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Chapter 1
Noncommutative rings

Throughout this chapter, a ring will always mean a ring with unity. By an R-
module, we always mean a left R-module unless otherwise stated.

The most important example of a noncommutative ring is the following. Let
V' be a vector space over a field K. Put

R =FEndg (V) o {¢ | ¢ is a K-linear map from V to V}.

Then R is a noncommutative ring, and V' is naturally an R-module: for all »r € R
andv eV, letr v r(v).

Other examples are the subrings of a noncommutative ring. If M is an R-
module, then M is also an S-module for any subring S of R.

If M is an abelian group (i.e., a Z-module), then R = Endz(M) is a noncom-
mutative ring, and M is naturally an R-module.

1.1 Primitive and prime rings

Definition 1.1.1. The ring R is said to be simple if {0} and R are the only

two-sided ideals in R, i.e., R has no non-trivial two-sided ideals.

Definition 1.1.2. An R-module M is said to be irreducible (or simple) if {0}
and M are the only submodules of M. An R-module M is faithful if the action of
each R>r #0 on M is nontrivial (i.e., rm # 0 for some m € M ). Equivalently,
the annihilator of M s the zero ideal (see Definition 1.1.5 below).

Definition 1.1.3. The ring R is primaitive if there exists an irreducible, faithful
R-module.
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Remark. There exists a ring which is left-primitive but not right-primitive.

Definition 1.1.4. The ring R is said to be prime if for all ideals A, B < R,
A- B = {0} implies A= {0} or B={0}.

Remark. A commutative ring is prime if and only if it is a domain, i.e., it has

no zero-divisors.
Clearly, a simple ring is always prime.
Definition 1.1.5. Let M be an R-module. The set
annp (M) = {reR|rm=0 for allm € M}

15 called the annthilator of the module. It is not hard to show that the annihilator

of an R-module is a two-sided ideal in R. Similarly let
anng(m) dﬁf{fréR\rsz}, m € M.
Then anng(m) is a left ideal in R and

anng (M) = ﬂ anng (m).

Proposition 1.1.1. A ring R is primitive if and only if there exists a mazximal

left ideal I in R which contains no non-zero two-sided ideals.

Proof. Consider the R-module R/I. This is irreducible (simple) because [
was maximal. We show that it is a faithful module. We have

R anmg(R/I) = ﬂ anng (s) C anng(l1+ 1) = 1.
sER/I

By assumption, I contains no non-zero two-sided ideals, hence anng(R/I) = {0}.
Thus, R/I is faithful. We showed an irreducible, faithful R-module (namely R/I),
therefore R is primitive.

Take a faithful, irreducible R-module M. Let 0 # x € M. Since M is
irreducible, we have that Rx = M. By the Homomorphism Theorem,

M = Rz = R/anng(x), (take r <> rz).
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Hence, anng(x) is a maximal left ideal in R (since M was irreducible). Suppose
that J < R and J C anng(x). If we show that J = {0}, then we are done. For
an arbitrary m € M, there exists an r € R such that m = rz; (this is because
Rz = M). Therefore, Jm = Jra = (Jr)z = Jx = {0}. However, M is faithful,
whence J = {0}. O

Corollary 1.1.2. A simple ring is always primitive.

Proof. It can be shown that a ring R with unity always has a maximal left
ideal (this is Krull’s Theorem). If R is simple, there are no non-zero two-sided ide-
als of R, except for R. The statement now follows from the previous proposition. m

Corollary 1.1.3. A commutative ring is primitive if and only if it is a field.

Proof. By the previous proposition, we have that a commutative ring R is prim-
itive if and only if there exists a maximal two-sided ideal I in R which contains
no non-zero two-sided ideals. Since I contains itself, the latter is equivalent to
the statement that {0} is the only maximal two-sided ideal in R. This is further
equivalent to the statement that R is a field. [

Example 1.1.1 (A ring which is primitive but not simple.). Let V' be an infinite
dimensional vector space over a field K. Put R = Endg (V). We claim that V' is
a faithful, irreducible R-module. This follows from the well-known fact that given
any pair of v,w € V., v # 0, there is a ¢ € Endg (V) such that (v) = w. Thus,
Rv =V for any 0 # v € V. By definition, R is primitive. However, R is not

simple as; the following is a non-trivial ideal of R:
I={reR|dimg(Im(r)) < oco}.

We know that a commutative ring is prime if and only if it is a domain. Com-
paring this with Corollary 1.1.3, we see that primeness does not imply primitivity.
Nevertheless, we have the following proposition.

Proposition 1.1.4. If a ring is primitive then it is prime.

Proof. Let R be a primitive ring and let M be a faithful, irreducible R-module.
Take A, B< R such that A # 0, B # 0. Take 0 # b € B. Since M is faithful, there
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exists an = in M such that bz # 0. Then {0} # Rbx < M. Since M is irreducible,
Rbx = M. For any 0 # a € A, we have aRbx = aM # {0}, whence aRb # {0}.
This implies that A - B # {0}. O

Definition 1.1.6. Let {Ry | A € A} be a family of rings. We say that the ring R
is a subdirect product of this family, if there is an injective ring homomorphism
n:R— H Ry,

AEA
such that my on : R —» Ry is surjective for all X\ € A. Here, 7y is the projection
Ty - HueA R, — R,.

Definition 1.1.7. A ring R is semisimple if R is a subdirect product of simple
rings. A ring R is semiprimitive if R is a subdirect product of primitive rings.

A ring R is semiprime if R is a subdirect product of prime rings.

Remark. A ring R is semiprimitive if and only if for any 0 # r € R there exists

a faithful irreducible R-module which is not annihilated by r.

Definition 1.1.8. Let R be a ring. A two-sided ideal I < R is maximal if R/I
is simple. A two-sided ideal I < R is primitive if R/I is primitive. A two-sided
ideal I < R is prime if R/I is prime.

Proposition 1.1.5. Let R be a ring. The set of all primitive ideals in R is equal

to the set of annihilator ideals of irreducible R-modules.

Proof. Let S be an irreducible R-module and let P = anng(S). Then S is

an irreducible, faithful R/P-module. Indeed, let (r + P)s © s for all 7 € R and
s € S. Since S is irreducible R-module, we have that (r + P)S = rS = S for
r ¢ P. Thus, the ideal P of R is, by definition, primitive.

Suppose that P is a primitive two-sided ideal in R. Then, by definition, there
exists an irreducible, faithful R/P-module M. Then M is also an irreducible R-
module with P = anng(M). Indeed, let rm o (r4+P)m forallr € Rand m € M.
If r € R, then

0 if re P,

T'M:(T+P)M:{
M ifr¢P.
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Lemma 1.1.6. A two-sided ideal P of R is prime if and only if for every A, B4R,
A- B C P implies that AC P or BC P.

Proof. By definition P< R is prime if and only if R/P is prime. This is equivalent
to the statement that for every A,B< R/P, A-B = {0} implies A = {0} or
B = {0}. This is equivalent to the statement that for every A, B<R, A-B C P
implies A C Por BC P. [

Lemma 1.1.7. A ring R is semiprime if and only if (| par P ={0}. A ring
b

s prime

R is semiprimitive if and only if (| r I ={0}. A ring R is semisimple if
I is primative
and only if ﬂL LaR zL = {0}.

s maxima
Proof. The three statements are proven almost the same way, so we only prove
the first statement. Suppose that

77:R<—>HR,\,
AEA

where R, is prime. By the Homomorphism Theorem
Ry = R/Ker (my on)

where 7, is the projection 7y : HueA R, —» R,. Since R, is prime, by definition,
Ker (m) on) < R is a prime ideal. By the definition of a direct product, R > r =0
if and only if for all A € A, (my on)(r) = 0. Hence,

ﬂ Ker () on) = {0} .

AEA

Since the members of this intersection are prime ideals of R, it contains the inter-
section of all prime ideals of R. Thus, (| psr P ={0}.

P is prime

Assume that ﬂp par P ={0}. We have

is prime
n:R— ][] R/P.
P<R

P is prime

with 7 +% (r + P) par . By definition, R/P is prime for all prime ideals P of R.
P is prime
Thus, R is the direct product of prime ideals. To complete the proof, we need to

show that mpon: R — R/P is a surjection for all prime ideals P of R. Naturally
it is, since 7 +% (r + P) par 51+ P. |

P is prime
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Proposition 1.1.8. A ring R is semiprime if and only if there is no {0} # I <R
two-sided ideal such that I -1 = 1*={0}.

Proof. Suppose that I <R such that I? = {0}. Then, by Lemma 1.1.6, [ C P
for any prime ideal in R, that is

IgﬂP.

PR
P is prime

By Lemma 1.1.7, this intersection is {0}. Hence, I = {0}.

Let by be any non-zero element of R. We should show that there exists a prime
ideal in R that does not contain by. By assumption (RbyR)* # {0}, i.e., there is
a non-zero by = byxoby for some xy € R. Similarly, there is a non-zero by = bix1b;
for some z; € R. In this way, we obtain a sequence of non-zero elements of R:
bo, b1, bs, . ... From the construction, it follows that there are x,y € R such that
b = bjx = yb; for any i < j.

Let S be the family of ideals that are disjoint from the set {bg, b1, bo,...}. The
S is not empty, since {0} € S. It can be verified that the conditions of Zorn’s
Lemma are satisfied for S. Therefore there is a maximal element M in S.

We claim that M is a prime ideal. Indeed, assume in the contrary that for some
ideals A, B, we have M C A and M C B, but AB C M. By the maximality of M
we have b; € A and b; € B for some 4, j. Take any k£ > 7, j. By the construction,
we have that for some z € R, by, = b;zb; € AB C M. This is a contradiction, since
M is disjoint from the set {b, by, ba, .. .}. [

1.2 The Jacobson radical

Definition 1.2.1. The Jacobson radical (or simply the radical) of a ring R is

rad(R) o {r € R|r e€anng(M) for all irreducible R-module M }
= ﬂ annp(M).

M is an irreducible
-module

Remark. Note that the radical of a module M 1is

radM)® () N

N<M
N is mazimal



1.2. The Jacobson radical 7

Because of the following proposition, this definition is a generalization of the con-

cept of the radical of a ring.

Proposition 1.2.1. For a ring R it holds that

rad(R) = ﬂ I = ﬂ L.

I<R L<R
I is primitive L is a maximal
left ideal

Proof. The first equality follows from Proposition 1.1.5. For the second equality
we use

anng (M) = ﬂ anng (m).

We shall prove that the set of maximal left ideals in R and the set of annihilators
of non-zero elements in irreducible R-modules are equal. Indeed, let L be a max-
imal left R-module. Then, R/L is an irreducible R-module. It is clear that the
annihilator anng(1 + L) of the element 1 + L € R/L is L. Conversely, start with
0 # x € M, where M is an irreducible R-module. By the irreducibility and the
Homomorphism Theorem

M = Rx = R/anng(z),

hence, R/anng(x) is an irreducible R-module. Consequently, anng(z) is a maxi-
mal left ideal in R. |

Corollary 1.2.2. A ring R is semiprimitive if and only if rad(R) = {0}.

Proof. By Lemma 1.1.7, a ring R is semiprimitive if and only if

(N 1={0}.

I<R
1 is primitive

By the previous proposition, this intersection is the radical of R. ]

Proposition 1.2.3. Let R be a ring. We have the following:
(i) R/rad(R) is semiprimitive;

(i) if I <R and R/I is semiprimitive then rad(R) C I.
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Proof. | (i) | Use the previous corollary and the fact that

~—

rad (R/rad (R)) = rad (R) /rad (R) = {0} .

(74) | An irreducible R/I-module can be viewed as an irreducible R-module which
is annihilated by I. So if R/I is semiprimitive, then for all a € R\ [ there exist an
irreducible R/I module M that is not annihilated by a + I. This follows from the
previous corollary and the definition of the radical. Thus, M — when it is viewed as
an R-module — is not annihilated by a, so a ¢ rad(R). Hence, R\ I C R\ rad(R),
or rad(R) C I. O

Definition 1.2.2. Let R be a ring. An element r € R is said to be left quasi-
regular if 1 — r has a left inverse in R, i.e., R(1 —r) = R. A left ideal is left

quasi-regular if all its elements are left quasi-reqular.

Suppose that r is left quasi-regular, so there exists an ' € R such that (1 —
"(1—r)y=1lorr'r—r" —r=0.

Notation. Let a,b be arbitrary elements of a ring R. Define the operation o :
RxR—Rbyaob=a+b—ab. Specially, 0oa=ao0 = a.

It is easy to check that (R, o,0) is an associative monoid.

Lemma 1.2.4. If I is a left quasi-reqular left ideal of R, then I is a subgroup of
(R,0,0).

Proof. Take r € I. Since is left quasi-regular, there exists an element ' € R such
that 0 = v’ o r. This is equivalent to " = r’r — r. Both terms on the right-hand
side are from I, thus »' € I. By applying this argument for ' we have that there
exists an element r” € I such that 0 = r” o /. It follows that

0=7r"or"=("00)or = ("o (r'or))or' = ((r"or')or)or' = (0or)or’ =ror’,

whence 7 or =ror’ =0. [

Theorem 1.2.5. The elements of the radical of a ring R are left quasi-reqular,

and rad(R) contains all left quasi-regular left ideals. Consequently,

rad (R) = {r € R | sr is left quasi-regular for all s € R} .
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Proof. Take any r € rad (R). Suppose for a contradiction that R(1 —r) # R,
i.e., r is not left quasi-regular. There exists a maximal left ideal L in R among
the left ideals that contain R(1 —r). In particular, 1 —r € L. On the other hand,
L Drad(R) > r,thus 1 = 1—r+r € L. This is a contradiction. Thus, all elements
of rad(R) are left quasi-regular.

