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Abstract

We prove a stability version of the Prékopa-Leindler inequality.

1 The problem

Our main theme is the Prékopa-Leindler inequality, due to A. Prékopa [16]
and L. Leindler [14]. Soon after its proof, the inequality was generalized in
A. Prékopa [17] and [18], C. Borell [7], and in H.J. Brascamp, E.H. Lieb [8].
Various applications are provided and surveyed in K.M. Ball [1], F. Barthe
[5], and R.J. Gardner [13]. The following version from [1], is often more
useful and is more convenient for our purposes.

THEOREM 1.1 (Prékopa-Leindler) Ifm f, g are non-negative integrable
functions on R satisfying m(*2) > f s) forr,s € R, then

(il

S. Dubuc [9] characterized the equality case under the restriction that the
integrals of f, g, m above are positive. To explain this characterization, we
need to recall that a non-negative real function h on R is log-concave if for
any z,y € R and A € (0,1), we have

h((1 =Nz + Ay) > h(z)'h(y)*.

*Supported by OTKA grants 068398 and 75016, and by the EU Marie Curie TOK
project DiscConvGeo and FP7 IEF grant GEOSUMSETS.
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In other words, the support of h is an interval, and log h is concave on the
support. Now in [9] it is proved that equality holds in the Prékopa-Leindler
inequality if and only if there exist a > 0, b € R and a log-concave h with
positive integral on R such that for a.e. ¢ € R, we have

m(t) = h(t)
f(t) = a-h(t+0b)
g(t) = a ' -h(t—0b).
In addition for all ¢ € R, we have m(t) > h(t), f(t) < a- h(t + ) and
g(t) <a'-h(t—b).
Our goal is to prove the following stability version of the Prékopa-Leindler
inequality.

THEOREM 1.2 There exists an absolute positive constant ¢ with the fol-
lowing property. If m, f, g are non-negative integrable functions with positive

integrals on R such that m is log-concave, m(™=2) >/ f(r)g(s) forr,s € R,

and
/}Rm§(1+€) /]Rf/R ,

for e > 0, then there exist a > 0, b € R such that
/|f(t)—am(t+b)|dt < c-e/z|1ng|§-a-/m(t)dt
R R
/\g(t)—alm(t—b)\dt < c-%ylngyé-al-/ma)dt.
R R

REMARK 1.3 The statement also holds if the condition that m s log con-
cave, is replaced by the condition that both f and g are log-concave. The
reason is that the function

m(t) = sup{/f(r)g(s) : t =52}

15 log-concave in this case.

REMARK 1.4 Most probably, the optimal error estimate in Theorem 1.2
1s of order €. This cannot be proved using the method of this note; namely,
by proving first an estimate on the quadratic transportation distance.



The paper is organised as follows. In Section 2 we establish the main
properties of log-concave functions that we need, and we introduce the trans-
portation map in Section 3. After translating the hypothesis [ m < (1 +

)4 /fR f- ng into an estimate for the transportation map, we estimate the

quadratic transportation distance between our two functions in Section 4.
Based on this, we estimate the L; distance of f and g in Section 5, which
leads to the proof of Theorem 1.2 in Section 6. We note that the upper
bound in Section 5 for the L, distance of two log-concave probability dis-
tributions in terms of the their quadratic transportation distance is close to
being optimal.

Another way to prove the Prékopa-Leindler inequality on R is using
the “one-dimensional Brunn-Minkowski inequality”; namely that the outer
Lebesgue measure of X + Y is at least the sum of the measures of the two
Lebesgue measurable X,Y C R. For this proof, one assumes that the two
functions on R have the same bounded supremum, and then apply the one-
dimensional Brunn-Minkowski inequality to the level sets. Unlike the trans-
portation argument (see Section 3), this proof works for any pair of bounded
functions, but we see no way that it would lead to a stability version of the
Prékopa-Leindler inequality on R.

REMARK 1.5 [t is not clear whether the condition in Theorem 1.2 that m
be log-concave is necessary for there to be a stability estimate.

