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Abstract

The space of continuous, SL(m, C)-equivariant, m > 2, and translation
covariant valuations taking values in the space of real symmetric tensors on
C™ =2 R?™ of rank > 0 is completely described. The classification in-
volves the moment tensor valuation for » > 1 and is analogous to the known
classification of the corresponding tensor valuations that are SL(2m,R)-
equivariant, although the method of proof cannot be adapted.

1 Introduction

Let n > 2, let V be a vector space of real dimension n, and let .4 be an abelian
semigroup. Denote by IC(V) the space of convex bodies in V (i.e., compact and
convex sets in V) equipped with the Hausdorff metric. An operator Z : (V) —
A is called a valuation if

ZIKUL)+Z(KNL)=Z(K)+ Z(L)

whenever K, L € KC(V) satisfy that K U L € K(V). Here ‘ + ¢ denotes the
operation of the semigroup A.

One of the principal aims in the theory of valuations is to obtain characteri-
zation results for known operators as the only valuations satisfying certain simple
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geometric and topological properties. Nowadays valuations taking values in dif-
ferent semigroups have been largely studied. The first classification theorem goes
back to 1952, when Hadwiger proved that, for V = R", the linear combinations
of intrinsic volumes are the only continuous real-valued valuations being invariant
under rigid motions of R” (see [31]).

Hadwiger’s result can be generalized in different directions. For instance, we
can change the group acting on /C(V) and classify the continuous real-valued val-
uations invariant under the action of some group (acting transitively on the unit
sphere). This direction of study gave rise to the development of the theory of con-
tinuous and translation invariant real-valued valuations and has important conse-
quences in integral geometry. We refer the reader to [7, 18, [14, [17, [18} 20} 25 51]
and references therein for some results in this direction.

Another important and more recent generalization of Hadwiger’s theorem con-
sists on changing the target space. For instance, valuations taking values in the
space of convex bodies, in concave (or other spaces of) functions, etc. have been
considered (see, e.g., 13 21, 22} 136, 38, 39, 40]]). In these cases, the action of a
group G acting both on /C(V) and A is also considered and usually a character-
ization result for different groups GG and actions is studied. The related problem
of tensor valuations on lattice polytopes is discussed in the pioneering paper of
Ludwig and Silverstein [43]].

In this paper, we will focus on the study of tensor-valued valuations. We prove
a Hadwiger-type theorem for the continuous, SL(m, C)-equivariant and transla-
tion covariant valuations taking values in the space of real symmetric tensors of
any given rank. Next we fix the notation to be used.

For n > 2, r € N and an n-dimensional real vector space V, we write T"(V)
to denote the ("*"~")-dimensional space of symmetric r-tensors of V over R.
In particular, T°(V) = R and T!(V) = V. We write S, to denote the group
of all permutations of {1,...,r}. For r > 2, the symmetric tensor product of
x1,...,T, € Vis defined by

1
xl@...er:ﬁZx0(1)®...®xa(r).
o€eSy

Wesetz" =20...0r =2®...®x forz € V. In addition, the group GL(V,R)
acts naturally on T" (V) as follows: For ¢ € GL(V, R) the natural action on T" (V)
is given by

0 (110...01,)=9pr10...0 p,
for z1,...,2, € V. We note that in this paper, tensor product is always over the

reals even if the vector space has a complex structure, say possibly V = C" where
n = 2m, and T"(C™) still means symmetric r-tensors over the reals.



Given an action of a closed subgroup G C GL(V,R) on V, we say that a
valuation Z : K(V) — T"(V) is G-equivariant if Z(p(K)) = ¢Z(K) holds for
any ¢ € G and K € K(V). If r = 0, then G-equivariance is equivalent with G
invariance.

In the following, for V. = R™, we set (V) = K". We say that a tensor
valuation Z : K" — T"(V) is translation covariant if for every K € K", we have

Z(K+y) =) Z7(K) o= (1)

as a function of y € R™ where each Z"~/ is a tensor valuation of rank r — j with
Z = Z". We observe that if » = 0, then translation covariance is equivalent with
translation invariance. If » > 0 and Z is G-equivariant for a closed subgroup
G C GL(n,R), then so is each Z" .

The reason for the normalization in (1) introduced by McMullen [46] is that
forj=0,...,7r —1, we have

r—j
7K +y) =Y 2 EK) o L @)

m=0

and hence Z"7(K) is also a translation covariant valuation.
For r > 0, a basic example of translation covariant tensor-valued valuation is
the moment tensor valuation

1

M"(K) = —/ " dx,
rl Jx

which is SL(n, R)-equivariant. For K € K", we write V' (K) to denote the volume

of K, and hence for y € R", we have

M'(K +y) = ZMT’j(K) @?—]' where M°(K) =V (K). 3)

Haberl and Parapatits [30] characterized the moment tensor valuation as con-
tinuous, SL(n,R)-equivariant, and translation covariant tensor valuation. More
precisely, they characterized all measurable SL(n,R)-equivariant tensor valua-
tions on polytopes containing the origin. As a special case of the main result of
[30]], we have the following.

Theorem 1.1 (Haberl, Parapatits) Let n > 2 and r > 0. An operator Z :
K™ — T"(R") is an SL(n, R)-equivariant and translation covariant continuous
valuation if and only if Z = c- M" forac € R, ifr > 1, and Z = c; + ¢,V for
c1,c0 €R, ifr=0.



The main result in [30] culminates a series of papers devoted to the study
of tensor valuations that are affine-equivariant. The weakening of the continuity
hypothesis to the measurability was an important aim after the results for upper
semi-continuous valuations. We refer the reader to [4) 19, 28, [29, |32, 35, [37, 141,
42, 152]] for results in this direction and on tensor valuations.

In this paper, we consider V. = C™ = R?™ and SL(m, C) acting on V. We
prove that the moment tensor valuation is again essentially the only SL(m, C)-
equivariant and translation covariant tensor-valued valuation. More precisely, we
prove the following result.

Theorem 1.2 Let m > 2 and r > 0. An operator Z : K(C™) — T"(C™) is an
SL(m, C)-equivariant and translation covariant continuous valuation if and only
ifZ=cM"forace R ifr >1,and Z = c; + 3V for ci,co € R, if r = 0.

We first notice that the case = 0 is not new since using SU(m) C SL(m, C),
it can be obtained as a direct consequence of characterization of the SU(m)-
invariant and translation invariant real-valued valuations by Alesker [[10] if m = 2
and by Bernig [14]) if m > 3.

Theorem 1.3 (Alesker, Bernig) Let m > 2. An operator Z : K(C™) — R is
an SL(m, C) and translation invariant continuous valuation if and only if Z =
c1+ eV forcy,co € R

Based on the evenness of the valuation proved only in Section [/, we provide
a direct argument leading to Theorem [1.3| (the = 0 case) in Section [5| with the
aim to enlighten the general case > 1 in Theorem[I.2]

With the tools used in this paper, to weaken the continuity hypothesis in The-
orem to measurability or even upper-semicontinuity is, in the opinion of the
authors, out of reach. Indeed, results from the theory of continuous and transla-
tion invariant valuations together with the fact that, in some contexts, continuity
implies smoothness are heavily used, for instance, to differentiate some functions
appearing on the proof of Theorem We also note that the method of the proof
of Theorem by Haberl and Parapatits [30], which led to results under only
measurability assumptions, does not seem to be adaptable to Theorem [I.2] One
of the main ideas in [30] is the use of double pyramids, which can be seen as a
generalization of simplices. As the group SL(n,R) acts transitively on the space
of simplices, the study of the image of a fixed simplex suffices to determine the
image of every simplex. Since the group SL(m,C) acts no longer transitively
on the space of simplices in R?*™ a similar argument does not seem to work for
Theorem [[.2



It was the paper by Abardia and Bernig [1] that first considered valuations in-
tertwining SL(m, C) by providing a generalization of the seminal characterization
result for the projection body operator obtained by Ludwig [38]].

The paper is organized as follows: In Section [2] we present the main steps
for the proof of Theorem[I.2] and reduce it to showing the non-existence of non-
trivial even or odd, continuous, SL(m, C)-equivariant and translation invariant
tensor-valued valuations, see Proposition Starting from Section (3} the sole
task of the paper is to prove Proposition Section |3| reviews the fundamental
properties of translation invariant continuous valuations, and Section [ discusses
real subspaces of C. Theorem[I.3](the case = 0 of Theorem [[.2)) is proved in
Section[5] For even valuations, the proof of Proposition [2.3]is treated in Section [6]
In the case of odd valuations, Propositionis verified in Section In both cases,
the section is divided into subsections according to the degree j of homogeneity
of the valuation. Putting together the result obtained for the different homogeneity
degrees, the result in the odd and even cases follows, and Proposition@is, in this

way, proved (cf. page[38).

2 Proof of Theorem 1.2

In this section, we present the main ideas of the proof of Theorem|[I.2] and how to
reduce it to Proposition

We start with the following fact for tensor-valued valuations, which was shown
by McMullen [46] if s = r and by Alesker [S]] for s < r.

Theorem 2.1 (McMullen, Alesker) Ifn > 2, r > 1, 0 < s < r and the valua-
tions Z : K" — T'(R") and Z"7 : K* — T"(R"), j =0,...,s satisfy

S

) J
2K +y) =Y 27 (K)o %
j=0 '

for K € K" and y € R", then Z"~* is translation invariant.

The first new result that we need for the proof of Theorem|I.2]is the following.