Suppose for a contradiction that J is a left quasi-regular left ideal, which is not
contained in rad(R). There exists a maximal left ideal L in R among the left ideals
that not contain J. Since L C J + L < R, using the fact that L is a maximal left
ideal, J + L = R. It follows that there exist elements j € J and ¢ € L such that
j+{¢ =1, thatis, ¢ = 1—7j. The element 1—j, with j being in the left quasi-regular
left ideal J, has a left inverse, thus L O R¢ = R. This is a contradiction. Hence,
rad(R) contains all left quasi-regular left ideals. |

Remark. A nilpotent element is always left (and right) quasi-reqular. Indeed,
suppose that a™ = 0, then

(1—a)(1+a—|—a2+---—|—a”)zl—anzl,
(l+a+a*+ - +ad")(1-a)=1-a"=1.

Corollary 1.2.6. If J is a left ideal in R consisting of nilpotent elements, then
J C rad(R).

1.3 Completely reducible modules

Definition 1.3.1. Let R be a ring. An R-module M is completely reducible if
for any submodule M' < M, there exists a submodule M" < M such that M' & M" .
(i.e., M'+ M" = M and M'NM" ={0})

For example, an irreducible module is completely reducible, since the only
submodules are {0} and the module itself.

Proposition 1.3.1. A submodule and a factor module of a completely reducible

module is again completely reducible.

Proof. Let M be a completely reducible module. Let M’ < M, and M" < M be
its direct complement. We have

M' = M/M".
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Hence, it is sufficient to prove the statement for factor modules. Let N < M be
a submodule of the completely reducible module M. Let n : M — M/N be the
natural surjection (m — m+ N). Let P be a submodule of M/N. By assumption,
there exists a Q < M such that M = n~}(P) ® Q. Then M/N = P & n(Q).
Indeed, let m + N € M/N. Since M = n~Y(P) ® Q, we can write m = p + g,
where p € n7H(P) and ¢ € Q. Thus, m + N = n(m) = n(p) + n(q) € P+ n(Q).
Therefore, P + n(Q) = M/N. It remains to prove that P N n(Q) = {0+ N}.
Suppose that a € PN n(Q). Then a = m + N = n(m), for some m € M. More
precisely m € 71 (P) N (Q + N) C n~!(P). Then m is in the direct complement
of N, thus a =n(m) =0+ N. O

Proposition 1.3.2. A completely reducible module has a non-zero irreducible sub-

module.

Proof. Let M be a completely reducible module. Take 0 # x € M. Consider the
family F' of those submodules of M that do not contain x. The F' is not empty,
since the submodule {0} does not contain z. Clearly, (F, C) is a partially ordered
set, and by Zorn’s Lemma, there exists a maximal member N of this family. By
definition, any submodule P 2 N contains z. Hence, any non-zero submodule of
M/N contains 0 # = + N € M/N. By the previous proposition, M/N is com-
pletely reducible. On the other hand, any two non-zero submodule of M /N have
a nontrivial intersection (x 4+ NN is in the intersection). Thus, M /N is irreducible.

Consequently N is a maximal submodule of M, and the direct complement @) of
N is an irreducible submodule of M. Indeed, @ = M /N, which is irreducible. m

Definition 1.3.2. A set {M,}, . 4 of submodules of a module M is independent,
if for all € A
Mg M, = {0}.
o7s
Remark. A set of submodules is independent if and only if any finite subset of

those submodules is independent.

Lemma 1.3.3. If {M,} .4 is an independent set of submodules of the module M,
and N 1s a submodule of M such that

NNY M, = {0},

acA
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then {Ma},c 4 U{N} is independent.

Proof. Assume the contrary that there exist aq,...,a € A such that

k
Mo, AN+ 37 M, £ {0},
=2

i.e., there exist z; € M, (i =1,2,...,k) and y € N such that
0Fr=y+a2+- + a4
Since {Mai}f:1 is independent, we have y # 0. Thus,

O#y:xl—xg—'--—xkENﬂZMa,
acA

which is a contradiction. [}

Proposition 1.3.4. The following are equivalent for a module M :

(i) M is generated by its irreducible submodules;
(ii) M = @, 4 Mo with M, being an irreducible submodule of M ;

(iii) M is completely reducible.

Proof. |(i) = (i) | Suppose that M = > _, M, with M, being an irreducible
submodule of M. By Zorn’s Lemma, there is a B C A which is maximal with the
property that {Mp} sep 18 independent. By the definition of the independence,

NS My =P M;.

pseB peB

We need to show that N = M. It is sufficient to show that M, C N for all
a € A\ B. Assume the contrary that there exists an @ € A\ B such that
M, ¢ N. By the irreducibility of M,, M, N N = {0}. Thus, by the previous
lemma, {Mpg} ;.3 U{M,} is independent. This contradicts the maximum property
of B.

(i1) = (4ii) | Take a submodule P of M = &, . 4 M,. By Zorn’s Lemma, there is
a B C A which is maximal with the property that {P}U{Mjs},_z is independent.

Put
NEPpo <Z Mﬁ> .

peB
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We need to show that N = M. We can prove this very similarly to the way we
did in the previous part.

(17i) = (i) | Suppose that M is completely reducible. Let N be the submodule
of M generated by all irreducible submodules of M. Assume the contrary that
N C M. By the completely reducibility of M, there exists a {0} # @ < M such
that M = N & @, with @) being completely reducible by Proposition 1.3.1. By
Proposition 1.3.2, @ has an irreducible submodule {0} # S. By the definition of
N, S C N. This is a contradiction, since Q N N = {0}. ]

1.4 The Density Theorem

Definition 1.4.1. Given a ring R, denote by R°P, and call the opposite ring
of R, the ring which has the same underlying set and additive group as R and a
multiplication -o, defined as

a-opb=">-a.
Here - denotes the multiplication in R.

A left R-module M can always be viewed as a right module over R°P, by simply
defining m - r to be rm. This is a well defined right module. Indeed, we have

m - (1 ops) = (1 op s)m = (sr)m = s(rm) = (rm) -s = (m-r) - s.

Given a left R-module gM, S = End(gM) is a ring. The M is naturally a left
S-module by s-m = s(m). The action of R on M commutes with the action of S
on M:

r-(s-m)=r-(s(m))=r-s(m)=s(rm)=s-(rm), forall r€ R, s€ S.

We can view M as a right S°P-module similarly to that above. Then, M has a
left and a right structure, that commute. This observation leads to the following
definition.

Definition 1.4.2. Given two rings A, B and an abelian group M, we say that M
is an A-B bimodule, if

(i) M is a left A-module;
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(i) M is a right B-module;
(i11) for alla € A, b€ B and m € M: (am)b = a(mb).
In the latter case, we write amb.

For example, any R-module M is an R-S°° bimodule, where S = End(zM).

Lemma 1.4.1 (Schur). A non-zero homomorphism between irreducible R-modules

1S an isomorphism.

Proof. Let M and N be irreducible R-modules, and ¢ : M — N be a non-zero
R-module homomorphism. We have Ker(y) < M and Im(p) < N. Since ¢ is
non-zero, M # Ker(y). Consequently, by the irreducibility of M, Ker(y) = {0}.
Similarly, Im(¢) = N. |

Corollary 1.4.2. For any irreducible R-module M, End(grM) is a division ring
(skew field).

Proof. Apply Schur’s Lemma with N equals M. It follows that every non-zero
element of End(gM) is an isomorphism, that is, has an inverse. Thus, End(zM)
is a division ring. m

Let D be a division ring. A D-module is called vector space over D. Given a
vector space V over a division ring D, we consider End(pV).

Definition 1.4.3. A subset S of End(pV') is called dense if given any finite set
T1,%9, ..., T, of linearly independent elements in 'V and any y1,Y2,...,yn in V,
there exists an s € S such that s(x;) = y; for all 1 <i <n.

Remark. Ifdim(pV) is finite, then the only dense subset of End(pV') is End(pV).

Theorem 1.4.3 (Jacobson—Chevalley Density Theorem). A ring is primitive if
and only if it is isomorphic to a dense subring of linear transformations of a

vector space over a division ring.

Proof. Suppose that R is a dense subring of End(pV') where D is a division
ring. We claim that gV is a faithful and irreducible R-module. It is faithful, since
R is a subring of End(pV'). The density of R implies Rx =V for all x # 0, which
means that pV is irreducible.
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Suppose that R is primitive. Let V' be a faithful and irreducible R-module.
By Schur’s Lemma, End(zV) is a division ring. Therefore D o End(gV)P is a
division ring. Thus, we can consider gVp as an R-D bimodule. We remark that
since gV is faithful, R < Endg(Vp). Take some n € N, then

o) " EV EVeVve eV

n times

is, again, an R-D bimodule. Consider the rings
R Endg (V") and R” % Endg (V7).

We shall prove that if W is an R-submodule of V", then W is an R”-submodule
of V™. Since V is irreducible, by definition, V" is completely reducible. Let W be
the direct complement of W. Let us denote by 7 the projection V" — W with
Ker(r) = W. Clearly, 7 € Endg (V") = R’. Hence, for any z € R", w € W:
r(w) = z(r(w)) = w(x(w)) € W. This proves that W is an R”-submodule.
Consider the map
n: Endg(Vp) < Endg (V)
defined by
ar (a:(v1,va,...,0,) = (avy,avy, ..., avy,))

We show that @ € Endg(V}) indeed. Let & : Vp «— V}5 defined by v —
(O,O,...,1TJ,...,O) fori=1,2,...,n. Also, let 7; : V; = Vp given by

ith space
(1, V2, ..., Uy) > U,

for j = 1,2,...,n. For every x € R' = Endg (V") set z; o mjox o0& €
Endg(gV) = D. Clearly

T11 Tin
. def
x (V1,09 ..., 0,) = (V1,V2,...,0,) = (v1, 02, ..., 00)X.
VB S Lnn
Then we have z(a(vy,vq,...,v,)) = x(avy,avy, ..., av,) = (avy,avy, ..., av,)X =
= a((vi,ve,...,v,)X) = alx(vy,ve,...,v,)).

Now, our aim is to show that R is dense in Endg(Vp). Take any finite linearly
independent z1,xs,...,2, € D and y1,ys,...,y, € D. It is well known that there
exists an a € Endg(Vp) such that ax; = y; for all i = 1,2,... n. Thus,

(Y1,Y2, - Yn) = (axy,axy, ... ax,) = a (21,20, ..., x,) € R (21, 29,...,2,).
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But we showed earlier that the latter one is equal to R (z1, s, ..., x,). Therefore,
thereis anr € Rsuch that (y1,y2,...,yn) =7 (21,22, ..., 2T,) = (1o, 1720, ..., TTy).
This proves that R is dense in Endg(Vp). |

1.5 Wedderburn—Artin Theorems

Definition 1.5.1. An R-module M 1is said to be artinian if the descending chain
condition (hereinafter d.c.c.) holds for the submodules of M. (i.e., there is no
infinite strictly decreasing chain My 2 My 2 Mz D --- of submodules of M)

Equivalently, any non-empty set of submodules of M contains a minimal element.
Definition 1.5.2. A ring R is artinian if gR is artinian.

Definition 1.5.3. Let F be a field. By an assoctative F-algebra we mean a ring

R, which is also an F'-vector space such that the vector space addition is the ring
addition and for all X € F', a,b, € R we have A(ab) = (Aa)b = a(\b). Equivalently,
lr € F C Z(R), where

def

Z(R) ={reR|rs=sr foralsec R}
is the centre of R.

Example 1.5.1. A finite dimensional module over a finite dimensional algebra is

artinian. Indeed, submodules are subspaces as well, thus the d.c.c. clearly holds.

Example 1.5.2. The ring Z ® Q is not a Q algebra, because the identity element
of Q is not the identity element of the ring although Q is contained in the centre.

Lemma 1.5.1. Suppose that M = M, © My @ - - - ® M,, where My, M, ..., M, are

rreducible R-modules. Then

(i) the irreducible summands together with their multiplicities are uniquely de-

termined by M,

(ii) for any sub- or factormodule N of M, there exists a subset J C {1,2,...,p}

such that
N =P M.

jeJ
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Moreover, if N is a proper submodule or factormodule of M, then J C
{1,2,...,p}.

Proof. |(i)| Suppose that M; ® My ® --- @ M, = @,., N, with N)’s being
irreducible R-modules. By Proposition 1.3.4, M is completely reducible. Let I be
the maximal subset of A such that M; N) ., Nx = {0}. Then

M:Ml@@NA.

Ael

M= M/EP N = P N,

AT AEA\T

by the irreducibility of My, |[A\ I| = 1. Therefore, A\ I = {11}, say. Thus,
M, = N,,. It follows that

Since

MQ@M3@---@MZ]§M/M1§ @ N,.
AeA\{v1}

Since p is finite, so inductively we can show that for every i € {1,2,...,n} there
is a 1; € A such that M; = N, and |A| = p, indeed for the last step

M~ N

AEA\{v o)

Since M, is irreducible we must have |A \ {v; - | =1

(1) | Since any sub- or factormodule N of M is completely reducible by Propo-

sition 1.3.1, according to Proposition 1.3.4, N can be written as a direct sum of
irreducible modules. By the same argument of (i) the desired result follows. ]

Corollary 1.5.2. A finite direct sum of irreducible R-modules is artinian.

Proof. By (ii) of Lemma 1.5.1, there is no infinite strictly decreasing chain of
submodules, because there is only finitely many of them. ]

Theorem 1.5.3 (First Wedderburn—Artin Theorem). The following are equivalent
for a ring R:

(i) R is simple artinian,
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(i1) R is primitive artinian;
(i1i)) R = M, (D) for some division ring D and n € N.

Remark. The statements of the theorem are also equivalent to (i) R is prime

artinian. We will prove this later, using the Second Wedderburn—Artin Theorem.

Proof. | (i) = (i7) | It is true in general, that a simple ring is always primitive.

(17) = (i) | If R is primitive artinian then R is prime artinian. This is (iv). Later

we will prove that (iv) implies (i).

