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Brunn-Minkowski, Prékopa-Leindler, Blaschke-Santalé
known cases of Mahler's conjecture



Notation

> C - positive absolute constant

> 0 - origin in R”

v

(x,y) - scalar product in R”

v

|x| - k norm in R"

B" - I unit ball in R”

K and M are convex bodies in R"
|K| - volume of K

v

v

v



The Brunn-Minkowski inequality

K| =|M|=1,0<X<1 oisthe centroid of K and M

Brunn, Minkowski
IAK + (1 — A)M)| > 1, equality iff K = M.
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The Brunn-Minkowski inequality

K| =|M|=1,0<X<1 oisthe centroid of K and M

Brunn, Minkowski
IAK + (1 — A)M)| > 1, equality iff K = M.

Diskant, Groemer
If h=min{Int: tT 1K cMcC tK} < n, then

IAK + (1= M) > 1+ y(n)AT - p

Figalli, Maggi, Pratelli

IAK + (1= XNM)| > 1+cn '\ |[KAM?



The Prékopa-Leindler inequality

Theorem (Prékopa-Leindler)

If m f , & are non-negative integrable functions on R" satisfying

(x+y)) = \/Wforxye]R" then
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The Prékopa-Leindler inequality

Theorem (Prékopa-Leindler)

If m f, g are non-negative integrable functions on R" satisfying

2(x+y)) > Vf(x)g(y) for x,y € R", then

Jum= Lt L

Equality case (Dubuc)
There exist a log-concave h, and a > 0, b € R"” with positive
integral on R such that for a.e. x € R", we have

m(x) = h(x)
f(x) = a-h(x+b)
g(x) = al-h(x—b).



The stability version of the Prékopa-Leindler inequality

Conditions

f, g log-concave, m(1(x + y)) > \/f(x)g(y) for x,y € R"
Jpof = Jprg =1

Jgo XF(x) dx = [goxg(x) dx =0



The stability version of the Prékopa-Leindler inequality

Conditions
f, g log-concave, m( x+y)>«/f(x y) for x,y € R"

f]Rn f= fR" =1
fR" xf(x) dx = fR" xg(x)dx =o
Ly distance §(f, g) fRn If — gl

Conjecture

[ m= 1490870



The stability version of the Prékopa-Leindler inequality

Conditions
f, g log-concave, m( x+y)>«/f(x y) for x,y € R"
f]R" f= fRn =1

Jgo xf(x) dx = [pnxg(x) dx =0

Ly distance 8(f,8) = [gn If — &

Conjecture

[ m= 1490870

Known cases (Ball, Boroczky)
If either n =1, or f, g even, then

[ m=14a0n)-5(Fe)



The Blaschke-Santalé inequality

Polar K°={x e R": (x,y) <1 foranyye€ K}.

Theorem (Blaschke-Santalé inequality)
If o is the centroid (or Santald point) of K, then

K| -|K°| < |B"?

with equality only for ellipsoids (due to Petty).



The Blaschke-Santalé inequality

Polar K°={x e R": (x,y) <1 foranyye€ K}.

Theorem (Blaschke-Santalé inequality)

If o is the centroid (or Santald point) of K, then
K] - |K°| < |B"?

with equality only for ellipsoids (due to Petty).

pmM(K,M) = min {InA: K—xC®(M—-y)C ANK—x)
for ® € GL(n), x,y € R"}.
Stability (Boroczky) dopm(K, B") = ¢
K] - [K® < (1= ~(n)e>") - |B?

Optimal exponent probably (n+ 1)/2 instead of 5n



Generalized functional BS inequality

Theorem (Ball, Artstein-Klartag-Milman, Fradelizi-Meyer,
Lehec)

For any measurable f : R" — R with positive integral there exists
z € R" such that if measurable o : R — Ry and g : R" — R
with positive integrals satisfy

f(x)g(y) < o((x — z,y — 2))?

for every x,y € R" with (x —z,y —z) > 0, then

f(x)dx [ g(x)dx < o(|x|?) dx 2.
f e [ oo ([ ety )

Equality is known, then functions are essentially log-concave.



Generalized functional BS inequality

Theorem (Ball, Artstein-Klartag-Milman, Fradelizi-Meyer,
Lehec)

For any measurable f : R" — R with positive integral there exists
z € R" such that if measurable o : R — Ry and g : R" — R
with positive integrals satisfy

f(x)g(y) < o((x — z,y — 2))?

for every x,y € R" with (x —z,y —z) > 0, then

f(x)dx [ g(x)dx < o(|x|?) dx 2.
f e [ oo ([ ety )

Equality is known, then functions are essentially log-concave.

» If f is even then a suitable z is the origin.

» If f is log-concave, then choose z such that
Krz={x €eR": [;°r" *f(z+ rx)dx > 1} has the origin as
its center of mass.



Stability of the generalized functional BS inequality

Theorem (Boroczky, Fradelizi)

Let p: Ry - Ry, f,g: R"” — R, log-concave with positive
integrals, o is non-increasing, the center of mass of K¢ , is the
origin for z € R", and f(x)g(y) < o((x — z,y — z))? for every
x,y € R" with (x — z,y — z) > 0, moreover for ¢ € (0,1),

(1+5)/nf(x)dx/ng(x)dx2 </]R" g(|x|2)dx>2,

then there exist d > 0 and a positive definite matrix T : R" — R”,
2 = 1,2
/ ’g(|x| ) — df(Tx)‘ dx < yenr / r"to(r?) dr
R" R,
[ Jelx) = d tg(T 1] de < qem- [ iy,
Rn R,

where v depends on n, and is polynomial in n.



Mabhler's conjecture
W = [-1,1]", T =simplex with o is the centroid
> If K = —K, then |K| - |K°| > |W| - [W°|
» If o € int K, then |K|-|K°| > |T|-|T?|



Mabhler's conjecture
W = [-1,1]", T =simplex with o is the centroid
> If K = —K, then |K| - |K°| > |W| - [W°|
» If o € int K, then |K|-|K°| > |T|-|T?|

Theorem (Nazarov,Petrov, Ryabogin, Zvavitch)
If K =—K, and épm(K, W) = e < w, then

K[ IK®[ = [+ ~e] - [W] - [W?,

where v,w > 0 depend on n.

Ifopm(K, T) = e <w, then
K[ [K?l = [L+e] - [T]- [T,

where v,w > 0 depend on n.
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Zonoids and unconditional functions

Zonoids

> (Reisner) Mabhler conjecture for zonoids
» (Boroczky-Hug) Stability
Unconditional bodies
» (Saint Raymond, Meyer, Reisner) Mabhler conjecture for

unconditional convex bodies.
Equality exactly for Hanner polytopes

» (Boroczky-Meyer-Fradelizi) Stability
Unconditional functions
» (Fradelizi, Gordon, Meyer, Reisner) Analogue of Mahler

conjecture for log-concave unconditional functions, equality
characterized.

» Stability not known



