑

g∈G

g =
∑

g∈G

hg =
∑

hg∈G

hg = c.

Similarly, ch = c. So c is central in FG. Moreover, Fc is an ideal in FG and it is

central. But,

c2 =
∑

h∈G

h
∑

g∈G

g = c+ c+ · · ·+ c︸ ︷︷ ︸
|G|-times

= 0,

since char(F ) | |G|. Therefore, Fc is a non-zero nilpotent ideal in FG. By Propo-

sition 1.1.8, FG is not semiprime. Thus, it can not be semisimple.

⇐ According to the Second Wedderburn–Artin Theorem, it is enough to show

that all FG-modules are completely reducible. Let V be any FG-module (i.e.,

we are given a representation ρ : G → GL(V ) of G on V ) and let W ⊆ V be

an invariant subspace. If we show an invariant direct complement to W , then
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by definition, ρ will be completely reducible. Therefore, V will be completely

reducible (cf. Dictionary). According to Corollary 2.1.3, we need to show that

there exists a G-equivariant idempotent in EndF (V ) whose image is W .

Let π be an arbitrary projection from V onto W . Set

e
def
=

1

|G|
∑

g∈G

ρ(g)πρ(g)−1.

At this point we used the assumption, since we divided by |G|. Now from the

above corollary it is suffices to prove the following:

(i) The e is G-equivariant. Let h ∈ G then

ρ(h)eρ(h)−1 =
1

|G|
∑

g∈G

ρ(h)ρ(g)πρ(g)−1ρ(h)−1 =
1

|G|
∑

g∈G

ρ(hg)πρ(hg)−1

=
1

|G|
∑

k∈G

ρ(k)πρ(k)−1 = e.

By our previous remark, e is G-equivariant.

(ii) We have Im(e) ⊆ W . Let g ∈ G, then Im(πρ(g)−1) ⊆ Im(π) ⊆ W . Thus,

Im(ρ(g)|Im(πρ(g)−1)) ⊆ W since W is invariant. Now

Im(e) ⊆
∑

g∈G

Im(ρ(g)|Im(πρ(g)−1)) ⊆ W.

(iii) We have e|W = idW . From this and (ii) it is clear that e2 = e and Im(e) =

W . Let w ∈ W , then ρ(g)−1w ∈ W since W is invariant. Then πρ(g)−1w =

ρ(g)−1w. Hence,

e(w) =
1

|G|
∑

g∈G

ρ(g)πρ(g)−1w =
∑

g∈G

ρ(g)ρ(g)−1w = w
1

|G|
∑

g∈G

1 = w.

This completes the proof of Maschke’s Theorem.

2.2 Matrix representations

Let ρ : G → GL(V ) be a finite dimensional representation (i.e., dimF (V ) = n for

some n ∈ N). Take a basis e
def
= {e1, e2, . . . , en} in V . For any v ∈ V there exist
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v1, v2, . . . , vn ∈ F , such that v = v1e1 + v2e2 + · · · + vnen. Define an isomorphism

V → F n by

v 7→ [v1, v2, . . . , vn]
⊤ .

Let ϕ ∈ EndF (V ), then ϕ has a unique matrix representation, namely [ϕ]e, an

n × n matrix whose ith column is [ϕ(ei)]e. For all v ∈ V , [ϕ(v)]e = [ϕ]e[v]e. Let

f
def
= {f1, f2, . . . , fn} be another basis of V , let S be the matrix whose ith column is

[fi]e, i = 1, 2, . . . , n, then [v]f = S−1[v]e and hence [ϕ]f = S−1[ϕ]eS. So choosing

a basis e
def
= {e1, e2, . . . , en} of V we obtain an identification V ∼= F n and

ρ : G→ GL(V ) ∼= GLn(F )
def
= {A ∈ F n×n | det(A) 6= 0}.

Definition 2.2.1. An n-dimensional matrix representation of G is a group

homomorphism ψ : G→ GLn(F ) = GL(F n).

Let ψi : G → GLn(F ), i ∈ {1, 2} be two matrix representation of G. The

corresponding representations of G on F n are isomorphic if and only if there exists

an S ∈ GLn(F ) such that S−1ψ1(g)S = ψ2(g) for all g ∈ G.

Let ρ : G → GL(V ) be an n-dimensional representation. Choose a basis

e = {e1, e2, . . . , en} of V , define ρe : G→ GLn(F ), by ρe(g)
def
= [ρ(g)]e for all g ∈ G.

It is straightforward to prove that ρe is an n-dimensional matrix representation.

Let ρ : G→ GL(V ) be a representation of G, and dimF (V ) = n. Let W be an

invariant subspace of V , choose a basis e′ = {e1, e2, . . . , ek} of W and extend it to

a basis of V , e = {e1, e2, . . . , ek, ek+1, . . . , en}. Let e′′ = {ek+1 +W, . . . , en +W}
be the corresponding basis of V/W . Then

[ρ (g)]e =

[
[ρW (g)]e′ ⋆

0
[
ρV/W (g)

]
e′′

]
.

Moreover, let V = W ⊕ U , where W and U are invariant subspaces of V . Choose

a basis e′ = {e1, e2, . . . , ek} of W and a basis e′′ = {ek+1, ek+2, . . . , en} of U . Then

e = {e1, e2, . . . , ek, ek+1, ek+2, . . . , en} is a basis of V . Then

[ρ (g)]e =

[
[ρW (g)]e′ 0

0 [ρU (g)]e′′

]
.

Let ψi : G → GLni
(F ), i ∈ {1, 2} be two matrix representations of G. Define

the map ψ : G→ GLn1+n2(F ) by

g 7→
[
ψ1 (g) 0

0 ψ2 (g)

]
.



2.2. Matrix representations 33

Then ψ (as a representation of G on F n1+n2) is isomorphic to ψ1 + ψ2.

Lemma 2.2.1 (Schur’s Lemma I). Let ρi : G → GL(Vi), i ∈ {1, 2} be two ir-

reducible representations of G. Then any G-equivariant linear map V1 → V2 is

either the zero map or an isomorphism.

Proof. It is just a formulation of Schur’s Lemma (Lemma 1.4.1) in the language

of representations.

Lemma 2.2.2 (Schur’s Lemma II). Let F be an algebraically closed field and

ρ : G→ GL(V ) be an irreducible representation with dimF (V ) <∞. Then

{G-equivariant linear transformation of V } = {λ · idV | λ ∈ F}.

Proof. ⊆ Let T : V → V be an G-equivariant linear transformation of V and

let λ be an eigenvalue of T . Define the map T ′ : V → V , T ′ def
= T − λ · idV . Then

clearly T ′ is also a G-equivariant linear transformation of V . But Ker(T ′) contains

all the λ-eigenvectors. Thus, T ′ is not an isomorphism, hence by Schur’s Lemma

I we have that T ′ is the zero map and so T = λ · idV .

⊇ Any map of the form λ · idV is a G-equivariant linear transformation of V .

Corollary 2.2.3. Any finite dimensional irreducible representation of an abelian

group over an algebraically closed field is one-dimensional.

Proof. Let G be an abelian group, and let ρ : G→ GL(V ) be a finite dimensional

irreducible representation over an algebraically closed field F . Let g, h ∈ G, then

ρ(g)ρ(h) = ρ(gh) = ρ(hg) = ρ(h)ρ(g). Then for all g ∈ G we have that ρ(g) :

V → V is a G-equivariant linear transformation of V . By Schur’s Lemma II, for

all g ∈ G, ρ(g) = λ(g)idV , where λ : G → F (in fact, λ : G → F× is a group

homomorphism).

Consequently, any subspace of V is an invariant subspace (λ ·W = W , for all

W ⊆ V ). So the irreducibility of V implies that V has no non-trivial subspaces,

i.e., dimF (V ) = 1.
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2.3 Construction of representations

Let s be an action of the group G on a set X, and let F be a field. Then, there

is a natural representation of G on the vector space Fun(X,F ) (the space of all

X → F functions) as follows: ŝ : G → GL(Fun(X,F )), ŝ(g)(f)(x)
def
= f(g−1x) for

all g ∈ G, f ∈ Fun(X,F ) and x ∈ X.

For example the group G acts on itself by left multiplication: ℓ : G→ Sym(G),

ℓ(g)(x)
def
= gx. Similarly, we have an action given by the right multiplication:

r : G→ Sym(G), r(g)(x)
def
= xg−1. These lead us to the following definitions.

Definition 2.3.1. The map Left-Reg : G → GL(Fun(G,F )), (gf)(x)
def
= f(g−1x)

is called the left regular representation of G. Similarly, the map Right-

Reg : G → GL(Fun(G,F )), (gf)(x)
def
= f(xg) is called the right regular repre-

sentation of the group G.

In fact, G × G acts on G, namely we have G × G → Sym(G), (g, h) 7→ (x 7→
gxh−1). Associated to that is the two-sided regular representation: Reg : G×G→
GL(Fun(G,F )), (g, h)(f)(x)

def
= f(g−1xh).

Let η1 : G →֒ G × G, g 7→ (g, 1), then Left-Reg = Reg ◦ η1. Similarly, let

η2 : G →֒ G×G, g 7→ (1, g), then Right-Reg = Reg◦η2. Finally, let δ : G →֒ G×G,
g 7→ (g, g), then Reg ◦ δ : G→ GL(Fun(G,F )), (gf)(x)

def
= f(g−1xg).

Let ρ : G → GL(V ) be a representation of the group G on FV . Let V ∗ def
=

{f | f : V → F linear functional} be the dual space of V . Then, we can define the

dual representation of ρ by

ρ∗ : G→ GL(V ∗), (gf)(v)
def
= f(g−1v) for all f ∈ V ∗.