(#7) = (i17) | Suppose that R is primitive artinian. By the Jacobson—Chevalley
Density Theorem, R is a dense subring of End(Vp) for some division ring D
and right D-vector space V. We shall show that V is finite dimensional. Sup-

pose, to the contrary, that V' is an infinite dimensional D-vector space. Take
an infinite set {x1,29,...} € V of linearly independent elements. Let L; =
anng({x1,22,...,2;}) ey R for j = 1,2,.... Since R is dense, for every j we
have an r; € R such that r;(x,) = r;(z2) = -+ = rj(z;_1) = 0, but r;(z;) = v # 0.
Thus, r; € L;_; \ Lj, that is

L12L22L32

is an infinite strictly decreasing chain of left ideals in R. This is a contradiction,
since R is artinian. Thus, dim(Vp) = n < oco. Consequently, the only dense
subring of End(Vp) is End(Vp). Hence, R = End(Vp) = M, (D). The latter is by

choosing a basis in Vp, and observing that Vp = D".

(14i) = (i) | First, we show that M, (D) is simple (consequently primitive). Let Z
be a two-sided ideal in M,,(D). Suppose that Z # {0}. Then, there is an A € 7
such that a;; # 0 for some 4,j € {1,2,...,n}. Let E;;(b) € M,(D) be the matrix
that has 0’s everywhere except D b # 0 in entry (i, 7). Let ¢ be the left inverse

of 45, then
Y Eiilc) AEj (1) =) Ew (1) =1 € My(D),
k=1 k=1
which is in Z, since it is a two-sided ideal. Therefore Z = M, (D). Let us denote

by L; the set of those matrices in M, (D) whose every column is the zero vector
in D™ except the ith column (i = 1,2,...,n). It is straightforward to show that
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L; is a left ideal in M, (D). Then L; = D" as left M, (D)-modules. Since D™ is an
irreducible M, (D)-module, we have that

M, (D) = éLi

is the direct sum of irreducible M, (D)-modules. By Corollary 1.5.2 we conclude
that M, (D) is artinian. ]

Theorem 1.5.4. The radical of an artinian ring is nilpotent, i.e., for any artinian
ring R there exists an n € N such that (rad(R))" = {0}.

Proof. Let R be an artinian ring. Consider the following descending chain of
ideals:
rad(R) D (rad(R))* D (rad(R))* D - -

Since R is artinian, there is a k € N such that
(rad(R))* = (rad(R))"' = (rad(R))**2 = ... ¥ p,

We shall show that P = {0}. Assume, to the contrary, that P # {0}. We know
that P = P2. Consider the set

{L|L<w R,LC P PL#{0}}>P.

By the equivalent definition of an artinian ring, there is a minimal element I of
this set. Hence, PI # {0} which implies that there is a b € I such that Pb # {0}.
Clearly, Pb<ie, R, Pb C I C P and P(Pb) = P?b = Pb # {0}. Therefore, Pb is in
the above set, and by the minimality of I, we must have Pb = I. Consequently,
there is an « € P such that b =0bor (1 —2)b=0. Since z € P Crad(R), 1 — z
has a left inverse, thus b = 0. This contradicts the assumption that Pb # {0}. m

Proposition 1.5.5. If an artinian R-module M is the subdirect product of irre-

ducible R-modules, then M 1is the direct sum of finitely many irreducible R-modules.

Proof. The definition of M being a subdirect product of irreducible R-modules
means that (| y<m N = {0} (Why?).

N is maxima.

1
Let S be the family of submodules which are the intersection of finitely many
maximal submodules. By the artinian property, there is a minimal element in



1.5. Wedderburn—Artin Theorems 19

S, say L with L = Ny N Non...N Ny for some k (N; < M being maximal for
i=1,2,...,k). By the definition of S, LN N € § for all maximal submodule N
of M. Using the minimality property of L, we have that L N N = L, therefore
L < N for all maximal submodule N of M. Thus, L C (| w~<m N = {0}.

. N is maximal
Hence, Ny N NaN...N Ny = {0}. In this way

k
M~ &5 M/N; .

=1 irreducible

By Lemma 1.5.1, M can be written as @,c jc (1. 5 M/N;- O

Corollary 1.5.6. If R is a semisimple ring and the d.c.c. holds for two-sided

tdeals, then

R=RI®OR D - DRy

is the ring theoretic direct sum of finitely many simple rings: R; <R, R; is a simple
ring (i=1,2,,...,k).

Proof. Let M(R) be the subring of Endz(R) generated by the elements of the
sets {z — ax |a € R} and {z — za |a € R}. Then R is an M(R)-module, and

the ideals in R are the same as M (R)-submodules in R. We can apply the previous

proposition with R % M(R) and M R |

Theorem 1.5.7 (Second Wedderburn—Artin Theorem). The following are equiv-

alent for a ring R:
(i) R is semisimple artinian,

(ii) R is semiprimitive artinian,

(iii) R is semiprime artinian,

(iv) R= @7 | M,.(D;), where Dy,...,D, are division rings and ny,...,n, € N;
(v) rR is completely reducible;

(vi) all R-modules are completely reducible.
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Proof. | (i) = (it)|It is true in general, that a semisimple ring is always semiprim-

itive.

(i) = (i) | Suppose that R is semiprimitive artinian. By definition, a semiprimi-

tive ring is the subdirect product of primitive rings. Since the homomorphic image
of an artinian ring is artinian, we conclude that R is the subdirect product of prim-
itive artinian rings. By the First Wedderburn—Artin Theorem, this is a equivalent
to the statement that R is the subdirect product of simple artinian rings, hence R
is semisimple (and artinian).

(17) = (¢it) | It is true in general, that a semiprimitive ring is always semiprime.

(7i1) = (di) | By Theorem 1.5.4, rad(R) is nilpotent. Since R is semiprime, by
Proposition 1.1.8, R has no non-zero nilpotent ideals. Thus, rad(R) = {0}. There-
fore, by Corollary 1.2.2; R is semiprimitive (and artinian).

(1) = (iv) | Using Corollary 1.5.6 and the fact that a homomorphic image of an

artinian ring is artinian, we conclude that R is the finite direct sum of simple
artinian rings. We can now apply the First Wedderburn—Artin Theorem for the
summands.

(1v) = (v) | In the proof of the First Wedderburn—Artin Theorem, we saw that

My, (Di) = D" © D" @ --- © D,

n; times

when we view the D"’s as M, (D;)-modules. By the natural surjection R —»
M, (D;), they are isomorphic as R-modules as well. Moreover each D" is an
irreducible R-module. Hence, g R is the finite direct sum of irreducible R-modules,
which means by Proposition 1.3.4 that gz R is completely reducible.

(v) = (7i) | An irreducible submodule of zR is a minimal left ideal of the ring R.

Thus, if gR is completely reducible, we have by Proposition 1.3.4 that
rR = @ M,

where each M), is a minimal left ideal in R. The set A is in fact finite. Indeed by
the definition of the direct sum, 1 = ey, +ey,+---+ey, with A\, € A, i =1,2,... k.
Therefore, for any r € R, r =r -1 =rey, +rey, + -+ rey, . Hence,

rR=M © My ®--- D My,
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where M; = Re,, for i = 1,2, ... k. Since each M, is an irreducible R module, by
Corollary 1.5.2, pR is artinian. It remains to show that it is semiprimitive. We
have

rad (R) = ﬂ anng (L) C ﬂannR (ex,) Canng (1) = {0} .

L is an irreducible =1
R-module

Therefore, by Corollary 1.2.2, R is semiprimitive.

(v) = (vi) | Let M be any R-module. We have

Define, for all 0 # x € M, ¢, : R — Rx by r — rz. In this way, Rx is
a homomorphic image of a completely reducible module, hence it is a completely
reducible module. By Proposition 1.3.4, Rx is generated by its simple submodules,
and hence M is generated by its simple submodules. Using Proposition 1.3.4 again,
M is a completely reducible R-module.

(vi) = (v)| This implication is a logical triviality. O

Theorem 1.5.8 (Uniqueness in the Second Wedderburn—Artin Theorem). Let ¢, s

be positive integers. We have

if and only if ¢ = s and after a possible reordering ny = ky,ng = ko,...,ng =k,
and D1 = Al,DQ = Ag,...,Dq = Aq.

Proof. Let R < @D}, M,, (D;). We claim that ¢ is the number of isomorphism

classes of irreducible R-modules. Indeed, let S; D! as an M, (D;)-module
(1 =1,2,...,q). By the natural surjection R — M, (D;) we can view the S;’s
as R-modules (i =1,2,...,q). The 51,95, ...,5, are irreducible, and S; 2 S; for
i # 7, since they have different annihilators:

anng (SZ) = Z Mnj (D])
J#i
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We have
RRE (5105 ® - @5)B - @(9,05,@ - ®S5,)

J/

n times nq times
as R-modules. By Lemma 1.5.1, any irreducible factormodule of z R is isomorphic
to one of the S;’s.

Next, we show that any irreducible R-module is isomorphic to a factormodule of
rR. Indeed, an irreducible R-module S'is cyclic, i.e., S = Rs for some s € S. The
map ¢ : R — S, r — rs is an R-module homomorphism. By the Homomorphism
Theorem,

S = R/Ker(p).

Hence, we proved the claim on ¢q. The n;’s are uniquely determined: n; is the
multiplicity of S; in the direct decomposition of gR.

Finally, we prove that — up to isomorphism — each division ring D; is uniquely
determined, since D; = End(zS;)°?, for alli = 1,2,...,¢q. Indeed, let i be arbitrary
from {1,2,...,q}. Define the map ® : D; — End(S;)°" by

d— (pg: s sd).

Clearly, @ is an injective ring homomorphism and ¢, € End(gS;)°?. We show that
® is surjective. Let ¢ € End(gS;)P and write p(e1) = erd + eaig + - -+ + €y, fin,,
where {e;}", is the standard basis in D" and d, pia, . .., pt, € D;. Then (s) =
©([s,0,...,0]e1) = [s,0,...,0]p(e1) = sd for any s € S;. O

Proposition 1.5.9 (Addendum to the First Wedderburn—Artin Theorem). The

following are equivalent for a ring R:
(1) R is simple artinian;

(iv) R is prime artinian.

Proof. | (i) = (iv) | It is true in general, that a simple ring is always prime.

(tv) = (i) | Suppose that R is prime artinian. Then, naturally, R is semiprime
artinian. By the Second Wedderburn—Artin Theorem, R is semisimple. From

Corollary 1.5.6 and the fact that the homomorphic image of an artinian ring is

R = é R;,
i=1

artinian, we have that
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where R;<R, R; being simple artinian (i = 1,2,...,n). We have R;R; C R,NR; =
{0} for ¢ # j. By the definition of primeness this can happen only if ¢ = 1, that
is R = Ry. Thus, R is simple artinian. ]
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Chapter 2
Basics of Representation Theory

The notion of a module over a non-commutative ring originates in the area of
group representations.

2.1 Group representations

Definition 2.1.1. Let F be a field, G be a group. By a representation of G on
F we mean a group homomorphism p : G — GL(V'), where V' is an F-vector space

and GL(V') is the group of all invertible transformations of V.

Definition 2.1.2. Given two representations p; : G — GL(V;), i € {1,2}, of G on
F, any linear map T : Vi — V3 is said to be G-equivariant if py(g)oT = Topi(g)
for all g € G. Given two representations p; : G — GL(V;), i € {1,2}, of G on
F, p1 and psy are said to be isomorphic if there exist some G-equivariant vector
space isomorphism from Vi onto V. A representation p : G — GL(V') of the group
G on the field F' 1s said to be faithful if p is injective.

Definition 2.1.3. By an action of a group G on a set X we mean a group
homomorphism s : G — Sym(X) = {X — X bijections}. Given a group action
s, we have the following notation: for any g € G and x € X, gx dof s(g)z. In
this way, (gh)xr = g(hz) and lx = x. The actions s1, s2 of G on Xy, Xy are
isomorphic if there exists a bijection T : X1 — Xy such that gT(x) = T'(gx) for

all g € G and x € X;.

Definition 2.1.4. Given a representation p : G — GL(V'), any vector subspace
W of V is said to be G-invariant (or p-invariant) if p(g)(W) C W for all g € G.

25
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A representation p : G — GL(V) of G on F' is said to be irreducible if {0} and
V' are the only invariant subspaces of V. A representation p : G — GL(V) of G
on F' is said to be completely reducible if any invariant subspace of V' has an

wmvariant direct complement.

Now let F' be a field, G be a group and p : G — GL(V) be a representation of
G on F. Let W C V be invariant subspace of V. One can define a representation
w : G — GL(W) by
9= p(g)lw-

The py is well defined. Indeed, W is an invariant subspace, i.e., p(g)(W) C W,
hence p(g)|w € GL(W). Let g,h € G, then for any w € W we have

pw (g + h)(w) = p(g + h)(w) = p(g)(w) + p(h)(w) = pw(g)(w) + pw (h)(w).

Therefore, py is a group homomorphism and so a representation of G on F'. We

can also define pyw : G — GL(V/W) by

pvw(9)(w + W) = p(g)(v) + W.

for all v € V and all g € G. Let g € G, pyyw(g) is linear transformation on
V/W since p(g) is linear transformation on V. The pyw(g) is injective since W
is p-invariant subspace, and surjective since p(g) is surjective. Then py/w(g) €
GL(V/W) and pyw is well defined. Let g, h € G and let v € V, then

pviw(g+h)(v) = plg+h)(v)+
= (p(9)(v) + p(h )( )+ W
(p(g)(w) + W) + (p(h)(v) + W)
= pvyw(9)() + pvyw(h)(v)
= (pvyw(9) + pvyw(h))(v).
Therefore, py/w is a group homomorphism and so a representation of G on F'.