REMARK 1.6 Given o, € (0,1) with « + 3 = 1, we also have the fol-
lowing version of the Prékopa-Leindler inequality: If m, f, g are non-negative
integrable functions on R satisfying m(ar + 3s) > f(r)%g(s)? for r,s € R,

[ ([ (o)

The method of this note also yields the corresponding stability estimate, ex-
cept that the ¢ in the new version of Theorem 1.2 depends on «. For this
statement, the formula

1+ T'(x) 1y (1—-T'(x))?
2WT@ 2T+ Ty

used widely in this note should be replaced with Koebe’s estimate
0+ GT(w) | minfa, B}(1 — T'(2)”

T T T+ T
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as long as T'(x) is “not too large”, or, if T'(x) is “large”, the estimate

a+-8T' (x o
S > BT ().

REMARK 1.7 The Prékopa-Leindler inequality also holds in R™ forn > 2.
One possible approach to finding a higher dimensional analogue of the sta-
bility statement is to use Theorem 1.2 and a suitable stability version of the
injectivity of the Radon transform on log-concave functions. Here the diffi-
culty is caused by the fact that the Radon transform is notoriously unstable
even on the space of smooth functions. Another possible approach is to com-
bine Theorem 1.2 with the recent stability version of the Brunn-Minkowsk:
inequality due to A. Figalli, F. Maggi, A. Pratelli [11] and [12], improving on
L.Esposito, N.Fusco, C.Trombetti [10]. This approach has been successfully
applied in K.M. Ball, K.J. Béordczky [4] at least for even functions. Actu-
ally the Brunn-Minkowsk:i inequality is equivalent to the Prékopa-Leindler
inequality (see for example K.M. Ball [3] or F. Barthe [5]). A third pos-
sible approach to have a stability version of the Prékopa-Leindler inequality
in R™ is to use mass transportation as in A. Figalli, F. Maggi, A. Pratelli
[11] and [12]. Unfortunately the fact that the corresponding functions are not
constants on their supports makes the problem much more complicated for a
transportation argument than the Brunn-Minkowski inequality.

2 Some elementary properties of log-concave
probability distributions on R

Let h be a log-concave probability distribution on R. In this section we
discuss various useful elementary properties of h. Many of these properties

are implicit or explicit in many places.
First, assuming h(tg) = a - b% for a,b > 0, and t; < tg < tz, we have

if h(t1) > a- b, then h(ty) < a- b2, (1)
if h(ty) > a- b2, then h(ty) < a-b".

Next we write wy, and py to denote the median and mean of h; namely,

wp, oS 1
/ h :/ h=—- and p,= /xh(x)dm.
—00 wp 2 R

Our first goal is to describe in Proposition 2.2 how a log-concave proba-
bility distribution is concentrated around its median.
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PROPOSITION 2.1 Suppose f and g are positive, 0 is an increasing func-
tion on (a,b), and there exists ¢ € (& b) such that f(t) < g(t) ift € (a,c),

and f(t) > g(t) if t € (e,b). If [T g(t)dt = [ f(t)dt then

b b
[owsa< [Coswa

Proof: Since both factors of (6(t) — ( N(f(t) — (t)) change sign at c, the
t =

product is non-negative. Therefore f g(t) f (t) dt yields

a

b b b
[ ooswa~ [“owgtea= [ 60 - 0@ - g(e)de = 0.0

PROPOSITION 2.2 If h is a log-concave probability distribution on R
then for w = wy, and p = uy, we have

(i) hw) - w— pl < Tn /e,
(i3) h(w) - e 2PWlz=wl < p(2) < h(w) - 2hWlz=wl 4 |z —w| < ln2

(w)”
(111) h(z) < 2h(w) for x € R.

(v) If v > w then [ h < h((‘r)

(v) Ifx >w and [°h=v >0, then

/:o(t—w)h(t)dt < 4h?w) (1 —1n2v)
/:O(t —w?h(t)dt < Sh(”w)z (In20)? — 22w + 2.

Remark All estimates are optimal.
Proof: After replacing h by a- h(a(t —w)) for a = #w),
w =0, and h(w) = % It is natural to compare h near 0 to the probability

distribution
(2) = %-e‘m ifx>—1In2
700 if 2 < —In2,

we may assume that

which satisfies w, = 0, and ¢(0) = h(0). We observe that log ¢ is a linear
and h is a log-concave function on [—In 2, oo], and hence the set of all z €
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[—In2, 00] with h(z) > ¢(z) is an interval (possibly empty). Since ¢(0) =
h(0) and [["h = [;° ¢, there exists some v > 0 such that

o(x) provided z € [0, v] 2)
o(x) provided z > v or € [—1n2,0].

