THE L, DUAL MINKOWSKI PROBLEM FOR p>1 AND ¢ >0

KAROLY J. BOROCZKY AND FERENC FODOR

ABSTRACT. General L, dual curvature measures have recently been introduced by Lutwak, Yang
and Zhang [24]. These new measures unify several other geometric measures of the Brunn-
Minkowski theory and the dual Brunn-Minkowski theory. L, dual curvature measures arise from
qth dual intrinsic volumes by means of Alexandrov-type variational formulas. Lutwak, Yang and
Zhang [24] formulated the L, dual Minkowski problem, which concerns the characterization of L,
dual curvature measures. In this paper, we solve the existence part of the L, dual Minkowski
problem for p > 1 and ¢ > 0, and we also discuss the regularity of the solution.

1. INTRODUCTION

In this paper we solve the existence part of the Minkowski problem for L, dual curvature
measures with parameters p > 1 and ¢ > 0. It is, in part, aiming at solving the Monge-Ampere
equation

det(V2h + h1d) = W Y(|VR|]? + h?) 2" - f

on S" ! where the unknown h is the support function of a convex body, Vh and V2h are the
gradient and the Hessian of h with respect to a moving orthonormal frame.

The L, dual curvature measures emerged recently [24] as a family of geometric measures which
unify several important families of measures in the Brunn-Minkowski theory and its dual theory
of convex bodies.

Our setting is the Euclidean n-space R™ with n > 2. We write o to denote the origin in R",
(-,+) for the standard inner product, and || - || for its induced norm. We denote the unit ball by
B" = {z € R" : ||z|]| < 1}, the unit sphere by S"~! = 9B". H*(-) stands for the k-dimensional
Hausdorff measure, and for the n-dimensional volume (Lebesgue measure) we use the notation

) and its surface area is

V(-). In particular, the volume of the unit ball is k, = V(B") = F(Z%
2

HH(S™Y) = nk,, where T is Euler’s gamma function (cf. Artin [3]). We call a compact convex
set K C R™ with non-empty interior a convex body. We use the symbol K to denote the family of
compact convex sets in R" containing the origin, and IC?O) to denote the family of all convex bodies
K which contain o in their interior, that is, o € int K. For detailed information on the theory of
convex bodies we refer to the recent books by Gruber [14] and Schneider [27].

For a convex compact set K C R", the support function hx(u) : S" ! — R is defined as
hi(u) = max{(r,u) : v € K}. For u € S"!', the face of K with exterior unit normal u is
F(K,u) = {z € K : (z,u) = hg(u)}. For x € 0K, let the spherical image of = be defined as
vi({z}) ={ue€ S" ! : hg(u) = (x,u)}. For a Borel set n C S"~!, the reverse spherical image is

viil(n) = {x € 0K : vr(z) N # 0} = Uue, F(K, u).

If K has a unique supporting hyperplane at x, then we say that K is smooth at x, and in this
case vk ({x}) contains exactly one element that we denote by v (x) and call it the exterior unit
normal of K at x.
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The classical Minkowski problem in the Brunn-Minkowski theory of convex bodies is concerned
with the characterization of the so-called surface area measure. The surface area measure of a
convex body can be defined in a direct way as follows. Let 0’ K denote the subset of the boundary
of K where there is a unique outer unit normal vector. It is well-known that OK\0'K is the
countable union of compact sets of finite H" 2-measure (see Schneider [27, Theorem 2.2.5]), and
hence &' K is Borel and H" (0K \ 9’ K) = 0. Then vg : ' K — S"! is a function that is usually
called the spherical Gauss map, and vy is continuous on 0'K. The surface area measure of K,
denoted by S(K,-), is a Borel measure on S™~! such that for any Borel set n C S™!, we have
S(K,n) = H" Y (vx'(n)). It is an important property of the surface area measure that it satisfies
Minkowski’s variational formula

(1) i VEF L) — V(K :/ hy dS(K, )
Sn—l

e—0t IS

for any convex body L C R"™.

The classical Minkowski problem asks for necessary and sufficient conditions for a Borel measure
on S™! to be the surface area measure of a convex body. A particularly important case of the
Minkowski problem is for discrete measures. Let P C R™ be a polytope, which is defined as the
convex hull of a finite number of points in R™ provided intP # (). Those faces whose dimension
is n — 1 are called facets. A polytope P has a finite number of facets and the union of facets
covers the boundary of P. Let ui,...,u, € S™ ! be the exterior unit normal vectors of the
facets of P. Then S(P,-) is a discrete measure on S"~! concentrated on the set {us,...,u;}, and
S(P,{u;}) = H" Y (F(P,u;)), i = 1,...,k. The Minkowski problem asks the following: let u be
a discrete positive Borel measure on S™~!. Under what conditions does there exist a polytope P
such that p = S(P,-)? Furthermore, if such a P exists, is it unique? This polytopal version, along
with the case when the surface area measure of K is absolutely continuous with respect to the
spherical Lebesgue measure, was solved by Minkowski [25,26]. He also proved the uniqueness of
the solution. For general measures the problem was solved by Alexandrov [1,2] and independently
by Fenchel and Jensen. The argument for existence uses the Alexandrov variational formula of the
surface area measure, and the uniqueness employs the Minkowski inequality for mixed volumes. In
summary, the necessary and sufficient conditions for the existence of the solution of the Minkowski
problem for p are that for any linear subspace L < R" with dim L < n—1, u(LNS™ 1) < pu(S™1),
and that the centre of mass of p is at the origin, that is, [g, ., up(du) = 0.

Similar questions have been posed for K € K7, and at least partially solved, for other measures
associated with convex bodies in the Brunn-Minkowski theory, for example, the integral curva-
ture measure J(K, ) of Alexandrov (see below), or the L, surface area measure dS,(K,-) =
hi PdS(K,-) for p € R introduced by Lutwak [23], where S;(K,-) = S(K,-) (p = 1) is the classical
surface area measure, and So(K,-) (p = 0) is the cone volume measure (logarithmic Minkowski
problem). Here some care is needed if p > 1, when we only consider the case o € 0K if the
resulting L, surface area measure S,(K, -) is finite. For a detailed overview of these measures and
their associated Minkowski problems and further references see, for example, Schneider [27], and
Huang, Lutwak, Yang and Zhang [17].

Lutwak built the dual Brunn-Minkowski theory in the 1970s as a "dual” counterpart of the
classical theory. Although there is no formal duality between the classical and dual theories, one
can say roughly that in the dual theory the radial function plays a similar role as the support
function in the classical theory. The dual Brunn-Minkowski theory concerns the class of compact
star shaped sets of R". A compact set S C R" is star shaped with respect to a point p € S if for
all s € S, the segment [p, s] is contained in S. We denote the class of compact sets in R” that are
star shaped with respect to o by S, and the set of those elements of S that contain o in their

o)
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interiors are denoted by S(;,. Clearly, £ C S and K, C S(,). For a star shaped set 5 € &7, we

define the radial function of S as pg(u) = max{t > 0: tu € S} for u € S"L.
Dual intrinsic volumes for convex bodies K € K{,) were defined by Lutwak [22] whose definition

works for all ¢ € R. For ¢ > 0, we extend Lutwak’s definition of the ¢th dual intrinsic volume XZ]()
to a compact convex set K € K as

@) Tk = [ d) ),

n

which is normalized in such a way that V,(K) = V(K). We note that ox is continuous at all
u € S"! but a compact set of H"!-measure zero (see Lemma . We observe that V,(K) =0

if dim K < n —1, and Vj(K) > 0 if K is full dimensional. We note that dual intrinsic volumes
for ¢ = 0,...,d are the coefficients of the dual Steiner polynomial for star shaped compact sets,
where the radial sum replaces the Minkowski sum. The gth dual intrinsic volumes, which arise as
coefficients naturally satisfy , and this provides the possibility to extend their definition for
arbitrary ¢ € R in the case when o € intK and for ¢ > 0 when o € K.

Extending the definition of Huang, Lutwak, Yang, Zhang [17] and Lutwak, Yang, Zhang [24] for
K € IC?O), if K € K* and n C S™! is a Borel set, then the reverse radial Gauss image of 7 is

ai(n) ={ueS" ! ox(u)u € F(K,v) for some v € n} = {u € 5" ' : ox(u)u € v (n)},

which is Lebesgue measurable according to Lemma[2.3] For the measurability of ey (n) in the case
K € ICELO), see [27, Lemma 2.2.4]. For a convex body K € K7 and ¢ € R, the gth dual curvature

measure 6q(K ,+) is a Borel measure on S™"~! defined in [17] as

(3 Catteom = [ it

n

Similar to the case of ¢th dual intrinsic volumes, the notion of gth dual curvature measures can be

extended to compact convex sets K € K when ¢ > 0 using (3)). Here if dimK < n—1, then @,(K )

is the trivial measure. We note that the so-called cone volume measure V(K,-) = 1 Sy(K,-) =

T on
L hxS(K,-), and Alexandrov’s integral curvature measure J(K, -) can both be represented as dual
curvature measures as

(4) V(K,) =3 S(K,") = Cu(K,)

(5) J(K*,:) = Co(K,-) provided o € intK.

Based on Alexandrov’s integral curvature measure, the L, Alexandrov integral curvature measure
dJ,(K,-) = o4 dJ(K,-)

was introduced by Huang, Lutwak, Yang, Zhang [18] for p € R and K € K&

We note that the ¢th dual curvature measure is a natural extension of the cone volume measure
V(K,-) = L hgS(K,-) also in the variational sense, Corollary 4.8 of Huang, Lutwak, Yang, Zhang

[17] states @che following generalization of Minkowski’s formula . For arbitrary convex bodies
K,L € K',, we have

(0)
(6) lim Vel +el) = VoK) :/ M 46K, ),
Sn—1 hK

e—0t 15

In this paper, we actually do not use @, but use Lemma , which is a variational formula in the
sense of Alexandrov for dual curvature measures of polytopes.

For integers ¢ = 0,...,n, dual curvature measures arise in a similar way as in the Brunn-
Minkowski theory by means of localized dual Steiner polynomials. These measures satisfy , and
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hence their definition can be extended for ¢ € R. Huang, Lutwak, Yang and Zhang [17] proved
that the ¢th dual curvature measure of a convex body K € IC?O) can also be obtained from the ¢th
dual intrinsic volume by means of an Alexandrov-type variational formula.

Lutwak, Yang, Zhang [24] introduced a more general version of the dual curvature measure
where a star shaped set () € S(’;) is also involved; namely, for a Borel set n € S*1, ¢ € R and
K e IC?O), we have

- 1 . o

@ CuK. Q) = [ iy ()
" Jag ()
and the associated ¢th dual intrinsic volume with parameter body @ is
~ ~ B 1 . o

0 TK.Q) = CK.Q8™ ) = = [ diualy " (du)
According to Lemma 5.1 in [24], if ¢ # 0 and the Borel function g : S"~' — R is bounded, then

- 1 IR
) | oGy = [ g wr(o).a) el i @)

where ||z]|g = min{\ > 0: Az € Q} is a continuous, even and 1-homogeneous function satisfying
|z]lg > 0 for x # o. The advantage of introducing the star body () is apparent in the equiaffine
invariant formula (see Theorem 6.8 in [24]) stating that if ¢ € SL(n,R), then

(10 [ st dCer s = [ o) 0.0,

s I~ ull
where ¢! denotes the transpose of the inverse of .

For ¢ > 0, we extend these notions and fundamental observations to any convex body containing
the origin on its boundary. In particular, for ¢ > 0, K € K and Q € S(’Z), we can define
the associated curvature measure by and the associated dual intrinsic volume by , where
aq(K, Q, ) is a finite Borel measure on S"~!, and XN/q(K,Q, -) is finite. In addition, for ¢ > 0, we
extend (9) in Lemma and in Lemma to any K € K.

L, dual curvature measures were also introduced by Lutwak, Yang and Zhang [24]. They provide
a common framework that unifies several other geometric measures of the (L,) Brunn-Minkowski
theory and the dual theory: L, surface area measures, L, integral curvature measures, and dual
curvature measures, cf. [24]. For ¢ € R, Q € S(’g), peRand K € IC?O), we define the L, gth dual

curvature measure G’M(K , @, ) of K with respect to @ by the formula
(11) dC, (K, Q,-) = B PdC,(K,Q,-).

While we also discuss the measures C,,,(K, Q, -) involving a Q € S(y)» We concentrate on Cpo(K, ")
in this paper, which represents many fundamental measures associated to a K € IC?O). Basic
examples are

Con(EK,) = Sy(K,")
60,61([(7 ) = 5(1([(7 )
ép,()(Ka ) = JP(K*a )
Alexandrov-type variational formulas for the dual intrinsic volumes were proved by Lutwak, Yang
and Zhang, cf. Theorem 6.5 in [24], which produce the L, dual curvature measures C, ,(K, @, -).

