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1. Introduction

One of the most interesting and important problems in topology is the exten-
sion problem: Two topological spaces X and Y are given, together with a closed
4 < X, and we would like to know whether every continuous function g:4 — Y
can be extended to a continuous function f from X (or at least from some open
U D 4) into Y. Sometimes there are additional requirements on f, which fre-
quently (as in the theory of fibre bundles) take the following form: For every
z in X, f(x) must be an element of a pre-assigned subset of ¥. This new problem,
which we call the selection problem, is clearly more general than the extension
problem, and presents a challenge even when A4 is the null set or a 1-point set
(where the extension problem is trivial). So far, only isolated and special cases
of the selection problem have been considered and, with the possible exception of
Tong [33] [34], Katétov [19] [20], and C. H. Dowker [8], no attempt has been
made to obtain results under minimal hypotheses. This paper and the following
ones make such an attempt, and yield the following overall conclusion: Most of the
familiar extension theorems, such as Urysohn’s characterization of normality
[35], Kuratowski’s extension theorems for finite dimensional spaces [24; Theorem
1 and Theorem 1’] and the homotopy extension theorem [17; Theorem VI, 5]
can be slightly altered (and essentially generalized) to obtain analogous selection
theorems. To show how this can be done, and how the resulting theorems can be
applied, is the purpose of this sequence of papers.

Let us now introduce some notation. Throughout these papers, X and Y will
denote topological spaces, and 27 will denote the family of non-empty subsets
of Y. Subfamilies of 2" will be denoted by script letters such as $ and F(Y). A
function from a subset of X to ¥ will be denoted by a lower-case Roman letter
such as f, g, or h, while a function from a subset of X to 2", which we call a carrier,
will be denoted by a lower case Greek letter such as ¢, ¢, or 8. We freely use all
conventional notation, such as ¢:X — 27 to denote a function ¢ from X to 27,
¢ | A to denote the restriction of ¢ to 4, A to denote the null-set, and R to denote
the real line.

After these preliminaries, we now turn to the central concept of these papers.
If $: X — 27, then a selection for ¢ is a continuous f: X — ¥ such that

f(z) e ¢(x)

! Most of the results in this paper were obtained while the author was an A. E. C. Fellow.
Some of these results were presented to the American Mathematical Society in December
1952, .
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362 ERNEST MICHAEL

for every x ¢ X. The following examples show how some familiar topological prob-
lems can be rephrased in terms of selections.

Exampie 1.1. Let u:¥Y — X be onto. Define ¢:X — 27 by ¢(z) = u '(z).
Then f: X — Y is a selection for ¢ if and only if f is continuous and f(z) € u™"(z)
for every z in X. .

ExampLe 1.2. Let ¥ = Ru{+ o} u{— =}, and let g:X — Ru{— o} and
h:X — Ru{+ =} be such that g(z) < h(z) for every z in X. Define ¢:X — 27
by ¢(x) = {yeR|g(x) = y = h(x)}. Then f:X — Y is a selection for ¢ if and
only if f is continuous and g(z) < f(z) < h(z) for every x e X.

ExampLE 1.3. Let ¢: X — 2% let A < X, and let g:4 — Y be a selection for
Y| A. Define¢: X — 2" by ¢(x) = {g(x)} ifz e 4, and ¢(z) = ¢(x) if z e X — A.
Then f: X — Y is a selection for ¢ if and only if f is a selection for ¢ which ex-
tends g.

The selection problem of the first paragraph can now be rephrased as follows:

(P) Under what conditionson X, A C X, Y, and¢:X — 27, can every selection
for ¢ | A be extended to a selection for ¢, or at least for ¢ | U for some open U D A?

The first step in answering this question is provided by the following ele-
mentary but important necessary condition, which is proved in Section 2.

ProPOSITION 2.2. If the carrier ¢: X — 27 has the property that, for every x, ¢ X,
there exists a selection for ¢ | U (U a neighborhood of x) which has a preassigned
value Yo e p(xo) al xo, then ¢ is lower semi-continuous.

The following are the easily verified conditions under which the carriers ¢ in
Examples 1.1-1.3 are lower semi-continuous.

ExampLE 1.1*. ¢ is lower semi-continuous if and only if u is open.’

ExampLE 1.2*. ¢ is lower semi-continuous if and only if g is upper semi-con-
tinuous® and A is lower semi-continuous.*

ExampLE 1.3*. If ¥ is lower semi-continuous, A closed in X, and g continuous,
then ¢ is lower semi-continuous.

In view of Proposition 2.2, we shall henceforth restrict our attention to lower
semi-continuous carriers. But this is the only “continuity” restriction which
will ever be put on a carrier ¢ in our first two papers, and therefore all that need
henceforth concern us are the domain and range of ¢, and the set A < X. In
other words, our problem becomes

(Q) When do X, closed A < X, and 8 C 27 satisfy either of the following two
conditrons:

(Qu) If ¢:X — 8 is lower semi-continuous, then every selection for ¢ | A can be
extended to a selection for ¢.
Qo) If ¢:X — 8 is lower semi-continuous, then every selection for ¢ | A can be
extended to a selection for ¢ | U for some open U D A.
Now an obvious necessary condition for (Q) (resp. (Q.)) to be satisfied is

2 A carrier ¢:X — 2Y is lower semi-continuous if, whenever ¥V C Y is open in
Y,{zxeX|¢ox)nV = A} is open in X. For more details, see Section 2.

3 This means that « (V) is open in X for every open V C Y.

' As a real-valued function in the ordinary sense.
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that every element S of 8 be properly behaved;i.e., that every continuousg: 4 — S
can be extended to a continuous f:X — § (resp. f:U — 8 for some open
U D A). Unfortunately, this condition is not sufficient, as is shown by Example
6.1, where every S ¢ 8 is homeomorphic to a closed interval, but (Qz) (and a
fortior: (Q1)) does not hold. To obtain a sufficient condition, we therefore not
only need well behaved elements of 8, but must guarantee that these elements are
properly ‘“hooked together”. In the present paper, this is accomplished by taking
8 to be various collections of convex subsets of Banach spaces. This leads us to
some new characterizations of such properties of X as paracompactness,” nor-
mality, etc., thus possibly shedding some new light on the interrelation between
these properties.

By taking the elements of $ to be convex sets, we are naturally led to an-
swering problem (Q); problem (Q:) will play no role in the present paper. For-
tunately, (Q:) can be simplified by means of the following easy but powerful
result which, unfortunately, seems to have no analogue for problem (Q).

ProposITION 1.4. If § C 27 contains all one-point subsets of elements of 8, then
the following two properties of $ are equivalent.

(a) Every lower semi-continuous ¢:X — 8 admits a selection.

(b) (Q1) holds for every closed A C X.

Proor. That (b) — (a) is obvious. To show that (a) — (b), let y: X — 8 be
lower semi-continuous, let A C X be closed, and let ¢ be a selection for ¢ | 4;
we must extend ¢ to a selection for . Now let ¢: X — $ be defined as in Example
1.3. Then ¢ is lower semi-continuous by Example 1.3* hence admits a selection
by assumption (a), and this selection has the required properties by Example 1.3.

