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ASNALBOF ~IATHEYATICS 
Vol. 63, No. 2 ,  March, 1956 

Printed in U . S . A .  

CONTINUOUS SELECTIONS. I 

(Received Ilecember 9, 1954) 
(lievi5ed Rltty 6, 1955) 

1. Introduction 

One of the most interesting and important problem5 in topology is the exten- 
sion problem: Two topological spaces X and Y are given, together with a closed 
A c X, and we mould like to know whether every continuous function g: A -+ Y 
can be extended to a continuous function f from X (or a t  least from some open 
li 2 A )  into Y. Sometimes there are additional requirements on f, which fre- 
quently (as in the theory of fibre bundles) take the following form: For every 
x in X,  f(x) must be an element of a pre-assigned subset of Y. This new problem, 
which we call the selection problem, is clearly more general than the extension 
problem, and presents a challenge even when A is the null set or a 1-point set 
(where the extension problem is trivial). So far, only isolated and special cases 
of the selection problem have been considered and, with the possible exception of 
Tong [33] [34], Kat6tov [19] [20], and C. H. Dowker [8], no attempt has been 
made to obtain results under minimal hypotheses. This paper and the following 
ones make such an attempt, and yield the following overall conclusion: Most of the 
familiar extension theorems, such as Urysohn's characterization of normality 
[35], Kuratowski's extension theorems for finite dimensional spaces [24; Theorem 
1 and Theorem 1'1 and the homotopy extension theorem [17; Theorem VI, 51 
can be slightly altered (and essentially generalized) to obtain analogous selection 
theorems. To show how this can be done, and how the resulting theorems can be 
applied, is the purpose of this sequence of papers. 

Let us now introduce some notation. Throughout these papers, X and Y will 
denote topological spaces, and 2' mill denote the family of non-empty subsets 
of Y. Subfamilies of 2' will be denoted by script letters such as S and 3(Y). B 
function from a subset of X to Y will be denoted by a lower-case Roman letter 
such as f, g, or h, while a function from a subset of X to 2', which me call a carrier, 
IT-ill be denoted by a lower case Greek letter such as 4, I), or 0. We freely use all 
conventional notation, such as 4 :X  + 2' to denote a function 4 from X to zY, 
4 I A to denote the restriction of 4 to A, A to denote the null-set, and R to denote 
the real line. 

After these preliminaries, we now turn to the central concept of these papers. 
If 4:X -+ 2 ', then a selection for 4 is a continuous f :X  -+ Y such that 

?\lost of the results in this paper lvere obtained ~vhile the author was an A. E. C. Fellow. 
Some of these results were presented to  the American AIathematical Society in December 
1952. 
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for every x E X .  The follo~ving examples show how sorne familiar topological prob- 
lems car1 be rephrased in terms of selections. 

EX-MPLE 1.1. Let u:  Y -+ X be onto. Define 4 : X  -+ 2' by +(x) = 11-'(x). 
Then f :X  -+ Y is a selection for 4 if and only iff is continuous and f(x) 6 u-'(2) 
for every x in X.  

EXAMPLE1.2. Let Y = R u { + m ]  u j - a ] ,  and let g : X +  R u j - a }  and 
h:X --t Ruj + } be such that g(x) 5 h(x) for every x in X.  Define 4 :X  -+ 2' 
by +(x) = {y E R g(x) 5 y 5 h(x)}. Then f : X  + Y is a selection for 4 if and 
only iff is continuous and g(x) 5 f(x) 5 h(x) for every z 6 X. 

EXAMPLE1.3. Let #:X --t 2', let A c X, and let g: A -+ Y be a selection for 
#IA.Def ine+:X-- t2Yby4(x)  = {g(x)] i f x ~ A , a n d + ( x )  = $ ( x ) i f x ~ X- A.  
Then f : X  --t Y is a selection for 4 if and only if f is a selection for # which ex- 
t'ends g. 

The selection problem of the first paragraph can now be rephrased as follows: 
(P) Under what conditions on X ,  A c X, Y, and4:X -+ 2 ', can every selection 

for + / A be extended to a selection for +, or at least for + I U for some open I: 3 A? 
The first step in answering this question is provided by the following ele- 

mentary but important necessary condition, ~irhich is proved in Section 2. 
PROPOSITION has the property that, for every xo e X,2.2. I f  the carrier +:X -+ 2' 

there exists a selection for 4 I U ( I :  a neighborhood of xo) which has a preassigned 
value yo E ~(xO) at xo , then 4 is lower semi-contin~lous.~ 

The following are the easily verified conditions under which the carriers 4 in 
Examples 	 1.1-1.3 are lower semi-continuous. 

EXAMPLE1.1*. + is lower semi-continuous if and only if u is open.3 
E X ~ ~ M P L E1.2*. 4 is lower semi-continuous if and only if g is upper semi-con- 

tinuous4 and h is lower semi-continu~us.~ 
EXAMPLE1.3*. If # is lower semi-continuous, A closed in X, and g continuous, 

then 4 is lower semi-continuous. 
In  view of Proposition 2.2, we shall henceforth restrict our attention to lower 

semi-continuous carriers. But this is the only "continuity" restriction which 
mill ever be put on a carrier + in our first two papers, and therefore all that need 
hericeforth concern us are the domain and range of 4, and the set 9 c X. In 
other words, our problem becomes 

(Q) When do X,  closed A c X, and S c 2' satisfy either of the folloluing two 
conditions: 
(Q1) If 4 : X  + S is lower semi-continuous, then every selection for + I A can be 

extended to a selection for +. 
(Q2)If +:X -+ S is lower semi-continuous, then every selection for + 1 A can be 

extended to a selection for 4 I I: for some open U 3 A .  
SOITan obvious necessary condition for (Q1) (resp. (Q2)) to be satisfied is 

-. 

2 A carrier d:x + 2r is lo lce~ s~rrri-continuozrs i f ,  \vhc~irver T.' C I' is open i r ~  
Y ,  {x E X I +(x) n T.' # a \  is open in X. For more details, see Sectio~i 2. 

This means that I L ( V )is open in X for every open Tr C I*. 
I As :t real-valued function ill the ordinary sense. 
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that every element S of S be properly behaved; i.e., that every continuous g :A -+ S 
can be extended to a continuous f : X  -+ S (resp. f :  I: S for some open 
U 3 A). t-nfortunately, this condition is not s z~ f i c i en t ,  as is shown by Example 
6.1, where every S 6 S is homeomorphic to a closed interval, but (Q2) (and a 
fortiori (Ql)) does not hold. To  obtain a sufficient condition, we therefore not 
only need well behaved elements of S, but must guarantee that these elements are 
properly "hooked together". In  the present paper, this is acconlplished by taking 
S to be varioun collections of convex subsets of Banach spaces. This leads us to 
some new characterizations of such properties of X as paracompactness,5 nor- 
mality, etc., thus possibly shedding some new light on the interrelation between 
these properties. 

By taking the elements of S to be convex sets, we are naturally led to  an- 
swering problem (Q1); problem (Qz) will play no role in the present paper. For- 
tunately, (Q1) can be simplified by means of the following easy hut powerful 
result which, unfortunately, seems to have no analogue for problem (Qz). 