In this paper we will use a simpler variational formula, cf. Lemma [3.3] for the gth dual intrinsic
volumes that we specialize for our particular setting.
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In Problem 8.1 in [24] the authors introduced the L, dual Minkowski existence problem: Find
necessary and sufficient conditions that for fixed p,q € R and () € S(’Z) and a given Borel measure p

on S"! there exists a convex body K € K, such that p = épﬁq(K, @,-). As they note in [24], this
version of the Minkowski problem includes earlier considered other variants (L, Minkowski problem,
dual Minkowski problem, L, Aleksandrov problem) for special choices of the parameters. For
() = B" and an absolutely continuous measure p with density function f, the L, dual Minkowski
problem constitutes solving the Monge-Ampere equation

(12) det(V2h + h1d) = 2 h7=1(|Vh|2 + 1) - f

for the non-negative L; Borel function f with | gn1 fdH™ >0 (see in Section . Actually,
if Q € 8(7;), then the related Monge-Ampere equation is (see in Section

(13) det(V2h(w) + h(u)Td) = L h(w)P~ | Vh(u) + h(u) a5 - f(w).

The case of the L, dual Minkowski problem for even measures has received much attention
but is not discussed here, see Boroczky, Lutwak, Yang, Zhang [5] concerning the L, surface area
Sy(K, ), Boroczky, Lutwak, Yang, Zhang, Zhao [6], Jiang Wu [20] and Henk, Pollehn [15], Zhao [30]

concerning the gth dual curvature measure C,(K, -), and Huang, Zhao [19] concerning the L, dual
curvature measure for detailed discussion of history and recent results.

Let us indicate the known solutions of the L, dual Minkowski problem when only mild conditions
are imposed on the given measure p or on the function f in . We do not state the exact
conditions, rather aim at a general overview. For any finite Borel measure p on S™! such that
the measure of any open hemi-sphere is positive, we have that

e if p>0and p # 1,n, then p = S,(K,-) = né’p,n(K, -) for some K € K", where the case
p > 1 and p # n is due to Chou, Wang [11] and Hug, Lutwak, Yang, Zhang [16], while the
case 0 < p < 1 is due to Chen, Li, Zhu [9];

e ifp>0andq <0, then pp = C, 4(K, -) for some K € K where the case p =0 (u = C,(K,-))
is due to Zhao [29] (see also Li, Sheng, Wang [21]), and the case p > 0 is due to Huang,
Zhao [19] and Gardner, Hug, Xing, Ye, Weil [13].

In addition, if p > ¢ and f is C* for a € (0, 1], then has a unique positive O solution
according to Huang, Zhao [19].

Naturally, the L, dual Monge-Ampere equation has a solution in the above cases for any
non-negative L; function f whose integral on any open hemi-sphere is positive. In addition, if
—n < p < 0 and f is any non-negative L# function on S™~! such that fswl fdu >0, then (12)
has a solution, where the case p = 0 is due to Chen, Li, Zhu [10], and the case p € (—n,0) is due
to Bianchi, Boroczky, Colesanti, Yang [4].

We also note that if p <0 and y is discrete such that any n elements of suppy are independent
vectors, then p = Sy(K,-) =n - C,,(P,-) for some polytope P € Kf;, according to Zhu [31,32].

In this paper, we first solve the discrete L, dual Minkowski problem if p > 1 and ¢ > 0.

Theorem 1.1. Let () € S&), p>1andq >0 withp # q, and let u be a discrete measure on S™ 1
that is not concentrated on any closed hemisphere. Then there exists a polytope P € IC?O) such that

Cp,q(Pa Q> ) = M-
Remark If p > ¢, then the solution is unique according to Theorem 8.3 in Lutwak, Yang and
Zhang [24].

We note that, in fact, we prove the existence of a polytope P € IC?O) satisfying
V;](PO? Q)_IOILQ(P(h Qa ) = K,
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which P, exists even if p = ¢ (see Theorem .

Let us turn to a general, possibly non-discrete Borel measure p on S"!. As the example at the
end of the paper by Hug, Lutwak, Yang, Zhang [16] shows, even if p has a positive continuous
density function with respect to the Hausdorff measure on S*71, for ¢ = n and 1 < p < n, it may
happen that the only solution K has the origin on its boundary. In this case, hx has some zero on
S"~1 even if it occurs with negative exponent in C,, ,(K, ). Therefore if ) € S(Tj)), p>1landq >0,
the natural form the L, dual Minkowski problem is the following (see Chou, Wang [11] and Hug,
Lutwak, Yang, Zhang [16] if ¢ = n). For a given non-trivial finite Borel measure p, find a convex
body K € K7 such that

(14) dCy(K,Q,") = hh.dp.
It is natural to assume that H" 1(Zx) = 0 in for
(15) Ex = {x € OK : there exists exterior normal u € S"~! at x with hg(u) = 0},

which property ensures that the surface area measure S(K| -) is absolutely continuous with respect
to Cy(K, @, -) (see Corollary . Actually, if ¢ = n and Q = B, then dC,,(K,-) = + hx dS(K, "),
and [11] and [16] consider the problem

(16) dS(K,-) = nhi 'dp,

where the results of [16] about yield the uniqueness of the solution in forgq=n,p>1
and Q = B"™ only under the condition H" ' (Zx) = 0 (see Section {4| for more detailed discussion).

Theorem 1.2. Let () € Szlo), p>1and g > 0 with p # q, and let u be a finite Borel measure

on S™1 that is not concentrated on any closed hemisphere. Then there exists a K € K with
H" 1 (Ek) =0 and int K # 0 such that dC,(K,Q,-) = hb.du, where K € K{,) provided p > q.

The solution in Theorem [1.2]is known to be unique in some cases:

e if p > g and p is discrete (K is a polytope) according to Lutwak, Yang and Zhang [24],

e if p > ¢, @ is a ball and p has a C* density function f for a € (0, 1] according to Huang,
Zhao [19],

e if p> 1, Q is a ball and ¢ = n according to Hug, Lutwak, Yang, Zhang [16].

For Theorem [I.2] in fact, we prove the existence of a convex body Ky € K such that
Va(Ko, Q)71 dC, (Ko, Q, ) = M dp,

which K| exists even if p = ¢ (see Theorem [5.2)).
Concerning regularity, we prove the following statements based on Caffarelli [7,8] (see Section|[7).
We note that if 9Q is C% for Q € S("O), then @ is convex.

Theorem 1.3. Letp > 1, ¢ >0, Q € S;), 0 < c1 < ¢ and let K € K} with H Y Zk) =0 and
int K # () be such that
dCy(K,Q,-) = Wi f dH" !
for some Borel function f on S™ ! satisfying c; < f < c.
(i): OK\Zx = {2 € OK : hg(u) > 0 for allu € N(K,z)} and OK\Zk is C' and contains
no segment, moreover hx is C* on R"\N (K, o).
(ii): If f 4s continuous, then each u € S '\N(K, o) has a neighbourhood U on S™' such
that the restriction of hx to U is CY* for any a € (0,1).
(iii): If f is in C*(S™ ) for some o € (0,1), and 9Q is C3, then OK\Eg is C%, and each
u € S"I\N(K, o) has a neighbourhood where the restriction of hx is C*«.
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We note that in Theorem |1.3 (ii), the same neighbourhood U of u works for every o € (0,1). In
addition, Theorem [1.3 (i) yields that for any convex W C R™\N (K, 0), hx(u+v) < hx(u)+hg(v)
for independent u,v € W. For the case o € int K in Theorem [I.3 see the more appealing
statements in Theorem [L.5l

We recall that according to Theorem , if p>¢g>0andp>1,then K € K7, holds for the
solution K of the L, dual Minkowski problem. On the other hand, Example shows that if
1 < p < g, then the solution K of the L, dual Minkowski problem provided by Theorem may
satisfy that o € K and o is not a smooth point. Next we show that K is still strictly convex in
this case, at least if ¢ < n.

Theorem 1.4. If1 <p<qg<n, Q€ S}, 0<c <c and K € Ky with H"1(ZEx) = 0 and
int K # 0 be such that

dC,(K,Q,-) = hbf dH"

for some Borel function f on S™ 1 satisfying ¢ < f < co, then K is strictly convex; or equivalently,
hi is C' on R™\o.

If ¢ = n, then Theorems and are due to Chou, Wang [11]. We do not know whether
Theorem holds if ¢ > n (see the comments at the end of Section 7).

We note that even if () = B"™ in Theorem , the equiaffine invariant formula for K € K}
simplifies the proof of Theorems [1.4; namely, we use dual curvature measures with a parameter
body different from Euclidean balls in the argument for Lemma [7.8, The reason is that if o € 0K
and N (K, o) contains a pair of vectors with obtuse angle, then we need to transform K via a linear
transform ¢ € SL(n,R) in such a way that any two vectors in N(¢K,0) make an acute angle.

We note that if o € intK, then the ideas leading to Theorem [I.3] work for any p, ¢ € R.

Theorem 1.5. Let p,g € R, Q € S(Z), 0<ci <cyandlet K € IC?O) be such that

dC, (K, Q,) = fdH" !

for some Borel function f on S™1 satisfying c; < f < co. We have that

(i): K is smooth and strictly conver, and hx is C' on R™\{o};

(ii): if f is continuous, then the restriction of hx to S™™' is in C** for any o € (0,1);

iii): if f € C¥(S™ ) fora € (0,1), and 0Q is C?, then OK is C2, and hy is C%® on S™~1.
(iii): of f ( 1), 4 ¥

The rest of the paper is organized as follows. Up to Section 5, we assume () = B" in order to
simplify formulae. We discuss properties of the dual curvature measure in Section 2, and prove
TheoremI.1]in Section 3. Fundamental properties of L, the dual curvature measures are considered
in Section 4, and we use all these results to prove Theorem in Section 5. Section 6 presents
the way how to extend the arguments to the case when () is any star body. The regularity of the
solution is discussed in Section 7.

2. ON THE DUAL CURVATURE MEASURE

The goal of this section is for ¢ > 0, to extend the results of Huang, Lutwak, Yang and Zhang [17]
about the dual curvature measure 5q(K ,-) when K € K, to the case when K € K7. For any
measure, we take the measure of the empty set to be zero.

For any compact convex set K in R" and z € 0K, we write N(K, z) to denote the normal cone
at z; namely,

N(K,z)={yeR": (y,x —z) <0 forz € K}.
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If z € intK, then simply N(K,z) = {o}. For compact, convex sets K, L C R™, we define their
Hausdorff distance as
on(K, L) := Sup |hic(u) — hr(u)].
uesS™
It is a metric on the space of compact convex sets, and the induced metric space is locally compact
according to the Blaschke selection theorem. For basic properties of Hausdorff distance we refer
to Schneider [27], and also to Gruber [14].

First we extend Lemma 3.3 in [17]. Let K € K7 with int/KX # (). We recall that the so-called
singular points 2z € 9K where dimN (K, z) > 2 form a Borel set of zero H"~! measure, and hence
its complement &' K of smooth points is also a Borel set. For z € 'K, we write vk (z) to denote
the unique exterior normal at z. In addition, for any z € 0K, we define vg(z) = N(K, z) N S" 1,
and hence v () = Uye, F (K, u) is the total inverse Gauss image of a Borel set 7 C S"1; namely,
the set of all z € 0K with N(K,z) Nn # (. In particular, if o € 0K, then we have

(17) Ex =vg (N(K,0)nS" ).
If o € int K, then Zx = (). We also observe that the dual of N(K, o) is
N(K,0)" ={yeR": (y,x) <0forz € N(K,0)} =cl{ \z: A >0and x € K},
and hence
(18) Ex = KNON(K,o0)".

If o € intK, then simply N(K,0)* = R™. The following properties of gx readily follow from the
definition.

Lemma 2.1. If K € K, then ok is upper semicontinuous. In addition, if dim K < n — 1, then
ox(u) =0 foru € S"\lin K, and if int K # (), then ok is continuous on S""'\ON(K,0)* and
o (u) =0 for u e S\ N(K,o0)*.
For ¢ > 0, we extend Lutwak’s definition of the gth dual intrinsic volume 17(1() to a compact
convex set K € K as
- 1 B
(19) Vk) = [ dh) ),

and hence V,(K) = V(K). It follows from Lemma [2.1/ that V,(K) is well-defined and V,(K) = 0
ifdimK <n-—1.
For a K € K" with int K # () and a Borel set n C S"!, let

aj(n) ={ue S ox(u)u € F(K,v) for some v € n} = {u € S" ' : ox(u)u € vt (n)}.

Following Huang, Lutwak, Yang, Zhang [17] and Lutwak, Yang, Zhang [24], the set a’ () is called
the reverse radial Gauss image of 7.

Lemma 2.2. If K € K" with intK # (), then

(20) SN (intN(K,0)*) C aj (S"'\N(K,0)) CS"'NN(K,o)*,
(21) o (S" "N N(K,0)) = S™ 1\ (int N (K, 0)*).
Proof. If 0o € int K, then N(K,0) = {o}, and hence the statements are trivial. Therefore we

assume that o € 0K.
It follows from that

(22) (int N(K,0)")NOK = {x € 0K : hg(v) > 0 for all v € vg(z)}.
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Now yields directly the first containment relation of , and K C N(K,o0)* implies the
second containment relation.