Proposition 1.4 reduces problem (Q;), which deals with extending a selection,
to the simpler problem of merely finding one, and all the theorems of this paper
will therefore be stated in terms of the latter problem. For the proper under-
standing of these theorems, the reader should keep in mind the following im-
mediate consequence of Proposition 1.4, where Y is called an extension space
with respect to X if, for every closed A C X, every continuous g:4 — Y can be
extended to a continuous f: X — V.

CoroLLARY 1.5. If 8 C 27 contains every one-point subset of Y and also Y itself,
then (a) tmplies (b) below:

(a) Every lower semi-continuous ¢:X — 8 admits a selection.

(b) Y is an extension space with respect to X.

So much for preliminary considerations. Now for a look at the principal
theorems of this paper. All of these theorems will be selection analogues of the
following celebrated extension theorem of P. Urysohn [35], and its recent modi-
fications in which R is replaced by a Banach space.

TueoreM (Urysohn). The following properties of a Ti-space X are equivalent:

(a) X s normal.

(b) The real line R 1s an extension space with respect to X.

5 This term is defined in the appendix (Section 9).
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All our selection theorems, together with the known extension theorems they
analogize, will be systematically exhibited in Section 3. Among these selection
theorems, the following, while typical, seems especially interesting. (It is also
one of the easiest to prove.)

TuEOREM 3.2”°. The following properties of a Ti-space X are equivalent:

(a) X s paracompact.’

(b) If Y ¢s a Banach space, then every lower semi-continuous carrier for X to
the family of non-empty, closed, convex subsets of Y admits a selection.

This result seems interesting from several points of view. In the first place,
it fits naturally into the general scheme of extension and selection theorems which
will be developed in Section 3, and thus highlights the relation of paracompact-
ness to other separation properties. In the second place, it is the first characteriza-
tion of paracompactness which deals with continuous functions rather than
coverings. Since functions are usually easier to handle than coverings, thisfeature
can be quite helpful in certain proofs; examples of this can be found in [25,
Proposition 2.4], and in Section 8 of this paper, where we give a new proof (along
the lines of Morita [30]) that every J. H. C. Whitehead C'W-complex [36] is
paracompact. Finally, and most important, the theorem yields the simple fact
that every paracompact space, and hence every metric space, has property (b)
of Theorem 3.2”." We apply this fact in Section 7, which is mostly devoted to
simplifying and strengthening a result of R. Bartle and .. M. Graves [3; Theorem
4]. The following special case of this result, which is particularly interesting
and easy to prove, illustrates this kind of application of Theorem 3.2”.

CoroLrLAry (Bartle-Graves). If Y and X are Banach spaces, and if u is a con-
tinuous linear transformation from Y onto X, then there exists a continuousf: X — Y
such that f(z) e w () for every x eX.

To see that this corollary follows from Theorem 3.2”, notice that we are looking
for a selection f for the carrier ¢: X — 2" defined by ¢(z) = u '(z). Since u is
open by the open mapping theorem of Banach [2], ¢ is L.s.c. by Example 1.1*%.
Since X is metric (and hence paracompact), and since ¢(x) e F(Y) for every x in
X, the existence of a selection f for ¢ is now guaranteed by Theorem 3.2”.

As the proof will show, Theorem 3.2” remains true if “Banach space” is re-
placed by “space of type (F)” in the sense of [6]. This, however, is the only way
known to the author in which part (b) of Theorem 3.2” can be strengthened
and still leave a true theorem. In particular, “Banach space” cannot be replaced
by “normed linear space”. In the first place, this would make (b) false even if
X is the closed unit interval (cf. Example 6.2), and furthermore, since an in-
complete normed linear space is not topologically complete [22; Theorem 2.7],

6 This theorem, and a slightly weaker form of Theorem 3.1/, were first stated inthe author’s
Abstract (Bull. Amer. Math. Soc., vol. 59 (1953), p. 180). After reading this abstract, T.
Kandb6 [18] obtained two related results (one of which is our Theorem 3.1” (a) < (¢)), and
also gave his own proofs (similar to ours) of the theorems in the abstract.

7 Using Proposition 2.6, we may even conclude that if X is paracompact, ¥ a Banach
space, and ¢: X — 2% L.s.c., then there exists a continuous f: X — Y such that f(z) is in the
closed, convex hull of ¢(x) for every z in X.
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it cannot even be an extension space with respect to every paracompact space
[15] [25; Theorem 3.1 (b)]. It follows that, even if X is the closed unit interval,
we cannot simply drop the requirement that the sets ¢(z) all be closed, for if we
could, “Banach space’” could clearly be replaced by ‘“normed linear space”.
However, this requirement that the sets ¢(x) be closed can in some cases at least
be weakened ; precisely how and when will be seen in the text (Theorem 3.1"").

A word should be said about the relationship between Theorem 3.2” above,
and the well known extension theorem of Dugundji [10; Theorem 4.1] which
asserts that if X is metric, and ¥ a locally convex topological linear space, then
Y is an extension space with respect to X. (This theorem does not fit into our
general scheme of extension and selection theorems, since it does not characterize
anything.) It seems to the author that the significant feature of Dugundji’s
theorem is not that it is an extension theorem, but that Dugundji obtains a
formula which enables him to extend all continuous functions from the same
closed subset simultaneously in a linear fashion. No approximations are used in
the proof; the extensions drop fully-grown out of the formula. The situation is
quite different in the proof of Theorem 3.2” and the other selection and exten-
sion theorems of Section 3; every function that is produced must be constructed
“by hand”, using a tailor-made approximation method. It is this feature which
explains why we must require ¥ to be metrizable and complete, while Dugundji
does not need these assumptions.

Section 2 is devoted to some general lemmas about lower semicontinuous
carriers. The characterization theorems are stated in Section 3; Theorem 3.2” is
proved in Section 4, and the others in Section 5. Section 6 contains three counter-
examples, and Sections 7 and 8 are devoted to applications.

2. Lower semi-continuous carriers

According to the definition in Section 1, a carrier ¢: X — 27 is lower semi-
continuous, or Ls.c. for short, if {z e X |¢(z) n V # A} is open in X for every
open V C Y. The following proposition, whose verification is left to the reader,
provides two alternative definitions for lower semi-continuity.

ProposiTioN 2.1. If ¢: X — 27, then the following are equivalent:

(a) ¢ is Ls.c.

(b) ¢ is continuous with respect to the (non-Ty) topology on 2" which is generated
by the open collections VO = {A e2" |AnV = A}, with V an open subset of Y.

(¢) If ze X, y ep(x), and V is a neighborhood of y in Y, then there exists a
neighborhood U of x in X such that for every x’ € U, there exists a y’ ep(x’) n V.