PROPOSITION1.4. I f  S c 2' contains all one-point subsets of elements of S, t hen  
the following two properties of S are equivalent. 

(a) Every lower semi-continuous + :X + S admi t s  a selection. 
(b) (Q1) holds for every closed A c X. 
PROOF.That (b) 4 (a) is obvious. To show that (a) (b), let $ : X  S be 

lower semi-continuous, let A c X be closed, and let g be a selection for $ 1 A ;  
we must extend g to a selection for +. Sow let 4 :X  +S be defined as in Example 
1.3. Then 4 is lower semi-continuous by Example 1.3*, hence admits a selection 
by assumption (a), and this selection has the required properties by Example 1.3. 

Proposition 1.4 reduces problem (Q1), which deals with extending a selection, 
to the simpler problem of merely j inding one, and all the theorems of this paper 
will therefore be stated in terms of the latter problem. For the proper under- 
standing of these theorems, the reader should keep in mind the following im- 
mediate consequence of Proposition 1.4, where Y is called an extension space 
wi th  respect to X if, for every closed A c X, every continuous g : A  + Y can be 
extended to a continuous f :  S + Y .  

COROLL~ R T1.5. I f  S c 2' contains every one-point subset of Y and  also Y itself ,  
then (a) imp l i e s  (b) below: 

(a) Every lower semi-continuous + : X  -+ S admi t s  a selection. 
(b) Y i s  a n  extension space wi th  respect to X .  
So much for preliminary considerations. S o w  for a look a t  the principal 

theorems of this paper. A11 of these theorems mill be selection analogues of the 
follo~ring (debrated extension theorem of P.  Urysohn [35], and its recent modi- 
fications in which R is replaced by a Banarh space. 

T I I E O R E ~ ~(Crysohn). T h e  following properties of a T I - space  X are equivalent: 
(a) X zs normal .  
(b) T h e  real l ine  R i s  a n  extension space w i t h  respect to X .  

Thi, term i- defiiied i l l  the apperidis (Section 9) 
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A11 our selection theorems, together with the known extension theorems they 
analogize, mill be systematically exhibited in Section 3. Among these selection 
theorems, the follo~ving, while typical, seems especially interesting. ( I t  is also 
one of the easiest to prove.) 

THEOREM3.2N6. The following properties of a TI-space X are equivalent: 
(a) X is paracompact.5 
(b) If Y is a Banach space, then every lower semi-continuous carrier for X to 

the family of non-empty, closed, convex subsets of Y admits a selection. 
This result seems interesting from several points of view. In  the first place, 

it fits naturally into the general scheme of extension and selection theorems which 
will be developed in Section 3, and thus highlights the relation of paracompact- 
ness to other separation properties. In the second place, it ib the first characteriza- 
tion of paracompactness which deals with continuous functions rather than 
coverings. Since functions are usually easier to handle than coverings, this feature 
can be quite helpful in certain proofs; examples of this can be found in [25, 
Proposition 2.41, and in Section 8 of this paper, where we give a new proof (along 
the lines of Morita [301) that every J .  H. C. Whitehead CTV-complex [36] is 
paracompact. Finally, and most important, the theorem yields the simple fact 
that every paracompact space, and hence every metric space, has property (b) 
of Theorem 3.2".' We apply this fact in Section 7, which is mostly devoted to 
simplifying and strengthening a result of R. Bartle and L. 11. Graves [3; Theorem 
41. The following special case of this result, mhich is particularly interesting 
and easy to prove, illustrates this kind of application of Theorem 3.2". 

COROLLARY(Bartle-Graves). If Y and X are Banach spaces, and if u is a con- 
tinuous linear transformation from Y onto X,  then there exists a continuous f :X +Y 
such that f(x) t u-'(x) for every x E X .  

To see that this corollary follo~vs from Theorem 3.ZN, notice that we are looking 
for a selection f for the carrier +:X + 2' defined by +(x) = ti-'(2). Since u is 
open by the open mapping theorem of Banach [2], + is 1.s.c. by Example l.l*. 
Since X is metric (and hence paracompact), and since +(z) E 5(Y) for every x in 
X,  the existence of a selection f for + is now guaranteed by Theorem 3.2". 

As the proof mill show, Theorem 3.2" remains true if "Banach space" is re- 
placed by "space of type (5)" in the sense of [6]. This, however, is the only way 
known to the author in which part (b) of Theorem 3.2" can be strengthened 
and still leave a true theorem. In  particular, "Banach space" cannot be replaced 
by "normed linear space". In the first place, this ~vould make (b) false even if 
X is the closed unit interval (cf. Example 6.2), and furthermore, since an in- 
complete normed linear space is not topologically complete [22; Theorem 2.71, 

This theorem, arlda slightly weaker form of Theorem 3.1 ', were first stated in the author's 
Abstract (Bull. Amer. Math. Soc., vol. 59 (1953), p. 180). After reading this abstract, T .  
B:tridA [I81 obtained two related results (one of which is our Theorem 3.1" (a) ti (c ) ) ,  and 
:il\o gave his on n proof5 (5imilnr to  our\) of the theorem\ in the n l~~t r : t c t .  

' Using Proposition 2.6, we may even conclude that if X is paracompact, Y :t Banach 
sp: tc~,  :a~id +:X --. 22' I.s.c., then there exists :t continuonsf:X --t E7 such that f (x)  is ill the 
closetl, co~ivex hull of + ( x )  for every x in A?. 
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it cannot even be an extension space with respect to every paracompact space 
[15] [25; Theorem 3.1 (b)]. I t  follo~vs that, even if X is the closed unit interval, 
we cannot simply drop the requirement that the sets +(z) all be closed, for if we 
could, "Banach space" could clearly be replaced by "normed linear space". 
However, this requirement that the sets $(x) be closed can in some cases a t  least 
be weakened; precisely how and when will be seen in the text (Theorem 3.1"'). 

A word should be said about the relationship between Theorem 3.2" above, 
and the well known extension theorem of Dugundji [ lo;  Theorem 4.11 which 
asserts that if X is metric, and Y a locally convex topological linear space, then 
Y is an extension space with respect to X. (This theorem does not fit into our 
general scheme of extension and selection theorems, since it does not characterize 
anything.) I t  seems to the author that the significant feature of Dugundji's 
theorem is not that it is an extension theorem, but that Dugundji obtains a 
formula which enables him to extend all continuous functions from the same 
closed subset simultaneously in a linear fashion. S o  approximations are used in 
the proof; the extensions drop fully-grown out of the formula. The situation is 
quite different in the proof of Theorem 3.2" and the other selection and exten- 
sion theorems of Section 3; every function that is produced must be constructed 
"by hand", using a tailor-made approximation method. I t  is this feature which 
explains why we must require Y to be metrizable and complete, while Dugundji 
does not need these assumptions. 

Section 2 is devoted to some general lemmas about lower semicontinuous 
carriers. The characterization theorems are stated in Section 3 ;  Theorem 3.2" is 
proved in Section 4, and the others in Section 5 .  Section G contains three counter- 
examples, and Sections 7 and 8 are devoted to applications. 