=
3
IN IV

In particular ffoo h = fi)oo ¢, [,°h= [, ¢ and Proposition 2.1 yield

0 oo
—lng = / zp(z) dx+/ zo(z)dz
0

—0o0

< /0 xh(x)d:v+/oooxh(:v)dx:u.

—00

Comparing h to ¢(—x) shows that ¢ < In %, and in turn, we deduce (i).

Turning to (ii), the upper bound directly follows from (2), and its con-
sequence h(z) < ¢(—x) for x € [0,In2] by symmetry. To prove the lower
bound, we may assume that > 0. According to h(0) = % and the log-
concavity of h, it is enough to check the case x = In 2. Therefore we suppose
that

h(ln2) < 1/4,

and seek a contradiction. Since h is log-concave, there exists some a € R
such that
h(z) < $e =2 for z € R.

Here h(0) = 3 yields that a > 1.

We observe that }le*a(’“’*lﬂ) = %e"”o for zy = Z—ﬁ In 2, and applying the
analogue of (2) to ¢(—z), we obtain that h(z) < $e* for z € [0,z0). In

particular

o o o aleln? 1 e 1
/ h</ %emder/ lemale n)dx:(—+1>2a+1——.
0 0 z0 a 2

Differentiation shows that the last expression is first strictly decreasing, and
after that strictly increasing in @ > 1. Since the value of this last expression
is % both at @ = 1 and at a = oo, we deduce that fooo h < % This is absurd,
therefore we have proved (ii).

To prove (iii), we may assume = > 0 and h(xz) > 1, and hence (ii) yields
that > In2. Since h(t) > %e% m2h@) for t € [0, 2] by the log-concavity of h



and h(0) = 1, we have

= [z Lt mane gy _ 22h(x) = 1),
0 0 2 21In 2h(z)

\g

As =1 > L for s > 2, we conclude h(z) < 1.

Ins In2

For (iv), recall that 2h(w) = 1. In particular, (iv) holds if h(z) > 3 as

Jg h < 5. Thus we assume that h(z) < 3, and hence h(z) = § e™™ for some

zo > 0. If 2 > x, then the log-concavity of i and h(0) = % yield

; Ty x [T, R
0 0 0

therefore - -
/ h(t)dtg/ e tdt = h(z).

On the other hand, if z < o, then h(z) = 37 for a = zo/z > 1. It
follows from the log-concavity of h and h(0) = 5 that h(t) < e for t > x.
Therefore

/:O h(t)dt < /:o 267" dt = h(@)/a <h(a)

Finally, we prove (v). Let 2y = —In2v, which satisfies that [~ h(t) dt =
f;lo%e*t dt. It follows from (2) that ;7 > x. We define two functions f
and g on [z,00). Let f(t) = e ' if t > x1, and let f(t) = 0if t € [z, z1).
In addition let g = h|[$,oo). These two functions satisfy the conditions in
Proposition 2.1, therefore for a > 0, we have

/ 0 dt:/ (1) dtg/ 1 F(2) dt:/ ; dt.
x x x z1

Evaluating the last integral for a = 1,2 yields (v). O

Next we discuss various consequences of Proposition 2.2.

COROLLARY 2.3 Let h be a log-concave probability density function on
R, and let [h=v € (0,1]. Then

(i) h(x) e

<h(t) < hix)- " i |t — o] < vn2,

_ h(z)|t—xz|
: h(z) ’




(it) If v € (0, %), w=wy and p = p,, then

o v
_ < 2 .
/m |t — ulh(t)dt < 2h(w) | Iny|

Awﬁ—uPMﬂﬁ < Mi524muﬂ

Remark The order of all estimates is optimal, as it is shown by the example
of h(t) = e l/2.