Given two representations p; : G — GL(V}), ¢ € {1,2} of a group G on a field
F, we can define the sum of p; and py as follows:

(p1+ p2) : G — GL(V; @ V)

(o1 + p2)(9) (01 +v2) = pi(g) (1) + pa(g)(v2),

forall g € G, vy € V] and vy € Vi, Let g € G, then (p1 + p2)(g) is a well
defined transformation on Vi @ V5. Indeed, every element v € V; & V5 has a unique
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decomposition v = vy + vy for some v; € Vi and some vy € V. Also (p1 + p2)(9)
is injective. Indeed, Ker((p1 + p2)(g)) =

={veVia Vol (pi+p2)(g)(v) =0}

={vi+veVidVe|v € Vi,vp € Vs and pi(g)(v1) + pa(g)(ve) =0}
={v1+veVI®Va| v € Vi,vy € Vy and pi(g)(v1) = 0 and pa(g)(ve) = 0}
={v+v2 € Vi ® V2| v € Ker(pi(g)) and vz € Ker(pa(g))}

— {0}.

Let u € V; @ V5, then there exist u; € V3 and uy € V5 such that u = uy; + us.
Since p1(g) and pa(g) are surjective, there exist v; € Vi and vy € V5 such that
p1(9)(v1) = uy and pa(g)(v2) = us. Let v = v+, then clearly (p1+p2)(g)(v) = u,
i.e., (p1 + p2)(g) is surjective. Hence (p1 + p2)(g) € GL(Vy @ Va).

Now let g, h € G and let v € V] ® V5, then there exist v; € V; and vy € V5 such
that v = v; + vy, hence

p1(g + h)(v1) + pa(g + h)(ve)

= p1(g)(v1) + p1(h)(v1) + p2(g)(v2) + p2(h)(v2)
(p1+ p2)(9)(v) + (p1 + p2)(R)(v)

= [(p1 +p2)(9) + (p1 + p2)(W)](v).

(1 +p2)(g + 1) (v)

Therefore, (p; + p2) is a group homomorphism and so is a representation of G on
F.

Suppose that p : G — GL(V) is a representation of G on F', and Wy, W, are
invariant subspaces of V' such that V = W; & W5. Then

p = (=)pw, +pw,) and  pyw, = (=)pw,.

Definition 2.1.5. Let G be a group, and F be a field. The group algebra F|G|
—or simply FG — is

G:{Zagg|agEFforallg€Gcmd|{g€G|ag7éO}\ isﬁm’te},

geG

with addition and multiplication defined as follows:

(Zagg> (Zb )defz ag + by)g,

geG 9eG geaG
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() (5 (z)

9€G 9e@ geG \kh=g

The F'G becomes an F'-algebra by defining

a- Zagg = Z(a Hag)g,

geG geG

forallae F and ) _.a,9 € FG.

geG

Remark. One can think about FG as the set of F-valued functions on G with
finite support and with pointwise addition and convolution of functions as the mul-

tiplication operator.

Let G be a group, F be a field. Any representation p : G — GL(V) can be
extended to an F-algebra homomorphism p: FFG — Endg(V') by

D agg e > agply).

geG geG

In this way, V' can be viewed as an F'G-module, by defining (3_, ¢ ag9) - v =

P geq ag9)(v) for all v € V.
Conversely, let V' be an FG-module. For all g € G, define p(g) : V — V by

v guv (g € FQG).

Clearly, p(g) is linear. Also Kerp(g) = {v e V | p(g)(v) =0} ={v e V | gv =
0} = {0}, ie., p(g) is injective. For all v € V, g7'v € V and p(g)(g~'v) = v,
i.e., p(g) is surjective. Hence, p(g) is an invertible linear map on V. Now define,
p:G— GL(V) by

g — p(g).

Let g,h € G, and let v € V. Then

p(g+h)(v) = (g +h)v = gv+hv = p(g)(v) + p(h)(v) = (p(g) + p(h))(v).

Thus, p(g + h) = p(g) + p(h), i.e., p is a representation of G on F. Moreover, p
gives the same F'G-module structure we started with.
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Dictionary.

Group representation FG-module
FG-submodules
Factor FG-modules
Irreducible FG-modules

Completely reducible F'G-modules

Invariant subspaces
Factor representations
Irreducible representations

Completely reducible representations

L1 A A A R

G-equivariant linear map FG-module homomorphism

Definition 2.1.6. An element e in a ring is called an idempotent if ¢2 = ¢

(projection).

Lemma 2.1.1. Let V' be a vector space over a field F'. Then there is a one-to-one

correspondence between the sets

{Idempotents in Endp(V)} and
{Ordered pairs (V1,Vs) of subspaces of V' such that V.=V, & Va}.

Proof. Let e € Endp(V) be an idempotent. For any v € V, let v; = e(v
and vy = v + (—1)e(v). First, e(va) = e(v + (—1)e(v)) = e(v) + (—1)e*(v) =
e(v) + (=1)e(v) = (1 + (=1))e(v) = Oe(v) = 0, i.e., vy € Ker(e) and v; € Im(e).
Now, v; + vy = e(v) + v+ (—=1)e(v) = (14 (=1))e(v) + v = 0+ v = v. Hence,
V = Ker(e) + Im(e). Let v € Ker(e) NIm(e), then there exists a u € V such that
v =-e(u) and e(v) = 0. Now v = e(u) = e(e(u)) = e(v) =0, i.e., Ker(e) NIm(e) =
{0}. Therefore, V' = Ker(e) & Im(e).

Suppose that V =V; ® V5. Define the map e : V' — V by
V1 + Vo = Vg (UzEV;)

Clearly, e2 = e and V = V; & V5 = Im(e) & Ker(e). |

Lemma 2.1.2. Given a representation p : G — GL(V) and a vector space V
with the direct sum decomposition V- = Vi @& V,. Then the subspaces Vi and Vy
are invariant subspaces if and only if the idempotent e : V. — V', v + vy +—> v1 1S

G-equivariant.

Proof. If e is G-equivariant, then V; = Im(e) and V5 = Ker(e) are invariant
subspaces (since the kernel and the image of a homomorphism of modules are
submodules).
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Suppose that V = Vi @ V5, and Vi, V5 are invariant subspaces. Let g € G,
take any v € V. Then there exist v; € Vi and vy € V5 such that v = v; + v9. Then

p(9)(v) = p(g)(v1) + p(g)(va).

But p(g)(vy) € Vi and p(g)(ve) € Vi (since Vi and V5 are invariant subspaces).
Hence,

e(p(g)(v)) = p(g)(v1) = p(g)(e(v))

for all g € G and all v € V| i.e., e is G-equivariant. |

Corollary 2.1.3. Given a representation p : G — GL(V) and an invariant sub-
space W C V. Then W has an invariant direct complement if and only if there

exists a G-equivariant idempotent e € Endp (V') with Im(e) = W.

Remark. Any 7 € Endp(V) is G-equivariant if and only if p(g)tp(g)~t = 7 for
all g € G.

Theorem 2.1.4 (Maschke’s Theorem). Let G be a finite group, F' be a field. (Then
FG is finite dimensional, hence artinian.) Then FG is semisimple if and only if

char(F') 1 |G]|.

Proof. Suppose that char(F) | |G|. So char(F') = p, for some prime p. Let

e >_gcc 9 € F'G, then for any h € Gt

hc:th:Zhg: Zhg:c.

ge@ geG hgeG

Similarly, ch = ¢. So ¢ is central in F'G. Moreover, F'c is an ideal in F'GG and it is
central. But,
szthgchchr---Jrc:O,
heG  geG |G|-times
since char(F) | |G]. Therefore, Fc is a non-zero nilpotent ideal in F'G. By Propo-
sition 1.1.8, F'G is not semiprime. Thus, it can not be semisimple.

According to the Second Wedderburn—Artin Theorem, it is enough to show
that all FG-modules are completely reducible. Let V' be any FG-module (i.e.,
we are given a representation p : G — GL(V) of G on V) and let W C V be
an invariant subspace. If we show an invariant direct complement to W, then
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by definition, p will be completely reducible. Therefore, V' will be completely
reducible (cf. Dictionary). According to Corollary 2.1.3, we need to show that
there exists a G-equivariant idempotent in Endg(V') whose image is .

Let m be an arbitrary projection from V' onto W. Set

def
N
gEG

At this point we used the assumption, since we divided by |G|. Now from the
above corollary it is suffices to prove the following:

(i) The e is G-equivariant. Let h € G then

phep(h)™ = Zp 9) () = |G| Zp (hg)mp(hg) ™
9€G geG
Zp yap(k) ™t =e.
kEG

By our previous remark, e is G-equivariant.

(i) We have Im(e) C W. Let g € G, then Im(wp(g)~") C Im(x) C W. Thus,
Im(p(9)|im(rp(g)-1)) © W since W is invariant. Now

C Zlm |1m(7rp (9)~ 1)) Q w.

geG

(iii) We have el = idy. From this and (ii) it is clear that e = ¢ and Im(e) =
W. Let w € W, then p(g)~*w € W since W is invariant. Then 7p(g) tw =
p(g)~'w. Hence,

e(w) |G’Zp mplg) " w=">_p(g)p(g) w—wmzl—w

geG geq geqG

This completes the proof of Maschke’s Theorem. |

2.2 Matrix representations

Let p: G — GL(V) be a finite dimensional representation (i.e., dimp(V) = n for

some n € N). Take a basis e o {e1,e9,...,e,} in V. For any v € V there exist
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U1, V9, ...,0, € F, such that v = vie; + vaeq9 + - - - + v,€,. Define an isomorphism
V — F" by
v [vg, v, .. ,vn}T.
Let ¢ € Endg(V), then ¢ has a unique matrix representation, namely [¢]., an
n X n matrix whose ith column is [¢p(e;)].. For all v € V| [p(v)]e = [p]e[v]e. Let
f o {f1, f2, ..., fu} be another basis of V| let S be the matrix whose ith column is
[file, i =1,2,...,n, then [v]; = S7'[v]. and hence [¢]; = S7!p].S. So choosing
a basis e % {e1,e9,...,e,} of V we obtain an identification V' = F"™ and
p:G = GL(V) 2 GL,(F) & {A € F™™ | det(A) # 0}.

Definition 2.2.1. An n-dimensional matrix representation of G is a group
homomorphism ¢ : G — GL,(F) = GL(F™).

Let ¢; : G — GL,(F), i € {1,2} be two matrix representation of G. The
corresponding representations of G on F™ are isomorphic if and only if there exists

an S € GL,(F) such that S™11(g)S = 1(g) for all g € G.

Let p : G — GL(V) be an n-dimensional representation. Choose a basis
e ={e,ea,...,e,} of V, define p. : G — GL,(F), by pe(g) o [p(g)]e forall g € G.
It is straightforward to prove that p. is an n-dimensional matrix representation.

Let p: G — GL(V) be a representation of G, and dimp(V') = n. Let W be an
invariant subspace of V', choose a basis ¢/ = {e1, ey, ..., e} of W and extend it to
a basis of V, e = {e1,€9,..., €k, €131, 6n}. Let e = {epn +W,...,e, + W}
be the corresponding basis of V/W. Then

ot = | e ]

0 Loviw (9)]
Moreover, let V =W & U, where W and U are invariant subspaces of V. Choose
a basis € = {ejy, eq,...,ex} of W and a basis ¢’ = {eg11,€xr2,...,€,} of U. Then
e={e1,€9,...,€k €ki1,Exia,--., s} is a basis of V. Then
low (9)]. 0 }
p(9)]. = { ¢ .
»9) 0 @l

Let ¢; : G — GL,,(F), i € {1,2} be two matrix representations of GG. Define
the map ¢ : G — GLy,, 4n, (F) by

Ui(g) O }

QH[ 0 s (g)
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Then 1 (as a representation of G on F"™*"2) is isomorphic to ¢ + .

Lemma 2.2.1 (Schur’s Lemma I). Let p; : G — GL(V;), i € {1,2} be two ir-
reducible representations of G. Then any G-equivariant linear map Vi — V5 is

either the zero map or an isomorphism.

Proof. It is just a formulation of Schur’s Lemma (Lemma 1.4.1) in the language
of representations. ]

Lemma 2.2.2 (Schur’s Lemma II). Let F' be an algebraically closed field and
p: G — GL(V) be an irreducible representation with dimg (V') < co. Then

{G-equivariant linear transformation of V} = {\-idy | A € F'}.

Proof. Let T : V — V be an G-equivariant linear transformation of V' and

let A be an eigenvalue of T'. Define the map 77 : V. — V, T’ LN idy,. Then
clearly 7" is also a G-equivariant linear transformation of V. But Ker(7”) contains
all the A-eigenvectors. Thus, 7" is not an isomorphism, hence by Schur’s Lemma
I we have that 7" is the zero map and so 7" = X - idy.

Any map of the form X -idy is a G-equivariant linear transformation of V. m

Corollary 2.2.3. Any finite dimensional irreducible representation of an abelian

group over an algebraically closed field is one-dimensional.

Proof. Let GG be an abelian group, and let p : G — GL(V') be a finite dimensional
irreducible representation over an algebraically closed field F. Let g, h € G, then
p(g)p(h) = p(gh) = p(hg) = p(h)p(g). Then for all ¢ € G we have that p(g) :
V — V is a G-equivariant linear transformation of V. By Schur’s Lemma II, for
all g € G, p(g) = Mg)idy, where A : G — F (in fact, A : G — F* is a group
homomorphism).

Consequently, any subspace of V' is an invariant subspace (A - W = W, for all
W C V). So the irreducibility of V' implies that V' has no non-trivial subspaces,
ie., dimp(V) = 1. |
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2.3 Construction of representations

Let s be an action of the group G on a set X, and let F' be a field. Then, there
is a natural representation of G on the vector space Fun(X, F') (the space of all
X — F functions) as follows: §: G — GL(Fun(X, F)), $(9)(f)(x) o f(g'x) for

all g € G, f € Fun(X, F) and = € X.

For example the group G acts on itself by left multiplication: ¢ : G — Sym(G),
l(g)(x) o gxr. Similarly, we have an action given by the right multiplication:

ef

r: G — Sym(G), r(g)(z) & 29~ These lead us to the following definitions.