2. Lower semi-continuous carriers 

-4ccording to the definition in Section 1, a carrier + : X  -32' is lower semi- 
continuous, or 1.s.c. for short, if (x E X 1 +(x) n Ti # A ]  is open in X for every 
open V c Y. The following proposition, whose verification is left to the reader, 
provides two alternative definitions for lover semi-continuity. 

PROPOSITION +2 ', then the following are equivalent: 2.1. If +:X 
(a) + is 1.s.c. 
(b) + is continuous with respect to the (non-TI) topology on 2Y which is generated 

by the open collections 2)  = ( A  E 2' 1 A n V # A ] ,  with T' an open subset of Y. 
(c) If z E X, y E +(x). and I' is a neighborhood of y in Y, then there exists a 

neighborhood I; of z in X such that for every x' E I;,there exists a y' E +(xl) n T'. 
Perhaps this is the time to point out that there exists an analogous concept 

of upper semi-continuity, for which Proposition 2.1, with the obvious modifi- 
cations, also holds: A carrier + :X -+ 2 'is upper .semi-continuous if 

(x E X 1 I ' j  

is open in X for every open V c Y. This concept has many interesting applica- 
tions, but plays no role in selection theory. 

The next proposition was already stated, without proof, in the introduction. 
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PROPOSITIO~~2.2. If+:X +2 'is such that, for every 20E X and yo E +(XO),there 
exists a selection f for + 1 17 (U  some neighborhood of xo) such that f(xo) = yo, 
fhen + is 1.s.c. 

PROOF Let V c Y be open; we must show that G = {x E X +(z) n B Z A ]  
is open in X. For each xo E G, pick a yo E +(xO)n Ti; then, by assumption, there 
exists a selection fo  for + ( Uo , for some neighborhood COof xo, such that 
fo(x0) = yo . Sow if U; = UOn {x E X 1 fO(2) E Ti), then Uh is a neighborhood of 
r o  which is contained in G. Hence G is open. 

From time to time, we shall need some simple properties of 1.s.c. carriers, 
some of which will be summarized in the following propositions. 

PROPOSITION 2'is 2'is such that = &ij2.3. If + : X +  I.s.c., and if$b:~-+ 
for every x c X,  then $b is 1.s.c. 

PROOF. This follows from the definitions, and the obvious fact that, if U is 
open in Y and B c Y, then B n U # A if and only if B n 17 f A. 

PROPOSITIOS2.4. Let + :X -+ 2' be k c . ,  let li c Y be open, and suppose that 
+(x) n U + A for all x c X. Then the carrier 8: X -+ 2', defined by 8(x) = +(x) n C, 
is 1.s.c. 

PROOF. This follows immediately from the definitions. 

PROPOSITION
2.5. Let V be an open en,tourage for some uniform structure on Y. 

Suppose that + : X  -+ 2' and $b:X -+ 2' are 1.s.c. Let 8(x) = +(x) n V(+(x)), and 
suppose that 8(x) is never empty. Then 8: X -+ 2'is 1.s.c. 

PROOF. Define x : X  -+ 2 ' by ~ ( x )  = +(x) X +(x); then x is clearly 1.s.c. 
To show that 8 is I.s.c., we must prove that {x E X( B(x) n C + A )  is open for 
every open 17 c Y. But 

{x E X / O(X) n CT # A )  = {x E X  /x(x) n [V n (Y X U ) ]# A), 

and this latter set is open because x is 1.s.c. This completes the proof. 
PROPOSITION is I.s.c., 2.6. If Y is a topological linear space, and if + : X  -+ 2' 

then the carrier + : X  -32', defined bg +(x) = convex hull of +(x), is also 1.s.c. 
PROOF. This follorvs immediately from the definitions, using Proposition 

2.1 (c). 

3. Statement of the extension and selection theorems 

In this section, we state all the selection theorems of this paper, as well as the 
knon-n extension theorems to which they are related. First the extension 
theorems. 

THEOREM3.1 (Urysohn [35], Dugundji [lo], Hanner [141). The following proper- 
ties of a TI-space X are equivalent: 

(a) X is normal. 
(b) The real line R is an extension space with respect to X.  
(c) Every separable Banach space is an extension space with respect to X. 

THEOREA~
3.2 (C. H. Dowker [9]). The follo?ring properties of a TI-space X are 

equivalent : 
(a) X is collectionwise normaL5 
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(b) Every Banach space i s  a n  extension, space with respect to X .  
We are now ready for our selection theorems, all of which should be read with 

Corollary 1.5 in mind. We shall consider the following families of sets, where Y 
is a Banach space. 

x(Y) = { S e 2' I S is convex), 

5(Y) = ( S  E x(Y) I S is closed}, 

e(Y) = ( S ~ 5 f Y )( S is compact, or S = Y}. 

In addition to the above, we need (in Theorem 3.1"') a subfamily D(Y) of x(Y), 
whose definition is somewhat complicated, and will therefore be postponed until 
the proof of Theorem 3.1"'. At this point, let us merely state that D(Y) contains 
all elements of x ( Y )  which are either finite-dimensional, or closed, or have an 
interior point. FVe therefore have the following inclusions, where R is the real 
line. 

Our first two selection theorems show how statements (b) and (c) in the above 
extension theorems can be strengthened to statements about selections. 

THEOREM3.1'.* T h e  following properties qf TI-space are equitlalent: 
(a) X i s  normal. 
(b) Every 1.s.c. carrier +:X 4 e(R) admits a selection. 
(c) I f  Y i s  a separable Banach space, then every 1.s.c. carrier + : X  --t e(Y) 

admits a selection. 
THEOREM3.2'. T h e  following properties of a TI-space are equivalent: 
(a) X i s  collectionwise normal. 
(b) I f  Y i s  a Banach space, then every 1.s.c. carrier + : X  4 e(Y) admits a 

selection. 
Our next two theorems show that e(Y) can be replaced by 5(Y) in parts (b) 

and (c) of the above theorems, provided that one simultaneously strengthens 
part (a). 

THEOREM3.1". T h e  following properties of a TI-space are equivalent: 
(a) X i s  normal and countably p a r a ~ o r n ~ a c t . ~  
(b) Every 1.s.c.carrier + :X 45(R) admits a selection. 
(c) I f  Y i s  a separable Banach space, then every 1.s.c. carrier + : X  4 5(Y) 

admits a selection. 
THEOREM3.2". T h e  following properties of a TI-space are equivalent: 
(a) X i s  paracompact.5 
(b) I f  Y i s  a Banach space, then every 1.s.c. carrier + : X  --t F(Y) admits a 

selection. 

8 The equivalence of (a) and (b) is a slight generalization of 2% theorem of H. Tong 1331, 
[34] (see also 11.Katetov [19], [20]). 
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Our last theorem shotvs how Theorem 3.1" can be altered to replace S(R) by 
X(R)(= D(R)), and 5(Y) by D(Y). 

THEOREM The following properties of a TI-space X are equivalent: 3.1"'. 
(a) X is perfectly normal.' 
(b) Every 1.s.c. carrier +:X --t x(R) admits a selection. 
(c) If Y is a separable Banach space, then every 1.s.c. carrier +:X --+ X(Y) 

admits a selection. 
I t  would be nice if D(Y) could be replaced by x(Y) in (c) above, but Example 

6.3 shows that this is impossible, even if X is the unit interval. As for a similar 
analogue to Theorem 3.ZN, the author has been unable to find a really satis- 
factory one; some partial results do exist, but we shall not bore the reader by 
stating them. 