Perhaps this is the time to point out that there exists an analogous concept
of upper semi-continuity, for which Proposition 2.1, with the obvious modifi-
cations, also holds: A carrier ¢: X — 27 is upper semi-continuous if

{zeX |dx) C V}

is open in X for every open V C Y. This concept has many interesting applica-
tions, but plays no role in selection theory.
The next proposition was already stated, without proof, in the introduction.
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ProposITioN 2.2. If ¢: X — 27 4s such that, for every xo e X and yq € $(xo), there
exists a selection f for ¢ | U (U some neighborhood of x,) such that f(ze) = o,
then ¢ 1s l.s.c.

Proor Let V C Y be open; we must show that @ = {z ¢ X [¢(x) n V # A}
is open in X. For each 9 ¢ G, pick a yy € p(x0) n V; then, by assumption, there
exists a selection fy for ¢ | Uy, for some neighborhood U, of xg, such that
foxo) = yo. Now if Us = Upn {x e X | fo(z) e V}, then Uy is a neighborhood of
zo which is contained in G. Hence @ is open.

From time to time, we shall need some simple properties of ls.c. carriers,
some of which will be summarized in the following propositions.

ProposiTioN 2.3. If¢: X — 2V isLs.c., and ify: X — 2 is such that ¥(z) = ¢(x)
for every x € X, then ¢ is l.s.c.

Proor. This follows from the definitions, and the obvious fact that, if U is
openin Yand BC Y, then Bn U # Aifand only if Bn U = A.

ProrostTION 2.4. Let ¢: X — 27 be ls.c., let U C Y be open, and suppose that
é(z) n U #= A for all z € X. Then the carrier 0:X — 27 defined by 6(z) = ¢(z) n U,
is l.s.c.

Proov. This follows immediately from the definitions.

ProposiTioN 2.5. Let V be an open entourage for some uniform structure on Y.
Suppose that ¢:X — 2% and ¢: X — 27 are Ls.c. Let 6(z) = ¢(z) n V(¥(z)), and
suppose that 8(x) is never empty. Then 6:X — 2" is Ls.c.

Proor. Define x:X — 2" %7 by x(z) = ¢(z) X #(z); then x is clearly Ls.c.
To show that 6 is l.s.c., we must prove that {z ¢ X | 6(x) n U # A} is open for
every open U C Y. But

{zeX|0x)nU # A} = {zeX|x(@) n[V (Y XU = A},

and this latter set is open because x is l.s.c. This completes the proof.
ProposITioN 2.6. If Y is a topological linear space, and if ¢:X — 27 is Ls.c.,
then the carrier y:X — 27, defined by y(x) = convex hull of ¢(z), is also Ls.c.
Proor. This follows immediately from the definitions, using Proposition
2.1 (e).

3. Statement of the extension and selection theorems

In this section, we state all the selection theorems of this paper, as well as the
known extension theorems to which they are related. First the extension
theorems.

TreoreM 3.1 (Urysohn [35], Dugundji [10], Hanner [14]). The following proper-
ties of a Th-space X are equivalent:

(a) X s normal.

(b) The real line R is an extension space with respect to X.

(c) Every separable Banach space is an extension space with respect to X.

TarorEM 3.2 (C. H. Dowker [9]). The following properties of a Ti-space X are
equivalent:

(a) X is collectionwise normal.’




CONTINUOUS SELECTIONS 367

(b) Every Banach space is an extension space with respect to X.

We are now ready for our selection theorems, all of which should be read with
Corollary 1.5 in mind. We shall consider the following families of sets, where ¥
is a Banach space.

®x(Y) = {Se2"|Sis convex},
F(Y) {Se %(Y)|Sis closed},
e(Y) {SeF(Y)| Sis compact, or S = Y},

In addition to the above, we need (in Theorem 3.1""’) a subfamily D(Y) of x(Y),
whose definition is somewhat complicated, and will therefore be postponed until
the proof of Theorem 3.1’””. At this point, let us merely state that D(Y) contains
all elements of %(Y) which are either finite-dimensional, or closed, or have an
interior point. We therefore have the following inclusions, where R is the real
line.

e(Y) cs(Y)c DY) cx(Y) c2¥
X(R) = D(R).

‘Our first two selection theorems show how statements (b) and (¢) in the above
extension theorems can be strengthened to statements about selections.

TureoreM 3.1".° The following properties of Ti-space are equivalent:

(a) X is normal.

(b) Every ls.c. carrier :X — C(R) admits a selection.

(¢) If Y 4s a separable Banach space, then every ls.c. carrier ¢:X — C(Y)
admits a selection.

TueoreM 3.2". The following properties of a Ti-space are equivalent:

(a) X s collectionwise normal.

(b) If Y is a Banach space, then every l.s.c. carrier ¢:X — C(Y) admils a
selection.

Our next two theorems show that G(Y) can be replaced by F(Y) in parts (b)
and (c¢) of the above theorems, provided that one simultaneously strengthens
part (a).

TuaeoreM 3.1”7. The following properties of a Ti-space are equivalent:

(a) X is normal and countably paracompact.’

(b) Every l.s.c. carrier ¢: X — F(R) admits a selection.

(¢) If Y is a separable Banach space, then every ls.c. carrier ¢:X — F(Y)
admats a selection.

TueoreM 3.2”. The following properties of a Ti-space are equivalent:

(a) X s paracompact.’

(b) If Y is a Banach space, then every l.s.c. carrier ¢:X — F(Y) admits a
selection. '

8 The equivalence of (a) and (b) is a slight generalization of a theorem of H. Tong [33],
[34] (see also M. Katétov [19], [20]).
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Our last theorem shows how Theorem 3.1” can be altered to replace F(R) by
K(R)(= D(R)), and F(Y) by D(Y).

Tueorem 3.1, The following properties of a Ti-space X are equivalent:

(a) X is perfectly normal.’

(b) Every ls.c. carrier $:X — X(R) admits a selection.

(¢) If Y s a separable Banach space, then every ls.c. carrier $:X — X (Y)
admits a selection.

It would be nice if D(Y") could be replaced by &(Y) in (¢) above, but Example
6.3 shows that this is impossible, even if X is the unit interval. As for a similar
analogue to Theorem 3.2”, the author has been unable to find a really satis-
factory one; some partial results do exist, but we shall not bore the reader by
stating them.

4. Proof of Theorem 3.2”

(A) We begin by proving that 3.2” (a) — (b).

Lemma 4.1. If X s paracompact, Y a normed linear space,” ¢:X — x(Y) a
Ls.c. carrier, and if V is a convex neighborhood of the origin of Y, then there exists
a continuous f: X — Y such that f(x) e @ (x) + V) for every z in X.