Proposition 2.2 If m > 2, r > land Z : K(C™) — T"(C™) is an SL(m, C)-
equivariant translation covariant continuous valuation such that Z° = c for a
constant ¢ € R; namely, if

r—1 A j
ZK+y) =cy+Y 27K oL

J=0

foreveryy € C™ and K € K(C™), then ¢ = 0.
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Proof: Let vy, ..., v, be a complex basis of C™, and let V = ling{vy,..., v}
We observe that SL(V,R) C SL(m,C) is a closed subgroup, and the action of
¢ € SL(V,R) on C™ is defined by ¢(iv) = ip(v) forv € V.Forp=1,...,r, we
consider the basis of T¢(C™) induced by the real basis vy, ivy, . . . , Uy, 10, of C™.
The induced action of SL(V,RR) on T¢(C™) leaves T¢(V) invariant, and T¢(V)
has an SL(V, R)-invariant direct complement subspace spanned by the elements
of the basis of T¢(C™) containing at least one of vy, . . ., iv,,, Which subspace in
turn is the kernel of a linear projection ¢ : T¢(C™) — T¢(V) commuting with
the action of SL(V,R).

For K € K(V)and j = 0,...,r — 1, we set Z"9(K) = 1Z"(K) and
Z(K) = ¢Z(K). In particular, Z : K(V) — T(V) is an SL(m, R)-equivariant,
translation covariant and continuous valuation such that if K € IC(V), then

. r—1 . ) ]
Z(K +y) :c~y’“+ZZH(K)@%
J=0 ’

fory e V.

On the other hand, Theorem and (@) yield that Z° = ¢4V, for a constant
co € R where V,, is the m-dimensional volume on V. Therefore ¢ = ¢V}, (K)
for all K € K(V), proving that c = 0. O

The following statement is the main novel ingredient of the proof of Theo-
rem and the rest of this paper will be devoted to its proof.

Proposition 2.3 Let m > 2. If r > 1and Z : K*™ — T"(R*™) is an odd or even
SL(m, C)-equivariant and translation invariant continuous valuation, then Z is
constant zero. In addition, if Z : K*™ — R is an odd SL(m, C)-equivariant and
translation invariant continuous valuation, then again Z is constant zero.

Proof of Theorem [1.2) based on Propositions and Let Z : K*™ —
T"(R?™), r > 1 be an SL(m, C)-equivariant and translation covariant continuous
valuation, and hence

yj

Z(K+y)=)Y Z"(K)o T e R>™,
Jj=0 ’

where each Z"~7(K) is an SL(m, C)-equivariant and translation covariant tensor
valuation of rank r — 7, j = 0, ..., r. According to Theorem 7 =c + &V

for ¢y, ¢y € R. It follows from (3)) that Z := Z —co M is an SL(m, C)-equivariant
and translation covariant tensor valuation of rank r, and

r—1 i
7 .Y N 7 v
Z(K+y)=¢ 7’!+]-ZOZ (K)@j!. 4)



We suppose that Z is not constant zero, and seek a contradiction. First Propo-
sition yields ¢; = 0. Therefore there exists a maximal j € {0,...,r — 1}
such that Z"~7 is not constant zero. For o =1 —j > 1, we deduce from Theo-
rem [2.1] that the T¢(R?™)-valued SL(m, C)-equivariant continuous valuation Z¢
is actually translation invariant.

Now we consider the SL(m, C)-equivariant and translation invariant continu-
ous T?(R?™)-valued valuations

ZH(K) = S(ZU(K) + Zo(-K)),

77(K) = J(Z(K) - 2(-K).

It follows that Z* is even and Z~ is odd, and both are translation invariant,
continuous and SL(m, C)-equivariant where the last property is a consequence of
the fact that —idge» commutes with all elements of SL(m, C). Therefore Propo-
sition [2.3| yields that Z* and Z~, and in turn Z¢ = Z* + Z~ is constant zero.
This is absurd, thus Z is constant zero, completing the proof of Theorem O

Therefore all we are left to prove is Proposition

3 Translation invariant continuous valuations

Let V be a finite dimensional real vector space. In this section, we survey known
properties for continuous and translation invariant valuations Z : K" — V for
n > 2. Our discussion is mostly based on Alesker [12], and provide arguments
using well-known ideas only when the statement we need has not been explicitly
stated or proved before. We recall that K™ denotes the space of compact convex
bodies in R" and fix a real scalar product on R". For general results in the theory
of convex bodies and valuations, we refer, e.g., to the books [26} 27, 48]].

We write Val to denote the Fréchet space of continuous and translation in-
variant valuations Z : K™ — R (see Alesker [6] for a description of the Fréchet
structure). Hence the Fréchet space of continuous and translation invariant valua-
tions Z : K" — Vis Val ® V (remember that tensor products are always over R
in this paper). We say that a valuation Z : K" — V is homogeneous of degree j or
simply j-homogeneous if Z(AK) = M Z(K) forevery A > 0 and K € K". We
denote by Val; C Val the subset of j-homogeneous real-valued valuations. More-
over, Z : K™ — V can be written uniquely in the form Z = Z* + Z~ where Z*
is even and Z~ is odd; namely, Z*(—K) = Z*(K) and Z~(—K) = —Z~(K).
Val™ (resp. Val™) denote the subspace of even (resp. odd) valuations in Val. A



typical example of an even valuation with degree of homogeneity j is the jth in-
trinsic volume V};, which coincides with the j-dimensional Lebesgue measure on
compact convex sets of dimension at most j.

We define an action of GL(n,R) on Val ® V as follows.

Definition 3.1 Let GL(n,R) act on the finite dimensional vector space V and
denote this action by ¢ - v, ¢ € GL(n,R), v € V. Then, the action of GL(n,R)
on Val ® V is given by

(pZ)(K) = Z(p'K), (5)
where Z € Val® 'V, p € GL(n,R) and K € K™

Definition 3.2 Let GL(n,R) act on the finite dimensional vector space V and let
G C GL(n,R) be a closed subgroup. We say that a valuation Z : K" — V is
G-equivariant if it is invariant under the action (5)) over G.

We denote by (Val ® V)Y the Fréchet subspace of G-equivariant valuations.

In this paper, V is always a finite dimensional real vector space. As stated in
the introduction, our main focus is the case

V = T(R*) = T(C™) = @®,oT"(C™)

and G = SL(m, C) where T"(C™) is the real (*"*"~')-dimensional space of rth
symmetric tensor power of C™ over R.

Another essential notion in the theory of valuations and in this paper is that of
smoothness.

Definition 3.3 We say that a valuation Z : K" — V is smooth if the action
defines a smooth map GL(n,R) — Val ® V. Equivalently, Z is smooth if
o+ Z o isasmoothmap GL(n,R) — Val ® V.

In this paper, we use the terms smooth and C'* interchangeably. We write Val™ to
denote the Fréchet subspace of smooth elements of Val, which is a dense subspace
according to Alesker’s Irreducibility Theorem (see [7]).

Theorem 3.4 (Alesker’s irreducibility theorem) The natural representations of
the group GL(n,R) in Valj and in Val; are irreducible, i.e., there is no proper
closed GL(n,R) invariant subspace.

The Fréchet subspace of smooth elements of Val®V is denoted by (Val®@V)>°.
It follows from classical results in representation theory (see, e.g., [S0, p. 32]) that

(Val ® V)™ = Val® ® V. (6)

If Z: K™ — R is invariant under a closed subgroup G C O(n) acting transi-
tively on S™~!, then



(1) Z is smooth according to Alesker [9];
(i1) Z is even according to Bernig [15].

Normal cycles provide a natural way to represent smooth valuations. If K €
K™, the normal cycle of K is defined as the set nc(K) C SR" := R" x S"!
given by

nc(K) = {(z,v) € SR" : v € K, (v,x —y) > 0Vy € K}.

We say that an (n — 1)-form w € Q" !(SR™) ® V is translation invariant if it
depends only on its components on S™ 1.

Corollary 3.5 (Val®V)* is a dense subspace of Val@V. Moreover, the elements
of (Val ® V) are given by integration over the normal cycle of a translation
invariant form, i.e., if Z € (Val ® V)™, then there exists a translation invariant

w € Q" Y(SR") ® V such that
Z(K)—/ w for K € K™
ne(K)

Proof: The first statement simply follows from (6) and Alesker’s Irreducibility
Theorem [9].

The second statement is proved by Alesker [11] if V = R, and hence it
follows again by (6). O

For a closed subgroup G C GL(n,R), we recall that (Val ® V)¢ denotes the
subspace of GG-equivariant valuations in Val®V. Similarly to the real-valued case,
as observed by Alesker and Bernig (private communication), any Z € (Val®@V)%,
with G a closed subgroup G C O(n) acting transitively on S™~!, is smooth.
For the convenience of the reader, we give a proof following the arguments of
Corollary 3.3 in Fu [24] and Theorem 4.1 in Bernig [16].

Proposition 3.6 (Alesker, Bernig) Let a closed subgroup G C O(n) act transi-
tively on S" ', and let GL(n,R) act on a finite dimensional real vector space V.
Then, dim(Val® V)¢ < co and (Val®@ V)¢ C (Val® V), that is, if a continuous
translation invariant valuation Z : K™ — V is G-equivariant, then Z is smooth.

Proof: Let W be the space of all valuations Z € Val ® V such that there exists a
translation invariant and G invariant (n — 1)-form w € Q" *(SR™) @ V satisfying
Z(K) = [ for K € K. In particular, W C (Val ® V).