Proof: To prove (i), let |t — x| < 21(2)2 There exists a unique A € R, such
that for the function

B h(t) if ¢ Z X,
" :{ min{h(t), h(z) - X} it <@

)

we have ffooiz = v. We note that h is log-concave, and A > In

particular % his a log-concave probability distribution whose median is x,
h(z)|t—=|

and hence Proposition 2.2 (ii) yields h(t) > h(t) > h(x)-e~ » . Since for
s = 2x —t, we have h(s) > h(x) e 2 , we conclude (i) by (1).
For (ii), we may assume that h(w) = %, and hence Proposition 2.2 (i)

yields that [w — p| <'In§. Since In2v < —1, we deduce by Proposition 2.2
(v) that
/ |t — ulh(t) dt

In addition

/WQ—MPMQﬁ

IA

/ It = w] + | — pl}h(e) dt

v-(=In2v)+v-In§ <v-|lnv|.

A

+ (w — p)*]h(t) dt
< 5(In2v)> +v-2(In$)* <5v- (lnv)* O

(VAN
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3 The transportation map for log-concave prob-
ability distributions, and the Prékopa-Leindler
inequality

Let f and g be log-concave probability distributions on R, and let Iy and I,
denote the open intervals that are the supports of f and g, respectively. We
define the transportation map 7": Iy — I, by the identity

[ swa= [ gwa 3)

—00

Among other things T is monotone increasing, bijective, and differentiable
on Iy, and for any x € Iy, we have

f(x) = g(T(2)T"(x). (4)

Remark Using (3), the transportation map 7' : R — R can be defined
for any two probability distributions f and g, and T is naturally monotone
increasing. In addition (4) holds for almost all z provided that the product
of two numbers out of which one is zero and the other is undefined is under-
stood as zero.

For log-concave probability distributions f, g, and an integrable function
m on R satisfying m (%) > /f(r)g(s) for r, s € R, one proof of the Prékopa-
Leindler inequality runs as follows:

1= / F= |, VI VT do
[ n(=27)

< /Ifm (:c +2T(:1:)) _ 1+g”(a:) ”

= / m(z)dr < /m.
3(Is+1g) R

The basic fact that we will exploit is this. If we know that [m <1+«

IN




then, using (4) in the last inequality, we have

[ (72 (52 e

> [ Vi@ VT (”—W—1> da

2\/T"(x)
(- VTw?
2\/T"(x)

™
vV

= | f) (5)

As long as T" is not too large, the integrand is at least about f(z)(1 —
T'(x))? and using a Poincaré inequality for the density f we can bound the
integral of this expression from below by the transportation cost [ f(x)(z —
T(z))?. The main technical issue is to handle the places where T” is large.

4 The quadratic transportation distance

Let f and g be log-concave probability distributions on R with zero mean;

namely,
OZ/RJSJ‘(w)dxz/Ryg(y)dy-

In this section we show that (5) yields an upper bound for the quadratic
transportation distance

i f@)(T(x) — x)*de

between f and g.

LEMMA 4.1 If f and g are log-concave probability distributions on R with
zero mean, and (5) holds for e € (0, %), then

) 48
f@)(T(x) — x)*de < 22 f(w;)™* - e[ Inel?,
Iy

where wy is the median as mentioned earlier.
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Remark The optimal power of € is most probably € in Lemma 4.1 (com-
pare Example 7.1). To improve the estimate, we should improve on (6) if
R(z) = T(x) — x where T is the transportation map for another log-concave
probability distribution. One may possibly use that T'(x) — x is of at most
logarithmic order.

Proof: The main tool in the proof of Lemma 4.1 is the Poincaré inequality for
log-concave measures which can be found in (1.3) and (4.2) of S.G. Bobkov
[6]. This guarantees that h is a log-concave probability distribution on R, and
the function R on R is locally Lipschitz with expectation u = [, h(2)R(x) dz,
then

/R h(2)(R(x) — p)? de = /R h(@)R(@)? dz — 12 < h(wy) 2 /R W) R (2)? da.
(6)

By symmetry we may assume that g(w,) < f(wy), and by scaling that
flwy) = % Let T be the transportation map from f to g, and let S be its
inverse, thus for x € Iy and y € I, we have

fx) = g(T(x)T"(x) and g(y) = f(S¥)S (). (7

Suppose that for some z € R with [ f = v € (0, 1], we have g(T(z)) <
Ef(x). Ife <t <az+ 1}1(1)2 then Corollary 2.3 (i) yields f(t) > f(x) -
_ @) (t=x)
€ v