Suppose that V is finite dimensional, dim(V ) = n <∞, say. Let e = {e1, e2, . . . , en}
be a basis of V . Let e∗ = {e∗1, e∗2, . . . , e∗n} be the corresponding basis of V ∗, i.e.,

e∗i (ej) =

{
1 if i = j,

0 if i 6= j.

Then we have

[ρ∗(g)]e∗ =
(
[ρ(g)]⊤e

)−1

.

Remark. The representations ρ and ρ∗ are not isomorphic in general.
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Definition 2.3.2. Given two F -vector space V and W , their tensor product

U = V ⊗ W is an F -vector space together with a bilinear map V × W
⊗→ U ,

(v, w) 7→ v⊗w having the following property: For any vector space U ′ and bilinear

map β : V × W → U ′ there exists a unique linear map ν : U → U ′ such that

β = ν ◦ ⊗. In other words, the following diagram is commutative:

V ×W
⊗
> U

U ′

β
∨ ∃!ν
<...
....
....
....
....
.

Remark. It can be shown that the tensor product exists and it is unique up to

isomorphism.

Definition 2.3.3. Let ρi : Gi → GL(Vi), i = 1, 2 be two representations. We

define their tensor product ρ1⊗ρ2 : G1×G2 → GL(V1⊗V2) by (g1, g2)(v1⊗v2) def
=

g1v1 ⊗ g2v2.

Remark. For a fixed (g1, g2) ∈ G1 × G2, the map V1 × V2 → V1 ⊗ V2, (v1, v2) 7→
g1v1 ⊗ g2v2 is bilinear, hence, by the universal property of the tensor product,

there exists a unique linear transformation A : V1 ⊗ V2 → V1 ⊗ V2 such that

A(v1 ⊗ v2) = g1v1 ⊗ g2v2. Let (ρ1 ⊗ ρ2)(g1, g2)
def
= A.

Definition 2.3.4. Let ρi : G → GL(Vi), i = 1, 2 be two representations of the

group G. We define their product ρ1 · ρ2 : G → GL(V1 ⊗ V2) by g(v1 ⊗ v2)
def
=

gv1⊗ gv2. In other words, ρ1 ·ρ2 = (ρ1⊗ρ2)◦ δ, where δ : G →֒ G×G, g 7→ (g, g).

Proposition 2.3.1. Let ρi : Gi → GL(Vi), i = 1, 2 be two finite dimensional

irreducible representations over an algebraically closed base field F (e.g., F = C).

Then, ρ1 ⊗ ρ2 is an irreducible representation of G1 ×G2.

Proof. Let U be a non-zero G1 × G2-invariant subspace of V1 ⊗ V2. We need to

show that U is the whole space.

Let η1 : G1 →֒ G1×G2, g 7→ (g, 1). Define the representation ψ
def
= (ρ1⊗ρ2)◦η1 :

G1 → GL(V1 ⊗ V2). We shall show that

ψ ∼= ρ1 + ρ1 + · · ·+ ρ1︸ ︷︷ ︸
n times

,
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where n = dimV2. Indeed, take a basis f1, f2, . . . , fn in V2, then

V1 ⊗ V2 =
n⊕

i=1

V1 ⊗ fi.

Since for all g1 ∈ G1 and v1 ∈ V1, ψ(g1)(v1⊗ fi) = g1v1⊗ 1fi = g1v1⊗ fi ∈ V1⊗ fi,

we conclude that each V1 ⊗ fi is a ψ-invariant subspace of V1 ⊗ V2. Moreover, the

equivariant isomorphism Si : V1 ⊗ fi → V1, v1 ⊗ f 7→ v1 shows that ψ|V1⊗fi ∼= ρ1,

hence ψ ∼= ρ1 + ρ1 + · · ·+ ρ1. (In general, ψ|W means ψ(g)|W for all g ∈ G.)

Let U0 be a minimal G1- (or ψ-) invariant subspace in U . Then ψ|U0
∼= ρ1.

Indeed, using ψ, V1 ⊗ V2 =
⊕n

i=1 V1 ⊗ fi becomes an FG1-module. By the Dictio-

nary, each V1 ⊗ fi is an irreducible submodule (since ψ|V1⊗fi ∼= ρ1 is irreducible).

Since U0 is invariant, it is a submodule. By Lemma 1.5.1, U0 is the direct sum

of some V1 ⊗ fi’s. But since U0 is a minimal ψ-invariant subspace, ψ|U0 must be

irreducible, hence U0 is an irreducible submodule. Therefore there is exactly one i

such that U0
∼= V1 ⊗ fi, i.e., ψ|U0

∼= ψ|V1⊗fi ∼= ρ1. Hence, there is a G1-equivariant

isomorphism T : U0 → V1. For any i ∈ {1, 2, . . . , n}, define Ti : U0 → V1 by

n∑

i=1

vi ⊗ fi 7→ vi.

Each Ti is a G1-equivariant linear map, since Ti ◦ (ψ|U0) = ρ1 ◦ Ti. Using the

algebraic closeness of F , by Schur’s Lemma II, there exist non-zero λ1, λ2, . . . , λn
in F such that Ti ◦ T−1 = λi · idV1 , i.e., Ti = λiT . Hence,

U0 ∋ u
6=0

=
n∑

i=1

Ti (u)⊗ fi =
n∑

i=1

λiT (u)⊗ fi =
n∑

i=1

T (u)⊗ λifi = T (u)⊗
n∑

i=1

λifi

︸ ︷︷ ︸
def
= f

6=0
∈V2

= T (u)⊗ f ∈ V1 ⊗ f.

Since T is an isomorphism, we have that U ⊇ U0 ⊇ {v ⊗ f | v ∈ V1}. Set

W
def
= {w ∈ W2 | V1 ⊗ w ⊆ U} ≤ V2. The W is not the zero subspace, since

f ∈ W . Moreover, W is G2- (ρ2-) invariant. Indeed, let w ∈ W , then by def-

inition V1 ⊗ w ⊆ U . Since U is ρ1 ⊗ ρ2 invariant, we have ρ1(g1)V1 ⊗ ρ2(g2)w ⊆ U

for all g1 ∈ G1 and g2 ∈ G2. But ρ1(g1)V1 = V1, therefore ρ2(g2)w ∈ W . But ρ2 is

an irreducible representation, whence W = V2. Thus, U = V1 ⊗ V2.
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2.4 The space of matrix elements of a represen-

tation

Let ρ : G → GL(V ) be a finite dimensional representation of a group G over the

field F . Let n = dimV and e = {e1, e2, . . . , en} be a basis of V . Finally, let ρij(g)

be the (i, j)th entry of [ρ(g)]e.

Definition 2.4.1. The subspace

M(ρ)
def
= spanF {ρij | i, j = 1, 2, . . . , n} ⊂ Fun(G,F )

is called the space of matrix elements of ρ.

Note that although the ρij’s depend on the basis e, their span does not: choose

an other basis f = {f1, f2, . . . , fn} in V , and let ϑij be the (i, j)th entry of [ρ(g)]f .

Then there is an S ∈ GLn(F ) such that

[ϑij(g)]n×n = S−1 [ρij(g)]n×n S.

Thus, ϑij is an F -linear combination of the ρkℓ’s and vice versa.

Remark. (i) If ρ ∼= ψ then M(ρ) = M(ψ). Indeed, we have T [ρ(g)]e =

[ψ(g)]e T , for all g ∈ G, for some basis e of V, and some T ∈ GLn(F ).

Then, a similar argument to that above applies.

(ii) If σ is the sub- or factor representation of ρ, then M(σ) ⊆ M(ρ). Indeed,

let e = {e1, e2, . . . , en} be a basis of V , and σ = ρ|U for a subspace U of V .

Then

[ρ (g)]e =

[
[ρU (g)]e′ ⋆

0
[
ρV/U (g)

]
e′′

]
,

where e′ and e′′ are the corresponding bases in U and V/U . So there exists a

basis on V such that the matrix elements of σ are among the matrix elements

of ρ.

(iii) We have M(ρ1 + ρ2 + · · ·+ ρk) =M(ρ1) +M(ρ2) + · · ·+M(ρk). Indeed, for

an appropriate basis,

{nonzero matrix elements of ρ1 + ρ2 + · · ·+ ρk} =
k⋃

j=1

{matrix elements of ρj}.
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In particular M(ρ + ρ) = M(ρ) + M(ρ) = M(ρ), using that M(ρ) is a

subspace. However, ρ+ ρ 6∼= ρ. (The dimensions are different.)

Proposition 2.4.1. Let ρ : G → GL(V ) be a finite dimensional irreducible rep-

resentation of a group G over an algebraically closed base field F (e.g., F = C).

The M(ρ) is a Reg-invariant subspace in Fun(G,F ). Moreover, RegM(ρ)
∼= ρ∗ ⊗ ρ

as G×G representations.

(In particular, by Proposition 2.3.1, RegM(ρ) is an irreducible representation,

i.e., M(ρ) is a minimal G×G-invariant subspace in Fun(G,F ).)

Proof. Define the map ϕ : V ∗ ⊗ V →M(ρ) by

ξ ⊗ v 7→ (g 7→ ξ(gv)) ∈ Fun(G,F ).

First, we show that g 7→ ξ(gv) ∈ M(ρ). Let e = {e1, e2, . . . , en} be a basis of V ,

and e∗ = {e∗1, e∗2, . . . , e∗n} be the corresponding basis of V ∗. Then we can write

[ξ]⊤e∗ , [v]e and

g 7→ [ξ]⊤e∗ [ρ(g)]e [v]e .