First we claim that W is dense in the closed subspace (Val ® V)¢. For this,
let Z € (Val ® V)¢ and hence, Z € Val ® V. It follows from Corollary (3.5 that

9



there exists a convergent sequence {Z) tren C (Val ® V) that converges to Z.
For every k € N, define Z;) € (Val @ V)>¢ by

Ty () = /G 245y (K ) dp(0)

where . is the probability Haar measure on G. Since Z is G-equivariant, it follows
that the sequence {Z(y)} also converges to Z. In addition, each Z ;) is a smooth
and G-equivariant V-valued valuation. We deduce from the second statement
of Corollary that each Z(y is given by integrating an (n — 1)-form w) €
Q" 1(SR") ® V on the corresponding normal cycle. As Z(k) is G invariant, we
can assume that wy) is also G invariant, proving that W is dense in (Val @ V)%,

Next we prove that W is finite dimensional. For the argument, we fix a base
point e € S™"!. Since the group G acts transitively on S™!, the form w is
determined by the knowledge of it in a single point (note that w) is translation
invariant). In particular, it is enough to know wi|e) € A" (T(o,e)SR") @ V
where 7{, .)SR™ stands for the tangent space at (0, ) and A"~ (T{, ) SR™") @ V is
a finite dimensional vector space. Therefore W is finite dimensional, as well.

As (Val ® V)% is the closure of the finite dimensional W, we have
(Val ® V)¢ = W, verifying Proposition O

In the following, we study the decomposition of Val and Val ® V in terms
of the degree of the homogeneity of the valuations and describe some of these
spaces.

McMullen [44] proved the following useful polynomial behavior of certain
valuations:

Theorem 3.7 (McMullen decomposition) Let 7 : K" — V be a continuous and
translation invariant valuation, K € K", and A\ > 0. Then,

ZAK) =Y NZ;(K) (7)
j=0
where Z; is a translation invariant continuous valuation homogeneous of degree
75,7=0,....,n(Z;(AK) = NZ;(K) for K € K" and A > 0). In particular,
Val = @&}_,Val,

where Val; denotes the Fréchet space of continuous and translation invariant val-
uations homogeneous of degree 3, j = 0,...,n.

For G C GL(n,R) a closed subgroup, if Z is G-equivariant, then the same
holds for each Z;.

10



Let us consider the coefficients occurring in (/) for a continuous and transla-
tion invariant valuation Z : K" — V. We have that 7 is constant, and, as proved
by Hadwiger [31], Z,, is a constant multiple of the volume of K, that is, there
exists ¢ € V such that

Zo(K) =c-V(K) for K € K" (8)

The valuation Z,,_; can also be described. A direct extension of McMullen’s
representation result, proved in [435], gives us the following representation.

Theorem 3.8 (McMullen) Let Z,,_, : K" — V be a continuous and translation

invariant valuation homogeneous of degree n — 1. Then, there exists a continuous
1-homogeneous function f : R" — V (f(Ax) = Af(x) forz € R" and A > 0)
such that

Zo (K = fdSk for K € K™, ©9)
Snfl

where Si denotes the surface area measure of K (see Schneider [48]). Moreover,
f is unique up to a linear function. In other words, for continuous 1-homogeneous
functions f, f : R" — 'V, we have

fdSk = fdSk forall K € K" (10)
Sn—l Sn—l

if and only if f — f is a linear function on R".
In addition, f is odd if Z,,_1 is odd.

We recall that if ¢ is the support function of a C' € K™, then
/ hcdSKZTLV(K,,K,C)
Sn—l

Here V (K, ..., K, C) denotes the mixed volume with (n — 1)-times the convex
body K and once the convex body C' (see [48], Section 5] for more information on
mixed volumes). We note that if ¢ is a volume preserving linear transformation,
then

/ hcdSyx = nV(wK,...,goK,gp(gp’lC)):nV(K,...,K,w’lC)
Snfl

= / hcp*C dSK = / hc o QO_t dSk
Sn—1 Sn—1

where ¢! stands for the inverse of the transpose of ¢ and R" is identified with
its dual using the inner product. Since any continuous 1-homogeneous function

11



f + R™ — V can be approximated by differences of support functions (see [48]
Lemma 1.7.8]), we deduce that if ¢ € GL(n,R) with det ¢ = +1 and K € K",
then
fdS,r = foyp tdSk. (11)
Sn—1 Sn—1
The following Proposition [3.9]is also observed by Alesker and Bernig (private
communication). Below we provide an argument due to Alesker. Here and later
in the paper o denotes the origin of R".

Proposition 3.9 (Alesker, Bernig) Using the notation of Theorem L1 1S
smooth if and only if f is smooth on R™\{o}.

Proof: If f is smooth, then readily the same holds for Z.

We may assume that V = R. Let C(S™!) be the Banach space of continuous
functions on S™~! with the L., norm, and let Val,_; be the Fréchet space of
(n—1)-homogeneous continuous translation invariant valuations on ". We write
C) to denote the closed subspace of C'(S™™1) orthogonal to the n-dimensional
subspace Ly of C'(S™~1) linear maps in terms of the L, scalar product of functions
induced by the integral of their product; namely, g € Cy holds for g € C'(S™!) if
and only if

/ g(u) - udH" H(u) = o (12)
gn—1

where H"~! denotes the (n — 1)-dimensional Hausdorff measure. Since H" ! is
invariant under SO(n), we observe that

gow € Cyforany g € Cyand p € SO(n). (13)

Let us consider the positive definite matrix
M = u@udH" ! (u) = / w-ut dH" T (u).
Sn—1 Sn—1

It follows that for any ¢ € C(S™1), there exists a unique | € Lg such that
Y — 1 € Cy, namely, [(u) = (cy, u) for

cp =M1 s Y(u) - udH" (u).

Therefore yields that the continuous linear map €2 : Cy — Val,,_; is bijective
where

Qg)(K) = /s B gdSk for g € .

12



It follows from the open mapping theorem that the linear map 2! is also contin-
uous, therefore it is smooth.

Now for the smooth valuation Z,,_1, we consider f = Q71(Z,_;) € Cy that
satisfies (9). The map F : SO(n) — Val,,_; defined by

F(p)(K)=Z, 1(¢p'K) = fdS,—1g = fop tdSk for o € SO(n)
Sn—1 Sn—1
is smooth (compare ), and hence Q! o F satisfying
Qo F(p) = foyp ! forp € SO(n) is smooth, as well. (14)

Finally, since f is 1-homogeneous, it is enough to prove that the restriction
of f to S"~1 is smooth. However, for orthogonal u,v € S™ !, the directional
derivative of f in the direction of v at v can be calculated using rotations around
the (n — 2)-dimensional linear subspace orthogonal to lin{u, v}, showing that f
is C* as well. O

We end this section with two useful results about the determination of j-
homogenous valuations by knowing its value on some convex bodies.

Theorem 3.10 (Schneider-Schuster [49]) Let j € {1,...,n — 1} and let Z; :
K" — V be a continuous and translation invariant valuation homogeneous of
degree j. Then,

Zj(K)=o forall K ¢ K" if Z;(K) = o forall K € K" withdim K = j + 1.
(15)

For even valuations we have more information. Again let Z; : K" — V
be a continuous, j-homogeneous and translation invariant valuation for j €
{1,...,n — 1}. For any linear subspace L of dimension j, Hadwiger’s theorem
provides the existence of Klz, (L) € V such that

Z,(K) = Kl (L)V;(K) for K C L.

The Grassmannian manifold Gr;(IR") of linear subspaces of dimension j of R"
is a smooth real algebraic subvariety of the real projective space over A7(R™). In
this sense, the Klain function Klz, : Gr;(R") — V is continuous, and it is smooth
if Z; is smooth. We recall that for a compact topological space X, C'(X') denotes
the normed space of continuous functions on X with the maximum norm.

Theorem 3.11 (Klain’s injectivity theorem [33]) The map Kl Val;F —
C(Gr;(R™)) is injective.

In particular, if Z; : K" — V is an even, continuous, translation invariant and
j-homogenous valuation and there exists ¢ € V such that

Klz, (L) = cfor any linear j-dimensional subspace L, then Z; = c-V;.  (16)
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4 Real vector subspaces of C™

In this section, we introduce the notation for linear subspaces in C™ and some
properties of their bases.

We identify the complex vector space C™, of real dimension 2m, with R?™ by
using the bijection C"™ — R?™ given by

(21, -y 2m) = (@1 + Y1, o Ty F 1Y) = (X1, Ty Y1y -+ Yn)-

If L ¢ C™ = R>™ is a real vector subspace, then CL denotes the minimal
complex linear subspace of C™ containing L. Hence dimcCL is the maximal
number of vectors in L independent over C. We say that a j-dimensional real
subspace L C C™ = R?*™ is of maximal complex rank if dim¢CL = min{j, m}.

Next we describe a natural basis of a real subspace L of C™ = R?™. We
observe that C™, m > 2, has a natural Hermitian inner product, whose real part is
a scalar product on the underlying R?™.

Lemma 4.1 Let L be a real vector subspace of R*™ = C™ for m > 2 with
dimgL = j > 1, and let d be the maximal number of vectors in L independent
over C. Then, there exist vy, ...,vq € L independent over C such that v, ..., vq
is a real orthonormal basis of L, if j = d, and v, ..., v, 101, ...,10;_q is a real
orthonormal basis of L if 7 > d.

Proof: Let U = L N iL be a complex subspace of R*™ = C™ with k = dimcU,
and let IV be the real orthogonal complement of U inside L with ¢ = dimgW,
and hence 7 = 2k + t. If £ > 1, then we choose a Hermitian basis w1, . . ., ug of
U, and if £ > 1, then we choose a real orthonormal basis wq, ..., w; of W. We
claim that if ¢ > 1, then

awy + ... +oqw, € U forag,...,aqp € Cyieldsay =...=a, =0. (17)

We write 5 = Req; and 7, = Imq; for I = 1,...,t, and set w = yw; +
.+ yw, € W. Tt follows from the condition in that iw € L, and hence
1w € LNiL = U. However, U is a complex subspace, thus w € U N W. We

conclude that w = 0, and hence 74, = ... = 7 = 0. Therefore the condition in
(T7) implies 5, = ... = 3, = 0, proving (17).