4. Proof of Theorem 3.2" 

(A) We begin by proving that 3.2" (a) --t (b). 

LEMMA4.1. If X is paracompact, Y a normed linear space,g $:X -+ x (Y) a 


1.s.c. carrier, and if V is a convex neighborhood of the origin of Y, then there exists 
a continuous f :  X -+ Y such that f(x) E ($(x) + T3for every z in X.  

PROOF. For every y E Y, let LTu = {x E X y E ($(x) + I.')). Since also 

it follolvs from the definition of lower semi-continuity that every LTy is open in 
X. Let 'U = { LTu],,u ; then % is an open covering of X.  Since X is paracompact, 
'U has a locally finite refinement, and hence (see, for instance, [26; Proposition 21) 
there exists a locally finite partition of unity P on X which is subordinated to 'U. 
This means that P is a collectior~ of continuous functions from X to non-nega- 
tive reals, such that every x E X  has a neighborhood on which all but finitely 
many elements of P vanish, zPepp(x) = 1 for every x in X, and every p E P 
vanishes outside some U E U. Now for each p E P, pick a y(p) in Y such that p 
vanishes outside I;,(,,. We can now set f(x) = p(x)y(p), and it is trivial to  zPep

check that f satisfies all our requirements. This completes the proof of the lemma. 

To prove that 3.2" (a) + (b), let + :X +F(Y) be k c . ,  and let us find a se- 
lection for +. Let {Tr,)7=he a base for the neighborhoods of the origin in Y 
consisting of symmetric, convex sets, such that V,+l c (3)q7%for all i. We will 
construct a sequence {f,];=l of continuous functions from X into Y such that, 
for every x in X, 

This will be sufficient, because then (by (a)) {f,];=1 is uniformly Cauchy, and 
therefore converges uniformly to a continuous f : X  + Y, and it then follows 
from (b) that f(x) E+(x) for every x in X.  

We construct {f,)7=l by induction. The existence of an fl , satisfying (b) for 
i = I, is guaranteed by Lemma 4.1. Suppose that we have fi , . . . fk satisfying 

9 This lemma and i t s  proof are actually valid for a n y  topoloyic,zl linear space Y. 
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(a) and (b) for i = 1, . . . , k. We must find a continuous fk+l:X 3 Y which 
satisfies (a) and (b) for i = k + 1. Kow define +k+l(x) = +(x) n (fk(2) + Vk); 
then +k+I(x) is never empty, by the induction hypothesis, and &+I is 1.s.c. by 
Proposition 2.5. By Lemma 4.1 there now exists a continuous fk+l:X -+ E such 
that fk+l(x) E (+k+l(x)+ Vkfl) for every x in X.  But then 

which is (a), and fk+l(x) E (+(x) + Trk+l), which is (b). 
(B) We shall now prove that 3.2" (b) -+ (a). We assume that X is a TI-space 

satisfying 3.3" (b), and we will show that X is paracompact. To show that, it is 
sufficient, by [26, Proposition 21, to show that every open covering 'U of X has 
a partition of unity P subordinated to i t ;  this means that there exists a collection 
P of continuous functions from X to the non-negative reals such thatxPcpp(x) = 1 for every x in X, and every p in P vanishes outside some U in 
'U. So let U be an open covering of X. Let Y = Z~('U), '~and let 

clearly C is a closed, convex subset of Y. Kow, for x E X,  let 

+(x) = (7 n {yE Y 1 y(U)  = 0 for a11 U t U such that x 4 I.?). 

Clearly +(z) E 5(Y) for every z E X. We will now show that + is 1.s.c. and we 
will then apply 3.3" (b) to prove our result. 

Let us first of all show that, for every y E C and e > 0, there exists a y' E C 
such that I y - y 1 1 < E, and y'(U) > 0 for only finitely many 
U E 'U (say I;1, . . . , U,) such that y(U,) > 0 for i = 1 . . . n. To find such a 
y', we need only pick Ul , . . . , U, E 'U such that y(Ui) > 0 for a11 i and 
y(U1) + . . . + y(17,) = 6 > 1 - c/2, and then define y' E C by y'(I;) = 0 for 
U e ( c l ,  . . .  , U,), y'(I;l) = y(Ul) + (1 - 6), and y'(U,) = y(C,) for 
i = 2, . . . n;  clearly 1 1  y - y' 1 5 2(1 - 6) < E, and therefore y' satisfies all our 
requirements. 

Sext  we will show that + is 1.s.c. By Proposition 2.1, this is equivalent to show- 
ing that if x E X ,  y E +(x), and F > 0, then there exists a neighborhood 17 of 
x in X such that, for every 2' E U ,  there exists a y' E +(x') with 1 y - y' 1 1  < E. 
Suppose, therefore, that y E +(x) and F > 0 are given, and let y' and U1 , . . . , U ,  
be as in the previous paragraph. Let I; = 17, n . . . n U, . Since y(17,) > 0 for 
i = 1, . . . , n, it follo~vs from the definition of + that x E 17, for i = 1, . . . , n, 
and hence I; is indeed a neighborhood of x. I t  also follo~vs from the definition of 
+ that y' E +(x') for every 2' E I j ,  and therefore I; satisfies all our requirements. 

By assumption 3.2" (b), there now exists a selection f for +. For each U E U, 
define fL : X  R by f,(x) = [f(x)](I;). I t  now follows immediately from the 
definitions that {fc / I; E 'U] is a partition of unity on X, and this partition is 
subordinated to 'U, since fv  vanishes outside U for every U E U. This completes 
the proof of the theorem. 

l o  For any set 118,(8)is the Bansch space defined by 
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6. Proof of the remaining theorems of Section 3 

Observe first of all that Theorems 3.1 and 3.2 are known extension theorems, 
and that Theorem 3.2" was proved in Section 4. To prove the remaining theorems, 
i t  is clearly sufficient to prove the implications in the following table: 

3.1' (a) -+ (c), 3.2' (a) -+ (b), 

3.1" (b) -+ (a) -+ (c), 

3.1"' (b) -+ (a) --t (c). 

In addition, we shall also prove 3.1"' (a) --t (b), since this is so much easier to 
prove than the stronger implication 3.1"' (a) 4 (c). The proofs are independent, 
except that the proof of 3.1' (a) 4 (c) should be read after that of 3.2' (a) 4 (b). 

PROOF (a). Let us assume that X satisfies 3.1" (b). Since X isOF 3.1" (b) 
then obviously normal (by Theorem 3.1), it only remains to show that X is 
countably paracompact. The idea of our proof is taken from the proof of [8; 
Theorem 4, ,8 -+ a]. 

By [S; Theorem 21, it suffices to show that, if !A,):=, is a decreasing sequence 
of closed subsets of X with empty intersection, then there exists a sequence 
{ U,];=I of open subsets of X with empty intersection such that A, c U, for 
all n. So let (A,):=l be given, and define g:X 4R by 

g(x) = min (n / x E X  - A,). 

Then 

A, = {x eXjg(x)  > n) .  