Proor. For every y e YV, let U, = {x e X |y e () + V)}. Since also

U, ={zeX|¢@)ny — V) = A},

it follows from the definition of lower semi-continuity that every U, is open in
X. Let 4 = {U,},r ; then U is an open covering of X. Since X is paracompact,
L has a locally finite refinement, and hence (see, for instance, [26; Proposition 2])
there exists a locally finite partition of unity P on X which is subordinated to .
This means that P is a collection of continuous functions from X to non-nega-
tive reals, such that every z ¢ X has a neighborhood on which all but finitely
many elements of P vanish, ), p(z) = 1 for every z in X, and every p e P
vanishes outside some U ¢ U. Now for each p ¢ P, pick a y(p) in Y such that p
vanishes outside U, ). We can now set f(z) = 2 pr p(2)y(p), and it is trivial to
check that f satisfies all our requirements. This completes the proof of the lemma.

To prove that 3.2” (a) — (b), let ¢: X — F(Y) be Ls.c., and let us find a se-
lection for ¢. Let {V;}5.: be a base for the neighborhoods of the origin in ¥
consisting of symmetric, convex sets, such that V. C (2)°V; for all 7. We will
construct a sequence {f;}n—1 of continuous functions from X into Y such that,
for every z in X,

(a) fi@) e (fia(z) + 2Vi0) (¢=23,---),
(b) fi@) e (@(x) + V) (¢t=1,2,---).

This will be sufficient, because then (by (a)) {f:}n-1 is uniformly Cauchy, and
therefore converges uniformly to a continuous f:X — Y, and it then follows
from (b) that f(z) e ¢(x) for every x in X.

We construct {f:}7=: by induction. The existence of an f;, satisfying (b) for
¢ = 1, is guaranteed by Lemma 4.1. Suppose that we have fi, - - fi satisfying

9 This lemma and its proof are actually valid for any topological linear space Y.
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(a) and (b) for ¢ = 1, ---, k. We must find a continuous fz;: X — ¥ which
satisfies (a) and (b) for 7 = k 4 1. Now define ¢r 1(x) = o(x) n (fu(z) + Vi);
then ¢r41(z) is never empty, by the induction hypothesis, and ¢x41 is Ls.c. by
Proposition 2.5. By Lemma 4.1 there now exists a continuous fi1: X — FE such
that f 11(z) € (¢r1(x) + Vipa) for every z in X. But then

Jea(@) e (fe(@) + Vi + Vin) C (fulz) + 2V5),

which is (a), and fr41(z) € (p(x) + Viya), which is (b).

(B) We shall now prove that 3.2” (b) — (a). We assume that X is a Ti-space
satisfying 3.3” (b), and we will show that X is paracompact. To show that, it is
sufficient, by [26, Proposition 2], to show that every open covering U of X has
a partition of unity P subordinated to it; this means that there exists a collection
P of continuous functions from X to the non-negative reals such that

per P(@) = 1 for every x in X, and every p in P vanishes outside some U in
al. So let U be an open covering of X. Let ¥ = 4(u),” and let

C={yeY|y(U)=0forall U exu; > y(U) = 1 for summation overall U e u};
clearly C is a closed, convex subset of Y. Now, for zeX, let
@) =CnfyeY |y(U) =0 forall U eUsuchthatz ¢ U}.

Clearly ¢(x) e F(Y) for every z ¢ X. We will now show that ¢ is Ls.c. and we
will then apply 3.3” (b) to prove our result.

Let us first of all show that, for every y e C and & > 0, there exists a ¥’ ¢ C
such that |ly — ¥ < & and ¥ (U) > 0 for only finitely many
Ueu (say Uy, ---, Uy,) such that y(U;) > 0fors = 1--- n. To find such a
y’, we need only pick Uy, ---, U, eUW such that y(U;) > 0 for all ¢ and
y(U) + -+ 4+ y(U,) = 6§ > 1 — &/2, and then define ¥’ ¢ C by y’(U) = 0 for
Ue¢{Us, -, U, y(U) = yU) + A1 — 9), and y'(U:) = y(Uy) for
1=2,---n;clearly ||y — ¥ || £ 2(1 — 8) < ¢, and therefore y’ satisfies all our
requirements.

Next we will show that ¢ is l.s.c. By Proposition 2.1, this is equivalent to show-
ing that if ze X, ye¢(z), and £ > 0, then there exists a neighborhood U of
z in X such that, for every 2’ ¢ U, there exists a ' e ¢(2’) with ||y — ¥’ || < e.

Suppose, therefore, that ¥ e ¢(x) and £ > 0 are given, and let y’ and Uy, - -+, U,
be as in the previous paragraph. Let U = U, n --- n U, . Since y(U;) > 0 for
i =1, -+, n, it follows from the definition of ¢ that z ¢ U; forz = 1, --- | n,

and hence U is indeed a neighborhood of z. It also follows from the definition of
¢ that 3y’ € ¢(z’) for every z’ ¢ U, and therefore U satisfies all our requirements.

By assumption 3.2” (b), there now exists a selection f for ¢. For each U e U,
define fy:X — R by fu(@) = [f(x)](U). It now follows immediately from the
definitions that {fy | U e U} is a partition of unity on X, and this partition is
subordinated to U, since fy vanishes outside U for every U e U. This completes
the proof of the theorem.

10 For any set LS, (S) is the Banach space defined by
L(S) = {y:8 = R | Zeas [ y(@) | < w0}, with || y || = Zues | y(@)].
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6. Proof of the remaining theorems of Section 3

Observe first of all that Theorems 3.1 and 3.2 are known extension theorems,
and that Theorem 3.2” was proved in Section 4. To prove the remaining theorems,
it is clearly sufficient to prove the implications in the following table:

3.1 (a) — (c), 3.2’ (a) — (b),
3.1” (b) — (a) — (c),
3.1’ (b) — (a) = (c).

In addition, we shall also prove 3.1”" (a) — (b), since this is so much easier to
prove than the stronger implication 3.1’”" (a) — (c¢). The proofs are independent,
except that the proof of 3.1’ (a) — (c) should be read after that of 3.2’ (a) — (b).

Proor or 3.1”7 (b) — (a). Let us assume that X satisfies 3.1” (b). Since X is
then obviously normal (by Theorem 3.1), it only remains to show that X is
countably paracompact. The idea of our proof is taken from the proof of [8;
Theorem 4, 3 — af.

By [8; Theorem 2], it suffices to show that, if {4,}%= is a decreasing sequence
of closed subsets of X with empty intersection, then there exists a sequence
{U,} %=1 of open subsets of X with empty intersection such that 4, < U, for
all n. So let {A,}n-1 be given, and define g: X — R by

g(x) = min {n |z e X — 4.}.
Then
A, = {z eX | g(x) > n}.

Now clearly ¢ is upper semi-continuous, and hence the carrier ¢: X — F(R),
defined by

() = {yeR|g(x) < y},

is Ls.c. by Example 1.2* By assumption, there now exists a selection f for ¢;
that is, f: X — R is continuous, and

fx) =z g(x) zeX.
If we now define U, C X by
U, = {zeX]|flx) > n},

then {U,} 7= satisfies all our requirements.