If U = L, and hence d = k and j = 2k, then we choose v; = w; for [ =
1,...,d. If K = 0, or equivalently, U = {o}, then j = d = t by (I7), and we
choose vy = w; forl =1,...,d.

Finally, if both £ > 1 and ¢t > 1, then CL = U + CW imples that d < k + ¢,
and hence j = 2k + ¢t and d = k + t by (I7). Therefore we choose v; = w; for
l=1,...)kand vy =w;forl=1,...,¢t. O
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Now we show that for our purposes, we may assume that d = min{j, m} in
Lemma .11

Lemmad4.2 [fm >2andj =1,...,2m—1, then the subset of all j-dimensional
real subspaces of maximal complex rank constitutes a dense subset of Gr;(R™).

Proof: 1f j = 1, then the statement readily holds, thus we assume ;7 > 1. Let
k = min{j, m}. We call a j-dimensional real subspace L of R*™ of lower complex
rank if dimcCL < k.

We recall that the Grassmannian manifold Gr;(R*™) of linear subspaces of
dimension j of R?*™ is a connected smooth real algebraic subvariety of the real
projective space over A7 (R?™), and in particular, locally it can be parametrized by
the real wedge product of j independent vectors over R. Now if an L € Gr;(R*™)
is represented by vy A ... Av; € AJ(R*™) for vectors vy, . ..,v; € L independent
over R, then L is of lower complex rank if and only if forany 1 < 7; < ... <
1 < j, the complex wedge product

Vi, A ... N v, = 0e Ak((Cm)

Therefore real j-dimensional subspaces of lower complex rank form a real
projective algebraic subvariety X of Gr;(R?*™). Since there exists some real
j-dimensional subspace L of maximal complex rank, and Gr;(R*™) is smooth
and connected, the real dimension of X is smaller than that of Gr;(R*™). We
conclude that j-dimensional subspaces of maximal complex rank form a dense
subset of Gr;(R*™). O

According to Lemma [.2] the next corollary follows from Klain’s Injectivity
Theorem [3.T1]if the valuation Z; is even, and from McMullen’s Theorem [3.8/and
Schneider’s and Schuster’s Theorem if the valuation Z; is odd.

Corollary 4.3 Form > 2, j = 1,...,2m — 1 and finite dimensional real vector
space V, let Z; : 2™ — 'V be a continuous translation invariant valuation
homogeneous of degree ;.

() If Z; is even and Klz,(L) = 0 for every real subspace L € Gr;(R*") of
maximal complex rank, then Z; is constant zero.

(ii) If Z; is odd and for every real subspace L € Gr.,(R?*™) of maximal complex
J ry P J+ /4
rank, the continuous function f on L associated to the restriction of Z; to L
by ) is linear, then Z; is constant zero.
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5 Real valued SL(m,C) and translation invariant
continuous valuations

In this section we give a direct proof of Theorem [I.3] basing on ideas in Abardia,
Bernig [1], Abardia [2, 3]. The main motivation to treat this particular case is
that some of the main ideas to prove the general case (see Sections [6] and [7) are
already contained in this section. We note that the crucial statement about real
valued odd valuations will be only treated in Section [/| together with odd tensor
valued valuations in order to shorten the paper.

Let m > 2 and let Z : K*" — R be an SL(m, C) and translation invariant
continuous valuation. First we observe that Z can be written as the sum of an even
Z" and an odd Z~ translation and SL(m, C) invariant continuous valuation (see
the proof of Theorem [1.2]in Section [2), thus Z = ZT is even as Z~ = 0 by the
case of Proposition [2.3)when 7 = 0 and the valuation is odd.

We next reduce the proof of Theorem|[I.3|by using McMullen’s decomposition
and Klain’s injectivity theorem as follows. From the McMullen’s decomposition,
it follows that Z = Z?ZO Z; where each Z; is an even SL(m, C) and translation
invariant continuous valuation homogeneous of degree 7, j = 0,...,2m. As we
have described, Z;, = c;x for a constant ¢; € R, and Z,,, = ¢,V for a constant
cs € R.

Therefore we have to verify that Z; = 0forj = 1,...,2m — 1. As Z; is even,
continuous and translation invariant, Corollary [4.3(i) applies, and Theorem
follows if foreach j =1,...,2m — 1,

Kly, (L) =0 forall L € Gr;(R*™) of maximal complex rank. (18)

Lemma 5.1 Ifm > 2, j < m, and L is a j-dimensional real vector subspace of
R*™ = C™ of maximal complex rank, then Kl (L) = 0.

Proof: By definition, there exist vy,...,v; € L independent over C such that
v1,...,v; is areal basis of L. We extend vy, ..., v; to a complex basis vy, ..., vy,
of C™. Since j < m, there exists a ¢ € SL(m,C) such that pv;, = 2u; for
[ = 1,...,j. For the j-dimensional simplex K with vertices o,vy,...,v;, we
have V;(K) > 0 and

Klg, (L)Vj(K) = Z;(K) = Zj(¢K) = Klz,(L)V;(¢K) = 2Klg, (L)V;(K),
and hence Kl (L) = 0. O

Proof of Theorem According to Lemma we need to prove (I8) where
Zj is a j-homogeneous valuation with

je{m,...,2m —1}.
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Hence Lemma [.1] yields that there exists a complex basis vy, ..., v, of C" =

R?™ such that writing v;,,,, = iv; for I = 1,...,m, the vectors vy,...,v; € L
form a real basis of L.
Let K C L be a j-dimensional crosspolytope with vertices vy, ..., +v;. We

claim that if ) € GL(m, C) with detc ¢y € R\{0}, then
Z;(0K) = [detc | Z;(K). (19)

To prove (19), first Wwe assume that detc v > 0. In this case, we set D = detc 1),
and hence ¢ = Dw 1) € SL(m, C) satisfies

Z;(¢K) = Z,(¢Dw K) = Z,(D% K) = D# Z;(K),

proving if detc ¢ > 0. .
If detc ¢ < 01in , then we consider ) € GL(m, C) defined by

D(vm) = —th(vn) and (v;) = (v) forl =1,...,m — 1.

It follows that detc ¢) = | detc ¢)|. Since the complex linear map v, > —v,, and
v — vy forl =1,...,m — 1leaves K invariant, we have ¢V K = ¢ K. Thus we
deduce

Z,06K) = Z,(0K) = (dete ) 2,(K) = [dete v]% Z,(K)

completing the proof of (19).

To finish the proof of Theorem we distinguish two cases depending on
whether j > m or j = m.

Casem < j < 2m:
For every A > 0, we define ¢ € GL(m, C) by ¢v,, = Av,, and ¢v; = v, for
I=1,...,m — 1. In particular, yields that
Zi(WK) = Am Z;(K) = AnKly, (L)V;(K).

On the other hand, we observe that ¢(iv;) = iv;,, I = 1,...,j — m, and hence v
maps L into L. The real determinant of the restriction of ¥ to L is A. Thus

Z,(K) = Klz, (L)V;(¢K) = AKly, (L)V;(K).
We deduce that, for every A > 0,
(A — MKl (L)V;(K) = 0.
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Hence, using j > m, we obtain Kle(L) =0.

Case j =m

For t € (—3,7%), let K; be the m-dimensional crosspolytope with vertices
+[(sint)vy + (cost)ivg|, tuvg, ..., £v,,. We consider the complex linear map v,
defined by ¢ (v1) = (sint)vy + (cos t)ivg and ¢y (v;) = v forl = 2, ... m. Thus

detcyy = sint.

Since detgrtyy = 0, we introduce the associated ¢, € GL(2m,R), t € (=73, 7%),
defined by ¢;(v1) = (sint)vy + (cost)iva, @i(ive) = (—cost)vy + (sint)ivg,
wi(iv1) = vy, @i(v) = v for I > 2 and @y(iv;) = iv, for [ > 2, which satisfies
that K; = K = o, K.

We claim that

Formula follows from if sint # 0, and hence by the continuity of Z,,, if
sint = 0.

Now Z,, is smooth because it is invariant under SU(m) (see Proposition [3.6)
and ¢, € GL(2m,R), t € (=7, %), is a C* family of 2m x 2m matrices, thus
Zm(p:K) is a C™ function of ¢t. Since Z,,(¢:K) is differentiable at t = 0,
but the right-hand-side of (20)) is differentiable only if it vanishes, we conclude
Klz, (L) = 0 by (20).

In turn, we deduce (I8) for j = m,...,2m — 1. Since Lemma [5.1] verifies
forj =1,...,m — 1, the proof Theorem [I.3]is now complete. O

6 Ziseven

Let r > 1 and m > 2. For the whole section, fix an even, SL(m, C)-equivariant
and translation invariant continuous valuation Z : K?*™ — T"(R?™). By the Mc-
Mullen decomposition , we have 7 = Z?ZO Z; where Z; is a j-homogeneous
even SL(m, C) and translation invariant continuous valuation for j = 0, ..., 2m.
We note that in this section, we do not use the inner product on R*™ at all.

Proposition [2.3| for even valuations will directly follow after proving that the
even valuation Z; is constant zero for each 0 < j < 2m, which we prove in the
following.

Recall that Gr;(R™) denotes the family of all real linear j-dimensional sub-
spaces L of R*™, j = 0,...,2m. For j = 0,...,2m and L € Gr;(R"), we
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consider the Klain constant Kl (L) € T"(R*™) such that
Z;(K) = Klg, (L)V;(K) forevery K € K*" with K C L.