~—

> < f(z). On the other hand, the log-concavity of g and Proposi-
tion 2.2 (iii) yield that if x < ¢ < @ + %238, then g(t) < 2g(x) < 1 f(t). In
particular 7"(¢) > 4 by (7), and hence (compare (5))

52/(1_— \/T/(t))zf(t)dt>/x+f<z> flx) e L,
R X

d
2,/T'(t) 4 8

A similar argument for f(—z) and g(—z) shows that if ffoof = v and
9(T(x)) < 15 f(x) then v < 8e.
We define 1, 2, y1,y2 by

T 00 Y1 0o 1
/ f—/ f—/ g—/ g:8g<6.
—00 T2 —o0 Y2

The argument above yields that if € (x1, 23), then T7"(x) < 16 and g(T'(z)) >
+ f(z), and hence g(w,) > 55. As the means of f and g are zero, we deduce
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by Corollary 2.3 (ii) and (7) that

/ lz|f(z)dz < 2%|Inel; (8)
R\[z1,72]
[ r@i@d = [ sy 2eme ()
R\[z1,72] R\ [y1,y2]
/ 2 f(z)dr < 27e(Ine)?; (10)
R\[z1,72]

/ T(x)*f(x)dx = / y2g(y) dy < 2%e(Ine)?. (11)
R\[z1,22] R\[y1,y2]
Since (T'(x) — x)? < 2[T(z)? + z*], we have

(T(x) — 2)*f(z)dr < 2"(Ine)?. (12)
R\[z1,72]
Next we consider the log-concave probability distribution

= (1 —16e)"1f(t) if t € [z, 2]
J() = { 0 if € R\[z1, 7).

To estimate f(wf), we define 2y = wy —In2, and 2, = wy +1n2. Since
f(wy) =%, Proposition 2.2 (ii) applied to f yields

~ 22 e—\x—wf\ 1
/ f(z)dr < (1—16¢)7" (1 —16¢ — / dx) < -
R\ [21,22] 21 2 2

It follows that |w Fow f| <1n2, and hence we deduce again by Proposition 2.2
(ii) that

fwy) >

|

For the expectation
n= [ @) - 0)f@) d
R

we have the estimate

il = (1— 162)”"

/ (T(x) — x)f(x)dv| < 2%|Ing|.
R\[z1,22]
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If © € (x1,25), then T"(x) < 16, thus the expression in (5) satisfies

(1-/T'(x)) _ (T'(x) —1)? (T'(z) — 1)? i
N NN O

We deduce using (6) and (5) that

/ (T(x) — 22 f(2) dz < / (T(x) — 2 f(x) da
[x1,22] R

< it flwp)? (@) =17 da
< 22082| 1n5|2 191 /z2 (1 - T/(x))Q

< T f(x)dx

< 2% e + 2%, (13)

Therefore combining (12) and (13), completes the proof of Lemma 4.1. O

5 The L; and quadratic transportation dis-
tances

Our goal is to estimate the L; distance of two log-concave probability distri-
butions f and g in terms of their quadratic transportation distance. In this
section, T" always denotes the transportation map 7' : Iy — I, satisfying

/ oo F(t)dt = / Zx) g(t) dt.

We prepare Theorem 5.3 by Propositions 5.1 and 5.2. While the ideas for
Propositions 5.1 and 5.2 are rather simple-minded, they still lead to the
essentially optimal (up to a logarithmic factor) estimate of Theorem 5.3.