Definition 2.3.1. The map Left-Reg : G — GL(Fun(G, F)), (gf)(x) o flg7'z)
i1s called the left regular representation of G. Similarly, the map Right-
Reg : G — GL(Fun(G, F)), (¢9f)(x) o f(zg) is called the right regular repre-

sentation of the group G.

In fact, G x G acts on G, namely we have G x G — Sym(G), (g,h) — (z —
grh™1). Associated to that is the two-sided reqular representation: Reg: G x G —

GL(Fun(G, F), (9. W) (f)(@) = f(g~"wh).

Let ;; : G — G x G, g — (g,1), then Left-Reg = Reg o n;. Similarly, let
ne: G — GXG, g+ (1,9), then Right-Reg = Regomny. Finally, let § : G — G x G,
g+ (9,9), then Reg o §: G — GL(Fun(G, F)), (9)(x) < f(g™'zg).

Let p : G — GL(V) be a representation of the group G on gV. Let V* o

{f | f:V — F linear functional} be the dual space of V. Then, we can define the
dual representation of p by

p G — GL(V"), (g9f)(v) o f(g7tv) forall fe V™

Suppose that V' is finite dimensional, dim(V') = n < oo, say. Let e = {e1,ea,...,€,}
be a basis of V. Let e* = {e}, e3, ..., e-} be the corresponding basis of V*, i.e.,
. 1 ifi=y,
e;(e;) = e,
0 ifi##y.

Then we have

Remark. The representations p and p* are not isomorphic in general.
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Definition 2.3.2. Given two F-vector space V. and W, their tensor product
U=V ®W is an F-vector space together with a bilinear map V x W 5 U,
(v,w) = v®w having the following property: For any vector space U’ and bilinear
map BV x W — U’ there exists a unique linear map v : U — U’ such that

B =vo®. In other words, the following diagram is commutative:

vew v

U/

Remark. It can be shown that the tensor product exists and it s unique up to

1somorphism.

Definition 2.3.3. Let p; : G; — GL(V;), i = 1,2 be two representations. We
define their tensor product p1®ps : G1 x Gy — GL(V1@V3) by (g1, 92) (01 Q2) o

g1v1 @ gava.

Remark. For a fized (g1,92) € G1 X G, the map Vi x Vo — Vi @ Vi, (v1,09)
g1v1 ® govo is bilinear, hence, by the universal property of the tensor product,

there exists a unique linear transformation A : Vi ® Vo — Vi ® Va such that
def
A(v1 ® v2) = g1v1 ® gava. Let (p1 ® pa)(g1,92) = A.

Definition 2.3.4. Let p; : G — GL(V;), i = 1,2 be two representations of the
group G. We define their product p; - ps : G — GL(V; ® V3) by g(v; ® vg) def

gu1 ® guy. In other words, p1-ps = (p1 @ pa) 0d, where d : G — G X G, g — (g,9).

Proposition 2.3.1. Let p; : G; — GL(V;), i = 1,2 be two finite dimensional
irreducible representations over an algebraically closed base field F (e.g., F' = C).

Then, p1 ® py is an irreducible representation of G X Gb.

Proof. Let U be a non-zero (G; X Ga-invariant subspace of V7 ® V5. We need to
show that U is the whole space.

Let ny : Gy — G1xGa, g — (g,1). Define the representation v o (p1®pa)omn; :
G1 — GL(V; ® V,). We shall show that

VEpit+prto 4+

n times
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where n = dim V5. Indeed, take a basis fi, fa,..., f, in V5, then
Veh=Pnef.
i=1

Since for all g; € Gy and v; € Vi, (1) (11 @ fi) = g1 @ 1fi = gron @ f; € VI @ f;,
we conclude that each Vi ® f; is a 1-invariant subspace of V; ® V5. Moreover, the
equivariant isomorphism S; : Vi @ f; = Vi, v1 ® f +— vy shows that |y, 05 = p1,
hence ¥ = p; 4+ p1 + -+ + p1. (In general, ¢ |y means 1(g)|w for all g € G.)

Let Uy be a minimal Gy- (or t-) invariant subspace in U. Then 9|y, = p;.
Indeed, using ¢, Vi ® Vo = @, V1 @ f; becomes an FGj-module. By the Dictio-
nary, each V; ® f; is an irreducible submodule (since |y, o = p1 is irreducible).
Since Uy is invariant, it is a submodule. By Lemma 1.5.1, Uy is the direct sum
of some V; ® f;’s. But since Uy is a minimal ¢-invariant subspace, |y, must be
irreducible, hence Uy is an irreducible submodule. Therefore there is exactly one @
such that Uy = Vi ® f;, i.e., Y|y, = Y|vies = p1. Hence, there is a G-equivariant
isomorphism 7' : Uy — V;. For any i € {1,2,...,n}, define T; : Uy — V; by

n

ZUZ@)JCZ = U;.

i=1

Each T; is a Gy-equivariant linear map, since T; o (¢|y,) = p1 o T;. Using the
algebraic closeness of F', by Schur’s Lemma II, there exist non-zero Ay, Ao, ..., A\,
in F such that T; o T71 = \; - idy,, i.e., T; = \;T. Hence,

Uo9gozzﬂ(u)e@fizzlAiT(u)@fiZET(u)mm:T(u)@;m

——
dof fevs
#0

=Tuwefeiaf

Since T is an isomorphism, we have that U 2D Uy 2O {v® f|ve Vi}. Set
w e {fweWy | View CU} < V,. The W is not the zero subspace, since
f € W. Moreover, W is Go- (po-) invariant. Indeed, let w € W, then by def-
inition V3 ® w C U. Since U is p; ® py invariant, we have p;(g1)V1 ® pa(g2)w C U
for all g; € G; and g, € Go. But pi(g1)Vi = Vi, therefore py(g2)w € W. But ps is

an irreducible representation, whence W = V5. Thus, U = V] ® V5. [
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2.4 The space of matrix elements of a represen-
tation

Let p: G — GL(V) be a finite dimensional representation of a group G over the
field F'. Let n =dimV and e = {ey, e, ..., e,} be a basis of V. Finally, let p;;(g)
be the (4, j)th entry of [p(g)]..

Definition 2.4.1. The subspace
M (p) aof spang {p;; | 4,7 =1,2,...,n} C Fun(G, F)
15 called the space of matriz elements of p.

Note that although the p;;’s depend on the basis e, their span does not: choose
an other basis f = {fi, fo,..., fu} in V, and let 9J;; be the (4, j)th entry of [p(g)] .
Then there is an S € GL,(F') such that

Thus, ¥;; is an F-linear combination of the py,’s and vice versa.

Remark. (i) If p = o then M(p) = M(y). Indeed, we have T [p(g)], =
[W(g)], T, for all g € G, for some basis e of V, and some T € GL,(F).

Then, a similar argument to that above applies.

(ii) If o is the sub- or factor representation of p, then M(o) C M(p). Indeed,
let e = {e1,e9,...,e,} be a basis of V', and o = p|y for a subspace U of V.
Then

lov (9)]. *
[0 (9)]. = ‘
0 loviu (9)]

where € and " are the corresponding bases in U and V/U. So there exists a

Y

basis on V' such that the matriz elements of o are among the matrixz elements
of p.

(i) We have M(py+pa+---+pr) = M(p1) + M(p2) + -+ M(px). Indeed, for
an appropriate basis,

k

{nonzero matriz elements of p1 + pa+ -+ pr} = U {matriz elements of p;}.
j=1
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In particular M(p + p) = M(p) + M(p) = M(p), using that M(p) is a
subspace. However, p+ p 2 p. (The dimensions are different.)

Proposition 2.4.1. Let p: G — GL(V) be a finite dimensional irreducible rep-
resentation of a group G over an algebraically closed base field F' (e.g., F = C).

~

The M(p) is a Reg-invariant subspace in Fun(G, F'). Moreover, Regy ) = p* ® p
as G x G representations.
(In particular, by Proposition 2.3.1, Regus(p) s an irreducible representation,

i.e., M(p) is a minimal G X G-invariant subspace in Fun(G, F').)

Proof. Define the map ¢ : V* @V — M(p) by
ERv (g &(gv)) € Fun(G, F).

First, we show that g — &£(gv) € M(p). Let e = {ey,ea,...,€,} be a basis of V,
and e* = {e},e3,...,e"} be the corresponding basis of V*. Then we can write
€], [v], and

g~ [ [p(9)], [v], -

Thus, g — £(gv) is a linear combination of entries of [p(g)],, i.e., g — &(gv) €
M (p). From the definition of the tensor product, ¢ is a linear map. We show that
¢ is G x G-equivariant. Since (hy, he)(§ ® v) = hi1§ ® hov, we have

(h1, h2)(€ @ v) ¥ (g =+ (&) (g(hav))).

The left-hand side is

(h1, h2)(§ ®v) = & ® hav = (p" @ p)(h1, ha)(§ @ v),

whereas the right-hand side is

g+ (m&)(g(hav)) = £(hy " (9(h2v))) = E((hy " gha)v) = Reg(hu, ha)(g = &(gv))
= Reg(ha, ha)(p(§ ®v)).

Thus
e((p" @ p)(h1, ha)(§ ® v)) = Reg(hi, ha)(p(§ ® v)).

It remains to show that ¢ is an isomorphism. Indeed, ¢ is surjective:

90<€;'k®6j):(gH(0707"'7%7"'70)[p(g)]e<0’07"'7%7"'7O)T:pij(g))a

ith space jth space
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i.e., the natural basis corresponds to the natural basis. The ¢ is injective: since
v # 0, Ker(¢) C V*® V. But Ker(p) is a G x G-invariant subspace in V* @ V,
and by Proposition 2.3.1, p* ® p is irreducible, hence, Ker(y) = {0}. |

Corollary 2.4.2. Suppose that the base field F' is algebraically closed.

(i) We have Right-Reg|ns(,y) = p+p+---+p, where Right-Reg denotes the

dim V' times
right reqular representation of G. Indeed, define ny : G — G x G by 1n2(g) f

(1,9) forallg € G. Then define ) o (p* ®@p)ony and using similar argument
as in the proof of Proposition 2.3.1, we find that ¥ = p+p+---+ p. But,

dim V' times
by the previous proposition, 1 = Right-Reg|a(p)-
(ii) Any irreducible finite dimensional representation of G occurs as a subrepre-
sentation of the right reqular representation of G. Indeed (i) holds for all

wrreducible finite dimensional representation p of G.

(iii) We have Regy;,) = Regyyy if and only if p = p'.  Indeed, From

Regu,) = Reguyy) we have Right-Reg,,,) = Right-Regy;,y. Then, by

(i), p+p+--+p=Zp+p+---+p. From this it can be shown that p = p'.

If p =2 o, then p* ® p = p* ® p'. Then, by the previous proposition,
Regar() = Regarp):

Thus, if p is an irreducible representation over an algebraically closed base field

F, then G x G acts irreducibly and pairwise non-isomorphically on the space M(p).
(It is a consequence of (iii) of Corollary 2.4.2.)

Theorem 2.4.3. Let G be a finite group, and let the base field F to be C (it would
be sufficient to have an algebraically closed base field F', such that char(F) {1 G).
Then

q
Fun(G, C) = @ M(py),
i=1
where pi, p2, ..., pq s a complete list of isomorphism classes of irreducible repre-
sentations of G.

Proof. Since G is finite, CG is a finite dimensional algebra, hence artinian. Since
char(C) 1 G, by Maschke’s Theorem, CG is a semisimple ring. Using the Second
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Wedderburn—Artin Theorem, we conclude that every CG-module is completely
reducible. Thus, the right regular representation is completely reducible. It is also
finite dimensional, since dim Fun(G,C) = |G| < oo. So up to isomorphism, it has
finitely many subrepresentations. From (ii) of Corollary 2.4.2 it follows that there
are only finitely many isomorphism classes of irreducible representations of G.

Since G x G acts irreducibly and pairwise non-isomorphically on the spaces
M(p1), M(p2), ..., M(pq), these spaces are linearly independent. Indeed, take, for
example, N oo M(p1) N (M(p2) + M(ps)+---+M(p,;)). Then N C M(p;) and it
is a G x G invariant subspace. Thus, N = {0} or N = M (p;) (since G x G acts
irreducibly on M(py)). If the latter holds then M (ps) + M(ps) + -+ M(p,) C
M (py). Each summand on the left-hand side is a G x G invariant subspace, hence
we must have M(p1) = M(p2) = M(p3) = --- = M(p,) using that G x G acts
irreducibly on M(p;) # 0. Since G X G acts non-isomorphically on the spaces
M(p1), M(p2),...,M(p,), we must have p; = py = --- = p,, a contradiction.
Thus, N = {0} as required. Therefore,

ZM(PZ) = @M(Pz)

All we need to show is that Fun(G,C) is spanned by M(p1), M(p2), ..., M(p,)-
Let e, : G — {0,1} C C be the characteristic function of g € G:

aef |1 ifh=yg,
eg(h) = i
0 ifh+g.

Then {e, | g € G} is a basis of Fun(G, C). We show that e, € Y 7 | M(p;). Fixz €
G. Let by, be the (g, h)th element of [Right-Reg(z)],, | eqy- In the beginning of
the proof, we showed that the right regular representation is completely reducible.

Thus, Right-Reg is a sum of irreducible representations, therefore M (Right-Reg) C
! M(p;). From this, we find

eg (z) = €4 (1g - ) = (Right-Reg (z) (&g)) (1) = (Z Ung (2) €h> (1)

he@

=Y en(la) Yy ().

heG

Since this holds for all z € G, we have e, = >, e, (1g) g € X1, M(p;). m
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Corollary 2.4.4. By the notations and assumptions of the previous theorem, we

have (n; is the dimension of p;)

(i) Right-Reg = > 71| nipi, where nip; = p; + pi + -+ + pi;
n; ;irmes

(ii) >4 n? = |G| (Burnside’s Theorem).