Thus, g 7→ ξ(gv) is a linear combination of entries of [ρ(g)]e, i.e., g 7→ ξ(gv) ∈
M(ρ). From the definition of the tensor product, ϕ is a linear map. We show that

ϕ is G×G-equivariant. Since (h1, h2)(ξ ⊗ v) = h1ξ ⊗ h2v, we have

(h1, h2)(ξ ⊗ v)
ϕ7→ (g 7→ (h1ξ)(g(h2v))).

The left-hand side is

(h1, h2)(ξ ⊗ v) = h1ξ ⊗ h2v = (ρ∗ ⊗ ρ)(h1, h2)(ξ ⊗ v),

whereas the right-hand side is

g 7→ (h1ξ)(g(h2v)) = ξ(h−1
1 (g(h2v))) = ξ((h−1

1 gh2)v) = Reg(h1, h2)(g 7→ ξ(gv))

= Reg(h1, h2)(ϕ(ξ ⊗ v)).

Thus

ϕ((ρ∗ ⊗ ρ)(h1, h2)(ξ ⊗ v)) = Reg(h1, h2)(ϕ(ξ ⊗ v)).

It remains to show that ϕ is an isomorphism. Indeed, ϕ is surjective:

ϕ (e∗i ⊗ ej) = (g 7→ (0, 0, . . . , 1
↑

ith space

, . . . , 0) [ρ (g)]e (0, 0, . . . , 1
↑

jth space

, . . . , 0)⊤ = ρij (g)),



2.4. The space of matrix elements of a representation 39

i.e., the natural basis corresponds to the natural basis. The ϕ is injective: since

ϕ 6= 0, Ker(ϕ) ( V ∗ ⊗ V . But Ker(ϕ) is a G × G-invariant subspace in V ∗ ⊗ V ,

and by Proposition 2.3.1, ρ∗ ⊗ ρ is irreducible, hence, Ker(ϕ) = {0}.

Corollary 2.4.2. Suppose that the base field F is algebraically closed.

(i) We have Right-Reg|M(ρ)
∼= ρ+ ρ+ · · ·+ ρ︸ ︷︷ ︸

dimV times

, where Right-Reg denotes the

right regular representation of G. Indeed, define η2 : G →֒ G×G by η2(g)
def
=

(1, g) for all g ∈ G. Then define ψ
def
= (ρ∗⊗ρ)◦η2 and using similar argument

as in the proof of Proposition 2.3.1, we find that ψ ∼= ρ+ ρ+ · · ·+ ρ︸ ︷︷ ︸
dimV times

. But,

by the previous proposition, ψ ∼= Right-Reg|M(ρ).

(ii) Any irreducible finite dimensional representation of G occurs as a subrepre-

sentation of the right regular representation of G. Indeed (i) holds for all

irreducible finite dimensional representation ρ of G.

(iii) We have RegM(ρ)
∼= RegM(ρ′) if and only if ρ ∼= ρ′. Indeed, ⇒ From

RegM(ρ)
∼= RegM(ρ′) we have Right-RegM(ρ)

∼= Right-RegM(ρ′). Then, by

(i), ρ+ ρ+ · · ·+ ρ ∼= ρ′ + ρ′+ · · ·+ ρ′. From this it can be shown that ρ ∼= ρ′.

⇐ If ρ ∼= ρ′, then ρ∗ ⊗ ρ ∼= ρ′∗ ⊗ ρ′. Then, by the previous proposition,

RegM(ρ)
∼= RegM(ρ′).

Thus, if ρ is an irreducible representation over an algebraically closed base field

F , then G×G acts irreducibly and pairwise non-isomorphically on the spaceM(ρ).

(It is a consequence of (iii) of Corollary 2.4.2.)

Theorem 2.4.3. Let G be a finite group, and let the base field F to be C (it would

be sufficient to have an algebraically closed base field F , such that char(F ) ∤ G).

Then

Fun(G,C) =

q⊕

i=1

M(ρi),

where ρ1, ρ2, . . . , ρq is a complete list of isomorphism classes of irreducible repre-

sentations of G.

Proof. Since G is finite, CG is a finite dimensional algebra, hence artinian. Since

char(C) ∤ G, by Maschke’s Theorem, CG is a semisimple ring. Using the Second
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Wedderburn–Artin Theorem, we conclude that every CG-module is completely

reducible. Thus, the right regular representation is completely reducible. It is also

finite dimensional, since dimFun(G,C) = |G| < ∞. So up to isomorphism, it has

finitely many subrepresentations. From (ii) of Corollary 2.4.2 it follows that there

are only finitely many isomorphism classes of irreducible representations of G.

Since G × G acts irreducibly and pairwise non-isomorphically on the spaces

M(ρ1),M(ρ2), . . . ,M(ρq), these spaces are linearly independent. Indeed, take, for

example, N
def
= M(ρ1)∩ (M(ρ2) +M(ρ3) + · · ·+M(ρq)). Then N ⊆M(ρ1) and it

is a G × G invariant subspace. Thus, N = {0} or N = M(ρ1) (since G × G acts

irreducibly on M(ρ1)). If the latter holds then M(ρ2) +M(ρ3) + · · · +M(ρq) ⊆
M(ρ1). Each summand on the left-hand side is a G×G invariant subspace, hence

we must have M(ρ1) = M(ρ2) = M(ρ3) = · · · = M(ρq) using that G × G acts

irreducibly on M(ρ1) 6= 0. Since G × G acts non-isomorphically on the spaces

M(ρ1),M(ρ2), . . . ,M(ρq), we must have ρ1 ∼= ρ2 ∼= · · · ∼= ρq, a contradiction.

Thus, N = {0} as required. Therefore,

q∑

i=1

M(ρi) =

q⊕

i=1

M(ρi).

All we need to show is that Fun(G,C) is spanned by M(ρ1),M(ρ2), . . . ,M(ρq).

Let eg : G→ {0, 1} ⊂ C be the characteristic function of g ∈ G:

eg(h)
def
=

{
1 if h = g,

0 if h 6= g.

Then {eg | g ∈ G} is a basis of Fun(G,C). We show that eg ∈
∑q

i=1M(ρi). Fix x ∈
G. Let ψg,h be the (g, h)th element of [Right-Reg(x)]{eg | g∈G}. In the beginning of

the proof, we showed that the right regular representation is completely reducible.

Thus, Right-Reg is a sum of irreducible representations, thereforeM(Right-Reg) ⊆∑q
i=1M(ρi). From this, we find

eg (x) = eg (1G · x) = (Right-Reg (x) (eg)) (1G) =

(
∑

h∈G

ψh,g (x) eh

)
(1G)

=
∑

h∈G

eh (1G)ψg,h (x).

Since this holds for all x ∈ G, we have eg =
∑

h∈G eh (1G)ψg,h ∈
∑q

i=1M(ρi).
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Corollary 2.4.4. By the notations and assumptions of the previous theorem, we

have (ni is the dimension of ρi)

(i) Right-Reg ∼=
∑q

i=1 niρi, where niρi = ρi + ρi + · · ·+ ρi︸ ︷︷ ︸
ni times

;

(ii)
∑q

i=1 n
2
i = |G| (Burnside’s Theorem).

Proof. (i) By (i) of 2.4.2, we have

Right-Reg|M(ρi)
∼= ρi + ρi + · · ·+ ρi︸ ︷︷ ︸

ni=dimVi times

for i = 1, 2, . . . , q.

Using Theorem 2.4.3, we conclude that Right-Reg ∼=
∑q

i=1 Right-Reg|M(ρi)
∼=∑q

i=1 niρi.

(ii) Follows from (i) by considering the dimensions of the representations on each

side.

Definition 2.4.2. The subspace

Cent(G)
def
=
{
f ∈ Fun(G,F ) | f(gxg−1) = f(x) for all x, g ∈ G

}

is called the space of central functions. The character of a representation

ρ : G→ GL(V ) is chρ : G→ F , g 7→ Tr(ρ(g)). Since for all x, g ∈ G,

chρ
(
gxg−1

)
= Tr

(
ρ
(
gxg−1

))
= Tr

(
ρ (g) ρ (x) ρ (g)−1) = Tr

(
ρ (g)−1 ρ (g) ρ (x)

)

= Tr (ρ (x)) = chρ (x) ,

every character is a central function: chρ ∈ Cent(G). A character chρ is called

irreducible if ρ is an irreducible representation of G.

Theorem 2.4.5. Let G be a finite group, and suppose that the base field F is alge-

braically closed and char(F ) ∤ G. Denote by ρ1, ρ2, . . . , ρq the complete list of iso-

morphism classes of irreducible representations of G. Then chρ1 , chρ2 , . . . , chρq is a

basis in Cent(G). Particularly, q = dimF Cent(G) = number of conjugacy classes

in G.
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Proof. Define δ : G → GL(Fun(G,F )) by (δ(g)f)(x)
def
= f(g−1xg). Note that

f ∈ Cent(G) if and only if δ(g)f = f for all g ∈ G. By Theorem 2.4.3, any

f ∈ Fun(G,F ) has a unique representation of the form

f = f1 + f2 + · · ·+ fq where fi ∈M(ρi) for i = 1, 2, . . . , q.

Suppose that f ∈ Cent(G), then

f = δ (g) f = δ (g) f1 + δ (g) f2 + · · ·+ δ (g) fq,

for all g ∈ G. By the uniqueness of the representation f , we conclude that δ (g) fi =

fi for all i = 1, 2, . . . , q, hence, each fi is a central function. Clearly, the converse

also holds. Hence, each f ∈ Cent(G) has a unique representation of the form

f = f1 + f2 + · · ·+ fq where fi ∈M(ρi) ∩ Cent(G) for i = 1, 2, . . . , q.