When we write A < B for expressions A and B, then we mean that
|A| < ¢- B where ¢ > 0 is an absolute constant, independent of all the
quantities occurring in A and B. In addition A ~ B means that A < B and
B < A
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PROPOSITION 5.1 Let f and g be log-concave probability distributions
on R satisfying [*_f>v and [°f > v forv e (0,3] and z € R. If either
[Zo9<v/2or [ g<uv/2 then

=+ ) 3
/z” (T(x) — z)° f(x) de > FR

f(2)

Proof: We may assume that [7 g < v/2. Tt follows from Corollary 2.3 (i)
3
that ifz<x§z+yf%2 then

+V1n%
z Z f(z) z)|t—=z
/fg/ f(2)e L) ‘dt—y/Q

and hence T'(z) < z. Therefore

z+% Z*% vin3 2f(z) V3
/mng (T(az)—:c)2f(x)d1:>>/ s (f(z)4) 5 dr > 22

=) T

PROPOSITION 5.2 Let f and g be log-concave probability distributions
onR satisfying [ f > v and [ f > v, moreover [~ g >v/2 and foog >
v/2 forv >0 and z € R. If g(2) # f(2) and A = g}?j min{|In £ Z)| 3},
then A , .
T(z) — z)*f(x) dx > y -min{ 9(2) ,3}.
|, 0 =i > ()

Remark If in addition e 3f(z) < g(2) < €3f(z), then the arguments in
Cases 2 and 3 show that the interval [z — A,z + A] of integration can be

replaced by [z — %,Z + %], and if ¢ € [z — %,z + %], then

In

(x)| < %Hn g(Z)‘.

f(=) f(2)
Proof: According to Corollary 2.3 (i), if z — A <z < z+ A, then
f(ZHI 2| f(2)|z—2z]|
f(z)/QSf(Z) < fl@) < flz)-em v <2f(2). (14
Similarly if z — ) <z<z+ ggl?Q then

—29(z)|z—=| 29(z)|z—z|

9(2)/2<g(z)- e v <glx)<g(z)-e v <2¢(z). (15)



We may assume
T(z) < z.

For the rest of the argument, we distinguish four cases.

Case 1 g(z) > e*f(2).

In this case, A = ’}1(2)2 We note that,

In2 In2 3In2 5)

< < <In-. 16
26310 10 T (16)
Since ’2’91?3) £ (15) yields that if z > z + £, then
N v
> —. 17
| >3 (7)
However (14) and (16) imply that if 2 <z < z+ 32 then
x v
< —. 18
| <t (18)

Since T(z) < z, (17) and (18) yield that if z 4+ 28 < 2 < z + 22, then
T(r) < z+ £. In particular

Ay 2 A Qf(z) 3
T(z) — i > AN B s A3f),
/z+21% (T(x) — )2 () x_/2+21€‘ (10) o> A ()

Case 2 [f(z) < g(z) < €*f(2).

Let A = (f(zg)s > 1/e. Since 2g(z) < 2e3f(z) < 50f(z) and A = ”1‘(12 In f87

if z <2 < z4 &%A, then (14) and (15) yield
A f(z) < fl@) <A f(2) and A'Q(Z) <g(@) <A g(2).
S (

In particular 1f z < st < 2+ 3 A then

2z <x<z+4+ LA then
z+A(z—2)
[r=]

50
Thus T'(xz) < z+4+ Az — 2z) by T'(z) < z, and hence

r—Tx)>1=N(r—2)= /\<X—1>(x—z)2 ~ln§,(z).
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It follows that

2455 ) , @
/z+3ﬁo (T(x) —x)"f(x)de > A°f(z) In )

Case 3 e 3f(2) < g(2) < f(2).
Let A = (£2)3 < ¢ Since A = gfh(ﬂ lnjgcgg, if z— 1A <z <z then (14)
and (15) yield

AT f(2) < flx) <X f(2) and ATH-g(2) < g(x) < A-g(2).

/f>/ -

Thus T'(z) < z — Az — x) by T(2) < z, and hence

In particular if z— =
z < z then

iz f(2)
r—T(x)>A=1)(z—2x) > 3 .lng(z)

It follows that
o —2)?f(z)dx 2f(z HM
lAUW))ﬂ>d>ANMMA

Case 4 g(2) < ¢f(:).
Since A = “n2 1fz A <z < z, then (14) and (15) yield that f(x) > f(2)/2

I(z)?
and g(x) < 2¢(z), respectively. In partlcular if z— A < s,t < z, then
f(s) > 2g(t). We deduce that if z — 3 A < 2 < z then

/ f= / g
x z—2(z—x)

Thus T(z) < z—2(z — x) by T(2) < z, and hence z — T(x) > z — x. It
follows that

>

/z_A (T(x) — ) f(z)do > A*f(z). O
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THEOREM 5.3 If f and g are log-concave probability distributions on R,
and f[f f(@)(T(x) — x)*de = f(w;)™? fore € (0,1), then

/|f z)|dz < /2| Inels.