We recall that V;(K) is the j-dimensional volume of a compact convex K C L.
Since Z; is even and continuous, Klain’s injectivity theorem @]) applies, and
Proposition 2.3|for even valuations follows if

Kl (L) =0 forallj =0,...,2mand L € Gr;(R*"). (21)

More precisely, by Corollary we can reduce the problem to study only real
j-planes of maximal complex rank in (21]). Hence, to prove Theorem [2.3|for even
valuations, all we have to show is that if j € {0,...,2m} and Z; : K*™ —
T"(R?™) is a j-homogeneous even SL(m, C)-equivariant and translation invariant
continuous valuation, then

Kl (L) =0 forall L € Gr;(R*™) of maximal complex rank. (22)
Hence, from now on, we always assume that
the L € Gr;(R") in is of maximal complex rank if j = 1,...,2m.

According to Lemma there exists a complex basis vy, ..., v,, for R?" =

C™ such that setting v,,.; = < for [ = 1,...,m, we have that
U1y« Uy Upgls - - - » Vo form an R-basis of R?™, and
v1,...,v; form areal basis of L € Gr;(R").

We write [ to denote the family of all 6 : {1,...,2m} — N such that

> oo =r. (23)

It follows that Kl (L) can be written in the form

Klz, (L) =Y o 077 )" (24)

el

where each ¢y := ¢y 7 ;. € Rdependson, 7, j, L.

For j = 0,...,2m and L € Gr;(R"), let ¢» € SL(m,C) satisfy /(L) = L.
Writing 11, to denote the (R-linear) restriction of v to L, the core of our argument
is the claim that

|detr ¢z | - Klgz, (L) = ¢ - Klg, (L) (25)
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where we also prove that |detg ¢r| = 1if j = m,2m, and set | detg ¢y | = 1 if
j = 0. Indeed, choose any j-dimensional compact convex set X C L, and hence

(v -Klg (L) Vi(K) = ¢ Zj(K) = Z;(yK) = Kz, (L)V;(VK)
= |detgtr| - Kz, (L) V3(K),

proving (23)). Now if j = 2m, then detg 17, = detg ¢y = | detc 1)|> = 1. Finally,
if j = m, then /L. = L yields that each entry of the matrix of ¢» € SL(m, C)
with respect to the complex basis vy, ..., v, of C™ is a real number, therefore
detR Q/JL = det(c'tb =1.

We observe that if the map v in is the diagonal transformation with
() = Ny forl = 1,...,m where each \; > Oand A\ -...- \,, = 1, then
(Vmt1) = Mgy for Il = 1,...,m and ¢)(L) = L. In this case, is equiva-
lent with the statement that for each 6 € I, we have

co = (I A DHOmADN e i § = 0,m, 2m;
(Mo n) o0 = (ITE A 9“”9“"”) o ifj=1,...,m—1
( ) g = ([T AYOTHD) Ly i =m41,.. ., 2m — 1
(26)
We also note that A\; - ... - \,, = 1 yields
H/\Q(l)+6(m+l) H )\ ) +0(m+1)—0(m) ~0(2m) 27)

=1

Combining and (27)), we deduce the following statements.

Corollary 6.1 Ifj =1,...,m — 1 and ¢y # 0 in (24)), then
() +0(m+1) = O(m)+6(2m)+1 forl=1,...,7,
(1) +6(m+1) = O(m)+0(2m) forl=j+1,...,m

In particular, r = m(0(m) + 0(2m)) + j.

Corollary 6.2 If j=m+1,...,2m — 1, k = j —m, and cy # 0 in (24), then
0()+0(m+1) = 0(m)+602m)+1 forl=1,...,k,
() +6(m+1) = 0(m)+0(2m) forl=k+1,...,m

In particular, r = m(0(m) + 6(2m)) + k.

In the following subsections, we prove that Z; = 0 for every j = 0,...,2m
by distinguishing the different behaviors of Z; depending on j.
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61 Casem+1<j7<2m-—1

Lemma 6.3 Z; is constant zero for j =m +1,...,2m — 1.
Proof: Letk = j —m, k € {1,...,m — 1}. As in (24), we write

Klz, (L) = ey 07 ).

oel

It follows from Corollary [6.2] that if ¢, # 0 for § € I, then

f(m)+0(2m)+1 forl=1,... k,

6’(l)+9(m—|—l):{ 6(m)+0(2m) forl=Fk+1,....m "’

and hence 0(1) +6(m+1)+6(m)+60(2m) is odd. We consider the 1 € SL(m, C)
defined by ¥ (vy) = —vy, ¥(vy) = —v, and Y(v;) = v if 1 < I < m, which
therefore satisfies

- Kly (L) = (_1)9(1)+9(m+1)+9(m)+9(2m)Klzj(L) = —Klg, (L).

This together with implies Klz, (L) = 0, and in turn we conlcude Lemmal6.3]
by Corollary§.3|(i) for j =m+1,...,2m —1. O

62 Casel <j<m-—1

Lemma 6.4 Z; is constant zero for j = 1,...,m — 1.

Proof: As in the proof of Lemma we define ¢p € SL(m,R) given by
W(v1) = —v1, Y(vy) = —vy, and Y(v) = v for 2 < I < m — 1. Applying
to this ¢ and using the relations for 6 given in Corollary we obtain
that Klz, (L) = —Klz, (L), therefore Klz, (L) = 0. Using Corollary 4.3| (i), the
statement of the lemma follows. O

6.3 Casej=m

In order to show that Z;, Z,, and Zs,, are constant zero, we shall make use of the
First Fundamental Theorem of classical invariant theory on SL(m, R)-invariants
of several vectors. We describe it in the following.

For n > 2, let V be an n-dimensional R vector space, and let T(V) be the
direct sum of all T"(V), » > 0. Hence T(V) is an R-algebra where the “product”
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is the symmetric tensor product. We observe that T(V) can be naturally identi-
fied with the R-algebra of polynomial functions on V* where T" (V) corresponds
to the homogeneous polynomials of degree r, and the identification respects the
GL(V,R)-action.

For m > 2, we consider the diagonal action of SL(m, R) on the direct sum
V = R™ @ R™. As the R-algebras of symmetric tensors and polynomials can be
identified, we have the following consequence of the First Fundamental Theorem
on vector invariants of SL(m, R) (see, e.g., Dolgachev [23] Chapter 2], Kraft, Pro-
cesi 34} Section 8.4] or Procesi [47, Chapter 11.1.2] for the general statement).

Theorem 6.5 (First Fundamental Theorem) Letm > 2, r > 1and V = R™ ¢
R™, and let © € T" (V) be invariant under the natural action of SL(m, R).

(a) If m > 3 orris odd, then © = 0;

(b) if m = 2 and r is even, then

O =c(v ©wy — v ® wl)r/2
where ¢ € R and vy, vy form a basis of the first copy of R?, and wy,w, is
the corresponding basis of the second copy of R>.

Lemma 6.6 ~,, is constant zero.

Proof: According to Corollary {4.3] it is sufficient to prove that if vy,..., v, is a
complex basis of C™, and L = ling{vy,...,v,}, then Kl (L) = 0. We observe
that C™ = L ®g 1L where ivq, . .., iv,, is the corresponding real basis of 7 L.

It follows from that

Klz, (L) =4 - Klg, (L)

for any ¢ € SL(m,R). We deduce from the First Fundamental Theorem [6.5| that
Klz, (L) =0if m > 3 or ris odd.

Therefore, we assume in the following that m = 2 and r is even. According to
the First Fundamental Theorem there exists ¢ € R such that writing w; = v,
and wy = vy, We have

Klz, (L) = c¢(vy ® wy — vy ® wy)"/2. (28)

We suppose that ¢ # 0 in (28], and seek a contradiction. Let K C L be
the 2-simplex with vertices o, vy, v,. For t € (—g, g) we define K; to be the
2-dimensional simplex with vertices o, vq, (sint)v; + (cost)ws.
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Claim 1: Ifc # 0, thenr = 2, Z(K,) # 0, and for any t € [0, 5), we have
Zo(K,) = (sint)Kly, (L)Va(K) + (cost) Zo(Kp). (29)

Fort € [0, ), we consider the complex linear map ¢, defined by ¢, (v;) =

(sint)vy + (cost)(ive) = (sint)vy + (cost)wsy and . (v2) = va, thus
K; = oK and detcy; = sint.

Ift € (0, ), then 1, = (sin t)2 ¢, € SL(2, C) satisfies

1

Yi(wy) = YPylivy) = (sint)= <(sin t)w; — (cos t)w)
i(ws) = ylive) = (sint) 2 w.
Since Z, is 2-homogeneous, we deduce that if ¢ € (0, 7), then

Zo(oK) = Zo((sint)2eyK) = (sint) Zo (1K)
= (sint)yy - Zo(K) = (sint)Va(K); - Klg, (L).

Fort € (0, 5), we have

(NI

Y- Klg, (L) = c(sint)® ((sintv; + costwy) ® wy — vy ® (sint wy — cost vy))

N3

= ¢(sint) ((sint(vy © wy — vy ® wy) + cost(wy @ wy + vy O 12))2
implying the formula

Zo(pK) = cVa(K)(sint)'z (30)

N3

((sint(v; ©® wg — vy ® wy) + cost(wy © Wy + v © V7))
Since Zy(K;) = Z»(¢,K) is a continuous function of ¢ € [0, 7), it follows that

t—0+

Combining r > 2, (30), cVa(K) # 0 and

(V1]

lim (sin t(v) © wy — V2 © wy) + cos t(ws © Wa + Vs @ V2))? = (Wa © Wy + vy O v2)? # 0,

t—0

we conclude that the limit in (31)) exists only if » = 2. Therefore » = 2, and
deduce from (30) and (31)) that

Z5(Ko) = Za(poK) = cVa(K)(wa © wy + vg © v2) # 0. (32)
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We conclude (29) if t € (0, 7) from 28), (30) and (32)), and in turn if £ = 0 by
continuity.