Now clearly g is upper semi-continuous, and hence the carrier +:X -+ s (R) ,  
defined by 

+(.I = {Y E R Ig(x) I Y], 

is 1.s.c. by Example 1.2*. By assumption, there now exists a selection f for 4; 
that is, f : X  -+ R is continuous, and 

f(x> 2 9(x) x E X .  

If we now define U ,  c X by 

U, = ( x e X ( f ( x )  > n ) ,  

then { 0:,] satisfies all our requirements. 
PROOFof 3.1"' (b) -+ (a). Let us assume that X satisfies 3.1"' (b). Again i t  is 

clear that X is normal, and hence it remains to show that every closed A c X 
is a Ga . Now if we define +:X 4 x(R) by +(x) = [O, 11 if x e A, and +(x) = (0, 11 
if x E X - A, then + is 1.s.c. by Proposition 2.3. -41~0, the function g:A -+ R, 
defined by g(x) = 0, is a selection for + I A. By assumption, g can be extended 
to a selection f for +. But then f-'(0) = A, which implies that A is a Gg in X. 

PROOFof 3.1" (a) -+ (c). The proof of 3.2" (a) -+ (b) in Section 4 goes through 
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almost unchanged. In fact, i t  is sufficient to prove Lemma 4.1 under the changed 
assumptions that X is normal and countably paracompact, and that Y has a 
countable dense subset (y,}:=, . In the proof of Lemma 4.1, we now take U to be 
{ U,, } :="=1 since this is a countable covering of the countably paracompact space 
X ,  it has a locally finite refinement, and the remainder of the proof goes 
through as before. 

PROOFOF 3.2' (a) -+ (b). The proof is similar to the proof of 3.2" (a) -+ (b) 
in Section 4. In fact, it is sufficient to prove Lemma 4.1 under the changed 
assumptions that X is collectionwise normal, and that +(x) is either totally 
bounded or is equal to Y. 

We begin by considering the sets y - V just as in the proof of Lemma 4.1. 
Kext, however, we observe that ( y  - VjUeyis an open covering of the metric 
space Y, and hence has a locally finite refinement W. For each W E '191 let 

and let U = { CTw I TV E W ). The proof now proceeds just as the proof Lemma 
4.1, provided that we can show that U has a locally finite refinement. That is 
what we shall now do. 

Pick a fixed IV, E 191, and let A = X - U,, . Then A is closed in X ,  and if 
x E A, then +(x) is totally bounded. Since W is locally finite, this implies that 
( An U w / W EW ) is a point-finite covering of the collectionwise normal space A.  
By [27; Theorem 21, we can therefore find a locally finite refinement {R,} of 
{A n U ,  / IY E W E191). By a result of C. H. Dowker [9], there exists a locally finite 
open covering {S,}of X such that S ,  n A = R, for all cu. Kow for each a,pick 
a IY, E 191 such that R, c CTrv,, and let T, = S, n CTwa. If we now let 3K be 
the open covering of X whose elements are all the T, and the set U,, , then 
3K is clearly a locally finite refinement of U. This completes the proof. 

PROOFOF 3.1' (a) + (c). This proof is almost identical with the above proof 
of 3.2' (a) + (b). Because of the separability of Y, me can now take all our 
coverings to be countable. Since the results about arbitrary (open!) coverings 
of collectionwise normal spaces which were used in the above proof ([27] and 
[9]) remain valid for countable coverings of normal spaces ([29; Corollary to 
Theorem 51 and [15; Lemma 7.21 respectively), the proof goes through just as 
above. 

PROOFOF 3.1"' (a) + (b). Let + :X -+ x(R) be l.s.c., and let us find a selection 
for +. For every x E X ,  let g(x) = g.1.b. +(x), h(x) = 1.u.b. +(x). I t  is clearly 
sufficient to find a continuous f : X  +R such that g(x) 5 f(x) 5 h(x) for every 
x E X,  and such that g(x) < f(x) < h(x) whenever g(x) < h(x). 

Kow by Proposition 2.3 and Example 1.2*, g is upper semi-continuous4 and 
h is lower semi-continu~us.~ Since every perfectly normal space is countably 
paracompact [a; Corollary on p. 211, it follows from Theorem 3.1' (a) -+ (b) 
(and Example 1.2*) that there exists a continuous k:X + R such that 
g(x) S k(x) 5 h(x) for every x E X .  KOW let A = {x E X  I g(x) = h(x)}; then 
A is certainly closed. Since every subset of X is perfectly normal and hence 
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countably paracompact, we can find [a;Theorem 41 a continuous u:  (X - A) --t R 
such that g(x) < ~ ( x )< h(x) for every x E X - A. Finally, since X is perfectly 
normal, we can find a continuous p :X  -+ [O, 11 such that p-l(0) = A. Kow 
define the function v:X -+ R by 

I t  is easy to check that v is continuous. If we now finally define f : X  -+ R by 
f(x) = k(x) + v(x), then f satisfies all our requirements. This completes the proof. 

Before we can finally prove that 3.1"' (a) --t (c), me must, of course, define 
the class a>(Y). This is done as follows: If K is a closed convex subset of a normed 
linear space, then a supporting set of K is a closed, convex subset S of K ,  S # K, 
such that if an interior point of a segment in K is in S, then the whole segment is 
in S.The set of all elements of K which are not in any supporting set of K will be 
denoted by I (K)  (suggesting "Inside of K"). We now define the family D(Y) 
for any normed linear space as follows: 

Let us quickly check that, as asserted in Section 3, every element K of X(Y) 
which is either closed, or has an interior point, or is finite dimensional, belongs 
to D(Y). If K is closed, this is obvious. If I( has aninteriorpoint, and if y E K - K ,  
then the Hahn-Banach theorem guarantees the existence of a closed hyperplane 
H c Y which supports i? at  y but does not contain i?;clearly H n I? is a sup-
porting set of I?, and hence y 4 I(i?). Finally, if K is finite dimensional, then K 
has an interior point with respect to the smallest linear variety V containing 
K ;  hence K E D(V) c D(Y). 

To prepare for the proof of 3.1" (a) --t (c), we need the following two lemmas, 
the first of which slightly generalizes a result of I<lee [21; Theorem 11.11 [23 ; 
(2.111. 

LEMMA5.1. If K is a non-empty, closed, convex, separable subset of a Ranach 
space Y, then I (K)  is not empty. I n  fact, if {y,}:=As a dense subset of K ,  and if 

xi = yl + (Y; - ~ 1 )  
) for all i, 

max(1, 1: yi - yl 1 1 )  
z = C:=l ($I"~,  

then z E I(K). 
PROOF.Suppose x 4 I (K) .  Then there exists a supporting set S C K such that 

x E S. XOW for every i, x is either an interior point of a segment in K one of whose 
end points is x, , or else x = 2, ; in either case, we must have 2, E S. But, for 
every i, 2, is either an interior point of the segment [yl , y,], or else x, = y, , so 
in either case we must have y, E :-1y,)(ButS. is dense in K, and since S is closed, 
this finally implies S = K, which is impossible. 


LEMMA5.2. If X is perfectly normal, Y a separable Banach space, and if 4 :-Y--t 
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s(Y) is l.s.c., then there exists a countable collection F of selections for + such that, 
for every x E X,  (f (x) IIeF is dense in +(x). 