To prove (1)), let u,v € S"™! be such that ox(u)u € F(K,v). If v € N(K,0) N S™, then
F(K,v) C Zk, thus yields that u ¢ int N(K,0)*. On the other hand, if v ¢ int N(K,o0)*,
then either u ¢ N(K,0)*, and hence ox(u) = 0, or u € ON (K, 0)*, therefore i (u)u € Zf in both
cases. We conclude v € N(K, o), and in turn (21)). O

We note that the radial map 7 : R"\{o} — S™!, #(x) = z/||z|| is locally Lipschitz. We write
Tk to denote the restriction of 7 onto the (n — 1)-dimensional Lipschitz manifold (0K)\Zx =
(OK)NintN(K,o0)*. For any z € (0’ K)\Ek, the Jacobian of 7 at z is

(23) (i (2), T (@)l2lI70 7Y = (vre(2), 2) 1l

Lemma 2.3. If K € K with intK # 0 and n C S™ ' is a Borel set, then a’(n) C S"' is
Lebesgue measurable.

Proof. Since 'y (nNN (K, 0))Neic(n\N (K, 0)) C ON(K,0)*NS"! by Lemmal2.2, and H" 1 (ON (K, 0)*N
Sn=1) = 0, it is equivalent to prove that both aj-(n N N(K,0)) and aj(n\N(K,0)) are Lebesgue
measurable.

If nN N(K,o0) # 0, then we claim that

(24) S I\N(K,0)* Caj(nNN(K, o)) C S" "\int N(K,o0)*.

The second containment relation follows from Lemma 2.2l For the first containment relation in
[24), let v € N N (K, 0). Since o € F(K,v) and gx(u) = 0 for u € S '\N(K,0)*, it follows that
S"IN\N(K,0)* C aj({v}). Thus we have (24), and in turn n N N(K, o) is Lebesgue measurable.

Next we consider n\N (K, 0). Since 'K is Borel, we have that o = 0’ K Nint N (K, 0)* is Borel,

as well. We write g : o — S"'\N(K,o0) to denote the restriction of vx to ox. As Dy is

continuous on o, we deduce that 7' (n\N(K, o)) is Borel. In addition, 7 is also continuous on

OK Nint N(K,o0)*, thus 7x o 7% (n\N(K, 0)) is also Borel. Since
Fx 0 T (N\N (K, 0)) C e ()\N (K, 0)) C 7 0 5 (\N (K, 0)) U e ((aK M int N(K, o)*)\a’K).

Here 7—[”_1<(8K Nint N (K, o)*)\a’K) = 0 and 7x is locally Lipschitz, therefore aj (n\N (K, o0))

is Lebesgue measurable, as well. 0

Extending the definition in Huang, Lutwak, Yang, Zhang [17], for a convex compact set K € K

and ¢ > 0, the gth dual curvature measure C,(K,-) is a Borel measure on S"! defined in a way
such that if n € S"! is Borel, then

(25) Cy(K,p) = 0 ifdimK <n-—1, and
~ 1
(26) Cu(Kn) = / o (u) dH™ (u) if int K 2 0.
aj(n)

Here, if int K # 0, then o is continuous on S"""\ION (K, 0)*, therefore C,(K, -) is well-defined by
Lemma 2.3

Since g (u) =0 for u € S""N\N(K,0)*, and H" 1 (S" ' NON(K,0)*) = 0, we deduce from
that if ¢ > 0, then

(27) Cy (K,N(K,0)NS"™) = C, (K, {uec S"': hg(u) =0}) = 0.

For u € S™!, we write rx(u) = ox(u)u € OK. Since 7 is locally Lipschitz, H"~! almost
all points of S"~! N (intN(K,0)*) are in the image of (’K) N (int N(K,0)*) by 7. Therefore
for H"~! almost all points u € S" ' N (intN(K,0)*), there is a unique exterior unit normal
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ak(u) at rg(u) € OK. Here ag is the so-called reverse radial Gauss map. For the other points
u € S" 1N (intN(K,0)*), we just choose an exterior unit normal ax(u) at rx(u) € K. The
extensions of Lemma 3.3 and Lemma 3.4 in [17] to the case when the origin may lie on the
boundary of convex bodies are the following.

Lemma 2.4. If ¢ > 0, K € K" with intK # 0, and g : S"' — [0,00) is Borel measurable, then

- 1
28 u)dCy(K,u) = — ar(u)ox (W) dH" 1 (u
) [ emdCuw = D et
(29) = [ g () el e e,
O K\Ex
(30) = o st lla). @) el d @)

Proof. To prove , the integral of g can be approximated by integrals of finite linear combinations
of characteristic functions of Borel sets of S"!, and hence we may assume that g = 1, for a Borel

set n C S™1. In this case,
/ 1,dC,(K,-) =0
Sn—1NN(K,o)

by , and
[ ndG = O N (o) - Iy ()oxc ()" a0
Sn—1\N(K,0)

Sn=10(int N (K,0)*)
by and the definition of éq(K ,+), verifying (28)).

In turn, yields by (23). For (30), we observe that if x € Zx N I'K, then (vg(z),z) =

0 0

Now we prove that the gth dual curvature measure is continuous on K7 for g > 0.

Lemma 2.5. For q > 0, %(K) is a continuous function of K € KU with respect to the Hausdorff
distance.

Proof. Let R > 0 be such that K C intR B". Let K,, € K be a sequence of compact convex sets
tending to K with respect to Hausdorff distance. In particular, we may assume that K,, C RB"
for all K,,.

If dim K < n—1, then there exists v € S"~! such that K C v', where v denotes the orthogonal
(linear) complement of v. For ¢t € [0,1), we write

U(v,t) ={z e R": |[(v,z)| <t}

to denote the closed region of width 2¢ between two hyperplanes orthogonal to v and symmetric
to 0.

There exists a ty € (0,1) such that for any ¢ € (0,%y) and v € S"! it holds that H"~1(S"~1 N
U(v,t)) < 3t(n — 1)kp_1.

Let ¢ € (0,ty). We claim that there exists an m. such that for all m > m. and for any
u € ST\ U(v, ), we have

(31) oK, (u) <e.

Since K,, — K in the Hausdorff metric, there exists an index m, such that for all m > m, it holds
that K,, C K +&?B" C ¥(v,e?). Then if u € S""'\¥(v,¢), then

e > (v, ok, (u)u) = ok,, (W) (v,u) > ok, (u) - €,
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yielding . We deduce from and K, C RB™ that for any ¢ € (0,1), if m > m., then

V,(Kpy) < / g1 dH™ (u) + / RTdH" ' (u)
S\ W(v,e)

Sn=1NT(v,e)
< nkpe? 4+ 3e(n — 1)kp_1 RY,

therefore lim,,, oo %(Km) =0=V,(K).
Next, let int K # ) such that o € OK. Since the functions gk, (u), m = 1,... are uniformly
bounded, by Lebesgue’s dominated convergence theorem it is sufficient to prove that

(32) lim ok, (u) = ox(u) for u € S""NIN(K,o0)*,

as H"1(S" ' NAIN(K,o0)*) = 0. Now, let £ € [0, 1).
Case 1. Let uw € S" ' Nint N(K, 0)*.

Then ok (u) > 0, and (1 —¢)ox(u)u € int K and (1+¢)ox(u)u ¢ K. Thus, there exists an index
m(u,e) > 0 such that for all m > m(u, ¢) it holds that (1—¢)ox(u)u € K,, and (14+¢)ox(u)u & K,
or in other words,

(1 —¢e)ox(u) < ox,, (u) < (14 £)ox (u),
which in turn yields in this case.

Case 2. Let u e S""N\N(K,o)*.

Then g (u) = 0, and there exists v € S""'Nint N(K, 0) such that (u,v) > 0. As K,,, — K, there
exists an index m(u,v,e) > 0 such that for all m > m(u,v,¢) it holds that K,, C K + e(u,v)B",
and thus hg, (v) < e(u,v). Therefore, for all m > m(u,v,¢),

e(u,v) > hg, (v) > {0k, (Wu,v) = ok, (u){u,v).

This yields that ok, (u) < e for all m > m(u,v, ), and thus holds by ox(u) = 0.
Finally, let int K # () and o € int K. The argument for this case is analogous to the one used
above in Case 1. O

The following Proposition [2.6 extends Lemma 3.6 from Huang, Lutwak, Yang, Zhang [17] about
K € K, to the case when K € K7.

Proposition 2.6. If ¢ > 0, and {K,,}, m € N, tends to K for K,,, K € K", then 5’q(Km, -) tends
weakly to Cy(K,-).

Proof. Since any element of K7 can be approximated by elements of IC?O), we may assume that each
K, € IC?O). We fix R > 0 such that K C intR B", and hence we may also assume that K,, C RB"
for all K,,. We need to prove that if g : S"! — R is continuous, then

(33) lim g(u) déq(Km, u) = / g(u) dé’q(K, u)

m—oo fon—1 Sn—1

First we assume that o € 0 K. If dim K <n — 1, then éq(K, -) is the constant zero measure by
. Since Cy(Kyp, 5" 1) = V,(K,,) tends to zero according to Lemma , we conclude in
this case.

Therefore we may assume that int K # () and o € 9 K. To simplify notation, we set

o= N(K,o)".
According to Lemma , is equivalent to
(34) lim g(ax,, (u)or,, (u)? dH" " (u) = / glar(u)ok (w)* dH" " (u).
m—=00 J gn-1 S7=1A(int o)
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Since 7 is Lipschitz and H" (5" N (o)) = 0, to verify (34), and in turn (33)), it is sufficient
to prove

(35)im gla,, (u)ox,, (W) dH" " (u) = / ((int )ma'K)g(aK(U))QK(u>qun_1(u)

M= J 7k ((int 6)N&' K)

(36) lim 9lak,, (w) ok, (W) dH" " (u) = 0.

m—ro0 Sn—1 \O’

To prove and , it follows from K,, C RB", the continuity of ¢ and Lemma that there
exists M > 0 such that

lok, (u)] < R forue S" 1
(37) N lg(u)] < M forue S"L
Cy(Kp,S" ') < M formeN

We deduce from (37) that Lebesgue’s Dominated Convergence Theorem applies both in
and (36). For (35), let u € Tx((into) N I'K). Readily, lim,, o0 0, (u)? = ox(u)?. Since
ak(u) is the unique normal at gx(u)u € 'K, we have lim,, ;o ak,, (u) = ax(u), and hence
lim,,, o0 g(ak,, (1)) = g(ak(u)) by the continuity of g. In turn, we conclude by Lebesgue’s
Dominated Convergence Theorem.

Turning to , it follows from Lebesgue’s Dominated Convergence Theorem, ¢ > 0 and
that it is sufficient to prove that if € > 0 and u € S""*\o, then

(38) or,, (u) < ¢

for m > mg where my depends on u, {K,,},e. Since u € 0 = N(K,0)*, there exists v € N(K,o0)
such that (v,u) =0 > 0. As hx(v) = 0 and K, tends to K, there exists mg such that hg,, (v) < de
if m > myg. In particular, if m > mg, then

ed > hg,, (v) > (v, ok (u)u) = 0k (u)d,

yielding (38)), and in turn (36).
Finally, the argument leading to implies also in the case when o € int K, completing
the proof of Proposition [2.6] O

3. PROOF OF THEOREM FOR () = B"
To verify Theorem [I.T], we prove the following statement, which also holds if p = q.

Theorem 3.1. Let p > 1 and q > 0, and let p be a discrete measure on S™* that is not concen-
trated on any closed hemisphere. Then there exists a polytope P € IC?D) such that Vy(P)™'C, ,(P,-) =
(L.

We recall that 7 : R"\{o} — S"~! is the radial projection, and for a convex body K in R™ and
u € S" ! the face of K with exterior unit normal u is the set

F(K,u)={z € K: (z,u) = hg(u)}.
We observe that if P € K7 is a polytope with int P # (), and v,...,v; € S""! are the exterior
normals of the facets of P not containing the origin, then
supp 5(1(]3, ) = {vy,...,u}, and
1

5:1(13, {vi}) = - [(F(P § ob(u)dH" ' (u) fori=1,...,L

(39)
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Let p > 1, ¢ > 0 and pu be a discrete measure on S™! that is not concentrated on any closed
hemi-sphere. Let supppu = {u1,...,ux}, and let p({w;}) = a; > 0,7 = 1,...,k. For any z =
(t1,..., 1) € (Rso)¥, we define

O(2) = Zaitf,
(40) P(2) = {x€R: (mu) <LVie1, . k).
o) = TP,

Since oy > 0 for i = 1,...k, the set Z = {z € (Rxo)* : ®(z) = 1} is compact, and hence
Lemma [2.5] yields the existence of zy € Z such that

U(zg) = max{V¥(z): z € Z}.
We prove that o € int P(zg) and there exists \g > 0 such that
VaoP(20))" Cpa(doP(20), ) = o
Lemma 3.2. Ifp > 1 and ¢ > 0, then o € int P(z).