Remark According to Example 7.2, the exponent % of ¢ is optimal in
Theorem 5.3.

Proof: 1t is enough to prove the statement if ¢ < gy, where g4 € (0, %) is an
absolute constant specified later. We may assume that f(w;) = 1, and hence
f(z) <2 for any x € R by Proposition 2.2 (iii), and for the inverse S of T,

[ e (a) ) - / 9(4)(S(y) — y)*dy < c.

g

o <[ 0[5}
o =[] )

First we estimate g. Since v(wy) = 3, if &¢ is small enough then Propo-
sitions 5.1 and 5.2 yield that #(w;) > 7 and g(wy) < 2, respectively. We
conclude by Proposition 2.2 (ii) that g(w,) < 4, and hence g(x) < 8 for any
x € R by Proposition 2.2 (iii).

It follows by f(z) < 2 and Proposition 5.1 that there exists a positive
constant ¢; such that if v(x) > ¢;/ then v(x) > v(x)/2. Now applying
Proposition 5.1 to g, and possibly increasing c;, we have the following: If

v(z) > ¢1¢/e then v(x) < 2v(z). Finally, possibly increasing ¢; further, if
v(x) > ¢1/e, then |1n 9(=) | < In2 by Proposition 5.2. We choose ¢y small
enough to satisfy 201\/_ < =

For z € R, we define A(z) = 45”01;‘(2Z [In % 9(z) 51 We assume v(2) > c1v/e,

and hence § < %5 < 2. Tt follows by Corollary 2 3 (i) that and f(z) > f(z)/2

v(z) < 21/( )if z € [z — A(2), 2 + A(z)]. We deduce using Proposition 5.2
and its remark that there exists an absolute constant ¢y such that assuming

g(z) # f(2), we have

/Z*A@ v(a)? ‘111 9()
2—A(2) f(z) f(z)

For x € R, we define

= =

3 2+A(2)
dx < 02/ (T(x) — 2)*f(z) d. (19)
z—A(z)
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We define z; < 25 by the properties v(z1) = v(29) = 2¢1/e. We observe
that if g(z) # f(z) and some x € [z — A(2), z + A(z)] satisfies v(x) > 2¢; /e
then v(z) > ¢;/e. It is not hard to show based on (19) that

= ua)? ‘m o(z)
L T@ @)

Since f(x) <2 and % <4|In% z | for x € [21, 22], we deduce

3

dr < ¢y /R(T(ib') —)?f(z) da.

RCORTC Y L (LORTD! o
[ e o [ ()
# y(az:)2 g(z) ’ 4

< f(x) x) dr < 4 Ca€.

dx

| 1@ - sas = [ v)flf E

21
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Here f(z) = |V/(z)], therefore

[Fv-sone < o[ 50 [ 350

[2-Inf—2- ln(201\/_)] <<\/_|ln5|3.

On the other hand, o(z;) < 2v(x;) = 41 /e, i = 1,2, yields that

wl=

Wl

= (4%cye)

| 15@ —g@ldr < 66,07 and [ 110) — gl o < 66,

—00 29

and in turn we conclude Theorem 5.3. O

18



6 The proof of Theorem 1.2

For a non-negative, bounded, and not identically zero function h on R, its
log-concave hull is

h(x) = inf{p(z) : pis a log-concave function s.t. h(t) < p(t) for t € R}.

This h is log-concave and h(t) < h(t) for all t € R, therefore we may take
minimum in the definition. Next we present a definition of h in terms of In h.
Let J,, be the set of all z € R with h(z) > 0, and let

Ch={(z,y) eR*: z € J, and y <Inh(z)}.