Proor of 3.1’ (b) — (a). Let us assume that X satisfies 3.1’ (b). Again it is
clear that X is normal, and hence it remains to show that every closed 4 < X
isa G; . Now if we define ¢: X — (R) by ¢(z) = [0, 1]if z € 4, and ¢(x) = (0, 1]
if ze X — 4, then ¢ is Ls.c. by Proposition 2.3. Also, the function g:4 — R,
defined by g(z) = 0, is a selection for ¢ | A. By assumption, g can be extended
to a selection f for ¢. But then f'(0) = A4, which implies that 4 is a G5 in X.

Proor of 3.17 (a) — (c¢). The proof of 3.2” (a) — (b) in Section 4 goes through
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almost unchanged. In fact, it is sufficient to prove Lemma 4.1 under the changed
assumptions that X is normal and countably paracompact, and that ¥ has a
countable dense subset {7;}7=1 . In the proof of Lemma 4.1, we now take U to be
{Uy;}7=1 ; since this is a countable covering of the countably paracompact space
X, it has a locally finite refinement, and the remainder of the proof goes
through as before.

Proor or 3.2’ (a) — (b). The proof is similar to the proof of 3.2” (a) — (b)
in Section 4. In fact, it is sufficient to prove Lemma 4.1 under the changed
assumptions that X is collectionwise normal, and that ¢(x) is either totally
bounded or is equal to Y.

We begin by considering the sets ¥y — V just as in the proof of Lemma 4.1.
Next, however, we observe that {y — V}, is an open covering of the metric
space Y, and hence has a locally finite refinement W. For each W ¢ W let

Uw = {z eX |o(x) n W # A},

and let 4 = {Uw | W e W}. The proof now proceeds just as the proof Lemma
4.1, provided that we can show that U has a locally finite refinement. That is
what we shall now do.

Pick a fixed WoeW, and let A = X — Uw,. Then A4 is closed in X, and if
z ¢ A, then ¢(z) is totally bounded. Since W is locally finite, this implies that
{A nUw| WeW}is a point-finite covering of the collectionwise normal space A.
By [27; Theorem 2], we can therefore find a locally finite refinement {R,} of
{AnUw| W eWew}. Byaresult of C. H. Dowker [9], there exists a locally finite
open covering {S,} of X such that S, n 4 = R, for all «. Now for each «, pick
a W, eW such that R, € Uw,, and let T, = S, n Uw, . If we now let 9 be
the open covering of X whose elements are all the T, and the set Uw,, then
<M is clearly a locally finite refinement of U. This completes the proof.

Proor orF 3.1’ (a) — (c). This proof is almost identical with the above proof
of 3.2’ (a) — (b). Because of the separability of ¥, we can now take all our
coverings to be countable. Since the results about arbitrary (open!) coverings
of collectionwise normal spaces which were used in the above proof ([27] and
[9]) remain valid for countable coverings of mormal spaces ([29; Corollary to
Theorem 5] and [15; Lemma 7.2] respectively), the proof goes through just as
above.

Proor or 3.1"" (a) — (b). Let ¢: X — K(R) be l.s.c., and let us find a selection
for ¢. For every z ¢ X, let g(z) = g.lb. ¢(2), h(z) = lLub. ¢(z). It is clearly
sufficient to find a continuous f: X — R such that g(z) = f(z) = h(z) for every
z € X, and such that g(z) < f(z) < h(z) whenever g(z) < h(x).

Now by Proposition 2.3 and Example 1.2% g is upper semi-continuous' and
h is lower semi-continuous.’ Since every perfectly normal space is countably
paracompact [8; Corollary on p. 21], it follows from Theorem 3.1’ (a) — (b)
(and Example 1.2*) that there exists a continuous k:X — R such that
g(x) = k(z) £ h(z) for every z e X. Now let 4 = {z ¢ X | g(z) = h(z)}; then
A is certainly closed. Since every subset of X is perfectly normal and hence
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countably paracompact, we can find [8; Theorem 4] a continuous u: (X — 4) =R
such that g(z) < u(z) < h(z) for every z ¢ X — A. Finally, since X is perfectly
normal, we can find a continuous p:X — [0, 1] such that p™(0) = 4. Now
define the function v: X — R by

v(iz) =0 fxed

p(z) .

v(z) = T Tk = k@ | (ulz) — k(z)) ifxe X — A.

It is easy to check that v is continuous. If we now finally define f:X — R by

f(x) = k(z) + v(z), then f satisfies all our requirements. This completes the proof.

Before we can finally prove that 3.1””" (a) — (c¢), we must, of course, define

the class D(Y"). This is done as follows: If K is a closed convex subset of a normed

linear space, then a supporting set of K is a closed, convex subset S of K, S # K,

such that if an interior point of a segment in K is in S, then the whole segment is

in S. The set of all elements of K which are not in any supporting set of K will be

denoted by I(K) (suggesting “Inside of K”’). We now define the family D(Y)
for any normed linear space as follows:

DY) = {Bex(Y)|B D I(B)}.

Let us quickly check that, as asserted in Section 3, every element K of % (Y)
which is either closed, or has an interior point, or is finite dimensional, belongs
to D(Y). If K is closed, this is obvious. If K has aninterior point, and if y ¢« K — K,
then the Hahn-Banach theorem guarantees the existence of a closed hyperplane
H c Y which supports K at y but does not contain K; clearly H n K is a sup-
porting set of K, and hence y ¢ I(K). Finally, if K is finite dimensional, then K
has an interior point with respect to the smallest linear variety V containing
K; hence K eD(V) < D(Y).

To prepare for the proof of 3.1” (a) — (c¢), we need the following two lemmas,
the first of which slightly generalizes a result of Klee [21; Theorem 11.1] [23;
2.1)].

Lemma 5.1. If K is a non-empty, closed, convex, separable subset of a Banach
space Y, then I(K) is not empty. In fact, if {y:}7=1 is a dense subset of K, and if

(yi —y)
max(1, [| y: — m

2=+ 0 ) forall i,
2= E?=1 (%)lzi,

then z e [(K).

Proor. Suppose z ¢ [(K). Then there exists a supporting set S € K such that
z ¢ S. Now for every 1, z is either an interior point of a segment in K one of whose
end points is z;, or else z = z;; in either case, we must have z; ¢ S. But, for
every i, 2; is either an interior point of the segment [y; , y.], or else z; = y,, so
in either case we must have y, € S. But {y,} - is dense in K, and since S is closed,
this finally implies S = K, which is impossible.

Lemma 5.2. If X 1s perfectly normal, Y a separable Banach space, and if ¢: X —
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F(Y) is Ls.c., then there exists a countable collection F of selections for ¢ such that,
for every x € X, {f(x)}ser 1s dense in ¢(z).

Proor. Let {y;}7=1 be a countable, dense subset of ¥, and let {V:}i- be a
symmetric, convex basis for the neighborhoods of the origin in ¥ such that
Vi1 € 3V, . For each j and k, let

Ui = {ze X |¢)n (y; — Vi) #= A};
then Uj is open in X, and hence
U = U Aijs
where each A4, ; is closed in X. Let
é(x) ifzxé¢dijn,
@) n (y; — Vi) fxedi .