Claim 2: If c # O, then for any t € (—7,0), we have
Zy(pe K) = |sint|Kly, (L)Va(K) — (cost) Zy(Ky). (33)

In this case, we have sint < (0. The argument is similar as above only we
modify the definition of ¢, in order to have positive determinant and make use of
the fact that we already know that r = 2. For ¢t € (—7,0), now the complex linear
map ; is defined by ¢;(v1) = va, i(v2) = (sint)vy + (cost)ive. It follows that
again p; K = K; = ¢, K and

detcpy = | sint|.

Now 1, = |sint| = ¢, € SL(2,C) satisfies

Ye(wy) = Pilivg) = |sint| = wy

Ui(we) = YPy(ivg) = |simt|_71 ((sint)w1 — (cos t)v2>.
Since Z, is 2-homogeneous, we deduce

Zy(pr K) = |sint| Zo( K) = | sint|Va(K )Yy - Klg, (L).
As we already know that 7 = 2 by Claim 1, in this case we have
Yy - Klg, (L) = c|sint|™ (vy ® (sintw; — costvy) — (sintv; + costwsy) © ws)

= c|sint| ™ (—sint(v; ® wy — vy ® wy) — cost(wy O wy + vy O va)),
implying the formula
Zy(pr K) = cVo(K) (| sint|(vy ©® we — v ® wy) — cost(wy @ we + v9 @ v7)) .

In turn, we conclude (33) and Claim 2 if t € (—7,0) by (32).
It follows from Claim 1, the continuity of Z; and Claim 2 that

t—0t+ t—0—

and hence Z(Kj) = 0. This contradicts Claim 1, therefore proves Klz, (L) = 0
in for the case m = 2 and r is even, concluding the proof of Lemma[6.6 O
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6.4 Casej € {0,2m}
Lemma 6.7 7, and Z,,, are constant zero.

Proof: Let j € {0,2m}. According to (25), there exists a © € T"(R*™) such that
Z;(K) = OV;(K) forany K € K(R*™) and

O=14¢-06 (34)

for any ¢ € SL(m, C). In particular, we have that © € T"(R™ & R™) is invariant
under the natural action of SL(m,R). We deduce from the First Fundamental
Theorem [6.5]that © = 0 if m > 3 or r is odd.

Therefore, we assume in the following that m = 2 and r is even. In this case,
we choose a complex basis vy, v, of C2, and define w; = iv; for [ = 1, 2. It follows
from the First Fundamental Theorem [6.5] that

0= C(’Ul GO Wy — vy ® wl)T/Z (35)

for a c € R. Since, by (34), © is not only invariant under SL(2, R) but also under
SL(2,C), we consider ¢ € SL(2,C) given by ¥(v1) = v; and 1p(ve) = tv1 +v9 =
wy + v9, and hence ¥ (w;) = wy and ¥ (wy) = —v; + wy. A computation shows
that

V-0 =c(v,®wy — v, Owy — vy Oy —wy O w2 (36)

If ¢ # 0, then any term in © (see (35))) contains equal number of indices 1 and
2, while ¢ - © contains the term (v; ® vl)T/ 2 with non-zero coefficient (compare
(36)), contradicting the invariance of © (see (34)). Thus ¢ = 0, concluding the
proof of Lemmal[6.7] O

7 Zisodd

Let m > 2, r > 0, and let Z : K** — T"(R*™) be an odd SL(m, C)-
equivariant and translation invariant continuous valuation, which we fix through
the section. Similarly to Section 6, McMullen’s decomposition theorem yields
that Z = Z?Zo Z; where each Z; is an odd SL(m, C)-equivariant and translation
invariant continuous j-homogeneous valuation. We prove in the following that
Z; =0forevery 0 < j < 2m.

Let j € {0,2m}. According to Hadwiger’s theorem (8)), there exists a constant
¢; € T"(R*™) such that Z;(K) = ¢;V;(K) for any compact convex set K in R*".
Since Z; is odd and Vj is even, we have

Z; =0 if j = 0,2m. (37)
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Therefore we may assume that j € {1,...,2m — 1}. By Corollary 4.3 (ii), it
is sufficient to prove the following.

Lemma7.1 Ifj = 1,....2m — 1, m > 2, Z; : K*" — T"(R*") is an odd
SL(m, C)-equivariant and translation invariant continuous j-homogeneous val-

uation, L € Grj1(R*™) is of maximal complex rank, and the continuous 1-
homogeneous function [ : L — T"(R*™) satisfies (cf. ©))

Zi(K) = / fdSk1 for K € K(L), (38)
S2m—1n7],
where Sk 1, denotes the surface area measure of K with respect to L, then

fx+y) = f(x) + fy) foranyz,y € L. (39)

In order to prove that the function f in Lemma is linear, we distinguish
three different cases depending on whether j < m — 1, m < j < 2m — 2 or
J = 2m — 1, but the idea described next is followed in all cases.

It follows from Proposition 3.6/ and SU(m) C SL(m, C) that Z; is smooth,
and hence applying Proposition [3.9]to the restriction of Z; to K(L) yields that

the function f in is C* on L\{o}. (40)

As L € Gr;;1(R?™) has maximal complex rank, Lemma yields the exis-
tence of an orthonormal complex basis vy, . . . , v,, for R*™ = C™ such that setting
Umay =ty forl = 1,...,m, we have that vy, ..., v, Uy, - - ., Vg, form an R-
basis of R?™, and

U1, ..., v; form an orthonormal real basis of L € Gr;(R"). (41)

We note that the following ideas apply to any complex basis vy, . . ., vy, for R?" =
C™ satisfying @I) where v,,,;, = tv; forl =1,...,m.

Similarly to the case of even valuations, we write I to denote the family of all
6: {1,...,2m} — N such that

d oo =r. (42)

It follows that if » > 1, then for any x € L, f(x) can be written in the form

0
Zfe o v

el

where fy(z) € T"(R?*™) forx € Land 6 € I, and
each fy, 0 € I,is C*° on L\{o} (43)
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according to (0). If » = 0, then the only element 6 of [ is the constant zero map,
and we set fp = f.

In order to prove (39), we use the SL(m, C)-equivariance of Z; as follows. Let
¢ € SL(m,C) satisfy that (L) = L, and let A = |detg (p|)|. It follows that

el = Aﬁ@ where ¢ € GL(L,R) satisfies detg » = %1. Since ¢ - Z;(K) =
Z;(¢K) for any K € K(L), we deduce from and that

(,O'deK,L = / de K7L:/ de 1
/SQm—lmL §2m—1AL ¥ §2m—1A[, AIFTLGK,L

- / AT FdSspr
S2mflmL

= / Aj]ifo ¢ dSk L
S2m—1n7],
where ¢ - f = f if r = 0. We conclude that

O = f — |detg (¢]1)|7T fopt (44)

is linear by where - f = f holds if r = 0. In particular, setting k = j+1—m
provided j > m,if aq, ..., am, 51, ..., Bm € R, then

j+1 it
% (Zaqvq> - Z@(aqvq) = 0 ifj<m-—1,
q=1 q=1
k

m k m
o <Z QqUg + Zﬁqivq) — Z P (avgvy) — Z O (Byivg) = 0 ifj>m.
q=1 q=1 q=1 q=1

(45)
The fact that holds for some suitable family of possible ¢ € SL(m, C) will
lead to (39).
We note that the argument is somewhat simpler if » = 0. Since in this case, the
only f € [ is constant zero, we have §,; = 1in Lemma([7.3| 6 = 0 in Lemmas|[7.4]
and there is no need for Lemma

71 Casem < j <2m —2

The whole section is devoted to prove the following statement.
Lemma7.2 Ifj =m,...,2m — 2, then Z; is constant zero.

We prove Lemma [7.2]by a series of lemmas where we use the notation above
set up around Lemma 7.1} In particular, we fix a complex basis vy, . .., v,, of C™
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such that vy, ..., Uk, Vki1, .., Up, 101, . . ., 10k 1S a real orthonormal basis of its R-
linear span L, where L is a (j + 1)-dimensional real subspace with j+1 = k+m.
Forg=1,...,m, we set vy, = 10q.

For A >0,pe {1,...,k}andl € {k+1,...,m}, we frequently consider the
map ¢,; € SL(m,C) defined by

pi(vp) = Avp,
epa(u) = A,
wpi(vy) = v, ifg=1,...,mandq#p,l

(we do not signal the dependence of ,,; on A). In this case, ¢,,| is an R-linear
map of the (k + m)-dimensional subspace L into L whose determinant is \. It

follows that ¢, |, = N ©ps Where ¢, € SL(L, R) satisfies

~ mtk—1 - m+k—1
Gpi(vp) = A+ v, and Py (Vprm) = A Upyom,

Bos(v) = AW,

Opi(vy) = A‘ﬁvq ifg=1,....,m+kandq#p,l,p+m,
therefore 7 = m + k£ — 1 implies

Jo =J -~ _=J_
S%,;(%) = Am¥Fy, and @p,]lt(vp-i-m) = A" Uy,

~ _Jt2
Sppj(qu) = )\ 7iz+kvl7

@;;(vq) = )\m%tkvq ifg=1,....m+kandq#p,l,p+m.
Lemma 7.3 Ifw, € Cu,N L forq=1,...,m, then for any 0 € I, we have
fg(wl—i—...—l—wk) = fg(w1)+...—l—f9(wk), (46)
fg(wk+1 4+ ...+ wm) = f@(wk+1) 4+ ...+ f@(wm). (CY))
Remark We observe that w, = a,v, + B4iv, for ay, B, € Rif ¢ =1,...,k, and
wy = ogvg foroy e Rifg=k+1,...,m.
Proof: To verify (6) and (@7), it is sufficient to prove by induction for p =
l,...,kandl =k +1,...,mthatif w, € Cv,N (L\{o}) forqg=1,...,m, then

fg(wl—i-...—i-wp) = fg(wl)+...+fg(wp>, (48)
Jo(weyr +...+w) = fo(wrpr) + ...+ folw) (49)
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by the continuity of fj.