To complete the proof, it is enough to show that M(ρ) ∩ Cent(G) = F · chρ, for
all irreducible representations ρ : G→ GL(V ). We know that chρ ∈ Cent(G). On

the other hand, chρ ∈ M(ρ), since by definition, it is a sum of matrix elements.

Thus, it is enough to show that dimF (M(ρ) ∩ Cent(G)) = 1.

TheG acts onM(ρ) via δ andG acts on EndF (V ) via Adj : G→ GL(EndF (V )),

Adj(g)(A) = ρ(g)Aρ(g)−1. We have the G-equivariant linear isomorphism µ :

EndF (V ) →M(ρ), A 7→ (g 7→ Tr(Aρ(g))). Via µ, M(ρ)∩Cent(G) corresponds to

{A ∈ EndF (V ) | Adj(g)(A) = A for all g ∈ G}
=
{
A ∈ EndF (V ) | ρ(g)Aρ(g)−1 = A for all g ∈ G

}

= {A ∈ EndF (V ) | ρ(g)A = Aρ(g) for all g ∈ G}
= {G-equivariant linear transformation of V }.

By Schur’s Lemma II, this set is equal to {λ · idV | λ ∈ F}, which is a one dimen-

sional space.

Corollary 2.4.6. Let G be a finite group and let F be an algebraically closed field

such that char(F ) = 0. Let ρ and ψ be representations of G. Then ρ ∼= ψ if and

only if chρ = chψ.

Proof. Since G is finite, FG is a finite dimensional algebra, hence artinian.

Since 0 = char(F ) ∤ G, by Maschke’s Theorem, FG is a semisimple ring. Using
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the Second Wedderburn–Artin Theorem, we conclude that every FG-module is

completely reducible. Thus, the representations ρ and ψ are completely reducible.

Therefore there exist non-negative integers mi and ni (i = 1, 2, . . . , q) such that

ρ ∼= m1ρ1 +m2ρ2 + · · ·+mqρq and ψ ∼= k1ρ1 + k2ρ2 + · · ·+ kqρq,

where ρ1, ρ2, . . . , ρq is a complete list of isomorphism classes of irreducible repre-

sentations of G. So ρ ∼= ψ if and only if mi = ki (∈ Z) for all i = 1, 2, . . . , q.

On the other hand, we have

chρ =

q∑

i=1

michρi and chψ =

q∑

i=1

kichρi .

From Theorem 2.4.3, we find

Fun(G,F ) =

q∑

i=1

M(ρi),

which implies that ch1, ch2, . . . , chq ∈ Fun(G,F ) are linearly F -independent. Thus,

chρ = chψ if and only if mi = ki ∈ F (∼= mi = ki ∈ Z), for all i = 1, 2, . . . , q. The

latter isomorphism follows from the assumption that char(F ) = 0.

This corollary already indicates that the character is an efficient computational

device for studying certain questions about representations.

2.5 Character theory of groups

From now on the base field is F = C. First, we review the complex euclidean

spaces.

Definition 2.5.1. By an n-dimensional complex euclidean space we mean

an n-dimensional complex vector space V together with a scalar product, i.e., a

map V × V → C, (x, y) 7→ 〈x, y〉 such that

(i) the 〈 · , · 〉 is 1
2
-1 linear (sesquilinear), i.e.,

〈x, λ1y1 + λ2y2〉 = λ1 〈x, y1〉+ λ2 〈x, y2〉 ,

〈λ1x1 + λ2x2, y〉 = λ1 〈x1, y〉+ λ2 〈x2, y〉 ;
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(ii) the 〈 · , · 〉 is hermitian, i.e., 〈y, x〉 = 〈x, y〉 (which implies that 〈x, x〉 ∈ R);

(iii) positive definite, i.e., 〈x, x〉 ≥ 0 with equality if and only if x = 0.

By choosing an orthonormal basis (from now on ONB) in V (it is possible),

we may identify V with Cn, where n = dimV . Then 〈 · , · 〉 is identified with

Cn × Cn → C, (x, y) 7→ x∗y where x∗ = x⊤. This is called the standard scalar

product on Cn.

Definition 2.5.2. Given a complex euclidean space (V, 〈 · , · 〉), an A ∈ EndC(V )

is called unitary if 〈A(x), A(y)〉 = 〈x, y〉. The group of unitary linear transfor-

mations of (V, 〈 · , · 〉) is denoted by U (V ). We have U (V ) ≤ GL(V ) ∼= GLn(C),

where the latter isomorphism follows by choosing a suitable basis in V (n = dimV ).

By choosing a suitable basis in V , U (V ) ∼= Un(C), where the latter is the group

of unitary complex matrices (the complex matrix A is called unitary if A∗A = I).

Definition 2.5.3. A finite dimensional complex representation ρ : G → GL(V )

is unitary if there exists a G- (ρ-) invariant scalar product 〈 · , · 〉 : V × V → C,

i.e., 〈x, y〉 = 〈gx, gy〉 for all x, y ∈ V and g ∈ G. (This means that ρ(G) ⊆ U (V )

with respect to this 〈 · , · 〉.)

Proposition 2.5.1. A finite dimensional complex representation of a finite group

is always unitary.

Proof. Let ρ : G → GL(V ) be a finite dimensional complex representation of a

finite group G. Take any scalar product β : V × V → C on V . Define

〈x, y〉 def
=
∑

g∈G

β(gx, gy).

It is straightforward to check that 〈 · , · 〉 is a G-invariant scalar product.

Proposition 2.5.2. A unitary representation is always completely reducible.

Proof. Let ρ : G → GL(V ) be a unitary representation. Let W be an invariant

subspace in V . The W ⊕W⊥, where W⊥ def
= {x ∈ V | 〈x, w〉 = 0 for all w ∈ W}

is the orthogonal complement of W . We claim that W⊥ is an invariant subspace

in V . Indeed, using the invariance of W and the fact that our representation is

unitary, we obtain 〈gx, w〉 = 〈g−1gx, g−1w〉 = 〈x, g−1w〉 = 0 for all g ∈ G, x ∈ W⊥

and w ∈ W .



2.5. Character theory of groups 45

Lemma 2.5.3. Let ρ be an irreducible representation of G on V , dimV <∞. An

invariant scalar product on V (if exists) is unique up to a non-zero (positive real)

scalar multiplier.

Proof. Fix an invariant scalar product 〈 · , · 〉 on V , and take an orthonormal

basis on V . Identify V by Cn, so 〈 · , · 〉 = x∗y. Let β be any other scalar product

on Cn. It is well known that there exists a B ∈ Cn×n such that β(x, y) = x∗By.

Suppose that β is G-invariant, i.e.,

x∗By = β(x, y) = β(gx, gy) = x∗(ρ(g)−1Bρ(g))y.

Since this holds for all x, y ∈ V , we must have B = ρ(g)−1Bρ(g) for all g ∈ G.

Hence, B ∈ EndC(V ) = Cn×n commute with ρ(g) for all g ∈ G. By Schur’s Lemma

II, B = λ · idV for some λ ∈ C. Thus, β(x, y) = x∗(λ · idV )y = λx∗y = λ 〈x, y〉.

Lemma 2.5.4. Given a representation ρ : G→ GL(V ), U,W invariant subspaces

in V , such that ρU and ρW are irreducible and non-isomorphic. Then U⊥W with

respect to any G-invariant scalar product on V .

Proof. Fix a G-invariant scalar product on V . We have V = U ⊕ U⊥. Denote

by π ∈ EndC(V ) the projection to U (i.e., π|U = idU , Ker(π) = U⊥). Since U

is an invariant subspace, from the proof of Proposition 2.5.2, we know that U⊥

is also an invariant subspace. From the definition of the direct sum, we have a

decomposition v = u + u⊥ for all v ∈ V (u ∈ U , u⊥ ∈ U⊥). Then for all g ∈ G

and v ∈ V , we have

π (ρ (g) v) = π
(
ρ (g) u+ ρ (g) u⊥

)
= π(ρ (g) u︸ ︷︷ ︸

∈U

) + π(ρ (g) u⊥︸ ︷︷ ︸
∈U⊥

) = ρ (g)u = ρ (g) π (u)

= ρ (g) π (u) + ρ (g) π
(
u⊥
)

︸ ︷︷ ︸
0

= ρ (g)
(
π (u) + π

(
u⊥
))

= ρ (g) π
(
u+ u⊥

)

= ρ (g) π (v) .

Therefore, π is a G-equivariant linear map. Specially, π|W : W → U is a G-

equivariant linear map. By assumption ρU and ρW are irreducible and non-

isomorphic, hence, by Schur’s Lemma I, π|W ≡ 0. ThereforeW ⊆ Ker(π) = U⊥.

A natural Reg-invariant scalar product on Fun(G,C) (G is finite) is given by

〈f, h〉 def
=

1

|G|
∑

g∈G

f(g)h(g),
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for all f, h ∈ Fun(G,C).

Let ρ(i) : G→ GL(Vi) (i = 1, 2, . . . , q) be a complete list of isomorphism classes

of irreducible representations of the finite group G. Let ni = dimVi. Denote by

ρ
(k)
ij (i, j = 1, 2, . . . , nk) the matrix elements of ρ(k) with respect to an ONB in Vk

(with respect to an invariant scalar product on Vk).

Theorem 2.5.5. We have

〈
ρ
(k)
ij , ρ

(k′)
i′j′

〉
=





1
nk

if k = k′, i = i′ and j = j′;

0 otherwise.

Hence, by Theorem 2.4.3, the unitary matrix elements of the irreducible represen-

tations of a finite group constitute an orthogonal basis in Fun(G,C).