Then the restriction of ¢; jr to A, jx is Ls.c. by Proposition 2.4 and 2.2, and
since A;, ;x is closed in X, it follows immediately from the definition that ¢;, ;& is
L.s.c. Since every perfectly normal space is countably paracompact [8; Theorem
4], it follows from Theorem 3.1” that there exists a selection f; ;. for each ¢;, ;.
Let F be the collection of all the f; ;x ; then F is a countable collection of selec-
tions for ¢, and it only remains to check that {f(z)} .r is dense in ¢(z) for every
zeX.

Let z € X, y ep(z), and let k be a positive integer; we must find an f e F such
that f(z) ey + Vi. Pick some yjey + Viya. Then z e Ujrie, and hence
x € Ay jrye for some 7. But then f; jpi2(®) ey; + Vige T y; + Vin C y +
Vise + Visa € y + Vi, which completes the proof.

Proor or 3.1 (a) — (¢). Let ¢: X — D(Y) be Ls.c., and let us find a selection
for ¢. Define y: X — F(¥) by ¢(2) = ¢(z); what we must find is a continuous
f:X — Y such that f(z) e I¢(z)) for every x e X. Now by Proposition 2.2, ¢ is
l.s.c., and hence, by Lemma 5.2, there exists a sequence {g.}i=1 of selections for
¥ such that {g:(x)}7: is dense in y(z) for every z ¢ X. Now let

gi(x) — qi(x)
max (1, || g:(x) — g(2) || )
flx) = 2270 (3) fu@).

By Lemma 5.1, f(x) e I@(x)) for every x ¢ X. Since the series defining f converges
uniformly in some neighborhood of every z ¢ X, it follows that f is also con-
tinuous, and thus has all the required properties.

®i,i6(@) = {

for all 7,

fix) = g(x) +

6. Three counter-examples

This section contains the counter-examples promised in the introduction.
Example 6.2 shows that, even if X is the closed unit interval, 3.2” (b) becomes
false if “Banach” is replaced by “normed linear”’, and Example 6.3 shows that
3.1’ (a) — (c) becomes false if “separable’ is omitted.
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ExampLE 6.1. Let X be the closed unit interval, and ¥ euclidean 2-space.
Then there exists a family 8 of closed subsets of ¥, all of whose elements are
homeomorphic to a closed interval, and an l.s.c. carrier ¢: X — 8, such that for
no neighborhood U of 0 ¢ X does ¢ | U have a selection.

Proor. Let Y consist of couples (!, s). Let Z C Y consist of the
graph of the functions s = sin 1/ (# # 0), together with the closed interval
{(0,s) eY | —1 < s <1}. Define¢:X —> 2" byd(x) = {(t,s) e Z |32 < ¢t < z},
and let 8 = {¢(x)}.ex . Clearly every element of $ is homeomorphic to the closed
unit interval, and ¢ is l.s.c. But for no neighborhood U of 0 in X can there exist
a selection for ¢ | U, for such a selection would make Z arcwise connected, which
it isn’t.

ExampLE 6.2. Let X be the closed unit interval. Then there exists a separable,
normed linear space Y, and a l.s.c. carrier ¢: X — $(Y) for which there is no
selection.

Proor. Let Z be the set of rationals in X, and suppose that Z is ordered as a
sequencez;, 22, -+ . Let ¥ = {y e li(Z) | y(z) # 0 for only finitely many z € AR
Let C = {y e Y| y(z) = 0for all z ¢ Z}. Finally, let

ifzeX — Z,
#(x)= )
ConfyeY|ylz.,) = 1/n if 2 = 2z,.

It is easy to check that ¢ is 1.s.c. Let us show that there is no selection for ¢.

Suppose f were a selection for ¢. Since f is continuous, each z, e¢ Z has a neigh-
borhood U, in X such that [f(z)](z.) > (1/2n) whenever z ¢ U, . By induction,
pick a sequence {n}i-1 of distinct integers such that z,,, € N, U,, for all k.
Then {U,,}r- is a sequence of closed subsets of X with the finite intersection
property, and hence there is an 2o € Ni~; U.,, . But then [f(20)](z.,) > O for all &,
which is impossible.

ExampLE 6.3. There exists a l.s.c. carrier ¢ from the closed unit interval X to
the non-empty, open, convex subsets of a Banach space ¥ for which there exists
no selection.

Proor. Let ¥ = L,(X)." Let ¢(z) = {y e V| y(x) > 0}. We will show that
¢ is 1.s.c. and that there exists no selection for ¢.

To show that ¢ is 1.s.c., pick an 29 ¢ X, and an ¢ > 0. According to Proposition
2.1, we must find a neighborhood U of z, such that, if z ¢ U, then there is a
y e¢p(x) such that ||y — yo| < e. Since yo(zo) > 0, and since yo(z) < —e/2
for only finitely many z ¢ X, there is a neighborhood U of z, such that yo(z)
= —¢/2 whenever z e U. Now if 2 € U, we can pick y e ¢(z) such that y(z) < £/2,
and y(z') = yo(2’) forz’ £ z. Then ||y — yo || = | y(@) — wolx) | < &

Suppose now that there existed a selection f for ¢. Since f is continuous every
z e¢X has a neighborhood U, such that [f(z)](z) > 0 whenever = e U,.
Since each U, contains a rational number, some rational number r must be in
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uncountably many U, . But then [f(r)]{(z) > 0 for uncountably many z, which
is impossible.

7. Applications of Theorem 3.2” (a) — (b)

In this section, we shall use Theorem 3.2” to obtain a refinement of a result
of R. Bartle and L. M. Graves [3; Theorem 4] dealing with linear transformations
between Banach spaces." In preparation for this, we begin by proving the follow-
ing refinement of Theorem 3.2” (a) — (b).

LemMma 7.1. Let X be a paracompact space, Y a Banach space, and ¢: X — F(Y)
a ls.c. carrier. Let m(z) = g.lb. {||y || |y ed(x)}, and suppose that p: X — R s
lower semi-continuous® with p(z) = 0 for all z, and p(x) > m(z) whenever m(z) > 0.
Then there exists a selection f for ¢ such that || f(z) | < p(x) for all z e X.

Proor. Let

s@)n{yeE|]ly] < pl)} if p(z) > 0,
Y(z) = )
{0} if p(z) = 0.

Using Proposition 2.4, it is easily checked that ¢ is l.s.c. Hence if we define
6:X —»3(Y) by 6(x) = ¢(z); then 6 is also l.s.c. by Proposition 2.3. By Theorem
3.2”, there now exists a selection f for 6, and f satisfies all our requirements.

Before considering the general situation encountered in the theorem of Bartle
and Graves, we shall first illustrate our results with an important special case,
namely with a refinement of the corollary to Theorem 3.2” in the introduction.