PROOF. Let ( y, 1 be a countable, dense subset of Y, and let { Vk}k"=l be a 
symmetric, convex basis for the neighborhoods of the origin in Y such that 
Vk+l c $Vk . For each j and k, let 

then Uj,k is open in X, and hence 

where each Ai,j,k is closed in X.  Let 

Then the restriction of +i , j ,k  to Ai,j,k is 1.s.c. by Proposition 2.4 and 2.2, and 
since Ai,j,k is closed in X, i t  follows immediately from the definition that +;,j ,k is 
1.s.c.Since every perfectly normal space is countably paracompact [8;Theorem 
41, it follows from Theorem 3.1" that there exists a selection fi,j,k for each + i , j , k  . 
Let F be the collection of all the f i , j . k  ; then F is a countable collection of selec- 
tions for 4, and it only remains to check that (f(x) is dense in +(x) for every 
x E X .  

Let x E X ,  y E +(x), and let k be a positive integer; we must find an f E F such 
that f(x) E y + Vk . Pick some yj  E y + Vk+z. Then z E tij,k+2, and hence 
Z E Ai,j,k+f for Some i. But then fi,j,k+2(~) yj  + P k + 2  C Y +E C y j  f V ~ + I  
Vk+2 f Vk+l C y + Vk , which completes the proof. 

PROOFOF 3.1"' (a) + (c). Let + :X +D(Y) be l.s.c., and let us find a selection 
for 4. Define #:X + s(Y) by #(x) = +-;
 what we must find is a continuous 
f : X  + Y such that f(x) E I(#(%)) for every x E X.  XOW by Proposition 2.2, # is 
l.s.c., and hence, by Lemma 5.2, there exists a sequence {gi}y=l of selections for 
\I/ such that (gi(x))?=l is dense in #(x) for every x E X .  h-ow let 

for all i, 

By Lemma 5.1, f(x) E I(#(x)) for every x E X .  Since the series defining f converges 
uniformly in some neighborhood of every x E X ,  it follom-s that f is also con- 
tinuous, and thus has all the required properties. 

6. Three counter-examples 

This section contains the counter-examples promised in the introduction. 
Example 6.2 shows that, even if X is the closed unit interval, 3.2" (b) becomes 
false if "Banach" is replaced by "normed linear", and Example 6.3 shorn-s that 
3.1"' (a) + (c) becomes false if "separable" is omitted. 
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EXAMPLE6.1. Let X be the closed unit interval, and Y euclidean 2-space. 
Then there exists a family S of closed subsets of Y, all of whose elements are 
homeomorphic to a closed interval, and an 1.s.c. carrier 4 : X  -+ S, such that for 
no neighborhood U of 0 E X does 4 1 U have a selection. 

PROOF.Let Y consist of couples (t, s). Let Z c Y consist of the 
graph of the functions s = sin l/t  (t # 0), together with the closed interval 
((0,s)  E Y I  -1 5 s 5 l ] . D e f i n e + : ~ - + 2 ~ b ~ + ( z ){ ( t , ~ )  5 t z ) ,= E Z I ~ X  
and let S = {~$(x)] . ,~. Clearly every element of S is homeomorphic to the closed 
unit interval, and 4 is 1.s.c. But for no neighborhood U of 0 in X can there exist 
a selection for 4 ( U ,  for such a selection would make Z arcwise connected, which 
it isn't. 

EXAMPLE6.2. Let X be the closed unit interval. Then there exists a separable, 
normed linear space Y, and a 1.s.c. carrier 4 : X  -+S(Y) for which there is no 
selection. 

PROOF.Let Z be the set of rationals in X,  and suppose that Z is ordered as a 
sequence 21, zz , . . . Let Y = {y E ll(Z) I y(x) # 0 for only finitely many x E Z ).lo 

Let C = (y E Y I y(x) 2 0 for all x € 2 1 .  Finally, let 

I t  is easy to check that 4 is 1.s.c. Let us show that there is no selection for 4. 
Suppose f were a selection for 4. Since f is continuous, each 2, E Z has a neigh- 

borhood U ,  in X such that If(x)](zn) > (1/2n) whenever x E 0,. By induction, 
pick a sequence {nk}k",l of distinct integers such that z,,,, E nk1 U,, for all k. 
Then (o,k)~=lis a sequence of closed subsets of X with the finite intersection 
property, and hence there is an xo E nk"=lUn, . But then [f(xo)](znk) > 0 for all k, 
which is impossible. 

EXAMPLE6.3. There exists a 1.s.c. carrier 4 from the closed unit interval X to 
the non-empty, open, convex subsets of a Banach space Y for which there exists 
no selection. 

PROOF. Let Y = Let +(x) = {y E Y /Z ~ ( X ) . ~ ~  y(x) > 0 ) .  We will show that 
4 is 1.s.c. and that there exists no selection for 4. 

To show that 4 is l.s.c., pick an xo E X, and an E > 0. According to Proposition 
2.1, we must find a neighborhood C' of xo such that, if z E C', then there is a 
y E ~ ( x )  such that i; y - yo 11  < E .  Since yo(xo) > 0, and since yo(x) < -~ / 2  
for only finitely many x E X ,  there is a neighborhood U of xo such that yo(z) 
2 - whenever x E U. Now if x E C,we can pick y E +(x) such that y(x) < ~ / 2 ,- ~ / 2  

and y(z') = yo(x') for x' # z. Then 1 1 y - yo 11  = j y(x) - yo(") / < E .  


Suppose now that there existed a selection f for 4. Since f is continuous every 
x E X has a neighborhood U, such that [f(x)](x) > 0 whenever x E C,. 
Since each C', contains a rational number, some rational number r must be in 
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uncountably many U,. But then [f(r)](x) > 0 for uncountably many x, which 
is impossible. 

7. Applications of Theorem 3.2" (a) -+ (b) 

In  this section, we shall use Theorem 3.2" to obtain a refinement of a result 
of R. Bartle and L. M. Graves [3; Theorem 41 dealing with linear transformations 
between Banach spaces." In preparation for this, we begin by proving the follom- 
ing refinement of Theorem 3.2" (a) -+ (b). 

LEMMA7.1. Let X be a paracompact space, Y a Banach space, and +:X +S(Y) 
a 1.s.c. carrier. Let m(x) = g.1.b. { j j  y j j  / y e+(x)], and suppose that p:X +R is 
lower semi-continuous4 with p(x) 2 0for all x, and p(x) > m(x) whenever m(x) > 0. 
Then there exists a selection f for + such that I ]  f(x) ] I  5 p(x) for all x e X. 

PROOF.Let 

Using Proposition 2.4, i t  is easily checked that $ is 1.s.c. Hence if we define 
8:X -+S(Y) by 8(x) = then 8 is also 1.s.c. by Proposition 2.3. By Theorem az);

3.2", there now exists a selection f for 8, and f satisfies all our requirements. 

Before considering the general situation encountered in the theorem of Bartle 
and Graves, we shall first illustrate our results with an important special case, 
namely with a refinement of the corollary to Theorem 3.2" in the introduction. 