Proof. As a consequence of (iii) of Corollary 2.4.2, for different k and k′, G×G acts

irreducibly and non-isomorphically on the spacesM(ρ(k)) andM(ρ(k
′)). Therefore,

by Lemma 2.5.4, M(ρ(k))⊥M(ρ(k
′)), i.e.,

〈
ρ
(k)
ij , ρ

(k′)
i′j′

〉
= 0 if k 6= k′. Hence, we can

suppose that k = k′ and fix k. We simplify our notations as follows: ρ
def
= ρ(k),

V
def
= Vk, n

def
= nk and ρij

def
= ρ

(k)
ij for i, j = 1, 2, . . . , n.

In the proof of Proposition 2.4.1 we saw that V ∗ ⊗ V ∼=ϕ M(ρ), where ϕ is

given by ξ ⊗ v 7→ (g 7→ ξ (gv)) for all ξ ∈ V ∗, v ∈ V and g ∈ G. We also have

V ∗ ⊗ V ∼=ν EndC(V ),

where ν is defined by ξ ⊗ v 7→ (x 7→ ξ (x) v) for all ξ ∈ V ∗, v ∈ V and x ∈ V . It

can be shown that ν is, indeed, an isomorphism. Finally, we have

EndC(V ) ∼=µ M(ρ),

where µ is defined by A 7→ (g 7→ Tr(Aρ(g))) for all A ∈ EndC(V ) (the matrix of

the endomorphism in the basis e) and g ∈ G. It can be shown that µ is, indeed,

an isomorphism.

V ∗ ⊗ V
ϕ
> M(ρ)

EndC(V )

ν
∨ µ

>
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Let e = {e1, e2, . . . , en} be an orthonormal basis in V . The group G × G acts

on EndC(V ) since (g, h)A
def
= ρ(h)Aρ(g)−1. This action corresponds to ρ∗ ⊗ ρ on

V ∗ ⊗ V and RegM(ρ) on M(ρ). Define the following scalar product on EndC(V ):

(A,B) 7→ Tr(A∗B),

where A∗ is the adjoint of A. This is a G×G invariant scalar product. Indeed,

Tr (((g, h)A)∗ (g, h)B) = Tr
((
ρ (h)Aρ (g)−1)∗ (ρ (h)Bρ (g)−1))

= Tr
((
ρ
(
g−1
)∗
A∗ρ (h)∗

) (
ρ (h)Bρ

(
g−1
)))

= Tr
(
ρ
(
g−1
)∗
A∗ (ρ (h)∗ ρ (h))Bρ

(
g−1
))

= Tr
((
ρ
(
g−1
)
ρ
(
g−1
)∗)

A∗ (ρ (h)∗ ρ (h))B
)
= Tr (A∗B) .

In the last step we used the unitarity property of ρ. Let Eij ∈ EndC(V ) be the

matrix that has 0’s everywhere except 1 in entry (i, j). Then (Eij)
n
i,j=1 is an

orthogonal basis in EndC(V ):

Tr(E∗
ijEkℓ) = Tr(EjiEkℓ) =

{
1 if i = k, j = ℓ;

0 otherwise.

Hence,

µ (Eij) = (g 7→ Tr (Eijρ (g))) =
(
g 7→ Tr

(
Eij

[∑
k,ℓ
ρkℓ (g)Ekℓ

]))

=
(
g 7→

∑
k,ℓ
ρkℓ (g) Tr (EijEkℓ)

)
= g 7→ ρji (g) ,

i.e., µ(Eij) = ρji. The Tr (µ−1 ( · )∗ µ−1 ( · )) is a Reg-invariant scalar product,

hence, by Lemma 2.5.3, we must have

〈 · , · 〉 = λ · Tr
(
µ−1 ( · )∗ µ−1 ( · )

)
,

for some constant λ. Thus,

〈ρij, ρi′j′〉 = λ · Tr
(
E∗
jiEj′i′

)
=

{
λ if i = i′, j = j′;

0 otherwise.

It remains to show that λ = 1
n
. We have

λ = 〈ρij, ρij〉 =
1

|G|
∑

g∈G

ρij (g)ρij (g), for i, j = 1, 2, . . . , n.
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Taking the sum over i, we find

nλ =
n∑

i=1

1

|G|
∑

g∈G

ρij (g)ρij (g) =
1

|G|
∑

g∈G

n∑

i=1

ρij (g)ρij (g)

=
1

|G|
∑

g∈G

([ρ (g)∗] · [ρ (g)])jj =
1

|G|
∑

g∈G

1 =
1

|G| |G| = 1.

Here, we used the unitarity property of the matrix of ρ. Hence, λ = 1
n
.

Corollary 2.5.6. Denote by ρ(1), ρ(2), . . . , ρ(q) the complete list of isomorphism

classes of irreducible representations of the finite group G. The χi
def
= chρ(i) (i =

1, 2, . . . , q) constitute an ONB in Cent(G,C) ⊆ Fun(G,C).

Proof. By Theorem 2.4.5, they form a basis in Cent(G,C). We have χk =∑nk

i=1 ρ
(k)
ii . Thus

〈χk, χℓ〉 =
〈

nk∑

i=1

ρ
(k)
ii ,

nℓ∑

j=1

ρ
(ℓ)
jj

〉
=

nk∑

i=1

nℓ∑

j=1

〈
ρ
(k)
ii , ρ

(ℓ)
jj

〉
=




0 if k 6= ℓ,
∑nk

i=1

〈
ρ
(k)
ii , ρ

(ℓ)
ii

〉
if k = ℓ.

Since
nk∑

i=1

〈
ρ
(k)
ii , ρ

(ℓ)
ii

〉
=

nk∑

i=1

1

nk
= 1,

if k = ℓ, the proof is complete.

Corollary 2.5.7. Denote by ρ(1), ρ(2), . . . , ρ(q) the complete list of isomorphism

classes of irreducible representations of the finite group G. Let ρ be any represen-

tation of G. We have

(i) ρ ∼=
∑q

k=1 〈chρ, χk〉 ρ(k);

(ii) the ρ is irreducible if and only if 〈chρ, chρ〉 = 1.

Proof. (i) Every representation is isomorphic to the linear combination of irre-

ducible representations. Suppose that ρ ∼=
∑q

k=1mkρ
(k). Taking the trace of both

sides yields

chρ =

q∑

k=1

mkχk.
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Taking the scalar product of both sides by χj, and using the previous corollary,

we obtain 〈chρ, χj〉 = mj.

(ii) Suppose that ρ ∼=
∑q

k=1mkρ
(k). Then

〈chρ, chρ〉 =
〈

q∑

k=1

mkχk,

q∑

j=1

mjχj

〉
=

q∑

k=1

m2
k.

If ρ is irreducible, then ρ ∼= ρ(i) for some i ∈ {1, 2, . . . , q}. Then, using Corol-

lary 2.4.6, mi = 1 and mj = 0 for i 6= j, therefore 〈chρ, chρ〉 = 1. Conversely,

if 〈chρ, chρ〉 = 1, then by the above calculation we must have mi = 1 for some

i ∈ {1, 2, . . . , q}, and mj = 0 for i 6= j. Hence chρ = χi, and by Corollary 2.4.6,

ρ ∼= ρ(i).

Definition 2.5.4. Denote by Cj (j = 1, 2, . . . , q) the conjugacy classes in the finite

group G. Let χj (j = 1, 2, . . . , q) be the list of irreducible characters of G. Finally,

let us denote by χj(Ck) the value χj(g) for any g ∈ Ck. Then the q × q complex

matrix whose (i, j)th entry is χi(Cj) is called the character table of G.

Denote by D the q × q complex matrix, whose (i, j)th entry is

χi (Cj)

√
|Cj|
|G| .

The orthonormality of irreducible characters shows that the rows of D are or-

thonormal with respect to the standard scalar product, i.e., DD∗ = I, where I

is the q × q identity matrix. This gives D∗D = I, i.e., the columns of D are

orthonormal with respect to the standard scalar product:

q∑

k=1

χk (Ci)

√
|Ci|
|G| χk (Cj)

√
|Cj|
|G| =

{
1 if i = j,

0 if i 6= j.

Thus we have deduced the following theorem.

Theorem 2.5.8 (Second Orthogonality Relation).

q∑

k=1

χk (Ci)χk (Cj) =





|G|
|Ci|

if i = j,

0 if i 6= j.
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Remark. We have
|G|
|Ci|

= |CG(g)|, g ∈ Ci,

where CG(g) is the centralizer of g in G.

2.6 Burnside’s Theorem

In this section, we shall use representation theory to prove Burnside’s Theorem

about solvability of groups. Burnside’s Theorem has long been one of the best-

known applications of representation theory to the theory of finite groups, though

a proof avoiding the use of group characters is known since around 1970.

Definition 2.6.1. A complex number α is an algebraic integer if α is a root of

a monic polynomial with integer coefficients.

Remark. A rational number is an algebraic integer if and only if it is an integer.

Let G be a finite group, ρ : G → GL(V ) be an irreducible representation of

G with character χ. If g ∈ G, then there is an n ∈ N such that gn = 1, thus

idV = ρ (1) = ρ (gn) = ρ (g)n. In a suitable basis of V (dimV = d), ρ(g) is a d× d

diagonal matrix. Hence, the eigenvalues must be roots of unity (ω1, ω2, . . . , ωd).

Therefore χ(g) = ω1 + ω2 + · · ·+ ωd is an algebraic integer.

Denote by C1,C2, . . . ,Cq the conjugacy classes in the finite group G. Let ρ be

an irreducible representation of G, and χ be its character. We saw earlier that if

ρ : G→ GL(V ) then we have a natural extension ρ̃ : CG→ EndC(V ). Consider

CG ∋ ci
def
=
∑

g∈Ci

g for i = 1, 2, . . . , q.