Proof. 1t is clear from the construction that o € P(zp). We assume that o € 9P(2), and seek a

contradiction. Without loss of generality, we may assume that 2o = (¢,...,t;) € (Rso)¥, where
there exists 1 < m < k such that t{, = ... =t¢,, =0 and t,,.1,...,tx > 0. For sufficiently small
t > 0, we define
m
——
Z = (0, o0, (g — atp)%, coy (B — oztp);> for a = %, and
m
— 1 1
z = (t, I (A oztp);, co (B — oztp);) :

Simple substitution shows that ®(z;) =1, so z; € Z.
We prove that there exist tg, ¢1, ¢ > 0 depending on p, ¢, i and z such that if ¢ € (0, %], then

(41) U(Z) > W(z) — Eit?,
(42) U(z) > V(%) + Co,
therefore

(43) U(z) > U(zg) — €1t + ot

We choose R > 0 such that P(zp) C intRB™ and R > max{t,,+1,...,tx}.

We start with proving , and set g9 = min{ty41,...,t}. We frequently use the following
form of Bernoulli’s inequality that says that if 7 € (0,1) and n > 0, then
(44) (1—-7)">1—max{1l,n}- 7.

It follows from and oo < t; < R, i =m+1,...,k, that there exist sg,cy > 0, depending on
20, 1 and p such that if ¢ € (0, sg), then
(45) (& — at?)r > t; — ot > 00/2 fori=m+1,... k.

We consider the cone N(P(zp),0)" = {x € R" : (x,u;) < 0 Vi =1,...,m} that satisfies that
0p(z) (1) > 0 for w € S if and only if u € N(P(z),0)*. It follows from that op(z,)(u) >0
for u € S"71 also if and only if u € N(P(z),0)*, and even gp(z,)(u) > 0o/2 in this case.
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Let u € N(P(z),0)* N S™ ', and hence gp(:,)(u) - v lies in a facet F(P(Z,),u;) for an i €
{m+1,... k}, thus

(0p(z0 (W)u, us) = (I — at?)> > t; — cot? > 00/2.

Combining the last estimate with gp(z,)(u) < R, we deduce that (u,u;) > J%. Let s > 0 be defined
by (su,u;) =t;. Then s > pp(.y)), and hence

SU, U;) — s (w)u, u; t; — (t; — cot? 2R
P QP(Et)(u) _ < U > <QP( t)( ) > S ( Co ) S Co . tp,
<U> Uz) <U> Uz> 00

thus opez,)(u) > 0p()(u) — 215% -t?. 'We choose ty > 0 with tq < sg depending on 2z, and p such

that 2’:—0“’ -ty < 00/2. Since 99 < 0p(z)(u) < R, we deduce from that there exists ¢; > 0
depending on p, 29, ¢ and p that if ¢t € (0,%y) and v € C' N S™, then

2 RCO
0o

q

op(z)(u)? > (QP(zo)<u> - 'tp> > 0P (z) () —c1 - 17,
which yields by and by taking into account that N(P(Z;),0)" = N(P(2),0)".

The main idea of the proof of is that we construct a set Gy C S"~! for sufficiently small
t > 0 whose H" ! measure is of order ¢, and if u € Gy, then gp(,,)(u) > r for a suitable constant
r > 0 while pp(z,)(u) = 0. In order to show that the constants involved really depend only on p, ¢
p and P(zp), we start to set them with respect to P(z).

We may assume, possibly after reindexing us, . .., ty,, that dimF(P(zy),u;) = n — 1. In partic-
ular, there exist 7 > 0 and yy € F(P(29),u1)\{o} such that

(Yo, us) < hpeagy(u;) —8r fori=2,... k.
For v = yo/|lyol| € S"* Nui, we consider y = yo + 4rv, and hence 4r < |ly|| < R, and
(Y, ui) < hpgy(u;) —4r fori=2,... k.

Note that P(Z;) — P(z) as t — 07 and also P(Z;) C P(z) for t > 0. Therefore there exists a
positive ¢; < min{r,ty}, depending only on p, ¢, 11 and zy such that if ¢t € (0,¢;], then

(46) (Y, u;) < hpy(u;) —2r fori=2,... )k and P(z) C RB".

For two vectors a,b € R™, we denote by [a,b] ((a,b)) the closed (open) segment with endpoints a
and b. Let the (n — 2)-dimensional unit ball G be defined as

G =ui Nvt N B"

Then we have that y + rG C F(P(2),u1) and (y + rG) + rlo,us] C y + 2rB™. Let G, =
(y + rG) + t(o,uq] be the (n — 1)-dimensional right spherical cylinder of height ¢ < min{¢,7},
whose base y + rG does not belong to G;. We deduce from and hp(.,)(u1) = t that Gy C
P(2)\N(P(z0),0)" C P(2)\P(Z).

Let G be the the radial projection of G; to S"'. For z € Gy, we have (x,v) = ||y|]| > 4r and
|z|| < R, therefore

(e —(n— - 4rH" N (Gr) A" PR 4r" g, o
H NG :/ <i,v> z||”" Y aq () > = L U




THE L, DUAL MINKOWSKI PROBLEM FOR p>1 AND ¢ >0 15

Since op(z,)(u) < op(y(u) for all w € S*! and if u € G,, then opriy(u) > |ly|| > 4r and
op(z,)(u) = 0, we deduce that

1
_1 / o (WM () + / 0o (W) AH ()
Sn—1\G, G

t

> W (%) +

which proves . Combining and (42), we obtain ( 3
Finally, we deduce from p > 1 and ( ) that if t > O is sufﬁcnently small, then W(P(z)) >

U(P(zy)), which contradicts the optimahty of 2p, and yields Lemma O

As we already know that o € int P(z) by Lemma we can freely decrease hp(.,(u;) for
i=1,...,k, and increase it if dim F'(P(z),u;) = n—1. To control what happens to ¥(z) when we
perturb P(zp), we use Lemma |3.3] which is a consequence of Theorem 4.4 in [17]. Let R, denote
set of the positive real numbers.

Lemma 3.3 (Huang, Lutwak, Yang, Zhang, [17]). If ¢ # 0, n € (0,1) and z; = (z1(t), ..., z(t)) €
RY for t € (—n,n) are such that lim; o+ Zi(t);‘zi(o) =2l(0) € R fori =1,...,k exists, then the
P(z;) defined in satisfies that

i PG —ValPlan) _ 5~ A0 g

t—0+ t

For the sake of completeness, in Section 6 we prove a general version of Lemma about the
variation of V,(P(z(t)), Q) in the case when () is an arbitrary star body, ¢f. Lemma 6.7

We note that supp Cy(P(20),-) C {us, ..., u}, where C,(P(z), {u;}) > 0 if and only if
dim F(P(z),u;) =n — 1.

Lemma 3.4. Ifp > 1 and ¢ > 0, then dim F'(P(z),u;) =n—1 fori=1,... k.

Proof. We suppose that dim F/(P(z),u1) < n — 1, and seek a contradiction. We may assume that
dim F'(P(zp),ur) = n — 1. For small ¢t > 0, we consider

) = (t1 — ttay .. th),
and 0(t) = ®(P(%(t)). In particular, #(0) = 1 and €'(0) = —pa; 2", and hence
2(t) = 0()VPE(t) = (21 (1), ..., z(t) € Z
satisfies £6(t )_1/% or = aqt? " and 2/(0) = oqt? ', > 0 for i = 2,..., k. We deduce from

Lemma [3.3{and C,(P(z )_{ 1}) = 0 that
(20)) _

L VaPG) — TP

t—0t t

k / qz (O) _
Z; ) Cy(P(20), {ui}) > m-Oq(P(zo), {ur}) >0

therefore XN/q(P (2(t))) > V4(P(20)) for small ¢ > 0. This contradicts the optimality of zy, and proves
Lemma [3.41 O
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Proof of Theorem [3.1] According to Lemmas [3.2 and [3.4]

we have dim F(P(z),u;) = n—1fori = 1,...,k, o € int P(z) and hpg(w) = t; for i =

k. Let (g1,...,9r) € R* satisfying Zle giaitffl = 0 such that not all g; are zero.

t € (—e,¢) for small € > 0, then consider

2(t) = (tl + gltv cee th + gkt)a
and 0(t) = ®(P(Z(t)). In particular, #(0) = 1 and

k
-1
=p> gt ' =
=1

Therefore

(1) = 0(t)"PE() = (a1(t),- ., () € Z
satisfies 26(t)~'/?|,_g = 0 and 2/(0) = g¢; for i = 1,.
hp()(u;) = t; for i =1,... k that

e e k
1 V(PE) = V(P O

t—0 t

| Q

Since %(P(z(t))) attains its maximum at ¢ = 0 by the optimality of zy, we have

(47) Zg’ O (P(20), {u:}) = 0.

In particular, (47) holds whenever (g1, ...,gx) € R*\{o} satisfies 2% | gioit? ™

words, there exists a A € R such that

Cy(P(20), {ui})
t;

-

:aitf_l fori=1,...,k.

Since A > 0 and p > 1, there exists a Ao > 0 such that A = \;”V,(P()), and hence
a; = Vy(MoP(20)) rg pieg) () PCy( Mo P(20), {us}) fori=1,...,

In other words,

1= Vo(MoP(20)) " hagpieg) () PCy(AoP(20), ).

This finishes the proof of Theorem

P(z0), {us})-

If

k We deduce from Lemma and

= 0, or in other

O

Proof of Theorem [1.1]in the case of Q = B" We have p # ¢. According to Theorem- 3.1] there
exists a polytope Py € IC") such that V,(Py)C,4(Py,-) = p. For A = V,(Py)a—r and P = APy, we

have

4. ON THE L, DUAL CURVATURE MEASURES

According to Lemma 5.1 in Lutwak, Yang, Zhang [24], if K € Koy P

any Borel function g : S"~! — R, we have that

(18) [ oGt = % [ gt w(e).a) el i o)

As a simple consequence of Lemma |2 -, we can partially extend to allow 0 € 0K.

Cp,q<P> ) = X]_pép,q(POa ) = Vq(PO)_lép,q(Pm ) = u.

€ R and ¢ > 0, then for
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Corollary 4.1. If p > 1, ¢ > 0, K € K™ with intK # 0, C, (K, S"") < oo and H"(E) = 0,
and the Borel function g : S" ' — R is bounded, then

[ oGt =+ [ gt e, )' el e o)

n

Proof. Knowing that C,,(K,S"™) < oo, it follows from Lemma and H"1(2k) = 0 that

/ g(u) dC, (K, u) = / g(u)hg (u) P dCy (K, u)
Sn—1 Sn—1

- %/ = 9k () hic (vie () P (v (), @) ||| dH" ()
8/K\:K
: 1=p|| 219" qH (2
= [ sl le). ol a ),

n
U

Next, we prove a basic estimate on the inradius of K in terms of its total L, dual curvature
measure. For a convex body K € K{), we write r(K) to denote the maximal radius of balls

contained in K. Since o € K, Steinhagen’s theorem yields the existence of w € ™! such that
(49) (z,w)| < 2nr(K) forz e K.

Lemma 4.2. Forn > 2, p>1 and q > 0, there exists a constant ¢ > 0 depending only on p,q,n
such that if K € ICFO), then

Cog(K,5"7) = ¢ r(K) - Vy(K).
Proof. We may assume that r(K) = 1, and hence yields the existence of w € S"! such that
(50) (z,w)| <2n forx e K.

Let K = K|w* be the orthogonal projection of K to the hyperplane w*, and hence the radial
function g is positive and continuous on w* N S" 1. We consider the concave function f and the

convex function g on K = K|w* such that

K={y+tw: yef(andg(y)étéf(y)}-

We divide wl~ﬂ S™~!into pairwise disjoint Borel sets (~21, ..., of positive H" 2 measure such
that for each €2;, there exists a g; > 0 satisfying

(51) 0i/2 < 0(u) < g; for u € Q.

For any ¢ = 1,...,m, we consider

Q; = {ucosoz+wsina cu€eQ and a € <—g,g>} c st

U, = {ox(u)u: uel} CIK.
It follows that S™ '\{w,—w} is divided into the pairwise disjoint Borel sets €, ...,8,,, and
OK\{f(0o)w, g(o)w} is divided into the pairwise disjoint Borel sets Wy, ..., ¥,,.

According to and Lemma [2.4] to verify Lemma[4.2] it is sufficient to prove that there exists
a constant ¢ > 0 depending only on n,p,q such that if : = 1,..., m, then

(52) / ) el ) > ¢ / (i), 2) 2| A (),

KN,



18 KAROLY J. BOROCZKY AND FERENC FODOR

We define
(53) R = 4(2n)?.
Case 1. 0, < R

If o < Rand z € 'K NVY,, then (50)) yields that
(v (z),z) <||z|]| < R+2n forz €V,
and hence (v (z), z)' P > (vk(x), z)(R+ 2n)"P. Therefore we may choose ¢ = (R+2n)7? in (52).
Case 2. 0; > R
If p; > R, then consider the set
b, = {tu Su € SN), and 0 <t < gi/4} C U,|w?,
and subdivide ¥, into
o= {y+fw:ye®FU{y+gy)w: yec®}C¥n (4 +2n) B, and
A e AN Y08
We claim that
(54) (vg(x),z) <6n forz € K NWY.