Proof. | (i) | By (i) of 2.4.2, we have

Right-Reg| (o) = pi +pi + - + p; for i=1,2...q
m:dim‘{/i times

Using Theorem 2.4.3, we conclude that Right-Reg = > 7 | Right-Reg|ar(,,) =

q
i=1 T Ps-

(1) | Follows from (i) by considering the dimensions of the representations on each
side. -

Definition 2.4.2. The subspace

def

Cent(G) {f € Fun(G, F) | f(gzg™") = f(x) for all x,g € G}

15 called the space of central functions. The character of a representation
p:G—=GL(V)isch,: G—F, g— Tr(p(g)). Since for all x,g9 € G,

ch, (gzg™") =Tr (p(gzg™")) =Tr (p(9) p(x) p(9)™") =Tr (p(9) " p(9) p(x))
— T (p (2)) = chy (2)

every character is a central function: ch, € Cent(G). A character ch, is called

trreducible if p is an irreducible representation of G.

Theorem 2.4.5. Let G be a finite group, and suppose that the base field F' is alge-
braically closed and char(F') t G. Denote by p1, pa, ..., pq the complete list of iso-
morphism classes of irreducible representations of G. Then ch, ,ch,,,... ch, isa
basis in Cent(G). Particularly, ¢ = dimp Cent(G) = number of conjugacy classes
in G.
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Proof. Define § : G — GL(Fun(G, F)) by (6(9)f)(z) o f(g7'zg). Note that
f € Cent(G) if and only if 6(g)f = f for all ¢ € G. By Theorem 2.4.3, any
f € Fun(G, F') has a unique representation of the form

f=fH+fo+--+f, where f, e M(p;) for i=12,....q.

Suppose that f € Cent(G), then

f=0(g)f=0(g)fi+td(g)fat--+0(9)fq

for all g € G. By the uniqueness of the representation f, we conclude that 6 (g) f; =
fiforalli=1,2,..., ¢, hence, each f; is a central function. Clearly, the converse
also holds. Hence, each f € Cent(G) has a unique representation of the form

f=fH+fo+--+f, where f; € M(p;)NCent(G) for i=1,2,...,q.

To complete the proof, it is enough to show that AM(p) N Cent(G) = F' - ch,, for
all irreducible representations p : G — GL(V'). We know that ch, € Cent(G). On
the other hand, ch, € M(p), since by definition, it is a sum of matrix elements.
Thus, it is enough to show that dimg(M(p) N Cent(G)) = 1.

The G acts on M (p) via d and G acts on Endp (V') via Adj : G — GL(Endg(V)),
Adj(g)(A) = p(g)Ap(g)~*. We have the G-equivariant linear isomorphism pu :
Endp(V) = M(p), A (g Tr(Ap(g))). Via u, M(p) N Cent(G) corresponds to

{A € Endp(V) | Adj(g)(A) = A for all g € G}
— {A € Budp(V) | plg)Ap(g) ' = Afor all g € G
={A € Endp(V) | p(g)A = Ap(g) for all g € G}

= {G-equivariant linear transformation of V'}.

By Schur’s Lemma I, this set is equal to {\-idy | A € F'}, which is a one dimen-
sional space. [

Corollary 2.4.6. Let G be a finite group and let F' be an algebraically closed field
such that char(F) = 0. Let p and v be representations of G. Then p = 1 if and
only if ch, = chy.

Proof. Since G is finite, F'G is a finite dimensional algebra, hence artinian.
Since 0 = char(F') 1 G, by Maschke’s Theorem, F'G is a semisimple ring. Using
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the Second Wedderburn—Artin Theorem, we conclude that every F'G-module is
completely reducible. Thus, the representations p and i) are completely reducible.
Therefore there exist non-negative integers m; and n; (i = 1,2, ..., ¢q) such that

p=Emipr+mepy+ -+ mgp, and Y = kipy + kopa + -+ kypq,

where pi, pa, ..., pg is a complete list of isomorphism classes of irreducible repre-
sentations of G. So p =2 ¢ if and only if m; = k; (€ Z) for alli =1,2,...,q.
On the other hand, we have

q q
ch, =Y mch,, and chy =Y kich,,.
i=1

i=1

From Theorem 2.4.3, we find
q
Fun(G, F) = M(p:),
i=1

which implies that chy, chy, ..., ch, € Fun(G, F) are linearly F-independent. Thus,
ch, =chy if and only if m; = k; € F (2m; =k; € Z), for all i =1,2,...,q. The
latter isomorphism follows from the assumption that char(F') = 0. ]

This corollary already indicates that the character is an efficient computational
device for studying certain questions about representations.

2.5 Character theory of groups

From now on the base field is F' = C. First, we review the complex euclidean
spaces.

Definition 2.5.1. By an n-dimensional complex euclidean space we mean
an n-dimensional complex vector space V' together with a scalar product, i.c., a
map V xV — C, (z,y) — (x,y) such that

(i) the (-, -) is 5-1 linear (sesquilinear), i.c.,
(T, Myr + Aayz) = A1 (z,y1) + Ao (@, 42)

Mz + X2, y) = A (21, y) + Ao (20, ) ;



44 Chapter 2. Basics of Representation Theory

(ii) the (-, -) is hermitian, i.c., (y,x) = (x,y) (which implies that (x,z) € R);

(iii) positive definite, i.c., (x,x) > 0 with equality if and only if v = 0.

By choosing an orthonormal basis (from now on ONB) in V' (it is possible),

we may identify V' with C", where n = dimV. Then (-, -) is identified with

C" x C* — C, (z,y) = z*y where 2* = T'. This is called the standard scalar

product on C™.

Definition 2.5.2. Given a complez euclidean space (V, (-, -)), an A € End¢(V)
is called unitary if (A(z), A(y)) = (x,y). The group of unitary linear transfor-
mations of (V, (-, -)) is denoted by % (V). We have % (V) < GL(V) = GL,(C),
where the latter isomorphism follows by choosing a suitable basis in V' (n = dim V).
By choosing a suitable basis in' V', % (V') = %,(C), where the latter is the group

of unitary complex matrices (the complex matrixz A is called unitary if A*A=1).

Definition 2.5.3. A finite dimensional complex representation p : G — GL(V)
is unitary if there exists a G- (p-) invariant scalar product (-, -) : V xV — C,
i.e., (x,y) = (gx,gy) for all x,y € V and g € G. (This means that p(G) C % (V)
with respect to this (-, -).)

Proposition 2.5.1. A finite dimensional complex representation of a finite group

15 always unitary.

Proof. Let p: G — GL(V) be a finite dimensional complex representation of a
finite group G. Take any scalar product §:V x V — C on V. Define

(w.y) =" Blgx. gy).
geG

It is straightforward to check that (-, -) is a G-invariant scalar product. N

Proposition 2.5.2. A unitary representation is always completely reducible.

Proof. Let p: G — GL(V) be a unitary representation. Let W be an invariant
subspace in V. The W @& W<, where W+ & {z eV | (zr,w)=0forall w e W}
is the orthogonal complement of W. We claim that W+ is an invariant subspace
in V. Indeed, using the invariance of W and the fact that our representation is
unitary, we obtain (gx, w) = (¢ gz, g 'w) = (z,g7'w) =0 forall g € G, x € W+
and w e W. ]
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Lemma 2.5.3. Let p be an irreducible representation of G on 'V, dimV < co. An
invariant scalar product on V' (if exists) is unique up to a non-zero (positive real)

scalar multiplier.

Proof. Fix an invariant scalar product (-, -) on V, and take an orthonormal

basis on V. Identify V by C", so (-, -) = x*y. Let § be any other scalar product

on C". It is well known that there exists a B € C"*" such that 3(z,y) = z*By.
Suppose that £ is G-invariant, i.e.,

©*By = B(z,y) = Blgz, gy) = =*(p(g) ' Bp(g))y.

Since this holds for all z,y € V, we must have B = p(g)~'Bp(g) for all g € G.
Hence, B € End¢(V) = C™*" commute with p(g) for all ¢ € G. By Schur’s Lemma
II, B = X-idy for some A € C. Thus, f(z,y) = 2*(\-idy)y = A\a*y = A (z,y). =

Lemma 2.5.4. Given a representation p : G — GL(V), U, W invariant subspaces
i 'V, such that py and pyw are irreducible and non-isomorphic. Then U LW with

respect to any G-invariant scalar product on V.

Proof. Fix a G-invariant scalar product on V. We have V = U @ U*. Denote
by 7 € Endg(V) the projection to U (i.e., 7|y = idy, Ker(r) = Ut). Since U
is an invariant subspace, from the proof of Proposition 2.5.2, we know that U~
is also an invariant subspace. From the definition of the direct sum, we have a
decomposition v = u +ut for all v € V (u € U, ut € U*). Then for all g € G
and v € V', we have

m(p(g)v) =7 (p(g)u+p(g)u") =mlp(g)u)+m(p(g)u") =p(g)u=p(g)m(u)

cU UL
=p(g)m () +p(g)m (u) =p(g) (v (u) +7 (u")) = p(g) 7 (u+u”)

——
0

=p(g)m(v).

Therefore, 7 is a G-equivariant linear map. Specially, 7|y : W — U is a G-
equivariant linear map. By assumption py and py are irreducible and non-
isomorphic, hence, by Schur’s Lemma I, |y = 0. Therefore W C Ker(n) = U+. =

A natural Reg-invariant scalar product on Fun(G, C) (G is finite) is given by

def 1 -
(f,h) = @Zf(g)h(g),

geG
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for all f,h € Fun(G,C).

Let p : G — GL(V;) (i = 1,2, ..., q) be a complete list of isomorphism classes

of irreducible representations of the finite group G. Let n; = dimV;. Denote by
k
Pz(j)
(with respect to an invariant scalar product on Vj).

(i,7 = 1,2,...,n;) the matrix elements of p*) with respect to an ONB in V,

Theorem 2.5.5. We have
k) (k) — dfk=k,i=14 andj =7’
<p2] 7p7;/j/> - Ok

otherwise.

Hence, by Theorem 2.4.3, the unitary matriz elements of the irreducible represen-

tations of a finite group constitute an orthogonal basis in Fun(G, C).

Proof. Asa consequence of (iii) of Corollary 2.4.2, for different k£ and k', Gx G acts
irreducibly and non-isomorphically on the spaces M (p®) and M (p*)). Therefore,

by Lemma 2.5.4, M (p®) LM (p*)), i.e., <p(l-€), pglkll)> =0 if k # k. Hence, we can

ij Pt
suppose that & = k' and fix k. We simplify our notations as follows: p of p)
1 Vi, n % ny and p;; d:efpgf) fori,j =1,2,...,n.
In the proof of Proposition 2.4.1 we saw that V* @ V' =, M(p), where ¢ is
given by £ @ v (g — & (gv)) for all £ € V*, v € V and g € G. We also have

V* @V =, Ende(V),

where v is defined by { ® v — (2 — & (z)v) forall e V5 v eV andz € V. It
can be shown that v is, indeed, an isomorphism. Finally, we have

Endc (V) =, M(p),

where p is defined by A — (g — Tr(Ap(g))) for all A € Endc(V) (the matrix of
the endomorphism in the basis €¢) and g € G. It can be shown that pu is, indeed,
an isomorphism.



2.5. Character theory of groups 47

Let e = {ey,e9,...,€,} be an orthonormal basis in V. The group G x G acts
on End¢(V) since (g, h)A o p(h)Ap(g)~". This action corresponds to p* ® p on
V*®V and Regy(, on M(p). Define the following scalar product on Ende(V):

(A, B) s Tr(A*B),

where A* is the adjoint of A. This is a G x G invariant scalar product. Indeed,

Tr (g, 1) A)" (9,1) B) = Tx ((p (h) Ap (9) )" (o (W) Bp(9) ™))
= Tr((ﬂ( ) o)) (p(h) Bp (971)))
=Te(p(g7") A (p(h)" p(h) Bp(g7"))
=Tr ((p(g7") p ( ) A (0 (h) p(R)) B) = Tr (A"B).

In the last step we used the unitarity property of p. Let E;; € Endc(V) be the
matrix that has 0’s everywhere except 1 in entry (i,j). Then (Ej)7;_, is an
orthogonal basis in End¢(V):

1 ifi=k,j="1

Tr(E;‘jEkg) = TI‘(EjiEkg) = '
0 otherwise.

Hence,
1 (Ey) = (9= Tr (Byp(9)) = (9= Tr (By [ Y2, pue (9) B ))
= (97 22, oue ) T (B ) = 9 s (9).

ie., u(Ey;) = pji. The Tr(p ()" pu ' (-)) is a Reg-invariant scalar product,
hence, by Lemma 2.5.3, we must have

(o) =ATe(p () et (),
for some constant A. Thus,

A ifi=d, ="

iis Pil il :)\TI' E*ZE’I’ —
<p] pJ) ( e ) {0 otherwise.

It remains to show that A = % We have

)\:<pij7plj |G‘sz] p'LJ g, fOI‘ i,j:1’2,...,n
geG
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Taking the sum over 7, we find

nA = Z me pz] g |G‘ Z Zpl] pl] )

geG geG i=1
Z Dj; = Il Z @l !G| =1
QEG geCG
Here, we used the unitarity property of the matrix of p. Hence, A = % |

Corollary 2.5.6. Denote by pM, p? ... pl9 the complete list of isomorphism
classes of irreducible representations of the finite group G. The x; dof ch,o) (i =
1,2,...,q) constitute an ONB in Cent(G,C) C Fun(G, C).

Proof By Theorem 2.4.5, they form a basis in Cent(G,C). We have x;, =
Zz 1pu Thus

LD W R HEE o
ks ) P2 b | = 2 s i) = >k <p§f),p§f)> if k=0,
Since
ng Nk 1
Z <pzz 71011 > Z n_k =
i=1 =1
if k = ¢, the proof is complete. ]

Corollary 2.5.7. Denote by p™, p® ... pl9 the complete list of isomorphism
classes of irreducible representations of the finite group G. Let p be any represen-
tation of G. We have

(i) p == 324 (chy, xi) P

(11) the p is irreducible if and only if (ch,,ch,) = 1.