Clearly, each ci is in the centre Z(CG) and they form a C-basis in Z(CG). We

have

cicj =

q∑

k=1

mijkck,

where

mijk = |{(g, h) | g ∈ Ci, h ∈ Cj, gh ∈ Ck}| .
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From

ρ̃ (ci) ρ (g) =
∑

h∈Ci

ρ (h) ρ (g) =
∑

h∈Ci

ρ (hg) =
∑

s∈Ci

ρ (gs) =
∑

s∈Ci

ρ (g) ρ (s)

= ρ (g) ρ̃ (ci) ,

we conclude that ρ̃ (ci) is a G-equivariant linear map of V (i = 1, 2, . . . , q). By

Schur’s Lemma II, ρ̃ (ci) is a scalar multiple of idV , ρ̃ (ci) = λiidV , say. The value

of λi follows by taking the trace of each side and by noting that Tr(idV ) = dimV =

χ(1):

ρ̃(ci) =
Tr (ρ̃ (ci))

χ (1)
idV =

∑
g∈Ci

Tr (ρ (g))

χ (1)
idV =

∑
g∈Ci

χ (g)

χ (1)
idV =

∑
g∈Ci

χ (Ci)

χ (1)
idV

=
χ (Ci) |Ci|
χ (1)︸ ︷︷ ︸
ui

idV .

From ρ̃ (ci) ρ̃ (cj) = ρ̃ (cicj) = ρ̃ (
∑q

k=1mijkck) =
∑q

k=1mijkρ̃ (ck), we obtain uiuj =∑q
k=1mijkuk. Thus, R

def
= Zu1 + Zu2 + · · ·+ Zuq is a subring of C.

Proposition 2.6.1. An element α ∈ C is an algebraic integer if and only if there

exists a subring R of C containing α, such that R is a finitely generated abelian

group.

From our argument above and the proposition, we immediately deduce the

following lemma.

Lemma 2.6.2. Let G be a finite group, χ be an irreducible (complex) character of

G. Let C be a conjugacy class in G. Then χ(C )|C |
χ(1)

is an algebraic integer.

Proof of Proposition 2.6.1. ⇒ Suppose that α is an algebraic integer. Then

there exist a1, a2, . . . , an ∈ Z such that

αn + a1α
n−1 + · · ·+ an−1α + an = 0,

i.e., αn = −an − an−1α − · · · − a1α
n−1 ∈ Z + Zα + · · · + Zαn−1 def

= R. Then R is

the desired subring of C.

⇐ Suppose that R is a subring of C, such that α ∈ R and R is finitely generated

Z-module by e1, e2, . . . , en: R = Ze1 + Ze2 + · · ·+ Zen. Then

αej =
n∑

i=1

aijei for some aij ∈ Z.
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Define A
def
= (aij)

n
i,j=1 ∈ Zn×n. The characteristic polynomial f(x)

def
= det(xI −

A) ∈ Z [x] is a monic polynomial (I = idCn). By the Cayley–Hamilton Theorem,

f(A) = 0. Let 0 = f(A) = (bij)
n
i,j=1, then

f (α) ej︸︷︷︸
6=0

=
n∑

i=1

bijei =
n∑

i=1

0ei = 0.

Thus, f(α) = 0. Therefore, α is a root of a monic polynomial with integer coeffi-

cients, i.e., α is an algebraic integer.

Corollary 2.6.3. The algebraic integers constitute a subring in C.

Corollary 2.6.4 (Corollary of Lemma 2.6.2). We have χ(1) | |G| for all irreducible
characters χ of G.

Proof. Let χ be any irreducible character of G. We have

1 = 〈χ, χ〉 = 1

|G|
∑

g∈G

χ (g)χ (g) =
1

|G|

q∑

j=1

χ (Cj)χ (Cj) |Cj|,

whence
|G|
χ (1)

=

q∑

j=1

χ (Cj)
χ (Cj) |Cj|
χ (1)

.

We remarked earlier that the first factor under the sum on the right-hand side

is an algebraic integer (sum of roots of unity). From Lemma 2.6.2, the second

factor is also an algebraic integer. Product and sum of algebraic integers is again

an algebraic integer (cf. Corollary 2.6.3). Thus, the right-hand side is an alge-

braic integer. Therefore, on the left-hand side there is a rational number which

is an algebraic integer. This means that it is an integer. Consequently, χ(1) | |G|.

Lemma 2.6.5. Let G be a finite group, ρ : G → GL(V ) be a complex irre-

ducible representation with character χ. Let C be a conjugacy class in G. If

gcd(|C |, χ(1)) = 1, then χ(C ) = 0 or ρ(g) ∈ C · idV for all g ∈ C .

Proof. Since gcd(|C |, χ(1)) = 1, there exist k, ℓ ∈ Z such that k|C | + ℓχ(1) = 1.

Thus,

k
χ (C ) |C |
χ (1)

+ ℓχ (C ) =
χ (C )

χ (1)
.
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On the left hand side, both terms are algebraic integers, hence χ(C )
χ(1)

is an algebraic

integer. We know that χ(C ) is the sum of roots of unity, χ(C ) = ω1+ω2+ · · ·+ωn,
say (n = χ(1) = dimV ). Note that

|χ (C )| = |ω1 + ω2 + · · ·+ ωn| ≤ |ω1|+ |ω2|+ · · ·+ |ωn| = n = χ (1) ,

hence,
∣∣∣χ(C )
χ(1)

∣∣∣ ≤ 1. Moreover, equality holds if and only if ρ(g) ∈ C · idV for all

g ∈ C . Let g ∈ C , then ωdi = 1 with d being the order of g in G (the smallest

non-negative integer r such that gr = 1) and i = 1, 2, . . . , n. We have

C× > 〈ω1, ω2, . . . , ωn〉 ≤
〈
e2πi/d

〉

as groups. The field F
def
= Q(e2πi/d) contains all the ωi’s (a cyclotomic field), and

dimQ(F ) = ϕ(d) where ϕ is the Euler-function.

We need a few facts from Galois-Theory: If Aut(F ), the group of field auto-

morphisms of F , then

(i) |Aut(F )| <∞ (in fact it is equal to dimQ(F ) = ϕ(d));

(ii) if for some b ∈ F , σ(b) = b for all σ ∈ Aut(F ), then b ∈ Q;

(iii) every σ ∈ Aut(F ) sends an algebraic integer in F to an algebraic integer

(with the same minimal polynomial).

Take any g ∈ C and set

w
def
=

∏

σ∈Aut(F )

σ

(
χ (g)

χ (1)

)
.

By (i), this product is well-defined. Since w is fixed by any element of Aut(F ), by

(ii), w ∈ Q. Moreover, by (iii), each factor of the product is an algebraic integer,

hence w is an algebraic integer. Consequently, w ∈ Z. Since σ(ωi)
d = σ(ωni ) =

σ(1) = 1, it follows that σ(ωi) is a root of 1 for all σ ∈ Aut(F ). Thus,
∣∣∣∣σ
(
χ (g)

χ (1)

)∣∣∣∣ =
∣∣∣∣

1

χ (1)
σ (χ (g))

∣∣∣∣ =
∣∣∣∣
σ (ω1 + ω2 + · · ·+ ωn)

χ (1)

∣∣∣∣

=

∣∣∣∣
σ (ω1) + σ (ω2) + · · ·+ σ (ωn)

χ (1)

∣∣∣∣ ≤
|σ (ω1)|+ |σ (ω2)|+ · · ·+ |σ (ωn)|

χ (1)

=
n

χ (1)
= 1,

for all σ ∈ Aut(F ). Therefore, |w| ≤ 1. But w ∈ Z, hence, w = 0, 1 or −1.

The w = 0 if and only if χ(g) = 0. By the triangular inequality, |w| = 1 implies
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∣∣∣χ(g)χ(1)

∣∣∣ = 1, and hence ρ(g) ∈ C · idV for all g ∈ C , as we remarked earlier.

Remark. Let Z(G)
def
= {z ∈ G | zg = gz for all g ∈ G} ⊳ G be the centre of the

group G. If G = Z(G), then G is abelian. For a non-abelian simple group

G we have Z(G) = {1}. Indeed, let G be a non-abelian simple group. We have

Z(G) ⊳ G, thus, by simplicity, Z(G) = {1} or Z(G) = G. The latter can not be

hold since G is non-abelian.

A non-trivial (irreducible) representation of a non-abelian simple group is faith-

ful. Indeed, let ρ : G → GL(V ) be a non-trivial representation of the non-abelian

simple group G. Since Ker(ρ) ⊳ G and G is simple, we must have Ker(ρ) = {1}
or Ker(ρ) = G. The latter can not be hold since ρ is non-trivial. Therefore,

Ker(ρ) = {1}, i.e., ρ is faithful.

Theorem 2.6.6. A non-abelian simple group contains no conjugacy class of size

a prime power, except the conjugacy class of 1 ∈ G.

Proof. Assume to the contrary that C is a conjugacy class in G, such that

|C | = pα, where p is a prime and α is a positive integer. Note that for a non-trivial

irreducible representation ρ : G → GL(V ) and 1 6= g ∈ G, ρ(g) /∈ C · idV . Indeed,
by the second part of the above remark, ρ is injective and so an isomorphism

between G and ρ(G)
def
= Im(ρ). Therefore,

Z (ρ (G)) = ρ (Z (G)) = ρ ({1}) = {ρ (1)} .
The second equality follows from the first part of the above remark. If we would

have ρ(g) ∈ C · idV for some 1 6= g, then ρ(g) ∈ Z (ρ (G)), and by the above

ρ(g) = ρ(1). This is a contradiction, since ρ is faithful (injective).