PROPOSITION7.2. Let E and F be real (resp. complex) Banach spaces, and let u 
be a continuous linear transformation from E onto F. Then, for any X > 1, there 
exists a continuous f :  F +E such that, for everg x e F,  
(a) f (XI E u-l(x), 
(b) l l  f(x) I 1  5 A g.1.b. { !! g I1 I Y E ~~- l (x ) I ,  
(c) f (ax) = a f (2) for all real (resp. complex) scalars a .  

PROOF.Let X = {x E F I Ij x 11  = 1]. Define +:X +S(E) by +(x) = u-'(x). 
Since u is open by the open mapping theorem [2], i t  follows from Example 1.1* 
that + is 1.s.c. Let m(x) = g.1.b. { / I  y / /  / y E u-'(2)) for every x E X ;  then m is 
known to be rontinuous. We can therefore apply Lemma 7.1, with p(x) = Am(x), 
to obtain a continuous g:X -+ E satisfying (a) and (b) above for every x E X. 

Sow define h :F  -+ E by 

Then h satisfies all our conditions, except that (c) holds only for scalars a 2 0. 

To remedy this last deficiency, we proceed as folloxvs: If the field of scalars is the 


l1 The suggestion that  this might be possible was made t o  the author by R .  Bartle and 
L. PIT. Graves themselves. 
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reals, we simply set 

and f clearly satisfies all our conditions. If, on the other hand, the field of scalars 
is the complexes, then, following a suggestion by R. Kadison, we set 

where C is the group of complex numbers of absolute value one, p is the ordinary 
translation invariant measure on C (normalized such that p(C) = I), and where 
the integrand is, of course, Banach space valued.12 To check that f is continuous, 
we must check that if x, -+ xo, then Th(yx,) -+ ~h(yx0) uniformly; this is true, 
however, since (yx, I n = 0, 1, 2, . - . , 1 y 1 = 1) is compact, and since h is thus 
uniformly continuous on this set. Since, by [ l l ;  Theorem 1.2.21, f(x) is in the 
closed convex hull of the set i;i.h(Xx)),,c, f satisfies conditions (a) and (b). TO 
see, finally, that f satisfies (c), set a = rX, with I X / = 1 and r 2 0, and notice 
that 

This completes the proof. 
REMARK.Part (c) of Proposition 7.2 cannot be strengthened to assert that f is 

linear, for the existence of such a linear f is equivalent to the existence of con- 
tinuous, linear projection from E onto the null-space of u, and such a projection 
need not exist [31]. 

We now prepare to generalize Proposition 7.2 by considering, as in [3], not one 
but many linear transformations u. Until the end of the section, E and F will 
denote Banach spaces, and L (resp. LO) will denote the set of continuous linear 
transformations from E into (resp. onto) F ;  we assume that Lo is not empty. The 
norm and strong topologies are defined on L in the usual manner; the norm 
topology is generated by the norm 1 1  u 1 1  = sup,l,llsl I !  u(y) 11, and the strong 
topology is the topology of pointwise convergence on E (= the coarsest topology 
making all maps of the form u -+ u(y), with y e E, continuous). The prefix "norm" 
(resp. "strongH) before a term related to L will mean that L is, on that oc-
casion, assumed to carry the norm (resp. strong) topology. 

12 Since we are integrating a continuou.; furlctiorl on a compact set,  all definitions of qll(.h 

integrals coincide. 
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We now define three important functions. We define w: Lo X F -+ s(E) by 

(11 w(u, 2 )  = u-l(z), 

we define rn:Lo X F -+ R by 

( 2 )  m(u, x) = inf ( 1 1  y ( 1  1 y e w(u, z)] = inf ( 1 1  y I ( ~ ( y )= z ) .  
and \Ire define q: Lo-+ R by 

I t  follon-s from [2; p. 38, (I)]  (the open mapping theorem) that y(u) < for all 
u e Lo. -1subset A of Lo X F ~vill be called q-bounded if (q(u) I (u, x) e A )  is 
hounded. 

In [13;Theorem 11, Graves proves a result which may be rephrased as follows: 

(1)if uoeLo, U E L ,  (Y > 1, and iiu - zcol l  < l/ay(uo), 

then u e LO and q(u) 5 (~q(uO)/a- 1. 
Starting with (41, it is possible to prove the following refinement (which is 

more precise than is necessary for our purposes) by the use of some tedious but 
straightfor~vard juggling ~vhose details we omit: 

I '  u - uo 1 1  < l/(~q(uo),and 11  x - xo I ]  < 6, then u E Lo and 

We are now ready for the fundamental lemma, which will permit us to apply 
Theorem 3.2" to our present situation. 

IJ~:iu~~.~ is norm-l.s.c., and m is norm-continzcous. 7.3. (a) w 
(b) If A is a y-bounded subset of Lo X F, then w I A is strong-1.s.c. 

PROOF.
The second part of (a) follows immediately from ( 5 ) above, and the 

first part of (a) follo\vs immediately from (b) and (4) above. I t  is therefore suffi- 
cient to prove (b). 

Suppose, therefore, that q(u) < for (u, x) E A ,  and let us sho~v that o 1 A is 
strong-1.s.c. To do this, it is sufficient (by Propositiorl 2.1) to show that 
if (uo , xo) E A ,  yo e w(u0, xO), and E > 0, then there exists a neighborhood U of 
(uo ,xo) in d such that, for every (u, Z) E IT, there exists a y E o(u, z) 
with I yo - y I I  < r . Pick a stroilg neighborhood U1 of uo in L such that 

fo reve ryueUl , l e t ITa=( z E F I( ( z - z o ( I< ~ / 2 ~ T f ] , a n d l e t U = A n ( U ~X U 2 ) .  
Suppose now that (u, s) 6 U. Remembering that uo(yo) = xo, we have 

u(yo) - 2  / I  5 ( 1  u(y0) - xo I 1  + 1 1  xo - y(u) < *If,it follows 2 / I  < ~/~Tf,andsince 
that there exists a g E E with ( yo - y I '  < E and u(yo - y) = u(go)- z, whence 
u(y) = z. This completes the proof. 
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We are no\\. ready for the main theorem of thissection, which generalizes Propo- 
sition 7.2, and from which our strerlgthelling of the Bartle and Graves theorem 
will follow as an immediate corollary. 

THEOREM7.4. There exists, for any X > 1, a norm-continuous k: LOX F -+ E 
such that, for every (zc, z) E LOX F,  

(a) k(u,z) E u-l(z), 
(b) I I  k ( u , 2) 5 M u ,  21, 
(c) Js(~u,@z) = (@/a)k(u, z) for all scalars a and p with a # 0. 

PROOF. The existence of a continuous k:Lo X F 4E satisfying only (a) and 


(b) follo~vsimmediately from Lemmas 7.1 and 7.3. To satisfy (c) as well, we must 
go through the same kind of skullduggery as was used in the proof of Proposi- 
tion 7.2. 

Let X = I ( L L ,  X )  E Lo X F 1 1 ,  u I; = I /  z 1 1  = I } ,  and let 4 = w / X. Let LO 
carry the norm topology. Now w is 1.s.c. by Lemma 7.3 (a), and hence so is 4. 
Also m is continuous by Lemma 7.3 (a), and hence so is m 1 X. We can therefore 
apply Lemma 7.1 to obtain a continuous g:X --t E satisfying (a) and (b) of our 
theorem. 