We observe that = y+tw for some y € ®; and t € [—2n, 2n|, and s = f(2y) satisfies s € [—2n, 2n]
and 2y + sw € ;. It follows that
(Vi (2), 2y + sw) < (vk(2), 7) = (vk(2),y + tw),
and hence
(vk(2),y) < (v(2), tw) — (Vi (2), sw) < 4n.

We conclude that (v (x),y + tw) = (vk(x),y) + (vk(x), tw > < 6n, in accordance with
In turn, yields that (vg(z),z)'™ > (vg(x), z)(6n)7P for x € 'K N PY, and hence

) [ @) el e @ > 607 [ (e, fel e ),

Next, we prove the existence of 7, > 0 depending on n, p, ¢ such that

n—2 q—l f 1
(56) / (vic(x), o) 7P ||| ¢ dH () > H () of g >
o' KNYY '717‘[" Q(Q ) if qe (O, 1]

Let us consider x = y + f(y)w € ¥ NJ'K for some y € ®;\(2nB"). Since ||y| < ||z|]| < 2||ly| by
, it follows from that
(vie(@), ) 7P|l = (6n)" P min{1, 277" } [y *~".

Therefore there exists 75 > 0 depending on n, p, ¢ such that

[ @ el ) = o [l ae
&' KNw? ®;\(2nB")

- 0i/4
= WH" (%) / 2
2n
- 0:/4
= 727{"2(91')/ t12 dt,

2n

and in turn we conclude (56)).
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The final part of the argument is the estimate
57 [ o) gl ane ) < 2160 @) -
o'KNu!

Let QO = g (¥}). If 2 = y+sw € U} for y € (V;|wh) \ @y, then y € (¥;|wb)\(% B") and |s| < 2n.
It follows that | tan «| < g?—% = % for the angle v of z and y. In particular,

Qzl C g (QZ—F |:_8n,8—n:| w)
Oi  0Oi

which, in turn, yields that
1 ~
MOl < (@)
Q<

)

We deduce from (23)) and from the fact that ||z|| < o; + 2n < 2¢; for x € ¥} that
16n ~
[ @l et = [ o) < et @)- 2o
Gz

Ql Qi
yielding .
We deduce from and the existence of v3 > 0 depending on n, p, ¢ such that

69 [ @ el e ) 2 [ (o). a) el e @),

O'KNv!
Combining and implies if o; > R, as well, completing the proof of Lemma 0

Next we investigate the limit of convex bodies with bounded L, dual curvature measure in

Lemmas (4.3 and [4.4]

Lemma 4.3. Ifp>1,0<q<pand K,, € IC?O) for m € N tend to K € K with intK # () such
that 5p,q(Km, S™1) stays bounded, then K € K-

Proof. Let us suppose that o € 0K, and seek a contradiction. We claim that there exists a vector
w € intN(K,o0)* such that —w € N(K,0) N S""!. If this property fails, then (—N(K,0)) N
intN(K,0)* = (), and hence the Hahn-Banach theorem yields the existence of a vector v € S"!
such that (v,u) < 0if u € N(K,0)*, and (v,u) > 0 if u € —N(K,0), and hence v € N(K,0)*.
Since (v,v) = 1 > 0 contradicts (v,u) < 0 if u € N(K,0)*, we conclude the existence of the
required w.

To simplify notation, we set B(r) = w* N (rB") for » > 0. The conditions in Lemma and
yield the existence of some M > 0 such that for each K,,, we have that

1

(59) M > (Af’m(Km,S"‘l) = ﬁ/ <y(Km7$)’x>1—P”x”q—n d%n_l(x)
' Km

1 1
> 1/ HWHWwWWNwz—/ e dH ().
' K,,NB" ' K,,NB"

n n

We note that since K,, — K and o € 0K, for sufficiently large m, 0'K,, N B" # () and the
right-hand side of is greater than zero. As w € intN(K,0)* and w € N(K,o0), there exist a
0 € (0,1) and a non-negative convex function f on B(2p) with f(0) = 0 such that

U={z+f(x)w: z€ B(20)} C IK.
In particular, there exist an n > 0 such that
(60) |z|w™|| > 2n||z|| for z € U.
We may assume that ¢ € (0,1) is small enough to ensure that U C intB™.
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Since [, [[2'7"dH ! (2) = oo, there exists some & € (0, o) such that

1-n
(61) 1 / (M> dH" ' (2) > M.
" JBe\B@E) \ 7

There exist and an mg such that if m > my, then for some convex function f,, on B(p), we have

(62) Un={z2+ fm(z)w: z € B(p)\B(d)} C (0K,,) N (intB"),
and (compare (60))
(63) 12l = 1llz + fm(2)w]| for z € B(0)\B(9).

We deduce from , and , and finally from that
1 1
Mo L / e () > / I+ (2wl ()
nJu, B(0)\B(9)

n
1 1-n
> —/ <M> dH" ' (2) > M.
" JBeN\B(O) \ T
This is a contradiction, and in turn we conclude Lemma [£.3] O

Lemma 4.4. Ifp>1,q>0 and K, € IC?O) for m € N tend to K € K with int K # () such that

Cpg( Ky, S"™1) stays bounded, then H" 1 (Zx) = 0.

Proof. We fix a point z € intK, and for any bounded X C R™\{z}, we define the set
o(X)={24+Max—2): € X and A > 0}.

We observe that o(X) is open if X C 0K is relatively open, and o(X) U {o} is closed if X is
compact.

We will use the weak continuity of the (n — 1)th curvature measure. In particular, according to
Theorem 4.2.1 and Theorem 4.2.3 in Schneider [27], if 5 C R™ is open, then

(64) lim inf H Y BNOK,,) >H"HBNIK).

Let us suppose, on the contrary, that H"1(Zk) > 0, and hence 0 € 9K, and seek a contradiction.
Choose some large M, R > 0, and a compact set = C Zx\{o} such that

K, C RB"
Cog(Km, 5™ < M formeN,
H"Y(Z) = w>0.
Now there exists some 1 > 0 such that
(i): (nB") N o (E+nB") = 0.

Since p > 1, we may choose € > 0 such that
(2¢)'7

n

(65) -min{n?", R""} - (w/2) > M.

We have H" " Y(EN P K) = w. For any x € 2N 'K, there exists r, € (0,7) such that
(66) hi(u) <e if u € S"! is exterior normal at y € 0K N (z + r,B"),
and we define B, = int(x + r,B"™). Let
U= |J (B.noK),
2€ZNd'K

which is a relatively open subset of 0K satisfying
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(a): (nB") NoU) =0,
(b): H 1 (U) > w,
(¢): hi(u) <eif u € S" ! is exterior normal at = € clU.

It follows that (applying in the case (b)) that there exists mg such that if m > myg, then
(@): ||z]| = nifx € o(U) NOK,,,
(b’): HH(o(U) NOK,,) > w/2,
(c’): hg(u) < 2eif u € 8" ! is exterior normal at x € o(U) NIK,,.

For any x € o(U) N OK,,, (a’) and K,,, C RB™ yield that

]| = min{n®", RT"}.

It follows first by (4§)), then by (b’), (¢’) and (65), that

- 1
M > C’p,q(Km,S”_l) > —/ (VK(m),x>1_p|]a:Hq_" d?—["_l(x) > M.
n Jo@)nd' Km

This contradiction proves Lemma [4.4] O

5. THEOREM FOR GENERAL CONVEX BODIES IF () = B"
For w € S" ! and a € (—1,1), we write
Qw,a) ={uec S (u,w) > a}.
The following is a simple but useful observation.

Lemma 5.1. For a finite Borel measure ji on S™' not concentrated on a closed hemi-sphere, there
exists t € (0,1) such that for any w € S™ ', we have p(Q(w,t)) > t.

First we prove the following variant of Theorem involving the dual intrinsic volume.

Theorem 5.2. For p > 1 and q¢ > 0, and finite Borel measure i on S™* not concentrated on a
closed hemi-sphere, there exists a conver body K € K" with intK # () and H" ' (Zx) = 0 such that

VoK) hiedp = dCy(K. ),
and in addition, K € /C?o) ifp>q.
Proof. We choose a sequence of discrete measures p,, tending to p that are not concentrated on

any closed hemispheres. It follows from Theorem H, that there exists polytope P, € IC?O) such
that

1 ~ h;p ~
67 dit,, = = dC, (P, ) = =—2—dC,(P,,,
( ) 2 %(Pm) p,q( ) Vq(Pm) q( )

for each m, and hence we may assume that

Cog( P, S™1)

(68) = < 2u(S™H).
Vo(Pr)
We claim that there exists R > 0 such that
(69) P, C RB".

We prove by contradiction, thus we suppose that R,, = max,cp, ||z| tends to infinity. We
choose v, € S"! such that R,,v,, € P, and we may assume by possibly taking a subsequence
that v, tends to v € S"'. We deduce from Lemma that there exist s,t > 0 such that
w(Q(v,2t)) > 2s. As v, tends to v € S™ ! and p, tends weakly to p, we may also assume
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that Q(v,2t) C Qvm,t) and p,(Q2(v,2t)) > s, therefore pu,(Q(vm,t)) > s for each m. Since
hp,, (u) > (Rpvm,u) > Ryt for u € Q(v,,,t), we deduce from that
h-P - ~ Pm n—1
s <@t = [ 2 a0y ) < g Gl S
o) Va(Lin) Va(Bn)

In particular, R?, < s~'t7P, contradicting the fact that R,, tends to infinity, and in turn proving

©9.
It follows from that P, tends to a compact convex set K € K7 with K C RB". We deduce

from and Lemma [4.2| that r(K) > 0.

We observe that A}, tends uniformly to hf, and hence also ‘N/q(Pm)h’]’Dm tends uniformly to

< Rt

%(K )hY by Lemma . Therefore given any continuous function f, we have

i [ F) V(P (0 din = [ F) V(K () d

m—0o0 Sn—1 Sn—1

It follows from Proposition [2.6{that the dual curvature measure 5q(Pm, -) tends weakly to 5(1(}( )5
thus yields

1J‘(U)ffq(K)fﬁ}}(U) du= | flu) dCy(K, ).
Sn- Sn—
Since the last property holds for all continuous function f, we conclude that

Vy(K)hh dpp = dCy (K, -),

as it is required.
Having at hand, Lemma yields that H" '(Zg) = 0, and Lemma implies that if
p > q, then K € IC?O). u

Proof of Theorem in the case of ) = B" Let p > 1, ¢ > 0 and p # ¢q. Accord-
ing to Theorem , there exists a Ko € Kf, with int/ # 0 and H"(Zx,) = 0 such that
V,(Ko)C,y(Ko,-) = p. For A = %(Ko)ﬁ and K = AKj, we have

Cp,q(Ka ) = Aqipap,q(Km )= V;](Ko)fle’q(Ko, ) =K
It follows from Theorem that o € intK if p > ¢q.

6. THE Lp DUAL CURVATURE MEASURE INVOLVING THE STAR BODY Q

In this section, we discuss how to extend the results of Sections [2] to [)] about dual curvature
measures C, (K, -) and L, dual curvature measures C, ,( K, -) to C,(K, @, -) and C, ,(K, @, -), where
Q is a star body. We recall that if ¢ > 0, Q) € S("o) and K € K7, then

- 1 o .
(10 V.Q) = [ dlu)ely ") an ),
Sn—l
and if, in addition, n € S™! is a Borel set, then
- 1 o .
(71) Co(K,Q,m) = ﬁ/ ( )Q%(U)QQ Uu) dH™ ().
a} n

Since for ) € S(’;), 0¢ 1s a positive continuous function on S™~!, essentially the same arguments
as in Section [2] yield the analogues Lemmas [6.1] and Proposition [6.4] of Lemmas [2.4] and
2.6l We note that

(72) Cy(K,Q,5" "N N(K,0)) =0
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as o (u) =0 if u € af (intN(K,0)), and
al (S" PN N(K, o)\ (S" ' NintN(K,0)) C S" ' NIN(K,o0)*
and H" 1 (S" 1 NIN(K,o0)*) = 0.
For Lemma , the only additional observation needed is that if u € S"~! and x = g (u)u € IK,
then [lzflg = ok (u)/0q(w).
Lemma 6.1. If¢ >0, Q € 8(76), K € K" with int K # 0, and the Borel function g : S"' — R is
bounded, then

. 1
73 u)dCy(K,Q,u) = — ar () ok (1) %00(uw)" T dH" (u
@) [ emaGew = T glax)enreat (w)
(74) = o, SO o), el ),
1 o
(75) = o st @)@ el

From we deduce the following.

Corollary 6.2. If ¢ >0, Q € S, K € Ky with intK # () and H" Y ZEk) = 0, then the surface
area measure S(K,-) is absolutely continuous with respect to 5q(K ,Q,-).

Corollary will be useful for the differential equation representing the L, dual Minkowski
problem in Section [7]

Now, arguments verifying Lemma and Proposition use ([73]) in a similar way as the proofs
of Lemmas and are based on ([28))

Lemma 6.3. For ¢ > 0 and Q) € S, ‘A}(J(K) is a continuous function of K € K with respect to
the Hausdorff distance.