For (48), the case p = 1 of the induction argument trivially holds, therefore
we assume that p > 1 and that holds for p — 1. We deduce from that for
every 6 € I, we have

)\9(p)+9(p+m)—9(l)—9(l+m) (fg ('LU1 + Ce —l— wp) — f@(wl) — ... — fg(wp)) — (50)
p—1 p—1
j = 1 i 1
_\rE [fe ()\m-chp + Z)\qu> — 1y ()\mwp> — Zf9 ()\qu)] - 0.
q=1 q=1
After multiplying (50) by ¢ +0(4m)=0)=0(+m) y5ing the constant

Oy =0()+0(l+m)—0(p)—0(p+m)+1,

and using that f(av) = af(v) for any @ € R and v € L, we deduce that is
equivalent with

fg(w1+...+wp) —fg(wl) —...—fg(’wp)— (51)
p—1 p—1
—Xsp’l [fg (Alwp -+ Z wq> — fg()\ilwp) + )\6P’l Z fg(’wq> = 0.
q=1 q=1

If 0,,; < 0, then letting A tend to infinity in (5T), we deduce (48).
If 6,; > 0, then fy is differentiable at w, as w, # 0 (compare (40)). In
particular, if A is small, then

()\ wp—i-zwq) fo(A™ wp) = (fe (wp—l—)\qu) Jo wp))

qg=1

= \'0 (Aiu@) = 0(1),

therefore letting A tend to zero in implies (48).
Finally, if §,,; = 0, then reads

folwr + ... +wy) = (1= A7) fo(wy) + fo <)‘1wp + qu> :

q=1

Here letting A tend to infinity and applying the induction hypothesis, we complete
the proof of (48)), and in turn {6).
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For ([#9), the case [ = k + 1 of induction argument trivially holds, therefore
we assume that [ > k + 1 and holds for [ — 1. We deduce from that for
every 0 € I, we have

)\G(p)+9(p+m)—9(l)—9(l+m) (fg(wk_H —|— R wm) — f@(wk+1) — ... — f@(wm)) (52)
) o ) -1 o ) -1
_)\ﬁ [fg (AW@UZ + AmFE Z wq> - f9 ()wjn%wl) — Am+k Z f@(’wq)] = 0.
q=k+1 q=k+1

After multiplying (52) by \/(O+0U+m)=0()=0(+m) 'and using that f(av) = af(v)
forany o € R and v € L, we deduce that (43) is equivalent with

Jo(wrrr + ... +wr) = folweyr) — ... — folwr)— (53)
-1 -1
— M [ fo (/\wl + ) wq> — foOw) | + X% 3" fy(wy) = 0.
g=k+1 q=k+1

If 6,,; > 0, then letting A tend to zero in (53), we deduce (49).

If 6,; < 0, then fj is differentiable at w; as w; # 0. In particular, if X is large,
then

-1 Zl—l w
Jo (Awl + ) wq> — foQw) = A (fe (wz + %) - fe(wl))

g=k+1
-1
- \O (M) =0(1),

therefore letting \ tend to infinity in implies (49).
Finally, if 6,; = 0, then reads

-1
fg(wk_H + ...+ wl) = (1 - /\)f@(wl) + fo ()\wl + Z wq> .

q=k+1

Here letting A\ tend to zero and applying the induction hypothesis complete the

proof of (#9), and in turn 7). O

Lemma 7.4 Ifv € ling{vy,ivy, ..., v, 005} and w € ling{vgy1, ..., 0}, then

fov+w) = fo(v) + fo(w).
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Proof: We may assume that v,w # 0. As L NiL = ling{vy,ivq,..., g, 10k}
is a complex subspace of C™ of complex dimension k£, we may choose a com-
plex basis 0y,...,0; of L N 4L such that v = ay0; for oy € R\{0} and
{01,401, ..., 0k, 10y} is a real orthonormal basis. Similarly, we may choose a
real orthonormal basis U1, ..., Uy, of ling{vki1, ..., vy} such that w = a,, 0y,
for a;, € R\{0}. In particular, 7y, ..., 7, is a complex basis of C™ such that
U1,y ...y U, i01, ..., 10, form a real orthonormal basis of L.

For A > 0, we consider ¢ € SL(m,C) defined by ¢(v1) = Ay, ¢(0,) =
A0, and p(0,) = 0, if ¢ # 1,m, and hence the R-linear map ¢y |z, is of
determinant A\. Again, we do not signal the dependence of ¢ on A. We have
el = A7+% G where ( € SL(L, R) satisfies

P B) = A0y and ¢ (Tmg1) = ATF O,
G (Om) = ARG, and ¢ (Bam) = AT gy,

o (vy) = Aﬁﬁq ifq#1,m,m+1,2m,

and hence ¢~'(v) = Mm%y and o H(w) = N

Based on the basis ¥, i1, . . ., U, iU, of R*™, f can be written in the form
; om ~0
fla) =Y folz) @, 09
bel

for z € L and fy(z) € R. It is sufficient to prove that fy(v +w) = fo(v) + fo(w)
ford € I.
We deduce from the analogous of (43) that for every ¢ € I, we have

NWHEm==0C) (o +w) = fov) = fo(w)) = (54)

A [fe (Am‘*ﬁw + A%ﬁcw) — o (Am‘*ﬁw) — fs ()\iﬁwﬂ — 0
After multiplying by A0(m)+0@m)=0(1)=6(1+m) ysing the constant
§=0(m)+06(2m)—0(1) —0(1+m),

and using that f(av) = af(v) for any o € R and v € L, we deduce that (45) is
equivalent with

folv +w) = fo(v) = fo(w)— (55)
-\ [fg(?) + Xw) — A2 fo(w)| + N fo(v) = 0.
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If 6 > 0, then letting \ tend to zero in yields fy(v +w) = fo(v) + fo(w).
If 6 < 0, then fy is differentiable at w as w # 0, and hence

Folv + N2w) = N2 fp(w) = V(ﬁ(%+w>—ﬁm»

- VO(%)zOU)

holds for large A. Therefore letting A tend to infinity in implies fg(v +w) =
fo(v) + fo(w).
Finally, if 6 = 0, then reads

folv +w) = (1 = A2) fo(w) + fo(v + Nw).
Letting \ tend to zero completes the proof of fy(v +w) = fo(v) + fo(w). O

Having Lemmas [7.3] and [7.4] at hand, to prove that fj is linear, all we have to
verify is thatif p =1,... k, o, B, € R\{0} and 6 € I, then

folapvp + Bpivy) = folapvy) + fo(Bpivy). (56)

Lemma 7.5 If 6(p) + 6(p + m) # 6(m) + 6(2m) for some p € {1,... k} and
6 € I, then (56) holds for all o, 3, € R.

Proof: We may assume that p = 1, and hence according to Lemma and the
continuity of f, Lemma[7.5]is equivalent with the statement that if 6(1) + 6(1 +
m) # 6(m) + 0(2m) for some 0 € I, then

fo(arvy + Brivy +vm) = fo(arvr) + fo(Brivi) + fo(vm) (57)
for ay, 51 € R\{0}.
It follows from (43) that
APQFOAFm) =0 =0Cm) fo (yvy + Byivy + O ) — (58)

NODHOCLEm)—06m)~0Cm) (£ ) 4 ol Brivn) + folvm)) —
—)\r#kfg ()\m;fk(oqvl + frivy) + A%fkvm) —
-M#ﬂhQﬁmwQ+ﬁQﬁwmQ+ﬁQ%%@}:(1
After multiplying (58) by \?(m)+0(2m)=0(1)=0(1+m) ysing the constant
d=60(m)+6(2m)—0(1) — (1 +m) # 0, (39)
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and using that f(av) = af(v) for any o € R and v € L, we deduce that is
equivalent with

folaavr + Brivi + vi) — fo(arv) — fo(Brivi) — fo(vm)— (60)
=N [fo (eavr + Brive + M) — fo(Nvm)] +
+X(folervr) + fo(Brivy)) = 0.
If § > 0, then letting A tend to zero in implies
folanvr + Brivi + v) = folanvr) = fo(Brivi) — fo(vm) =0, (61)
verifying (57).

According to (59), we may assume that 6 < 0. In this case fy is differentiable
at vy, by {@0), thus if A > 0 is small, then

fo (o + B+ 020,) = fol¥en) = 3 (o (o4 ) i) )

= X0 (—O‘”’l ;5”7’1) = 0(1),

therefore letting A tend to infinity in leads to (61), completing the proof of
&7. o

Proof of Lemma([7.2; According to Lemmas and to prove that the
function f in Lemma is linear, all we have to verify is thatif p € {1,...  k},
ap, B, € R\{0} and 0 € I satisfy 0(p) + 0(p + m) = 0(m) + 6(2m), then

Jo(apvy + Byivy) = fo(apvy) + fo(Bpivy). (62)
In order to prove the linearity for fj, we define ¢ € SL(m, C) by ¢(v,) = —vp,
©(U,) = —vp, and p(v,) = v, if ¢ # p, m. In this case, |, is an R-linear map of

the (m + k)-dimensional subspace L into L whose determinant is —1. Moreover,
(o))t = ¢|L. It follows from (43]) that

(_1>9(p)+0(p+m)+0(m)+0(2m) [fo(apvy + Byivy) — folapvp) — fo(Bpivy)] —
— [fo(—apvy — Bpivy) — fo(—apvyp) — fo(—=Byivy)] = 0

Here (—1)/@+0p+m)+0m)+02m) — 1 a5 0(p) +60(p+m) = 6(m) +6(2m). Hence
the fact that f is odd yields

2 (folapvy + Byivy) — falapvy) — fo(Bpivy)) = 0.
We conclude (62)), and in turn Proposition[7.2] O
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7.2 Casej=2m—1

The case 7 = 2m — 1 is handled similarly as the case j = m,...,2m — 2.
Lemma 7.6 2,,,_1 is constant zero.