ProrosiTioN 7.2. Let E and F be real (resp. complex) Banach spaces, and let u
be a continuous linear transformation from E onto F. Then, for any N > 1, there
exists a continuous f:F — F such that, for every x e F,

(a) f(z) ew (z),
) [ f@) | =xglbflly |y eu (@)},
(c) flax) = af(z) for all real (resp. complex) scalars a.

Proor. Let X = {zeF || 2| = 1}. Define ¢:X — F(E) by ¢(z) = u™ ().
Since u is open by the open mapping theorem [2], it follows from Example 1.1*
that ¢ is Ls.c. Let m(z) = glb. {||y | |y eu'(z)} for every z ¢ X; then m is
known to be continuous. We can therefore apply Lemma 7.1, with p(z) = Mn(z),
to obtain a continuous g: X — FE satisfying (a) and (b) above for every z ¢ X.

Now define h:F — E by
1) h@) = |z | g/l ) if z > 0,
h(z) = 0 =0

Then h satisfies all our conditions, except that (¢) holds only for scalars & = 0.
To remedy this last deficiency, we proceed as follows: If the field of scalars is the

11 The suggestion that this might be possible was made to the author by R. Bartle and
L. M. Graves themselves.
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reals, we simply set
(2) fl@) = 3h(z) — 3h(— 2),

and f clearly satisfies all our conditions. If, on the other hand, the field of scalars
is the complexes, then, following a suggestion by R. Kadison, we set

3) f(@) = f Fh(vz) duly),

where C is the group of complex numbers of absolute value one, u is the ordinary
translation invariant measure on C (normalized such that u(C) = 1), and where
the integrand is, of course, Banach space valued."” To check that f is continuous,
we must check that if z, — x,, then ¥h(yx,) — ¥h(yz,) uniformly; this is true,
however, since {yz,|n = 0,1,2,---,|v| = 1} is compact, and since A is thus
uniformly continuous on this set. Since, by [11; Theorem 1.2.2], f(z) is in the
closed convex hull of the set {¥A(Az)}yec, f satisfies conditions (a) and (b). To
see, finally, that f satisfies (c), set @ = r\, with [ A | = 1 and » = 0, and notice
that

() = [ () duly)

r fc ¥ (\yz) duly)

™ f M vya) duly)

™f(z).

This completes the proof.

REMARK. Part (c) of Proposition 7.2 cannot be strengthened to assert that f is
linear, for the existence of such a linear f is equivalent to the existence of con-
tinuous, linear projection from E onto the null-space of %, and such a projection
need not exist [31].

We now prepare to generalize Proposition 7.2 by considering, as in [3], not one
but many linear transformations ». Until the end of the section, £ and F will
denote Banach spaces, and L (resp. L) will denote the set of continuous linear
transformations from E into (resp. onto) F'; we assume that Lo is not empty. The
norm and strong topologies are defined on L in the usual manner; the norm
topology is generated by the norm | u || = supy<: || u(y) ||, and the strong
topology is the topology of pointwise convergence on £ (= the coarsest topology
making all maps of the form u — u(y), with y ¢ E, continuous). The prefix “norm”
(resp. “strong”) before a term related to L will mean that L is, on that oc-
casion, assumed to carry the norm (resp. strong) topology.

12 Since we are integrating a continuous function on a compact set, all definitions of such
integrals coincide.
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We now define three important functions. We define w: Ly X F — F(E) by
6] w(u, 2) = u'(2),
we define m:Lo X F — R by

2 m(u, 2) = inf{l| y || |y ew(u, 2)} = inf{] y ||| uly) = 2}.
and we define ¢: Ly — R by
3) q(w) = sup{m(u,2) |||z ]| = 1}.

It follows from [2; p. 38, (1)] (the open mapping theorem) that ¢(u) < « for all
uelo. A subset A of Ly X F will be called ¢-bounded if {q(u) | (u, 2) e A} is
bounded.

In [13; Theorem 1], Graves proves a result which may be rephrased as follows:

4)if weLy,uel,a > 1, and [[u — u| < 1/agq(uo),

then u e Lo and q(u) < aq(ug)/a — 1.

Starting with (4), it is possible to prove the following refinement (which is
more precise than is necessary for our purposes) by the use of some tedious but
straightforward juggling whose details we omit:

B) If uelo, uel, a>1,
lu — w | < 1/aq(uo), and || 2 — 20| < 8, then u e Lo and

I 20 || + ab
o —

i q(uo).

| m(ug ,20) — m(u,2) | <

We are now ready for the fundamental lemma, which will permit us to apply
Theorem 3.2” to our present situation.

LeMMA 7.3. (a) w 28 norm-L.s.c., and m is norm-continuous.

(b) If A is a g-bounded subset of Lo X F, then w | A is strong-l.s.c.

Proor. The second part of (a) follows immediately from (5) above, and the
first part of (a) follows immediately from (b) and (4) above. It is therefore suffi-
cient to prove (b).

Suppose, therefore, that ¢(u) < M for (u, z) € A, and let us show that w | 4 is
strong-l.s.c. To do this, it is sufficient (by Proposition 2.1) to show that
if (ugo, 20) € A, Yo e w(to, 20), and & > 0, then there exists a neighborhood U of
(uo,2) in A such that, for every (u,z) ¢ U, there exists a yew(y, 2)
with || o — ¥ || < e. Pick a strong neighborhood U; of uo in L such that

I u(yo) — uoyo) || < e/2M

foreveryu e Uy,let Us = {2 e F ||| 2 — 20 || < ¢/2M},andlet U = A n(U; X Uy).
Suppose now that (u, ) ¢ U. Remembering that uo(yo) = 2, we have
luyo) —z| = [|u(ye) — 20| + || 20 — 2|| < &/M,and since g(u) < M, it follows
that there exists a y ¢ E with || yo — y || < cand u(yo — y) = u(yo) — 2, whence
u(y) = z. This completes the proof.



378 ERNEST MICHAEL

We are now ready for the main theorem of thissection, which generalizes Propo-
sition 7.2, and from which our strengthening of the Bartle and Graves theorem
will follow as an immediate corollary.

THEOREM 7.4. There exists, for any A > 1, a norm-continuous k:Ly X F — E
such that, for every (u, z) e Ly X F,

(a) k(u, 2) eu(2),

(b) ” k(u,2) || < am(u, 2),

(e) k(au, Bz) = (B/a)k(u, 2) for all scalars a and 8 with o = 0.

Proor. The existence of a continuous k:Ly X F — E satisfying only (a) and
(b) follows immediately from Lemmas 7.1 and 7.3. To satisfy (c) as well, we must
go through the same kind of skullduggery as was used in the proof of Proposi-
tion 7.2.

Let X = {(u,2)eLo X F|||u| =z] =1}, and let ¢ = w|X. Let L,
carry the norm topology. Now w is L.s.c. by Lemma 7.3 (a), and hence so is ¢.
Also m is continuous by Lemma 7.3 (a), and hence so is m | X. We can therefore
apply Lemma, 7.1 to obtain a continuous g: X — FE satisfying (a) and (b) of our
theorem.