Proposition 6.4. If ¢ > 0, @ € &, and {K,}, m € N, tends to K for K,,, K € K, then
@(Km,@, -) tends weakly to 6'(1(](, Q,").

For ¢ > 0, we extend Theorem 6.8 in [24] (see ([10])) to any convex body containing the origin
on its boundary. For () € S(Z), we observe that if P € K7 is a polytope with int P # () and

v1,...,u € S™ 1 are the exterior normals of the facets of P not containing the origin, then
Lemma [6.1] yields
suppéq(P, Q,)) = {v,...,u}, and
~ 1
C.(P,Q,{v;}) = — ©(w) ol 9 (u) dH" H(u
(76) (Pd = o[ ey ) w
1
= — hp(vi)[| =I5 dH" () fori=1,...,1
N JFrPw,))

Lemma 6.5. If ¢ > 0, K € K7, Q € S, g is a bounded real Borel function on S and
¢ € SL(n,R), then

—t
[ swater o= [ (k) i
st so-1 \lle~"ull
Proof. 1t is sufficient to prove Lemma [6.5] for the case when g is continuous. Therefore, it follows
from Proposition [6.4] and polytopal approximation that we may assume that K is an n-dimensional
polytope. We write uy, ..., u; to denote the exterior unit normals of K, and set F; = F(K,u;) for
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t =1,..., k. It follows that the exterior unit normal at the facet pF; of pK is v; = % for
i=1,... k.
For any ¢« = 1,...,k, detp = 1 yields that the volumes of the cones over the facets do not

change, and hence *hyk (v;) - H" ' (pF;) = 2hg(u;) - H"(F;), which in turn implies that
h,K(U,,)

77 det( . ) — .

(77) Pl P (1)

We note that the linearity of ¢ yields ||¢y|l.q = ||yl for any y € R". We deduce first from

and later from that

1 k

| swdCer.c0u) = 230 [ g@lllighor(w) dn )
Sn—1 nz ‘PFZ

1 k

= EZ/ g(v; HQHQ "@;K(%’) det (gp‘u%) dHn—l(y)

7

- iZ/Fg(niu ) Wl 31,

which in turn implies Lemma by (|76} . 0
For w € S" ! and a € (—1,1), we define
D(w,a) = {ueS" " [(u,w)|<a}.

Since the restriction of the radial projection 7 satisfies that ||7(z1) — 7(22)]| < ||z1 — @2 for
x1, 79 € (Wt N S"1) +linw, we have

Lemma 6.6. If w € S"! and a € (—1,1), then
200

Vi—a?
For Lemma , we start with uy,...,u, € S"~! that are not contained in a closed hemi-sphere.
For z = (z1,..., 2) € RE, we define

H T (w, ) < (n—2)Kn_2 -

(78) P(z)={z eR": (z,u;) < z fori=1,...,k}.
We observe that P(z) is an n-dimensional polytope with o € intP(z), and any facet exterior unit
normal is among uy,...,u;. The following is the special case of polytopes of Theorem 6.2 in

Lutwak, Yang, Zhang [24]. For the sake of completeness, we provide the proof in this special case.

Lemma 6.7 (Lutwak, Yang, Zhang [24]). Ifq # 0, Q € S, n € (0,1) and z = (z1(1), ..., 2(t)) €

R fort € (—n,n) are such that lim; o+ M = z/(0) e R fori=1,...,k exists, then the P(z)
defined in (78|) satisfies that

N _ e
i Va(P(2), Q) = Vo(P(20), Q) _qzh*"&ﬁq(p(zo),g, {u;}).

t—0+ t

Proof. We set Py = P(zp). We may assume that F'(Py,u;) is an (n — 1)-dimensional facet of Py if
and only if ¢ <[ where [ < k.

For a point # € R™ and affine d-plane A, 1 < d < n — 1, we write §(z, A) for the distance
of z from A. For ¢ = 1,...,k, let H; be the hyperplane {x € R" : (u;,x) = 2(0)}, and for
i,j €{1,... k} with v, 7é j:uj, let A;j = H; N H;, which is an affine (n — 2)-plane not containing
the origin. Therefore linA;; is (n — 1)-dimensional, and let w;; € S™~ ! be orthogonal to lin Ajj.



THE L, DUAL MINKOWSKI PROBLEM FOR p>1 AND ¢ >0 25

Choosing the number A in such a way that for any 4,5 € {1,...,k} with u; # +u;, we have
(1 — (us,u;)?)~Y2? < A, we deduce that if s > 0 and 4,5 € {1,...,k} with u; # Fu;, then
(79) y € H; and d(y, H;) < s yield d(y, A;j) < As.
Possibly decreasing n > 0, we may assume that there exist r, R, Z > 0 such that if ¢ € (—n,n),
then
rB™ C P(z) C RB™ and
zi(t) — z:(0)] < ZJt| fori=1,... k.

If u e @(F(P(2),u;) fori e {1,...,1} and t € (—n,n), then (0p(.,)(w) u,u;) = 2;(t) > r, therefore
T

80 i) > =

(50) () >

In addition, gp(.,)(u) v € P(2), thus
z(t)

1 < .
(8 ) QP(zt)<u) = <u“u>

Now if u € 7T(F (P, u;)) for i € {1,...,1} and op(.,(u) < <Z’(t)> then there exists j € {1,...,k}

with u; # +u; satisfying op(.,)(u) u € F(P(z),u;), or in other words,

and we claim that

(82) uwe T(wgj,cr-|t]), wherec; = A@Z, and
(83) lopin () —on(u)l < - i, where ¢, = 7
On the one hand, yields that

(84)

- t].

() “H _|a(0) — 2| _ RZ

QPO(U“) U — <ui’ U,>

(ug, u) —

On the other hand, since (31-(2)

(85) <uj, <Z(’72> u> > zi(t),

and hence u; # £u,. In turn it follows from that

Ao (), Hy) = 25(8) — (uy, 0m, (1) u) < <

We deduce from that d(op, (u)u, A;j) < 28Z . |¢|, and hence

(z¢), there exists j € {1,...,k} with u; # £u; such that

%u> (g, 0my (1) ) <

A
<Ui, U T

- t].

ARZ
[{wij, opy (W) w)| < —— - t].
Finally, op,(u) > r yields (82).
For (83)), we deduce from op(.,)(u) = (uj ” and (8F)) that
RZ RZ
<Uj> op,(u) u) > Zj(t) T It| = QP(zt)(UxUj,U) B It].

On the other hand, since gp,(u) u € Py, we have
(uj, omy (u) u) < 2j(0) < 2(t) + Z[t] < @pay (u)(uy, u) + Z[t],
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which in turn yields
2RZ

(uj Wlopen () = or (W)l < ——-[tl.

Since (u;,u) > % according to for j instead of i, we conclude (83)).
Fori=1,...,k, we write X; to denote the set of all u € T(F (P, u;)) such that u € I'(w;;, c; - |t])
for some j € {1,...,k} with u; # *u,. Using op,(u) = zi(0)> fori=1,...,l and u € 7(F(Fo,u;)),

(ui,u

and (82), it follows that F(t) = Vq(P(zt)’sz‘w/Q(Po’Q) satisfies

l

1 - 9 — op,(u)1 ) )
PO = / eralt ¢ on ) - 00 (w)" T dH™ (u)
i=1 Y 7(F(Po,us))
k
_ ! or@) (W) — op (W) 2i(0)7 — z(#)7 n—q jam—1
oo ,Zl/x ( t * (u, u;)9t 0o (uw)" 1 dH" " (u) +

l

1 / zi(1)T — 2(0)1 - 1
+= “0o(u)" T dH" T (u
n ; #(F(Pous)) (u, u;)9t Q( ) (u)

We deduce from (30), and |z;(t) — z;(0)| < Z]t| that

0P (W) — opy (w)?  2(0)7 — (1)1
t + (u, u;)at

is uniformly bounded on 7(F(Fy, u;)) as t tends to 0. Since hp,(u;) = z;/(0) for i = 1,...,1 and
H"1(X;) = O(t) according to Lemma [6.6}, we deduce

l

!
. ) A 40~
lim F'(t) = = / —————Z . oo(u)""TdH"(u) =q : - Cy(Po, Q, {u;}).
50 ( ) n ; H(F(Foue)) (u,ui>qt Q( ) ( ) Zz:; hP(J(ui) l]( 0 { })
As Cy(Py, Q, {u;}) = 0 for i > I, we conclude Lemma . O

Now we sketch the necessary changes needed to extend Theorem to the case when () is a
star body.

Theorem 6.8. Let p > 1, ¢ > 0 and QQ € S&), and let i be a discrete measure on S™ ' that
15 not concentrated on any closed hemisphere. Then there exists a polytope P & ICE‘O) such that

‘ZJ(P’ Q>_15p,q(Pv Q,") = p.

Sketch of the proof Theorem Let p > 1, ¢ > 0 and y a discrete measure on S™~ ! that is
not concentrated on any closed hemisphere. Let supp p = {u1, ..., ux}, and let p({w;}) = a; > 0,
i=1,...,k For any z = (t1,...,t;) € (Rx)*, we define

O(2) = Zaitf,
(86) P(z) = E;E]R” c () <t Vi=1,...,k},
U(z) = Vi(P(2),Q).

Since a; > 0 for i = 1,...,k, the set Z = {z € (Rs)* : ®(z) = 1} is compact, and hence
Lemma [6.3] yields the existence of zy € Z such that

U(zg) = max{¥(z): z € Z}.
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Now, similarly to the proof of Theorem only using Lemmal6.7)in place of Lemma[3.3] we prove
that o € int P(zp) and that there exists a Ay > 0 such that

Va(MoP(20), Q)" Crg(MoP(20). Q, ) = .
Therefore we can choose P = A\gP(z) in Theorem O

Proof of Theorem [1.1, Theorem yields Theorem using the same argument as the one
at the end of Section [l O

Next, we extend the results of Section |4/ on the L, dual curvature measures to the case when a
star body @ € S(”O) is involved. The first of these extensions can be obtained as Corollary

Corollary 6.9. Ifp > 1, ¢ > 0, Q € S, K € KI with intK # 0, C,o(K,S"™) < o0 and
H" Y (Zk) =0, and the Borel function g : S"™* — R is bounded, then

/ 9(w) dCy (K, Q,u) = l/ (v (@) {vk (@), 2) lle]y " dH" (2).
sn—1 IK

n
Lemmas and can be proved essentially the same way as Lemmas and

Lemma 6.10. Forn >2,p>1,q¢ >0 and Q € SFO), there exists constant ¢ > 0 depending only
on p,q,n,Q such that if K € IC?O), then

Crg(K,Q,8"71) 2 ¢ r(K) 7 Vy(K. Q).
Lemma 6.11. Ifp > 1, 0 < ¢ < p, Q € &) and K;,, € K, for m € N tend to K € Kf with
int K # () such that épﬂ(Km, Q, S"1) stays bounded, then K € IC?O).

Since the sequence {5p7q(Km, Q,S" 1)} in Lemma is bounded if and only if {6’p7q(Km, Sn=h}
is bounded, Lemma [£.4] directly yields Lemma [6.12

Lemma 6.12. [fp>1,4¢>0, Q € 5, and K,, € K, form € N tend to K € Kf with intK # 1)
such that Cyo(Kp, Q, 5™ stays bounded, then H" ' (2x) = 0.

Using Theorem [6.8] Proposition [6.4] and Lemmas [6.10], [6.11] and [6.12] an argument similar to
the one leading to Theorem [5.2 implies

Theorem 6.13. Forp>1,q¢>0,Q € S('j)) and a finite Borel measure pn on S~ ! not concentrated
on a closed hemisphere, there exists a convex body K € K" with int K # 0 and H" ' (Zx) = 0 such
that

V;](Ka Q)hzfj{dﬂ = qu(K7 Q? ')a
and, in addition, K € ICFO) ifp>q.
Proof of Theorem (1.2 Theorem [6.13] yields Theorem [1.2] using essentially the same argument
as the one at the end of Section [Bl O

7. THE REGULARITY OF THE SOLUTION

Given p > 1, ¢ > 0, and a finite non-trivial Borel measure y on S™ ! not concentrated on any
closed hemisphere, the L, dual Minkowski problem asks for a convex body K € K such that
H" 1 (Zk) =0 and

(87) Wi dp = dCy(K,-).

First we discuss why the condition H" ' (Zx) = 0 is natural.
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Example 7.1. For p > 1 and q > 0 with p # q, there exists a discrete measure u on S™ ' and
polytopes Py and P such that

Wodp = dCy(P,-) and %, du = dCy(Py, )
with o € intP and H"(Zp,) > 0.