Proof. | (i) | Every representation is isomorphic to the linear combination of irre-

ducible representations. Suppose that p =7 | mpp™®). Taking the trace of both

q
Chp = Z mMeXk-
k=1

sides yields
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Taking the scalar product of both sides by x;, and using the previous corollary,
we obtain (ch,, x;) = m;.

(#4) | Suppose that p =2 31 myp®). Then

q q q
(ch,,ch,) = <kaxk,2mjxj> = Zmz
k=1 =1 k=1

If p is irreducible, then p = p® for some i € {1,2,...,q}. Then, using Corol-

lary 2.4.6, m; = 1 and m; = 0 for i # j, therefore (ch,,ch,) = 1. Conversely,

if (ch,,ch,) = 1, then by the above calculation we must have m; = 1 for some

i€{1,2,...,q}, and m; = 0 for i # j. Hence ch, = x;, and by Corollary 2.4.6,
=~ ()

p=p. .

Definition 2.5.4. Denote by ¢; (j = 1,2,...,q) the conjugacy classes in the finite
group G. Let x; (j =1,2,...,q) be the list of irreducible characters of G. Finally,
let us denote by x;(€%) the value x;(g) for any g € €. Then the g X q complex
matriz whose (i, j)th entry is x;(€;) is called the character table of G.

Denote by D the ¢ x g complex matrix, whose (i, j)th entry is

%51
Xi (%) ﬁ
The orthonormality of irreducible characters shows that the rows of D are or-
thonormal with respect to the standard scalar product, i.e., DD* = I, where [
is the ¢ x ¢ identity matrix. This gives D*D = I, i.e., the columns of D are
orthonormal with respect to the standard scalar product:

q oo .

/1] € _J1 iti=j,
> Xk (%) Xk (€)) = o,
ot G177V IGE o i # g

Thus we have deduced the following theorem.

Theorem 2.5.8 (Second Orthogonality Relation).

@

& (@i (7)) = 1@ ii=J
;Xk( (@) =4 i
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Remark. We have al
G
T — |OG(g)|7 g S ngﬁ
||

where Cg(g) is the centralizer of g in G.

2.6 Burnside’s Theorem

In this section, we shall use representation theory to prove Burnside’s Theorem
about solvability of groups. Burnside’s Theorem has long been one of the best-
known applications of representation theory to the theory of finite groups, though
a proof avoiding the use of group characters is known since around 1970.

Definition 2.6.1. A complex number « is an algebraic integer if o is a root of

a monic polynomial with integer coefficients.

Remark. A rational number is an algebraic integer if and only if it is an integer.

Let G be a finite group, p : G — GL(V') be an irreducible representation of
G with character y. If ¢ € G, then there is an n € N such that ¢" = 1, thus
idy =p(1) =p(g") = p(9)". In a suitable basis of V (dimV = d), p(g) isa d x d
diagonal matrix. Hence, the eigenvalues must be roots of unity (wq,ws, ..., wyq).
Therefore x(g) = wy + ws + « - - + wy is an algebraic integer.

Denote by €, ¢, ..., €, the conjugacy classes in the finite group G. Let p be
an irreducible representation of GG, and y be its character. We saw earlier that if
p: G — GL(V) then we have a natural extension p : CG — End¢(V). Consider

CGBCZ»(EZQ for 1=1,2,...,q.

gEC;

Clearly, each ¢; is in the centre Z(CG) and they form a C-basis in Z(CG). We

have
q
CiCj = E MyjkCrk,
k=1

where

mig = [{(g,h) | g € €, h € €, gh € G}
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From
ple)p(g) =D ph)plg) =D plhg)=> plgs)=> plg)p(s)
hes; hes; SEC; SEL;
=p(9)p(c),
we conclude that p(¢;) is a G-equivariant linear map of V' (i = 1,2,...,¢q). By

Schur’s Lemma 11, g (¢;) is a scalar multiple of idy, p(¢;) = Ajidy, say. The value
of \; follows by taking the trace of each side and by noting that Tr(idy) = dim V' =

x(1):

TG ST Teax @) Teax (),
A== =T m YT YT
@l

NOa.

Us

From p (¢;) p(¢j) = p(eicj) = p (D _f_y mijuc) = > mujip (ci), we obtain u;u; =
>4 mijpug. Thus, R © Ty + Zug + -+ + Zu, is a subring of C.

Proposition 2.6.1. An element a € C is an algebraic integer if and only if there
exists a subring R of C containing a, such that R is a finitely generated abelian

group.

From our argument above and the proposition, we immediately deduce the
following lemma.

Lemma 2.6.2. Let G be a finite group, x be an irreducible (complex) character of
x(®)|€]
x(1)

Proof of Proposition 2.6.1. Suppose that « is an algebraic integer. Then
there exist ay,as, ..., a, € Z such that

G. Let € be a conjugacy class in G. Then is an algebraic integer.

a"+a "+t apa+a, =0,

ie,a" =—a, —ap 10— —a " ' €L+ Za+ -+ Zat 4 R Then R is
the desired subring of C.

Suppose that R is a subring of C, such that & € R and R is finitely generated
Z-module by ey, es,...,e,: R = 7Ze, + Zey + -- -+ Ze,. Then
aej; = Z a;je; for some a;; € Z.
i=1
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Define A ¢ (aij)ij=1 € Z"™". The characteristic polynomial f(z) o det(xl —
A) € Z|x] is a monic polynomial (I = idcr). By the Cayley—Hamilton Theorem,

f(A)=0. Let 0 = f(A) = (b;;);';=;, then

meez Zn:Oei =0.
7&0 =1 =1

Thus, f(a) = 0. Therefore, a is a root of a monic polynomial with integer coeffi-
cients, i.e., a is an algebraic integer. ]

Corollary 2.6.3. The algebraic integers constitute a subring in C.

Corollary 2.6.4 (Corollary of Lemma 2.6.2). We have x(1) | |G| for all irreducible
characters x of G.

Proof. Let x be any irreducible character of G. We have

1:<X7X>:é¥mxg |G|Zx %) %5,

whence

161 %))
Z o

=1
We remarked earlier that the ﬁrst factor under the sum on the right-hand side
is an algebraic integer (sum of roots of unity). From Lemma 2.6.2, the second
factor is also an algebraic integer. Product and sum of algebraic integers is again
an algebraic integer (cf. Corollary 2.6.3). Thus, the right-hand side is an alge-
braic integer. Therefore, on the left-hand side there is a rational number which
is an algebraic integer. This means that it is an integer. Consequently, x(1) | |G|. m

Lemma 2.6.5. Let G be a finite group, p : G — GL(V) be a complex irre-

ducible representation with character x. Let € be a conjugacy class in G. If
ged(|€], x(1)) = 1, then x(€) =0 or p(g) € C-idy for all g € €.

Proof. Since ged(|%|, x(1)) = 1, there exist k, ¢ € Z such that k|€| + {x(1) = 1.
Thus,

RO ) = X))
X X
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On the left hand side, both terms are algebraic integers, hence % is an algebraic

integer. We know that x (%) is the sum of roots of unity, x (%) = wi+ws+- - - +wy,
say (n = x(1) = dim V). Note that

IX(E)] = lwr +wa + -+ wn| <an| + fwaf + -+ fwn| =0 = x (1),

hence, < 1. Moreover, equality holds if and only if p(g) € C -idy for all

g€ €. Let g € €, then w! = 1 with d being the order of g in G (the smallest
non-negative integer r such that ¢" = 1) and ¢ = 1,2,...,n. We have

C* > (wy,wa, ..y wy) < <€2m/d>

as groups. The field F o Q(e?™/?) contains all the w;’s (a cyclotomic field), and
dimg(F') = ¢(d) where ¢ is the Euler-function.

We need a few facts from Galois-Theory: If Aut(F), the group of field auto-
morphisms of F'| then

(i) |Aut(F)| < oo (in fact it is equal to dimg(F') = ¢(d));
(ii) if for some b € F, o(b) = b for all o € Aut(F), then b € Q;

(ili) every o € Aut(F') sends an algebraic integer in F' to an algebraic integer
(with the same minimal polynomial).

Take any g € € and set
def X (9))
v I (1),
o€Aut(F) X <1)

By (i), this product is well-defined. Since w is fixed by any element of Aut(F'), by
(ii), w € Q. Moreover, by (iii), each factor of the product is an algebraic integer,

hence w is an algebraic integer. Consequently, w € Z. Since o(w;)? = o(wl) =
o(1) =1, it follows that o(w;) is a root of 1 for all o € Aut(F'). Thus,
X (9) 1 o(wi +ws+ -+ wn)
()| = e o] - o
_|olw) tows) - Hofwn)| o (w)]+lo(wa)] + -+ o (wn)]
x (1 - x (1)
_n,
x(1)

for all ¢ € Aut(F). Therefore, [w| < 1. But w € Z, hence, w = 0,1 or —1.
The w = 0 if and only if x(¢) = 0. By the triangular inequality, |w| = 1 implies
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X9 =1 and hence p(g) € C-idy for all g € €, as we remarked earlier. [

x(1)

Remark. Let Z(G) = {z€ G| zg=gz forall g€ G} <G be the centre of the

group G. If G = Z(G), then G is abelian. For a non-abelian simple group
G we have Z(G) = {1}. Indeed, let G be a non-abelian simple group. We have
Z(G) <G, thus, by simplicity, Z(G) = {1} or Z(G) = G. The latter can not be
hold since G is non-abelian.

A non-trivial (irreducible) representation of a non-abelian simple group is faith-
ful. Indeed, let p : G — GL(V) be a non-trivial representation of the non-abelian
simple group G. Since Ker(p) <G and G is simple, we must have Ker(p) = {1}
or Ker(p) = G. The latter can not be hold since p is non-trivial. Therefore,
Ker(p) = {1}, i.e., p is faithful.

Theorem 2.6.6. A non-abelian simple group contains no conjugacy class of size

a prime power, except the conjugacy class of 1 € G.

Proof. Assume to the contrary that € is a conjugacy class in G, such that
|€’| = p, where p is a prime and « is a positive integer. Note that for a non-trivial
irreducible representation p: G — GL(V) and 1 # g € G, p(g) ¢ C -idy. Indeed,
by the second part of the above remark, p is injective and so an isomorphism
between G and p(G) o Im(p). Therefore,

Z(p(Q))=p(2(G) =p{1}) ={p(D)}.
The second equality follows from the first part of the above remark. If we would
have p(g) € C -idy for some 1 # g, then p(g) € Z(p(G)), and by the above
p(g) = p(1). This is a contradiction, since p is faithful (injective).

Let x; (j =1,2,...,q) be the list of irreducible characters of G with x; being
the trivial one. If p t x;(1) for some j = 2,...,q, then ged(|%, x;(1)) = 1, hence,
by Lemma 2.6.5, x;(¢) = 0 (as p;j(g) ¢ C-idy for g € €¢). Thus, by the Second
Orthogonality Relation

q q
0= xiMx (@) =1+> xi(Mx(®)=1+ > xi(1)xi(%),
i=1 i=2 i€{2,3,...q}
plxi(1)
which gives
o Wy )
P s
plx:(1)
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We remarked earlier that the second factor under the sum on the right-hand side
is an algebraic integer (sum of roots of unity). The first factor is also an alge-
braic integer (it is an integer). Product and sum of algebraic integers is again an
algebraic integer (cf. Corollary 2.6.3). Thus, the right-hand side is an algebraic
integer. Therefore, on the left-hand side there is a rational number which is not
an integer but an algebraic integer. This is a contradiction. ]

Definition 2.6.2. A group G is said to be solvable if there exists a chain of
subgroups

{1} =Gy <G <Gy <+ <Gy <G =G,
such that G; < Gip1 and Giy1/G; is abelian (i =0,1,...,k—1).

Proposition 2.6.7. Suppose that |G| = p®. Then Z(G) # {1}, i.e., the centre of

G 1s non-trivial.

Proof. Let {1} = %},%,...,%) be the conjugacy classes of G. We have |%;| |
|G| = p* and |6;| = [G : Ci(g)], where g € €; and Ci(g) is the centralizer of ¢ in

G (i=1,2,...,k). Since G is the disjoint union of the conjugacy classes, we have
k
Gl =p*=)_|€I= ) [G:Calg).
1=1 9i€C;

Observing that each element of the center Z(G) forms a conjugacy class containing
just itself gives rise to the following important class equation:

Gl =p* =[2(G)|+ > [G: Calg)]
i

From this we see that p must divide |Z(G)|, so |Z(G)| > 1. N

Theorem 2.6.8 (Burnside’s p®¢” Theorem). A group of order p*q® (p,q being

primes) is solvable.

Proof. First, assume that |G| = p®. If it is abelian, we are done. Suppose that it
is not abelian. Take Gy & Z(G) > {1} (here we used Proposition 2.6.7). Since G

is not abelian, G; < G. Thus, we have

{1} £ G1 <G, G1<G and G; being abelian.



56 Chapter 2. Basics of Representation Theory

Take G/G1 = G/Z(G). 1f it is abelian, we are done. Suppose that it is not abelian,
then {1} < Z(G/Z(G)) < G/Z(G). Let Gy be such that Go/Gy = Z(G/G,) =
Z(G/Z(G)). Then

{1} <G £ Gy, <G, Gu<G and G3/G; being abelian.

If G/G4 is abelian, we are done. If it is not, we can proceed further in this way
to get a chain of subgroups. The process should come to a halt, since |G| is finite
and |Gg| > |Gr_1] (k =2,3,4,...). Thus, we have proved the theorem for § = 0.

Now suppose that |G| = p*¢®. We shall prove by induction on |G/|. For |G| = p®
the theorem is already proved. Let N be a maximal normal subgroup of G.

If N # {1}, then |G/N| < |G| and |G/N| = p*¢* (¢/ + B' < a + B). Hence,
by the induction hypothesis, G/N is solvable and so is G.