Sow define Zr :Lo X F 4 E by 

Then h satisfies all our conditions, except that (c) holds only for scalars a, 0 > 0. 
To remedy this last deficiency, we finally let 

j(x) = $[h(u, z) - h(u, - z) -h(-u, z) + h(u, z)] for real scalars, 

f(x) = fU h u ,  A21 4 . d ~ )  dlr(h) for complex scalars, lClc 
where C is the group of complex members of absolute value one, and p is the 
ordinary translation invariant measure on C (normalized such that cc(C) = 1). 
That f satisfies all our requirements is now clear in the real case, and is verified 
just as in the proof of Proposition 7.2 in the complex case. 

COROLLARY7.5. Let X be a topological space, h:X -+ Lonorm-continuous, and 
g:X -+ F continuous. Then, for any X > 1,there exists a continuous f :X -+ E such 
that 

(a) f (2) E [h(x)I-'(g(x)) for every x E X,  
(b) / I  f(x) I! < hm(h(x), g(x)) for every x e X ,  
(c) If h(xJ = ah(xz) and g(xl) = pg(xZ) for x1 , x2 E X  and a, P scalars with 

a # 0, then f (XI)= (P/alf(x~). 
PROOF.If k:Lo X F --t E is as in Theorem 7.4, then u-e need only set f(x) = 

k(h(x), g(x)), and it is trivial to verify that f satisfies all our conditions. 
The Theorem of Bartle and Graves, as well as Theorem 7.4 and Corollary 7.5 

nhove, dealt only with the case where Lo carries the norm topology. Our final 
theorem. which i.: analogouh to Corollary 7.5, deals with the case where Lo carries 
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the (coarser!) strong topology. Kotice that in this case Lo X F need not be para- 
compact, and that m: Lo X F +R need not be continuous. 

PROPOSITION7.6. Let X be a paracompact space, h:X +Lo stro7~g-continz~o~ls, 
g : X  +F continuous, and suppose that supzex q(h(x)) < a.Then there exists, .for 
any X > 1, a continuous f : X  -+ E such that, for every x E X 

(a) .f(x) E [h(x)Ir1(g(x)), 
(b) 1 f(x)  I1 5 X sup,^,.^ m(h(xt), g(x)). 
PROOF. Define 8:X + F(E)by 8(x) = [~(x)]- ' (~(x)) .Then 8(x) = 

w(h(x), g(x)), and hence 8 is 1.s.c. by Lemma 7.3 (b) and Proposition 2.1. The 
existence of the required f n o r  follo~vs from Lemma 7.1. 

8. An application of the characterization of paracompactness in Theorem 3.2" 

In this section, Theorem 3.2" mill be used to show (Theorem 8.2) that, if a 
topological space X has "sufficiently many" closed, paracompact subsets, then 
X is paracompact. The paracompactness of every CIV-complex [3G], which mas 
first proved in full generality by H. hliyazaki [28], is an immediate corollary of 
this result.13 

DEFIXITION8.1. Let X be a topological space, and a collection of closed 
subsets of X.  Then dominates X if, whenever A c X has a closed intersection 
with every element of some subcollection a1of which covers A ,  then A is 
closed.14 

I t  follows immediately from Definition 8.1 that, if dominates X, and if 
031 c a ,  then 

(a) U (B1 is closed; 
(b) If Y is any topological space, and iff :  (U&) + Y is a functiou such that 

f I B is continuous for every B E a1 , then f is continuous. 
THEOREM8.2. A fopological space X is paracompact if and only <f it is dominated 

by a collection of paracompact subsets. 
PROOF.The "only if" assertion is obvious, since one need only take (8 = ( X I .  

Let us therefore prove the "if" assertion. By Theorem 3.2", it is sufficient to 
show that if Y is a Ranach space, and 4 : X  +5(Y) is l ac . ,  then 6 admits a selec- 
tion. So let Y and 6 be given, and let us find f. 

Consider the class @ of all couples of the form (e ,  h ) , where e c a,and h is 
a selection for 6 I Ue; we partially order Q in the obvious manner.. Ry part (b) 
of the remark following definition 8.1, every simply ordered sub-class of Q has 
an obvious upper bound, and hence, by Zorn's Lemma, Q has a maximal element 
(eo,ho). We need only show that eo = a,for then we can simply take f = ho . 

Suppose eo# a ;  then there exists a R E a with B 4 eo . Denote R n (Ue) by 
R'. Xom- h 1 B' is a selection for 6 1 B' and hence, by Theorern 3.2" and Propo~i- 

13  Theorem 8.2 and Corollary 8.3 have heen obtained inclependentl~- 11y I<. IIorittt 1301, 
whose proof is quite different from ours. These results \yere obtained 1))- the author a t  the 
same time as Theorem 3.2", in llecember, 1952, t ~ u t  were not published in the, : l l)~trnctwhivh 
announced Theorem 3.2" (see footnote 6 ) .  

1"n K. Morita's [30] terminology, X has the roeuk (= fine!) topology \\.it11 rwpect to 63. 
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tion 1.4, it can be extended to a selection F for 6 I B. Ifwe now let el = eou jB J ,  
and define hl :Uel -+ Y by 

then (el  , hl) is an element of (5 ~vhich is larger than (el,, ho). This contradic~t,~ 
the maximality of (eo , ho), and thus the proof is con~plete. 

Theorem 8.2 remains true if "paracompact" is replaced by "normal", 01. 

"perfectly normal", or "normal and countably paracompact". To see this, one 
need only replace Theorem 3.2" in the proof by some other appropriate char- 
acterization in Section 3. Similarly for dim (X) sn,  using the functional char- 
acterization [I] [7] [16]. 

Since a ClV-complex [36] is dominated by the collection of its finite subcorn- 
pleses, each of which is metrizable, one immediately obtains 

COROLLARY8.3. Every CI1'-complex i s  paracompact and perfectly normal. 

9. Appendix on the topological spaces encountered in this paper 

A covering of a topological space X is, in this paper, a collection of open subsets 
of X whose union is X. X refinement of a covering U is a covering '0 such that 
every l7E CU is a subset of some C E U. A covering 'U is point-finite if every x E X 
is an element of only finitely many U E U, it is locally finite if every x E X has a 
neighborhood intersecting only finitely many U E %. A Hausdorff space X, every 
covering of which has a locally finite refinement, is called paracompact [ 5 ;p. 361; 
if every countable covering of X has a locally finite refinement (which can then 
always be chosen to be countable), then X is called countably paracompact [8; 
p. 2191. A TI-space X is called collectionzuise normal [4; p. 1761 if, for every dis- 
joint, locally finite collection ( A , }  of closed subsets of X,  there exists a disjoint 
collection ( U,J of open subsets of X such that A ,  c U ,  for all a. Finally, a 

compact HausdorfT metric 

paracompact perfectly normal 

collectiona~ise normal and 
normal countably paracompact 

normal 
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normal space is perfectly nor~nalif every closed subset is a Ga. Figure 1 shows the 
implications between these concepts, together with appropriate references; 
these are the only implications, except for the unsolved problem [8, 191 of whether 
every normal or every collection\~*ise normal space is countably paracompact. 
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