Proof. Let Py be any polytope in R™ such that wug, ..., u; denote the exterior unit normals to its
facets, hp,(ug) = 0, hp,(u;) > 0 fori =1,..., k, and no closed hemisphere contains uy, ..., u;. Let
supp i = {uy, ..., ux}, and let p({w;}) = CN’M(PO, {u;}) fori =1,..., k. According to Theorem ,
there exists a polytope P € Kf, such that ép,q(P, ) = p. O

We recall that according to Hug, Lutwak, Yang, Zhang [16], if p > 1 and ¢ = n, then there
is a unique solution P to the L, dual Minkowski problem for any measure g on S™! not
concentrated on any closed hemisphere with H"*(Z,) = 0; namely, P € K-

We now turn to measures on S™"~! that are absolutely continuous with respect to the spherical
Lebesgue measure. We write D and D? to denote the derivative and the Hessian of real functions
on Euclidean spaces, and V and V? to denote the gradient and the Hessian of real functions on
S™~1 with respect to a moving orthonormal frame on S™~1.

First, let us discuss some relation between the support function and the boundary of a convex
body. Let C' € K7,). If y € R"\{o}, then it is well-known (see Schneider [27]) that the face with

exterior normal y is the set of derivatives of the support function he at y; namely,
(88) F(C,y) =0hc(y) ={z € R" : he(x) > he(y) + (2, — y) for each x € R"}.

We note that h¢ is differentiable at H™ almost all points of R” being convex, and H"~! almost all
points of S"! being, in addition, 1-homogeneous. It follows that whenever h¢ is differentiable at
u € S™! (and hence for H"~! almost every u € S"™1), we have

(89) Dhe(u) = x where u is an exterior normal at = € 9C,
(90) (Dho(u),u) = he(u).

In addition, yields

(91) Dhe(u) = Vhg(u) + hg(u)u, and

(92) Izl = IDhc(u)]l = V/h(w)? + [[Vhe(u)|2.

According to Corollary , if ¢ > 0 and H"1(Zk) = 0 for K € K7, then the surface area
measure S(K, -) is absolutely continuous with respect to Cy (K, -). We deduce from Lemma ,
and that if dC,,(K,-) = fdH™ ! for a non-negative L; function f on S™ ', then the

Monge-Ampere equation for the L, dual curvature measure is

(93) det(V2hie(u) + hie(u) Id) = n B2 (u) (|| Vg (W)||* + hic(w)?) 2 - f(u).
In the case when a star body @) € S(Tf)) is involved, we deduce from Lemma , and that

the Monge-Ampere equation for the L, dual curvature measure is
(94) det(V2hg (u) + hi(u) Id) = n b2 (u) | Vhg (u) + by (u) ullg - fu).

In the rest of this section, we consider solutions to in the case when there exist ¢4 > ¢; > 0
satisfying

(95) o1 < f(u) < ¢y forue S™ L
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Example 7.2. Given ¢ > p > 1, there exists a K € K" such that int K # 0, o € K is not a
smooth point, Zx = {o} and hx satisfies both and in the sense of measure, and f is

positive and continuous on S™1.
Proof. For positive functions ¢g; and g, on B"~!, we write

g1~ g2 if ag1(x) < go(w) < g1 () for x € B "\{o},

where oy > oy > 0 are constants depending only on n, p, q.
We define g : R*™! — R by the formula

g(x) =zl + [|=]” for 6 = q/p > 1,

and we consider a convex body K € K" such that the graph of g above B"~! is part of K and
OK\{o} is C2. We observe that

N(K,o0) = {(z,t): x e R" ' and t < —||z| }.
For x € B™\{o},
Dg(z) = (|l +0ll=[""),
IDg(=)] = 1+0]|z]"" ~ 1.
For y = (z,g(x)) € 0K and z € B!\ {0} we have
vi(y) = (1+[Dg(@)[I)~"(Dg(), —1),
(v().y) = (1+[Dg(@)*)"{(Dg(x), =1), (x, g(x))) = (0 = D]jz|” = [|=]°,
Iyl = V2l + (el + 12]°)2 = 2l v2 + 2]z + J2]2=2 ~ l2]].

At z € B" '\ {o}, we have

det D’g(x) = 00 — D]zl ™ + 0ll=]”~*)"* ~ [l ) 72 = [l

Setting u = vk (y) and writing x(y) to denote the Gaussian curvature at y, we have

14+n

(L+ [ Dg(=)[I*) ="

~ n—~0
det D2g(x) el

det (V2hy(u) + hi(u) Id) = k(y) ™" =

Let us consider the spherically open set

U={vk(y): y=(z,9(r)) and 2 € int B" "\ {o}}.
Since K \{o} is C%, we deduce that there exists some continuous function f on S" "\ N (K o) such

that dC, ,(K,-) = fdH" ton S" '\N(K, o). It follows from (93)) and the considerations above that
if u € U with u = vg(y) and y = (z, g(x)) for z € int B"'\{o}, then |ly||* = || Vhx(w)|*+ hx(u)?
and

flu) = %det (Vth(u) + hy(u) Id) B (u)t=P (HVhK(u)H2 + hK(u)Q)qT

(9) = LD (g — 1hat?) ' (ol + Gl + el

]l [P 7 = ] = 1.

q—n
2

Q

(97)

The expression has some limit F > 0 as x € B"'\{0} tends to o according to the formulas
above, therefore defining f(u) = F for u € N(K,0) N S"1, yields that f is a positive

continuous function on S™! satisfying in the sense of measure. 0
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Let us recall some fundamental properties of Monge-Ampere equations based on the survey
Trudinger, Wang [28]. Given a convex function v defined in an open convex set  of R”, Dv and
D?v denote its gradient and its Hessian, respectively. When v is a convex function defined in an
open convex set () C R", the subgradient dv(x) of v at x € Q is defined as

ov(z) ={z € R":v(y) > v(z) + (z,y — x) for each y € Q},

which is a compact convex set. If w C €2 is a Borel set, then we denote by N,(w) the image of w
via the gradient map of v, i.e.

Ny(w) = U ov(z).

TEW
The associated Monge-Ampere measure is defined by
(98) () = 1" (No(w)).

We observe that if v is C?, then

(W) :/det(DQU ) dH".

We say that a convex function v is the solution of a Monge-Ampere equation in the sense of
measure (or in the Alexandrov sense), if it solves the corresponding integral formula for p, instead
of the original formula for det(D?v).

If K is any convex body in R", then

(99) Ohg(u) = F(K, u),

see Schneider [27, Thm. 1.7.4]. In particular, for any Borel w C S™!, the surface area measure
Sy satisfies

Sk(w) =H""(Uyew F(K,u)) = H" ! (Uyew Ohi (u)),

and hence Sg is the analogue of the Monge-Ampere measure for the restriction of hx to S™~!.

We use Lemma to transfer the L, dual Minkowski Monge-Ampere equation (94)) on S™*
to a Euclidean Monge-Ampere equation on R"~!. For e € S"!, we consider the restriction of a
solution h of to the hyperplane tangent to S™ ! at e.

Lemma 7.3. Forp>1,¢>0,Q €S}, e€ S and K € K with H" Y (Zx) =0, if h = hy is
a solution of for a non-negative function f, and v(y) = hx(y +e€) holds for v : et — R, then
v satisfies

(100) det(D?v(y)) = nv(y)’ " [|Du(y) + ((Du(y),y) —v(y)) -ellg * gly)  one

in the sense of measure, where for y € e+, we have

y) = 1 f (H—y>
n(1+ly)2)= " \WVI+IWl?)
Remark. |Do(y)+ ((Du(y),y) —v(y))-e|5 = (| Do)+ ((Doly), y) — v(y))?) =" it @ = B™.

Proof. Using Corollary and (90), the Monge-Ampere equation for hx can be written in the
form

(101) dSx = nhh | Dhgll 1 f dH"" on 5771
We consider 7 : et — S"~! defined by

(102) T(y) = 1+ ]yl = (y +e),
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which is induced by the radial projection from the tangent hyperplane e + e+ to S"~!. Since
(r(z),e) = (1 + ||z||) =, the Jacobian of 7 is

—n—+1

(103) det Dr(y) = (1+ [lylI*) "=

Fory € et, and writing Ay in terms of an orthonormal basis of R™ containing e, yields that
v satisfies

(104) Ov(y) = Ohg(y + e)|et = F(K,y + e)let = F(K,n(y))|e*.

Let u = 7(y) for some y € et, where v is differentiable. As hg is homogeneous of degree one,
we have Dhg(y + e) = Dhg(u), and therefore

Du(y) = Dhi(y +e)|e" = Dhy(u)le™,

and hence Dhg(u) = Duv(y) — te for some t € R. Now (Dhg(u),u) = hg(u) according to
(00), which in turn yields by u = (1 + [|y||>)"2(y + €) and hx(u) = (1 + ||z||*)"2v(y) that t =
(Du(y),y) —v(y). In other words, if v is differentiable at y € et and u = 7(y), then

(105) Dhig(u) = Dhi (e +y) = Do(y) + ((Dv(y), y) — v(y)) - e.
For a bounded Borel set w C e*, we have using (105]) that
Hn_l(Nv<w>> = H" (UyewOu(y))

= H" (Unert) (F(K, u)|eb)) = /ﬂ (w)<u, e) S (u)

= n/( )(u, eV b (W[ Dhac (u)[[*~f (w) dH" " (u)

N n/(l +lyl1?) 7 v 1 Do(y) + (Do(y), y) — o) - e f(x(y)) dH"(y),
where we used in the last step that

u(y) = hie(y +e) = (1 + [yl*) 2 hae(n(y)).

In particular, v satisfies the Monge-Ampere type differential equation

_ntp _ n—
det D*v(y) = 5 (1+ [lyl*)~ = v(y)” " [1Dv(y) + (Dv(y), y) —v(y)) el f(7(y)) one’,
or in other words, v satisfies (100)) on et. U

The following results by Caffarelli (see Theorem 1 and Corollary 1 in [7] for (i) and (ii), and
for (iii)) are at the core of the discussion regarding the part of the boundary of a convex body K,
where the support function at some normal vector is positive.

Theorem 7.4 (Caffarelli). Let Ay > A\ > 0, and let v be a convex function on an open bounded
convex set 2 C R™ such that

(106) /\1 S det D2U S /\2

in the sense of measure.
(1): If v is non-negative and S = {y € Q : v(y) = 0} is not a point, then S has no extremal
point in 2.
(ii): If v is strictly conver, then v is C.
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We recall that (106]) is equivalent to saying that for each bounded Borel set w C €2, we have
MH (W) < (W) < AH" (),
where p, has been defined in .

Caffarelli [8] strengthened Theorem to have some estimates on Holder continuity under
additional assumptions on v.

Theorem 7.5 (Caffarelli). For real functions v and f on an open bounded convex set 2 C R™, let
v be strictly convex, and let f be positive and continuous such that

(107) det D*v = f
in the sense of measure.

(i): Each z € Q has an open ball B C Q around z such that the restriction of v to B is in
CY*(B) for any a € (0,1).

(ii): If f is in C*(Q) for some a € (0,1), then each z € Q2 has an open ball B C ) around z
such that the restriction of v to B is in C**(B).

Proof. For (i), it is the direct consequence of Caffarelli [8] Theorem 1 that if v is strictly convex,
and f is positive and continuous, then each z € 2 has an open ball B C €2 around z such that
the restriction of v to B is in the Sobolev space W2!(B) for any [ > 1. However, the Sobolev
Embedding Theorem (see Demengel, Demengel [12]) yields that if [ > n is chosen in such a way
that * = 1 — «, then W?!(B) c C"*(B).

Finally, (ii) is just Theorem 2 of Caffarelli [8]. O

We will use, in the rest of the section, that there exists an w € (0,1) depending on @ € K?O)
such that
(108) wlz|| < |z|lg < w |z|| for x € R™
Proof of Theorem [1.3] We recall that it is assumed that for some ¢3 > ¢; > 0 it holds that

c1 < f(u) < cy forue S™!
in (©3).

First, we analyse Lemma for a fixed e € S""'\N(K,0). Since hx is continuous, there exist
a(e) € (0,1) and d(e) > 0 depending on e and K such that hx(u) > d(e) for u € cl(e, ale)),
and hence clQ(e, a(e)) N N(K,0) = 0, where Q(e,a(e)) is the spherical cap defined in the first
paragraph of Section [5] It also follows that there exists £(e) € (0,1) depending on e and K such
that if some u € clQ(e, a(e)) is the exterior normal at z € JK, then £(e) < ||z|| < 1/£(e). Let
us consider the open (n — 1)-ball Q. = 7~ 1(Q(e,ale))) for 7 defined in (102)), and let v be the
same function as in Lemma on et. We deduce from (89), (105]) and (108) that there exists
&(e) € (0,1) depending on e and K such that if v is differentiable at y € €., then

(109) &(e) < [[1Du(y) + ((Du(y), y) — v(y)) - ellg < 1/&(e).

Since v is bounded on cl), with an upper bound depending on e and K and v(y) = hx(y+e€) >
d(e) for y € clQ,, we deduce from and Lemma that there exist Ag(e) > Ai(e) > 0
depending on e and K such that

(110) Ai(e) < det D*u(y) < Xo(e) for y € Q.
In order to prove that K\Zg is C', we claim that for any z € 0K,
(111) dimN (K, z) > 2 yields N(K,z) C N(K,o).