This C}, is convex if and only if A is log-concave. In addition J; is the convex
hull of J,, and the interior of Cj is the interior of the convex hull of C},. We
also observe that for any unit vector u € R?, we have

sup{(u,v) : v € Cy} = sup{(u,v) : v e Cj}. (20)

Let f, g and m be the functions in Theorem 1.2. The condition of the
Prékopa-Leindler inequality is equivalent with

%(Cf + Og) C C, (21)

where Cf + () is the Minkowski sum of the two sets. Choose ¢, yp € R such
that f(zo) > 0 and g(yo) > 0. For any x € R, m(¥5%) > /f(z0)g(x) and
m(=42) > /F(@)g(y0), and hence

m(=ge?

9(¥o)

m(:to;—ﬂ?)2

f(xo)

Since m is log-concave function with finite integral, it is bounded, thus f and
g are bounded, as well. Therefore we may define the log-concave hull of f
and g of f and g, respectively. It follows that f(z) > f(x) and g(y) > g(y).

Since m is log-concave, (20) and (21) yield that m(=¥) > y/ f(x)g(y) for

z,y € R. We may assume that f and ¢ are probability distributions with
zero mean, and f(wg) = 1. It follows that

/f21—5, /gzl—e, /m§1+5. (22)
R R R
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Next applying (5), Lemma 4.1 and Theorem 5.3 to f and §, we conclude

/]f |dt<<\/_\ln€\3. (23)

In addition (22) yields

/|f |dt<5and/!g gt dt < e. (24)

Therefore to complete the proof of Theorem 1.2, all we have to do is to
estimate [ [m(t) — g(t)|dt. For this, let T : Iz — I be the transportation

map satisfying
T(z)
/ ft)dt = / g(t)dt.

We note that R(z) = HT(z) is an increasing and bijective map from /7 into
5I7+ I3). We define the function & : R — R as follows. If x ¢ 3(I; —i— I3),
then h(z) =0, and if x € [}, then

n (S5 ) = i),

We have h(z) < m(z), and the proof of the Prékopa-Leindler inequality using
the transportation map in Section 3 shows that [, h > 1. We deduce by (22)
that

/ im(t) — h(t)] dt < e. (25)

To compare h to g, we note that fR h <1+ ¢ implies

/ h(t) — §(t) dt < e. (26)

Let B C R be the set of all ¢ € R where §(t) < h(t), and hence B C §(I+13).
In addition let A = R7'B C I Tt 1 = w+T( ) € Bfor x € A then as g is
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log-concave and f(z) = §(T(x))T"(x), we have

h(R(x)) ~ §(R(2))] - R'(x) < [ F@)3(T(x)) - g<x>g<T<x>>]'1+§(x)
§(T(x)) 14T'(x)

V@) 2
— (f(2) - 3(a)) (1 M VTWQ) |

2/T"(x)

< (f(2) = g(x))-

In particular j(z) < f(z) for x € A. It follows from (5) and (23) that

/B Wt — ity dt = / h(R(2)) - §(R(x))] - R(x) da

e Q=T
< [ @ -l - o

F(@)
< e 1n5\%.

It follows from (26) that [, |h(t)—g(t)| dt < /¢|In e|3. Therefore combining
this estimate with (24) and (25) leads to [, [m(t) — g(t)| dt < /e| Ine|s. In
turn we deduce [ [m(t) — f(t)] dt < /2|In e|3 by (23) and (24). O

REMARK 6.1 A careful check of the argument shows that the estimate for
Jg Im(t) = f(t)| dt and [, |m(t) — g(t)| dt is of the same order as the estimate

for [5 |f(t) — ()| dt. Therefore to improve on the estimate in Theorem 1.2,
all one needs to improve is (23).

7 Appendix - Examples

Example 7.1 If f is an even log-concave probability distribution, g(x) =
(I14+¢)- f(1+¢e)x), and m(z) = (1 +¢) - f(x), then we have (5), and

| T = afde = / 2 f(x)d.
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Example 7.2 Let f be the constant one on [—%, 1

5], and let g a modification
such that if |x| > 5 — ¢ then

a4+
In addition -
1 if x € [—3, 5]
m(r) =4 -4 I
e e otherwise.

In this case me =1+4¢,

(- TER, i
/Rf(x)- /T dr ~¢ and /}R\f(gg)_g(x)’dxwg_

Moreover [, f(z)(T'(z) —1)%*dz = oo and [, f(z)(T(x) — x)*dx ~ £*.
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