Let χj (j = 1, 2, . . . , q) be the list of irreducible characters of G with χ1 being

the trivial one. If p ∤ χj(1) for some j = 2, . . . , q, then gcd(|C |, χj(1)) = 1, hence,

by Lemma 2.6.5, χj(C ) = 0 (as ρj(g) /∈ C · idV for g ∈ C ). Thus, by the Second

Orthogonality Relation

0 =

q∑

i=1

χi (1)χi (C ) = 1 +

q∑

i=2

χi (1)χi (C ) = 1 +
∑

i∈{2,3,...,q}
p|χi(1)

χi (1)χi (C ),

which gives

−1

p
=

∑

i∈{2,3,...,q}
p|χi(1)

χi (1)

p
χi (C ).



2.6. Burnside’s Theorem 55

We remarked earlier that the second factor under the sum on the right-hand side

is an algebraic integer (sum of roots of unity). The first factor is also an alge-

braic integer (it is an integer). Product and sum of algebraic integers is again an

algebraic integer (cf. Corollary 2.6.3). Thus, the right-hand side is an algebraic

integer. Therefore, on the left-hand side there is a rational number which is not

an integer but an algebraic integer. This is a contradiction.

Definition 2.6.2. A group G is said to be solvable if there exists a chain of

subgroups

{1} = G0 ≤ G1 ≤ G2 ≤ · · · ≤ Gk−1 ≤ Gk = G,

such that Gi ⊳ Gi+1 and Gi+1/Gi is abelian (i = 0, 1, . . . , k − 1).

Proposition 2.6.7. Suppose that |G| = pα. Then Z(G) 6= {1}, i.e., the centre of

G is non-trivial.

Proof. Let {1} = C1,C2, . . . ,Ck be the conjugacy classes of G. We have |Ci| |
|G| = pα and |Ci| = [G : CG(g)], where g ∈ Ci and CG(g) is the centralizer of g in

G (i = 1, 2, . . . , k). Since G is the disjoint union of the conjugacy classes, we have

|G| = pα =
k∑

i=1

|Ci| =
∑

gi∈Ci

[G : CG(gi)] .

Observing that each element of the center Z(G) forms a conjugacy class containing

just itself gives rise to the following important class equation:

|G| = pα = |Z(G)|+
∑

gi∈Ci

|Ci|>1

[G : CG(gi)] .

From this we see that p must divide |Z(G)|, so |Z(G)| > 1.

Theorem 2.6.8 (Burnside’s pαqβ Theorem). A group of order pαqβ (p, q being

primes) is solvable.

Proof. First, assume that |G| = pα. If it is abelian, we are done. Suppose that it

is not abelian. Take G1
def
= Z(G) 
 {1} (here we used Proposition 2.6.7). Since G

is not abelian, G1 � G. Thus, we have

{1} � G1 � G, G1 ⊳ G and G1 being abelian.
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Take G/G1 = G/Z(G). If it is abelian, we are done. Suppose that it is not abelian,

then {1} � Z(G/Z(G)) � G/Z(G). Let G2 be such that G2/G1 = Z(G/G1) =

Z(G/Z(G)). Then

{1} � G1 � G2 � G, G2 ⊳ G and G2/G1 being abelian.

If G/G2 is abelian, we are done. If it is not, we can proceed further in this way

to get a chain of subgroups. The process should come to a halt, since |G| is finite
and |Gk| > |Gk−1| (k = 2, 3, 4, . . .). Thus, we have proved the theorem for β = 0.

Now suppose that |G| = pαqβ. We shall prove by induction on |G|. For |G| = pα

the theorem is already proved. Let N be a maximal normal subgroup of G.

If N 6= {1}, then |G/N | < |G| and |G/N | = pα
′

qβ
′

(α′ + β′ < α + β). Hence,

by the induction hypothesis, G/N is solvable and so is G.

If N = {1}, then G is simple. Let P be a p-Sylow subgroup of G, i.e., |P | = pα.

By Proposition 2.6.7, there exist a g 6= 1 in Z(P ). Then g commutes with all the

elements of P , hence

G 
 CG(g) ≥ P,

where CG(g) is the centralizer of g in G. Indeed, G = CG(g) can not hold, since

then 〈g〉 would be a non-trivial normal subgroup of G, which contradicts the fact

that G is simple. Let C be the conjugacy class of g, then

|C | = [G : CG(g)] | [G : P ] = pβ,

hence, 1 < |C | = pβ
′

. Therefore, by Theorem 2.6.6, our simple group G must be

abelian. But abelian groups are always solvable.
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Commutative rings

Throughout this chapter, a ring will always mean a commutative ring with unity.

Frequently we shall also assume that the ring R is also a commutative K-algebra

(K is a field). In this case K ⊂ R and the unity elements of R and K coincide.

LetK be a field, we denote byK [x1, x2, . . . , xm] them-variable polynomial ring

over K. If I is an ideal in K [x1, x2, . . . , xm], we can consider K [x1, x2, . . . , xm] /I,

i.e., finitely generated K-algebras. These are important for Algebraic Geometry.

Let F be a field such that Q ⊂ F ⊂ C. We assume that [F : Q]
def
= dimQ F <

∞. Then we can consider the ring R of algebraic integers in F . Such rings are

important in Number Theory. Two important examples are the Gauss- and Euler-

integers, i.e., the algebraic integers in Q(i) and Q(e2πi/3).

3.1 The Noether Normalization Lemma

First, we introduce the basic concepts.

Definition 3.1.1. Suppose that R is a commutative K-algebra. We say that

r1, r2, . . . , rm ∈ R are algebraically independent over K if f(r1, r2, . . . , rm) =

0 for some f ∈ K [x1, x2, . . . , xm] implies that f = 0 ∈ K [x1, x2, . . . , xm]. Oth-

erwise r1, r2, . . . , rm ∈ R are said to be algebraically dependent over K. For

infinitely many elements, we say that they are algebraically independent over K if

any of their finite subset is algebraically independent over K.

57
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Definition 3.1.2. Suppose that K is a subfield of L. A set G of L is a tran-

scendence generating system of L over K if L is algebraic over its subfield

generated by G over K.

Definition 3.1.3. By a transcendence basis of L over K we mean an alge-

braically independent transcendence generating system of L over K.

Proposition 3.1.1. Suppose that K is a subfield of L. The L always has a tran-

scendence basis over K, and its cardinality is uniquely determined. It is called the

transcendence degree of L over K. In notation: tr degK(L).

The key point of the proof is the following lemma.

Lemma 3.1.2. Let I be an algebraically independent subset of L, G be a tran-

scendence generating system of L. Then for all a ∈ I there is a b ∈ G such that

G \ {b} ∪ {a} is still a transcendence generating system of L.

Definition 3.1.4. Let R be a K-algebra which is an integral domain (contains no

zero-divisors). Let L be the field of fractions of R (see Definition 3.2.3). Then tr

degK(R)
def
= tr degK(L).

Example 3.1.1. We have tr degK(K [x1, x2, . . . , xm]) = m. Also

tr degK(K [x1, x2, . . . , xm] /f) = m− 1,

where f ∈ K [x1, x2, . . . , xm] is an irreducible polynomial.

Given a K-algebra R, a1, a2, . . . , an ∈ R, then K [a1, a2, . . . , an] stands for the

K-subalgebra of R generated by a1, a2, . . . , an. If n = 0, then the generated K-

subalgebra is K, because a subalgebra always contains 1 ∈ K.

Definition 3.1.5. Let R be a subring of S. We say that s ∈ S is integral over

R if there is a monic polynomial f in R [x] such that f(s) = 0. We say that S is

integral over R if all s ∈ S is integral over R.

A special case is given by R = R and S ⊆ C.

Lemma 3.1.3. Given a subring R ⊆ S, a ∈ S, the following are equivalent:

(i) the a is integral over R;
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(ii) there is a subring T , R ⊆ T ⊆ S such that a ∈ T and T is a finitely generated

R-module (briefly let it call finite R-module);

(iii) the R [a] is a finite R-module.

Proof. (iii) ⇒ (ii) Let T be R [a].

(i) ⇒ (iii) Suppose that a is integral over R. Then there is a positive integer

n and b1, b2, . . . , bn ∈ R such that an + b1a
n−1 + · · · + bn−1a + bn = 0, whence

an ∈ Ran−1 +Ran−2 + · · ·+R · 1 (the R-module of S generated by 1, a, . . . , an−1).

This shows that
∑n−1

i=0 Ra
i is a subring.

(ii) ⇒ (i) Suppose that T is a subring of S, such that a ∈ T and T is a finitely

generated R-module by e1, e2, . . . , en: T = Re1 +Re2 + · · ·+Ren. Then

aej =
n∑

i=1

aijei for some aij ∈ R.

Define A
def
= (aij)

n
i,j=1 ∈ Rn×n. The characteristic polynomial f(x)

def
= det(xI−A) ∈

R [x] is a monic polynomial (I stands for the identity matrix). By the Cayley–

Hamilton Theorem, f(A) = 0. Let 0 = f(A) = (bij)
n
i,j=1, then

f (a) ej︸︷︷︸
6=0

=
n∑

i=1

bijei =
n∑

i=1

0ei = 0.

Thus, f(a) = 0. Therefore, a is a root of a monic polynomial with coefficients

from R, i.e., a is integral over R.

Lemma 3.1.4. Let R ⊆ S ⊆ T be rings. If S is a finite R-module, T is a finite

S-module; then T is a finite R-module.

Proof. By assumption, there exist a1, a2, . . . , an ∈ S such that S =
∑n

i=1Rai
and there exist b1, b2, . . . , bk ∈ T such that T =

∑k
j=1 Sbj. Then we have T =∑n

i=1

∑k
j=1Raibj.