Now define h:Ly X F — E by

h(w, 2) = [l ™ - Iz gCu/ll w ], 2/l 2 ])) if 2 % 0,
h(u, 2) = 0 if 2 = 0.

Then h satisfies all our conditions, except that (¢) holds only for scalars a, 8 > 0.
To remedy this last deficiency, we finally let

fx) = ih(u,2) — h(u, — 2)—h(—wu, 2) + h(u, 2)] for real scalars,

f(z)

f f FNh(yu, N2) duly) du(\) for complex scalars,
cYce

where C is the group of complex members of absolute value one, and u is the
ordinary translation invariant measure on C' (normalized such that u(C) = 1).
That f satisfies all our requirements is now clear in the real case, and is verified
just as in the proof of Proposition 7.2 in the complex case.

CoROLLARY 7.5. Let X be a topological space, h: X — Lo norm-continuous, and
g:X — F continuous. Then, for any X > 1, there exists a continuous f: X — E such
that

(a) f(z) € [h(@)] " (9(x)) for every z € X,

®) [ fx) || < Am(h(z), g(x)) for every x e X,

() If h(z1) = ah(xe) and g(x:1) = Bg(xe) for x1, x2 € X and «a, B scalars with
a # 0, then f(x:) = (B8/a)f(x2).

Proor. If k:Ly X F — E is as in Theorem 7.4, then we need only set f(z) =
k(h(z), g(z)), and it is trivial to verify that f satisfies all our conditions.

The Theorem of Bartle and Graves, as well as Theorem 7.4 and Corollary 7.5
above, dealt only with the case where L, carries the norm topology. Our final
theorem, which is analogous to Corollary 7.5, deals with the case where L, carries
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the (coarser!) strong topology. Notice that in this case Lo X F need not be para-
compact, and that m:L; X F — R need not be continuous.

Prorosition 7.6. Let X be a paracompact space, h: X — Lq strong-continuous,
g:X — F continuous, and suppose that supzex q(h(x)) < . Then there exists, for
any X > 1, a continuous f: X — FE such that, for every x ¢ X

(a) f(z) € ()] " (9(2)),

(®) || f@) || = X supazrex m(h(z'), g(z)).

Proor. Define 6:X — F(E) by 6(x) = [h@)] (¢g(z)). Then 6() =
w(h(z), g(x)), and hence 8 is l.s.c. by Lemma 7.3 (b) and Proposition 2.1. The
existence of the required f now follows from Lemma 7.1.

8. An application of the characterization of paracompactness in Theorem 3.2”

In this section, Theorem 3.2” will be used to show (Theorem 8.2) that, if a
topological space X has “sufficiently many’’ closed, paracompact subsets, then
X is paracompact. The paracompactness of every CW-complex [36], which was
first proved in full generality by H. Miyazaki [28], is an immediate corollary of
this result.”

DuriNtTiON 8.1. Let X be a topological space, and & a collection of closed
subsets of X. Then ® dominates X if, whenever A < X has a closed intersection
with every element of some subcollection ®; of & which covers A, then 4 is
closed.™

It follows immediately from Definition 8.1 that, if & dominates X, and if
®; C B, then

(a) U ®, is closed;

(b) If Y is any topological space, and if f: (U®,) — Y is a function such that
f| B is continuous for every B ¢ ®;, then f is continuous.

TueoreM 8.2. A fopological space X is paracompact if and only of it is dominated
by a collection of paracompact subsets.

Proor. The “only if”’ assertion is obvious, since one need only take 8 = {X}.
Let us therefore prove the “if”’ assertion. By Theorem 3.2”, it is sufficient to
show that if Y is a Banach space, and ¢: X — F(Y) is L.s.c., then ¢ admits a selec-
tion. So let ¥ and ¢ be given, and let us find f.

Consider the class € of all couples of the form (@, h), where € € ®, and & is
a selection for ¢ | Ue; we partially order € in the obvious manner. By part (b)
of the remark following definition 8.1, every simply ordered sub-class of € has
an obvious upper bound, and hence, by Zorn’s Lemma, € has a maximal element
(@o, ho). We need only show that € = ®&, for then we can simply take f = hq .

Suppose @y = ®&; then there exists a B ¢ B with B ¢ G . Denote B n (@) by
B’. Now h | B’ is a selection for ¢ | B’ and hence, by Theorem 3.2” and Proposi-

13 Theorem 8.2 and Corollary 8.3 have been obtained independently by K. Morita [30],
whose proof is quite different from ours. These results were obtained by the author at the
same time as Theorem 3.2”, in December, 1952, but were not published in the abstract which
announced Theorem 3.2” (see footnote 6).

14 In K. Morita’s [30] terminology, X has the weak (= fine!) topology with respect to ®.
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tion 1.4, it can be extended to a selection & for ¢ | B. If we nowlet €, = € u {B},
and define h:Ue; — ¥ by

h(x) = ho() z eUey,
h(z) = k(x) z eB,

then (@;, A1) is an element of € which is larger than (@y, hg). This contradicts
the maximality of (@y, ko), and thus the proof is complete.

Theorem 8.2 remains true if ‘“‘paracompact” is replaced by ‘“normal”’, or
“perfectly normal”, or “normal and countably paracompact”’. To see this, one
need only replace Theorem 3.2” in the proof by some other appropriate char-
acterization in Section 3. Similarly for dim (X) sn, using the functional char-
acterization [1] [7] [16].

Since a CW-complex [36] is dominated by the collection of its finite subcom-
plexes, each of which is metrizable, one immediately obtains

CoRrROLLARY 8.3. Every CW-complex vs paracompact and perfectly normal.

9. Appendix on the topological spaces encountered in this paper

A covering of a topological space X is, in this paper, a collection of open subsets
of X whose union is X. A refinement of a covering U is a covering U such that
every V €7 is a subset of some U € U. A covering U is poini-finite if every x ¢ X
is an element of only finitely many U e U, it is locally finite if every x ¢ X has a
neighborhood intersecting only finitely many U e U. A Hausdorff space X, every
covering of which has a locally finite refinement, is called paracompact [5; p. 36];
if every countable covering of X has a locally finite refinement (which can then
always be chosen to be countable), then X is called countably paracompact [8;
p. 219]. A Ti-space X is called collectionwise normal [4; p. 176] if, for every dis-
joint, locally finite collection {A.} of closed subsets of X, there exists a disjoint
collection {U.} of open subsets of X such that A, < U, for all «. Finally, a

compact Hausdorff metric
\ 2N
N\ (32]
N e N

paracompact perfectly normal

/ N /
(4 151 (81
s \ v

collectionwise normal and
normal countably paracompact

/
N

normal

Figure 1
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normal space is perfectly normal if every closed subset is a G;. Figure 1 shows the
implications between these concepts, together with appropriate references;
these are the only implications, except for the unsolved problem [8, 19] of whether
every normal or every collectionwise normal space is countably paracompact.
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