If N = {1}, then G is simple. Let P be a p-Sylow subgroup of G, i.e., | P| = p“.
By Proposition 2.6.7, there exist a ¢ # 1 in Z(P). Then g commutes with all the
elements of P, hence

where Cg(g) is the centralizer of ¢ in G. Indeed, G = Cg(g) can not hold, since
then (g) would be a non-trivial normal subgroup of GG, which contradicts the fact
that GG is simple. Let € be the conjugacy class of g, then

€] =[G : Calg)] | [G: P] =1’

hence, 1 < || = p?. Therefore, by Theorem 2.6.6, our simple group G must be
abelian. But abelian groups are always solvable. ]



Chapter 3
Commutative rings

Throughout this chapter, a ring will always mean a commutative ring with unity.
Frequently we shall also assume that the ring R is also a commutative K-algebra
(K is a field). In this case K C R and the unity elements of R and K coincide.

Let K be a field, we denote by K [x1, 2, .. ., x| the m-variable polynomial ring
over K. If [ is an ideal in K [z1, 9, ..., 2], we can consider K [x1, 2, ..., xy] /1,
i.e., finitely generated K-algebras. These are important for Algebraic Geometry.

Let F' be a field such that Q C F' C C. We assume that [F': Q] o dimg F' <

0o. Then we can consider the ring R of algebraic integers in F'. Such rings are

important in Number Theory. Two important examples are the Gauss- and Euler-

integers, i.e., the algebraic integers in Q(i) and Q(e*™/3).

3.1 The Noether Normalization Lemma

First, we introduce the basic concepts.

Definition 3.1.1. Suppose that R is a commutative K-algebra. We say that
r1,T9,...,'m € R are algebraically independent over K if f(ri,ro,...,7m) =
0 for some [ € K [x1,%s,...,2,] implies that f = 0 € K [xy,29,...,2,]. Oth-
erwise 11,79, ..., Tm € R are said to be algebraically dependent over K. For
infinitely many elements, we say that they are algebraically independent over K if

any of their finite subset is algebraically independent over K.

57
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Definition 3.1.2. Suppose that K is a subfield of L. A set G of L is a tran-
scendence generating system of L over K if L is algebraic over its subfield

generated by G over K.

Definition 3.1.3. By a transcendence basis of L over K we mean an alge-

braically independent transcendence generating system of L over K.

Proposition 3.1.1. Suppose that K is a subfield of L. The L always has a tran-
scendence basis over K, and its cardinality s uniquely determained. It is called the

transcendence degree of L over K. In notation: tr degy(L).

The key point of the proof is the following lemma.

Lemma 3.1.2. Let I be an algebraically independent subset of L, G be a tran-
scendence generating system of L. Then for all a € I there is a b € G such that
G\ {b} U{a} is still a transcendence generating system of L.

Definition 3.1.4. Let R be a K-algebra which is an integral domain (contains no
zero-divisors). Let L be the field of fractions of R (see Definition 3.2.3). Then tr
degx(R) by degy(L).

Example 3.1.1. We have tr degy (K [x1, 22, ...,2y]) = m. Also

tr degK(K[Zl?l,l'Q,...,l'm] /f) =m— 17
where f € K [x1,29,...,%y] is an irreducible polynomial.

Given a K-algebra R, ai,as,...,a, € R, then K [ay,as,...,a,]| stands for the
K-subalgebra of R generated by aq,as,...,a,. If n =0, then the generated K-
subalgebra is K, because a subalgebra always contains 1 € K.

Definition 3.1.5. Let R be a subring of S. We say that s € S is integral over
R if there is a monic polynomial f in R |x] such that f(s) = 0. We say that S is

integral over R if all s € S 1s integral over R.
A special case is given by R =R and S C C.
Lemma 3.1.3. Given a subring R C S, a € S, the following are equivalent:

(i) the a is integral over R;
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(i) there is a subringT, R C T C S such thata € T and T is a finitely generated
R-module (briefly let it call finite R-module);

(i11) the R[a] is a finite R-module.

Proof. | (iii) = (it)| Let T be R[a].

(1) = (¢i7) | Suppose that a is integral over R. Then there is a positive integer
n and by, by, ...,b, € R such that a® + bja" ' 4+ --- + b,_1a + b, = 0, whence
a" € Ra" '+ Ra" %+ ---+ R-1 (the R-module of S generated by 1,a,...,a"!).
This shows that Z?;()l Ra' is a subring.

(17) = (i) | Suppose that T is a subring of 5, such that a € T" and T is a finitely
generated R-module by ey, es,...,¢,: T'= Re; + Res + -+ + Re,. Then

ae; = Z a;je; for some a;; € R.
i=1
Define A & (aij)f =1 € R™". The characteristic polynomial f(z) o det(zI—A) €

R [x] is a monic polynomial (I stands for the identity matrix). By the Cayley—
Hamilton Theorem, f(A) = 0. Let 0 = f(A) = (bi;)};=;, then

f (CL) € = Zbijei = Z 061' =0.
N~ o i=1
#0
Thus, f(a) = 0. Therefore, a is a root of a monic polynomial with coefficients
from R, i.e., a is integral over R. [

Lemma 3.1.4. Let R C S C T be rings. If S is a finite R-module, T is a finite
S-module; then T is a finite R-module.

Proof. By assumption, there exist ai,as,...,a, € S such that S = """ | Ra,
and there exist by, bs,..., b, € T such that T' = ijl Sb;. Then we have T =

> i Z?:l Rab;. ]

Corollary 3.1.5. Gwen a subring R C S, such that S is a finitely generated R-
algebra (an R-module which is also a ring). Then S is integral over R if and only
if S is finite over R, i.e., S is a finite R-module.
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Proof. Let s € S be arbitrary. Using the implication (i7) = (i) of Lemma
3.1.3 with R C S C S, we find that s is integral over R. Since s was arbitrary,
every element of S is integral over R, i.e., S is integral over R.

Let s1, s9, ..., s, be the generators of the finitely generated R-algebra S. Since
sy is integral over R (by assumption every element of S is integral over R), by
the implication (i) = (4¢i7) of Lemma 3.1.3, R[s;] is finite over R. Similarly,
R [s1,$2] = R[s1][s2] is finite over R [s;]. Hence, by Lemma 3.1.4, R [sq, so] is fi-
nite over R. By continuing this process, we find that S = R sy, sg, ..., S, is finite
over R. ]

Corollary 3.1.6. Let R C S C T be rings. Suppose that S is integral over R and

T is integral over S. Then T s integral over R.

Proof. Take t € T. Then there exist sq,S2,...,5, € S such that t" + s;t"~! +
oo+ 8,1t + s, = 0 (since T is integral over ). Let S’ R [$1,82,...,5,] CS.
Clearly, R C S" and S’ is integral over R. Then, by Corollary 3.1.5, S’ is a finite
R-module. The S’[t] is a finite S’-module (since ¢ is integral over S’, hence we
can use Lemma 3.1.3). Now, we can apply Lemma 3.1.4 for R C §" C 5" [t] to
conclude that S’ [t] is a finite R-module.

Using the implication (i7) = (i) of Lemma 3.1.3 with R C S’ [t] C T, we find
that ¢ is integral over R. Since t was arbitrary, every element of T is integral over
R, i.e., T is integral over R. [

Theorem 3.1.7 (Noether Normalization Lemma). Let R be a finitely generated K -
algebra, where K is a field. Then there is a non-negative (!) integer k, ri,... 1y €
R such that

(i) the elements ri,ro, ... 1 are algebraically independent over K ;

(i) the R is integral over its subalgebra K [ri,ro, ... 7kl

By Corollary 3.1.5, (ii) is equivalent to the statement that R is a finite module

over its subalgebra K [ri,r9, ..., 7y].

Proof. Since R is a finitely generated K-algebra, there exist uy,us,...,u, € R
such that R = K [uy,ug, ..., u,|. If uj,ug, ..., u, are algebraically independent
then we are done. Otherwise there is an

0# f(z1,m9,...,2,) = Zaimminx?x? coeain € Kz, 20, ..., 1)
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such that f(uy,us,...,u,) =0.

Our aim is to find a new generating system vy, vs, ..., v, of R such that v; is
integral over K [vg, vs, ..., v,]. Set
def
v = U
def c
Vo = Uy — Vg
def 2

U3 = Uz — Uy

v, L, — vfn_l

Here c is a positive integer such that it is greater than any power i; in f with
non-zero coefficient. Since u; = vy and u; = v; + fo (1 = 2,3,...,n), we
have K [v1,vs,...,v,] = R. We can substitute u;y = v; and u; = v; + vfi_l into
f(uy,ug,...,u,) = 0 and expand f in powers of v;. In this way we get a polyno-
mial of vy with coefficients in K [vg, v3,...,v,]. If we could cancel by the leading
coefficient of this polynomial, we would have a monic polynomial which is zero at
v1. By definition, this means that v; is integral over K [vg,v3, ..., v,]. The leading
term is

i1Higct - tinc 1
Qiyin...in V1 " )

where (in,ip-1,...,11) is lexicographically the largest in f(xq,xs,...,2,). (This
is because of the special choice of ¢.) The a;,;,.;, € K is non-zero, hence we can
cancel by it.

By induction on the number of generators, we may assume that the lemma
holds for T & K [Vg, U3, ..., U], i.e., there exist wy,wy, ..., w, € T such that they
are algebraically independent over K and 7T is a finite S © K (w1, wa, . .., Wiyl
module. Clearly, R = T [v;] and we showed that v; is integral over 7. Thus, by
Lemma 3.1.3, R = T'[v1] is a finite T-module. But, since 7" is a finite S-module,
by Lemma 3.1.4, R is a finite S-module. ]

3.2 Hilbert’s Nullstellensatz

Theorem 3.2.1 (Hilbert’s Basissatz). Let K be a field. Then every ideal of
K [z1, 29, ..., 2, is finitely generated, i.e., finitely generated K -algebras are noethe-

ran.
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Definition 3.2.1. Let K be a field. Let I be an ideal in K [xq,2s,...,2,]. The
set

V(I) déf{(al,ag,...,an) e K" | flay,as,...,a,) =0 forall f €1}
is called the common zero locus of I.

For an arbitrary subset S of K [xy,xs,...,x,], we can define V(S) in a similar

way. If (S) is the ideal of K [x1, s, ..., x,]| generated by S, then V(S) = V((S)).

Definition 3.2.2. Let K be a field. Let X be a subset of K™. The set

VX)) Y {feKan,ma,... x0] | flx =0} <K [1,29,..., 2]

15 called the vanishing itdeal of X.

Theorem 3.2.2 (Hilbert’s Nullstellensatz). Suppose that K is an algebraically
closed field. Then
y() =1,

for any ideal I in K [xq,2s,...,1z,|. Here
I {f e Klx,2a,...,2,] | % e I for some positive integer k}
s the radical of 1.

Using Hilbert’s Basissatz, we have the following equivalent form of Hilbert’s
Nullstellensatz: if f € K [xq, s, ..., x,]| vanishes on the common zero locus of some
polynomials fi, fo,..., fo € K [x1,2a,...,x,], then there exist a positive integer d
and hq, ho, ..., hy € K [x1,29,...,2,], such that

4
f=3% hif;.
j=1

Example 3.2.1. We give an example that shows that the algebraical closeness of
the base field is necessary. Let K =R, n =1 and I = (x*> + 1). We have V(I) = ()
and Y(V(I)) = R [x]. The latter is not equal to /I, since 1 ¢ /1.

For the proof of Hilbert’s Nullstellensatz, we need several preparations.

Lemma 3.2.3. Suppose that S is a subring of the field F', and F' s integral over
S. Then S is a field.
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Proof. Take any 0 # s € S. Since F is integral over .S, % € F is integral over S.
Thus there exist aq, ao, ..., a, € S such that

RO e

1
+---—|—an_1g+an:O.

Multiplying through by s"~! and reordering the equation yields

1
= —a—ayS— - —ap 18" P —a,s"t e s,
s
which shows that S is a field. [ |

Definition 3.2.3. Let R be an integral domain. The field of fractions of R,
denoted by Q(R), is defined as follows.

Introduce a relation ~ on R x (R\ {0}): (a,s) ~ (b,t) if and only if at — bs =
0. It is straightforward to show that ~ 1is an equivalence relation. Denote by %
the equivalence class of (a,s). Let Q(R) = {¢|a€ R,s € R\ {0}}. Define the
operations + : Q(R) x Q(R) — Q(R), - : Q(R) X Q(R) — Q(R) by

a bdif at + bs

S t st

and

a b def ab
s t st
It is straightforward to check that these definitions are correct and that Q(R) be-

comes a commutative ring, and that Q(R) is a field.

Remark. The map R — Q(R), a — $ is an injective ring homomorphism. Hence,
we can write R € Q(R). The Q(R) is characterized by the following property: it
is a field F D R such that for all x € F there exist a,s € R, s # 0 such that
r=as "
Proposition 3.2.4. Let B be an integral domain, which is a finitely generated
algebra over a subring A. Suppose that B is algebraic over A, i.e., for every
element b € B there is an f € Alx] such that f(b) = 0. Then there exists an
0#a € A such that Bla™'] C Q(B) is integral over Ala™'].

Proof. Since B is a finitely generated algebra over A, there exist by, bs, ..., by € B
such that B = A[by, b, ..., bg]. By assumption, each b; is a root of

a2 +aPz T e Alr], Asal) #£0 for j=1,2,... k.
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Let a % aél)a(()2) . -aék). Then for all j = 1,2,...,k, the b; is the root of a monic

polynomial in A[a"'][z], i.e., b; is integral over A[a"']. Then, by induction and
Corollary 3.1.6, Bla™] = A[a™| [b1, bs, . .., b] is integral over A[a™1]. o

Proposition 3.2.5. If a field F' is finitely generated as an algebra over a subfield
K, then F is a finite extension of K, i.e., dimg(F') < oc.
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