Corollary 3.1.5. Given a subring R ⊆ S, such that S is a finitely generated R-

algebra (an R-module which is also a ring). Then S is integral over R if and only

if S is finite over R, i.e., S is a finite R-module.
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Proof. ⇐ Let s ∈ S be arbitrary. Using the implication (ii) ⇒ (i) of Lemma

3.1.3 with R ⊆ S ⊆ S, we find that s is integral over R. Since s was arbitrary,

every element of S is integral over R, i.e., S is integral over R.

⇒ Let s1, s2, . . . , sn be the generators of the finitely generated R-algebra S. Since

s1 is integral over R (by assumption every element of S is integral over R), by

the implication (i) ⇒ (iii) of Lemma 3.1.3, R [s1] is finite over R. Similarly,

R [s1, s2] = R [s1] [s2] is finite over R [s1]. Hence, by Lemma 3.1.4, R [s1, s2] is fi-

nite over R. By continuing this process, we find that S = R [s1, s2, . . . , sn] is finite

over R.

Corollary 3.1.6. Let R ⊆ S ⊆ T be rings. Suppose that S is integral over R and

T is integral over S. Then T is integral over R.

Proof. Take t ∈ T . Then there exist s1, s2, . . . , sn ∈ S such that tn + s1t
n−1 +

· · · + sn−1t + sn = 0 (since T is integral over S). Let S ′ def
= R [s1, s2, . . . , sn] ⊆ S.

Clearly, R ⊆ S ′ and S ′ is integral over R. Then, by Corollary 3.1.5, S ′ is a finite

R-module. The S ′ [t] is a finite S ′-module (since t is integral over S ′, hence we

can use Lemma 3.1.3). Now, we can apply Lemma 3.1.4 for R ⊆ S ′ ⊆ S ′ [t] to

conclude that S ′ [t] is a finite R-module.

Using the implication (ii) ⇒ (i) of Lemma 3.1.3 with R ⊆ S ′ [t] ⊆ T , we find

that t is integral over R. Since t was arbitrary, every element of T is integral over

R, i.e., T is integral over R.

Theorem 3.1.7 (Noether Normalization Lemma). Let R be a finitely generated K-

algebra, where K is a field. Then there is a non-negative (!) integer k, r1, . . . , rk ∈
R such that

(i) the elements r1, r2, . . . , rk are algebraically independent over K;

(ii) the R is integral over its subalgebra K [r1, r2, . . . , rk].

By Corollary 3.1.5, (ii) is equivalent to the statement that R is a finite module

over its subalgebra K [r1, r2, . . . , rk].

Proof. Since R is a finitely generated K-algebra, there exist u1, u2, . . . , un ∈ R

such that R = K [u1, u2, . . . , un]. If u1, u2, . . . , un are algebraically independent

then we are done. Otherwise there is an

0 6= f(x1, x2, . . . , xn) =
∑

ai1i2...inx
i1
1 x

i2
2 · · · xinn ∈ K [x1, x2, . . . , xn]
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such that f(u1, u2, . . . , un) = 0.

Our aim is to find a new generating system v1, v2, . . . , vn of R such that v1 is

integral over K [v2, v3, . . . , vn]. Set

v1
def
= u1

v2
def
= u2 − vc1

v3
def
= u3 − vc

2

1

...

vn
def
= un − vc

n−1

1 .

Here c is a positive integer such that it is greater than any power ij in f with

non-zero coefficient. Since u1 = v1 and ui = vi + vc
i−1

1 (i = 2, 3, . . . , n), we

have K [v1, v2, . . . , vn] = R. We can substitute u1 = v1 and ui = vi + vc
i−1

1 into

f(u1, u2, . . . , un) = 0 and expand f in powers of v1. In this way we get a polyno-

mial of v1 with coefficients in K [v2, v3, . . . , vn]. If we could cancel by the leading

coefficient of this polynomial, we would have a monic polynomial which is zero at

v1. By definition, this means that v1 is integral over K [v2, v3, . . . , vn]. The leading

term is

ai1i2...inv
i1+i2c+···+incn−1

1 ,

where (in, in−1, . . . , i1) is lexicographically the largest in f(x1, x2, . . . , xn). (This

is because of the special choice of c.) The ai1i2...in ∈ K is non-zero, hence we can

cancel by it.

By induction on the number of generators, we may assume that the lemma

holds for T
def
= K [v2, v3, . . . , vn], i.e., there exist w1, w2, . . . , wm ∈ T such that they

are algebraically independent over K and T is a finite S
def
= K [w1, w2, . . . , wm]-

module. Clearly, R = T [v1] and we showed that v1 is integral over T . Thus, by

Lemma 3.1.3, R = T [v1] is a finite T -module. But, since T is a finite S-module,

by Lemma 3.1.4, R is a finite S-module.

3.2 Hilbert’s Nullstellensatz

Theorem 3.2.1 (Hilbert’s Basissatz). Let K be a field. Then every ideal of

K [x1, x2, . . . , xn] is finitely generated, i.e., finitely generatedK-algebras are noethe-

rian.
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Definition 3.2.1. Let K be a field. Let I be an ideal in K [x1, x2, . . . , xn]. The

set

V(I) def
= {(a1, a2, . . . , an) ∈ Kn | f(a1, a2, . . . , an) = 0 for all f ∈ I}

is called the common zero locus of I.

For an arbitrary subset S of K [x1, x2, . . . , xn], we can define V(S) in a similar

way. If 〈S〉 is the ideal of K [x1, x2, . . . , xn] generated by S, then V(S) = V(〈S〉).

Definition 3.2.2. Let K be a field. Let X be a subset of Kn. The set

Y(X)
def
= {f ∈ K [x1, x2, . . . , xn] | f |X = 0} ⊳ K [x1, x2, . . . , xn]

is called the vanishing ideal of X.

Theorem 3.2.2 (Hilbert’s Nullstellensatz). Suppose that K is an algebraically

closed field. Then

Y(V(I)) =
√
I,

for any ideal I in K [x1, x2, . . . , xn]. Here

√
I

def
=
{
f ∈ K [x1, x2, . . . , xn] | fk ∈ I for some positive integer k

}

is the radical of I.

Using Hilbert’s Basissatz, we have the following equivalent form of Hilbert’s

Nullstellensatz: if f ∈ K [x1, x2, . . . , xn] vanishes on the common zero locus of some

polynomials f1, f2, . . . , fℓ ∈ K [x1, x2, . . . , xn], then there exist a positive integer d

and h1, h2, . . . , hℓ ∈ K [x1, x2, . . . , xn], such that

fd =
ℓ∑

j=1

hjfj.

Example 3.2.1. We give an example that shows that the algebraical closeness of

the base field is necessary. Let K = R, n = 1 and I = 〈x2 + 1〉. We have V(I) = ∅
and Y(V(I)) = R [x]. The latter is not equal to

√
I, since 1 /∈

√
I.

For the proof of Hilbert’s Nullstellensatz, we need several preparations.

Lemma 3.2.3. Suppose that S is a subring of the field F , and F is integral over

S. Then S is a field.
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Proof. Take any 0 6= s ∈ S. Since F is integral over S, 1
s
∈ F is integral over S.

Thus there exist a1, a2, . . . , an ∈ S such that

1

sn
+ a1

1

sn−1
+ · · ·+ an−1

1

s
+ an = 0.

Multiplying through by sn−1 and reordering the equation yields

1

s
= −a1 − a2s− · · · − an−1s

n−2 − ans
n−1 ∈ S,

which shows that S is a field.

Definition 3.2.3. Let R be an integral domain. The field of fractions of R,

denoted by Q(R), is defined as follows.

Introduce a relation ∼ on R× (R \ {0}): (a, s) ∼ (b, t) if and only if at− bs =

0. It is straightforward to show that ∼ is an equivalence relation. Denote by a
s

the equivalence class of (a, s). Let Q(R) =
{
a
s
| a ∈ R, s ∈ R \ {0}

}
. Define the

operations + : Q(R)×Q(R) → Q(R), · : Q(R)×Q(R) → Q(R) by

a

s
+
b

t
def
=
at+ bs

st
and

a

s
· b
t

def
=
ab

st
.

It is straightforward to check that these definitions are correct and that Q(R) be-

comes a commutative ring, and that Q(R) is a field.

Remark. The map R →֒ Q(R), a 7→ a
1
is an injective ring homomorphism. Hence,

we can write R ⊆ Q(R). The Q(R) is characterized by the following property: it

is a field F ⊃ R such that for all x ∈ F there exist a, s ∈ R, s 6= 0 such that

x = as−1.

Proposition 3.2.4. Let B be an integral domain, which is a finitely generated

algebra over a subring A. Suppose that B is algebraic over A, i.e., for every

element b ∈ B there is an f ∈ A [x] such that f(b) = 0. Then there exists an

0 6= a ∈ A such that B [a−1] ⊆ Q(B) is integral over A [a−1].

Proof. Since B is a finitely generated algebra over A, there exist b1, b2, . . . , bk ∈ B

such that B = A [b1, b2, . . . , bk]. By assumption, each bj is a root of

a
(j)
0 xnj + a

(j)
1 xnj−1 + · · · ∈ A [x] , A ∋ a

(j)
0 6= 0 for j = 1, 2, . . . , k.



64 Chapter 3. Commutative rings

Let a
def
= a

(1)
0 a

(2)
0 · · · a(k)0 . Then for all j = 1, 2, . . . , k, the bj is the root of a monic

polynomial in A [a−1] [x], i.e., bj is integral over A [a−1]. Then, by induction and

Corollary 3.1.6, B [a−1] = A [a−1] [b1, b2, . . . , bk] is integral over A [a−1].

Proposition 3.2.5. If a field F is finitely generated as an algebra over a subfield

K, then F is a finite extension of K, i.e., dimK(F ) <∞.
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