Proof: According to Lemma it is sufficient to prove that the f : R*" —
T"(R*™) in Lemmal7.1|satisfies f(z +y) = f(z) + f(y) for any z,y € C™. We
claim that there exists a complex hermitian basis vy, . . ., v, of C™ such that

x,y € ling{vy, ivy, v }. (63)

Indeed, for (63)), we may assume that  and y are complex independent. In partic-
ular, there exists a complex hermitian basis vy, ..., v, of C" such that z = a v,
for a > 0, and the hermitian projection of y onto the complex (m—1)-dimensional
subspace of C™ complex orthogonal to v; is yvs for v > 0, proving (63)).

It follows from (63)) that it is sufficient to prove that if vy, . . ., vy, is a complex
hermitian basis of C", 6 € I and a4, 81, as € R\{0}, then

folar1vr + Brivy + aovs) = aq fo(v1) + Bifo(ive) + aa fo(va), (64)

where we use the notation leading up to (43).
For A > 0, we define ) € SL(m,C) by ¢x(v1) = Avi, pa(v2) = A~ 1v, and
oa(vy) = v for [ > 2. It follows that

o ()= X luy and @ f(ivy) = Alivg,
/\UQ and 25% (iUQ) = )\’02,
oxH(w) = and ¢, "(iv;) = v forl > 2.
We observe that for p = ¢y, we have |, = ¢ = ¢, in (45)). Writing
d=0(1)+60(m+1)—0(2) —0(m +2)
for § € I, (45) yields that

X [fo(a1v1 + Brivy + agua) — aq fo(v1) — Bufalivy) — azfo(ve)] —
—fg()\_loéﬂ)l + /\_lﬁlivl + /\CYQUQ)—I—
+f9<)\710611)1> -+ fg()\ilﬁli’vl) + fg()\Oég’Ug) = 0.

After dividing by \°, we deduce that if oy, 31, ap € R\{0}, then

Jo(auvy 4 Brivy + aovy) — ay fo(v1) — Bifo(ive) — aafo(va)— (65)
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—f9(>\76710[11)1 + Aiéilﬁl’ivl + )\176062'1]2)4— (66)
+f9()\_5_1&11)1) + fe()\_é_lﬁlivl) + fg()\l_(SOQUQ) = O (67)

for all A > 0.

Case 1: fy is linear if 6 > 0.
Since fj is differentiable at asvs by o > 0 by (@3)), there exists some () €
R such that

foA2aqvy + A 72Brivy + aguy) = folague) + QM)
lim A'7°Q(\) = 0.
A—00

Letting A tend to infinity in (66) and (67)), we conclude from the 1-homogeneity
of fy that

—fg(/\_5_1041121 + A_é_lﬁlil)l + /\1_6042’02)—}-
+f9(>\76710617)1) + fg()\iailﬂli’ljl) + f@()\li(SOéQUQ) =
—)\1_5Q()\) + fg()\_a_l&lvl) + fg()\_(s_lﬁlivl)

tends to zero, yielding (64).

Case 2: fy is linear if 6 < —1.
Let ) tend to zero. Since both and tend to zero, we conclude (64).

Case 3: fy is linear if 6 = —1.
First we observe that if ) = —1 and a1, 81, as € R, then

Jo(arvr + Brivy 4+ agva) = fo(ayvr + Brivy) + o fo(vz) (68)

Indeed, letting A tend to zero, (65)), (66) and yield (68).

Hence, it remains to prove that for ay, 3; € R, we have

fo(arvy + Brivy) = ay fo(v1) + Bi fo(ivy).

In this case, we set © = aq, and consider ¢ € SL(m, C) by ¢(v1) = vy + pvs
and ¢(v;) = v, for | > 2. We observe that |, = @ = ¢ in (45). Since ¢(ivy) =
vy + pivy and p(ivy) = iy, for | > 2, we have

e M) = ©n and ¢ '(ivy) =
¢ Hva) = —pvi4ve and @ f(ivy) = —pivy + v,
o Hy) = vy and ¢ '(iv;) = iy forl > 2.
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Forp,q e N,0 <p<#6(2)and 0 < g < 0(m + 2), let 6,, € I be such that

Ope(1) =
Ope(2) =
0,0(1) = 6(I) and Opy(m +1) =6(m +1) forl =3,...,m provided m > 3.

6(1)+p and Opy(m+1)=0(m+1)+q,
0(2)

(2) —p and O,,(m+2)=60(m+2)—q,

In particular, § = 6yy. We observe that if 0 < p < #(2) and 0 < ¢ < §(m + 2),
then

Opg = Opg(1) + Opg(m+ 1) = 0pq(2) = Opg(m +2) =6+ 2p+2¢ = =1+ 2p+2q,

and the coefficient of ©27 " in ¢ - f is
0(2) O(m-+2)
0(1)+p\ [/O0(m+1)+q
Z ( ( ) )( ( ) [Lp+qf9pq-

par il p q

We deduce from Case 1 that fy, is R-linear on R?™ unless p = q = 0. Therefore
it follows from and the properties of ¢~ (like o ~*(vy) = —puv; + vy) applied
to the linear combination oy v; + S1iv1 + v that

folarvr + Brivy + v2) — g fo(v1) — Bifo(ive) — fo(va)—
—fo((on — p)vy + Brivy + v2) + folarvy) + fo(Brivy) + fo(—pvy +v2) = 0.
Since fy(ayvy + Brivy + vy) = fo(anvy + Brivy) + fo(vs) by (B8), and
—fo((a1 — vy + Brivy +va) + fo(arvr) + fo(Brivi) + fo(—pv1 +v2) =0

by /& = v and (68), we conclude Case 3 and the proof of Lemma([7.6 O

73 Casel <j<m-—1

The goal of this section is to prove
Lemma 7.7 If j =1,...,m — 1, then Z; is constant zero.

Proof: According to Lemma it is sufficient to show for any L € Gr; ;(R*™)
of maximal complex rank j+1,if x,y € L, and f : L — T"(R?*™) is the function
of Lemmal[7.1] then f(x +y) = f(x) + f(y). There exists some real orthonormal
basis vq,...,v;41 of L such that z,y € ling{vy,vo}, and vq,...,v;4; can be
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extended to a complex basis vy, . . . , v,, of C™ = R?™. Therefore it is sufficient to
prove that for any oy, as € R, we have

flarvr + agva) = a1 f(v1) + aa f (v2). (69)
As f is continuos, we may assume that oy, oy € R\{0} in (69). We also note that
fis C* on L\{o} by (40).

To prove (69), we use the notation leading up to (@3). For A > 0, we define
¢ € SL(m,C) by ¢(v1) = My, o(v2) = Alvy and ¢(v;) = v; for I > 2 where
we do not signal the dependence on \. It follows that

e (1) = Ao

0 '(vy) = Mvy, moreover o t(v;) = v, forl > 2.
For 0 € I, writing

d=0(1)+60(m+1)—0(2) —0(m+2),

#3) yields

X folanvr + agua) — X fy(v1) — Xaa fy(va)—

—fo(Aranoy + Aagua) + o fo(Awr) + agfe(Avy) = 0.
After dividing by A\, we deduce that if oy, ay € R\0, then
Jolarvr + azva) — an fy(v1) — azfo(va)—
— oA Yoy + A 0 a0w) + fo AT T g uy) + fo(M T Panwy) = 0. (70)

Case 1: fy is linear if 6 > 0.
Since fy is differentiable at covs by e > 0, there exists some Q2(\) € R such
that

foOA2aqv; + aguy) = falaguy) + Q(N),
Jlim MO\ = 0.
Letting A tend to infinity in (70), we conclude from the 1-homogeneity of fy that
A0 (= fo(A 2oy + avg) + folans)) + A0 fo(onny) =
M) F AT fy (o)

tends to zero, yielding (69).
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Case 2: fy is linear if 6 < —1.
If X\ tends to zero, then tends to zero, and hence we conclude (69). O

We end this paper by summarizing up the results obtained for even and odd
valuations, to give a proof of Proposition

Proof of Proposition[2.3; Let Z : K*™ — T"(R>™) be an SL(m, C)-equivariant
and translation invariant continuous valuation. McMullen’s decomposition Theo-
rem yields that Z can be written as Z = Z?:o Z; where Z; is an SL(m, C)-
equivariant and translation invariant continuous j-homogeneous valuation for
J = 0,...,2m. If in addition, Z is even (resp. odd), then Z;, 7 = 0,...,2m,
is also even (resp. odd).

By Lemmas [6.3] [6.4} [6.6] and we have that if Z is even, then each Z; in
McMullen’s decomposition is constant zero, and we conclude Proposition @ for
even valuations.

If Z is odd, then combining and Lemmas and[7.7|shows that each
Z; is constant zero. Hence, Proposition [2.3]is also proved for odd valuations. O
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