We assume, on the contrary that there exists z € 0K such that
dimN(K,z) >2 and N(K,z2) ¢ N(K,o),
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and seek a contradiction. It follows that there exists an extremal vector e of N(K,z) N .S™" ! such
that hg(e) > 0.

We observe that v(y) = hx(y +€) > (y + e, z) for y € Q with equality if and only if y € S =
7 Y N(K,z) N Qe,ale))), therefore the first degree polynomial I(y) = (y + e, z) satisfies

= 0 ifyesS
U(y)_l(y){> 0 ifyeQ\S.

We have A\;(e) < det D*(v — 1) < Xg(e) on Q. by (110)). Since dimS > 1 for S = {y € e- N Q, :
v(y)—I(y) = 0} and o is an extremal point of S by the choice of e, we have contradicted Caffarelli’s

Theorem (i), completing the proof of (111J).

In turn, (111)) yields that

OK\Zx = {2€0K: hg(u)>0foralue N(K,z)}, and

(112) OK\Ex is O

Next we prove that v is strictly convex on cl€, for e € S" 1\ N (K, 0); or equivalently,

(113) o (yl + 1/2) _ vn) + v(ye)

7 5 for y1,y2 € Q. with y; # yo.
Let e + 5(y1 + y2) be an exterior normal at z € K. Since QNN (K, 0) = 0, it follows from (112)
that z € 0K\Zk and z is a smooth point. For i = 1,2, e +y; and e + %(yl + y9) are independent,
therefore

v(y;) = hx(e+y;) > (z,e + y;).
We conclude that

v(yy) +vlye) <Z eer1+@;2> e (€+y1+yz) :U(y1+yz)
) 2 2 )

2 2
proving .

We deduce from (110), the strict convexity of v, and from Caffarelli’s Theorem (ii)
that v is C' on clQ, for any e € S"'\N(K,0). We deduce that hx is C* on R*\N(K,o0), and
hence 0K\Z contains no segment, completing the proof of Theorem (i).

Next, we turn to Theorem (ii) and (iii), and hence we assume that f is continuous. Let
e € S"I\N(K,o0), and we apply again Lemmafor this e. Since v is C' on clf)., we deduce that
the right hand side of is continuous. As v is strictly convex on clf2. by , Theorem
(i) applies, and hence there exists an open ball B of et centred at o such that v is C* on B for
any « € (0,1). In turn, we deduce Theorem (ii).

Finally, let us assume that f is C% on S"1. As v is C1® on B, it follows that the right hand
side of is C“ on B, as well. Therefore Theorem (i) yields that v is C** on an open ball
By C B of et centred at 0. We deduce from that det D?v(0) > 0, concluding the proof of
Theorem [1.3] O

Next, we discuss how the ideas leading to Theorem [I.3| work for any p,q € R provided that
o € intK. First of all, the following is the version of Lemma[7.3|for the case when K € K, which
can be proved just like Lemma [7.3]

Lemma 7.6. Forp,q e R, Q € S("O), e€ S"tand K € K*,, if h = hg is a solution of for

(0)”

a non-negative function f, and v(y) = h(y + e) holds for v: et — R, then v satisfies

det(D*v(y)) = no(y)’ " [ Du(y) + (Du(y),y) —v(y)) - el * gly)  one
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in the sense of measure, where for y € e, we have that

) 1 f ( e+y )
y = m * .
n(1+lyl?) = V1 yl?
Proof of Theorem Instead of Corollary [6.9) we use that according to Lemma 5.1 in
Lutwak, Yang and Zhang [24], it holds that

/ Q(U)d@,q(K,Q,U)Zl/ (v (@) vk (@), ) P|lx]§ " aH" ()
sn—1 IK

n

for any bounded Borel function ¢ : S*~! — R. Therefore using , the Monge-Ampere equation
for hx can be written in the form

dSx =n i Y| Dhgll O f dH™™" on S".
Now the same argument as for Theorem yields Theorem (i), and the versions of Theo-
rem (i1) and (iii), where hy is locally C** on S™! in Theorem (i), and hg is locally C**
on S" ! in Theorem (iii). However, S"~! is compact, therefore hx is globally C** on S"! in
Theorem (i), and hx is globally C** on S™! in Theorem (iii). O

Finally, we start our preparations for proving Theorem [[.4] The following Lemma [7.7]is essen-
tially proved in Lemma 3.2 and Lemma 3.3 in [28] (see the remarks after Lemma [7.7)).

Lemma 7.7. Let v be a convex function defined on the closure of an open bounded convex set
Q C R"™ such that the Monge-Ampére measure p, is finite on € and v = 0 on OS2, and let
20+tE CQCzy+ E fort >0 and zg € Q and an origin centred ellipsoid E.

(1): If z € Q satisfies (z+ s E)NIQ # D for s > 0, then
[0(2)] < s T HM) "y ()T
for some 19 > 0 depending on n,t.
(ii): If py(z0 +tE) > buy(2) for b >0, then
(114) [0(z0)] > T H™ ()M 1 ()"
for some 7, > 0 depending on n, t and b.
We remark that Lemma 3.2 in [28] proves (114]) with supg, |v| instead of |v(zp)| with a different
71 > 0. The inequality (114]) follows from that and the claim that if €2 is an open bounded convex

set in R™ and v is a convex function on cl2, that vanishes on 0€2, and zo + tE C Q C zy + FE for
an origin centred ellipsoid E, then

(115) |v(20)| > t/(t + 1)sup|v|.
Q
To prove ([115]), we note that v is non-positive, and choose z; € cl{) where v attains its minimum.
Since zo = zg — (21 — 20) € cl2 and zy = IL—f—t 21+ %th 29, we have
t t
< — <
v(z0) < 1+tv(2’1) T +tU(Z2) =7 +t’0(21),

and since ¢ < 1, this verifies (115) with 7 = Z17].

Now we show that Theorem is invariant under volume preserving linear transformations.
Lemma 7.8. Let 1 < p < ¢, Q € ), ¢ € SL(n,R) and let K € K7 with H" 1 (ZEk) = 0 and
intK # 0. If

dCy(K,Q,-) = by fdH"™
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for co > c¢1 > 0 and for a Borel function f on S™! satisfying ¢ < f < co, then
qu(goK, )= hindHn_l
for ¢y > ¢ > 0 and for a Borel function f on S™' satisfying é1 < f < ¢, where H" 1 (E,k) =0.
Proof. Since ¢ is Lipschitz, we deduce that H”_l(EﬁK) =0.
As a first step to analyse the density function of C,(¢K,-) with respect to H" !, we prove that
(116) dCy (oK, 0Q,-) = WP f* dH

for ¢; > ¢ > 0 and for a Borel function f* on S™! satisfying ¢f < f* < ¢. For n C S"°!,
1, denotes the characteristic function of 1. We note that (116) is equivalent to prove that if
n C ST\ N(pK, o) is Borel, then

(117) M () < Cpgl9K, Q. n) = /S B 1,h bdCy (0K, Q. ) < 1" ().

We consider the C! diffeomorphism ¢ : S"~! — S"~1 defined by
t
~ @u
P(u) =
[t ul
which satisfies that if n € S"!, then

—t
SO u
Loa(u) = 1 (Hs@tull)

There exist Ny, Ry € (0,1) depending on ¢ such that
Rifu < e @l < Ry ul] for u € S
NoH" () < H"L(@(n) < Ry'H"L(n) for any Borel set n C S™1.

(118)

We also note if v € S"! is an exterior normal at z € 0K, then ¢ 'u is an exterior normal at
vz € 0pK, and hence

her (™) = (¢™"u, 02) = D (u).
It also follows that @!N(pK,0) = N(K,0). Therefore, if n C S" '\N(pK,0) is Borel, then
¢n C S"N\N(K, o), and we deduce from Lemma [6.5] that

Cpa(pK,0Q,n) = /S_l 1,h5dCy(0K, ¢Q. )

—t —t —-p
Y u Y u ~
_ [y (e hK(—> 4Cy(K, Q.u
R Oy I () IR
= [ taaflle lhcl) PG Q.
We deduce from ({118 and the condition on @,,q(K ,@, ) that

A RH Y (@n) < Cpy(9K, 0Q, 1) < coaRPH™ Y (n).

Therefore applying the estimate of (118) on H"'(n) yields (117).
According to Corollary we have that
~ 1

Cpq(pK, 0Q,n) = - /av B 177(V¢K(:L'))(V¢K(a;),x)l’pHxHigl dH™ ! (x).

There exists an N3 € (0, 1) depending on ¢ and @ such that
Rs[lzfl < llzflpq < N5 |z|| for x € R™
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In particular, the last estimate, Corollary and ((117) imply

517{”71(”) < 5p,q(§0Ka n) < 527{“71(77)
holds for any Borel set n C S" '\ N(¢K,0), where ¢; = ¢ min{RI™" R37?} and é& = 1/¢;, com-
pleting the proof of Lemma O

We use Lemma as follows. For any convex body K € K" such that o € 9K and intK # (),
there exist a € S"1, 8 € (0,1) and ry > 0 such that

{z €rgB": (z,a) > B ||z||} C K.

Therefore, there exists ¢ € SL(n,R) such that ¢ a = Aa for A > 0 and ¢(z) = (v35//1 — 82)/"x
for x € a*, thus for some r; > 0, we have

1
{w erB": (x,a) > 5 ||x||} C pK.
In particular, for this ¢ € SL(n,R), we have (z,a) < —‘/75 ||z|| for any = € N(pK, o), thus

1
(119) (X1, x0) > 5 |z1]| [|z2|| for 1,29 € N(pK, o).

Proof of Theorem (1.4, If o € int K, then Theorem (i) yields Theorem [1.4] Therefore, we
assume that o € 0K and intK # () for K € K?. We may also assume by Lemma and ({119
that on the one hand, we have

1
(120) (w1, x0) > 5 l|z1|| || 2] for a1, 29 € N(K,0),
and on the other hand, using that there exist ¢, > ¢} > 0 and a real Borel function f on S™!
with ¢} < f < ¢, such that

(121) det(V2hi + hie Id) = n W2t (| Vhg|® +h%) 7 - f.

We assume, on the contrary, that hx is not differentiable at some point of S™~!, or equivalently,
that 0K contains an at least one dimensional face according to , and seek a contradiction using
Lemma [7.7 It follows from Theorem (i) that any at least one dimensional face of K contains
the origin o.

For 2 = U{F(K,u) : u € S" ! and hg(u) = 0}, we define v > 0 and w € S"~! such that
(122) v=max{||z] : 2 € Ex} >0 and yw € Zg.

Let e € S"! be an exterior normal at (7/2)w € Z, therefore (88)) yields
(123) Ohk(e) = F(K,e) and o,yw € F(K,e).

We may choose a closed convex cone Cj with apex o such that
N(K,0)\{o} C intCy,

(124) |lzl]] < 2vfor any z € 0K with vg(z) N Cy # 0.
We choose ¢ > 0 such that
(125) {u e S" ' he(u) <8} CintCy.
Let v be the function of Lemma associated to e and hx on et, and hence yields that
(126)  det(D%u(y)) > —— - o(m)" " (|Do()|* + (Du(y).y) — v(y)?) ",
(L+lyl]?)
(127)  det(D(y) < ———— vy (IDv(y)| + (Du(y),y) — v(y)*) T

(T +lyll*) =
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in the sense of measure, and ¢; = ¢/n for i = 1, 2.

It follows from and that
ov(o) = Ohg(e)let = F(K,e);
v = max{|z||: z € dv(o)} > 0;
yw € Ov(o), wherew € S"tnet.

Since v is convex, we have that
(128) v(y) > max{0,v(w,y)} for any y € e,
and if ¢ > 0 tends to zero, then
(129) v(tw) = vt + o(t).

For small € > 0, let us consider the first degree polynomial /. on e* defined by

l(y) = (v = Ve)(w,y) + e,

whose graph passes through ee and /e w + v /ze.
We define

Q. = {yeet:o(y) <L)}

Q. = {yeet vy <L) =cdQ,

where QE is a closed convex set, and (), is its relative interior with respect to e*. We have o € Q.,
and since v(y) > (v — v/2){w,y) for y € et by (128)), we also have

(130) max{l-(y) = v(y) : y € A} = max{l-(y) —v(y) : y € A} = l(0) — v(0) = &.
We observe that I.(y) > v(w,y) for y € et if and only if (w,y) < y/e. It follows that, provided
e > 0 is small enough to satisfy /e < v, if y € €., then we have

= < {wy) < VE
(131) v(y) < e

We observe that if ¢t € (0,+/2/2), then I.(tw) — vt > /2, and hence ([129) yields the existence of
6. € (0,+/¢] such that

(132) f.w e Q. and lim /6. = 0.
e—=0T
We consider the set
U= ((e+e")NintCy) —e C et

that is open in the topology of et. If v(y) < § for y € e*, then hx(u) < § foru = (y+e)/|ly+e| €

St therefore (125)) yields
{yeet vy <é}cU.

In particular, we deduce from , ([105) and (124)) that if v(y) < § at some y € e where v is
differentiable, then

(133) [Dv(y) + ({(Do(y),y) —v(y)) - el] < 2v.

Let L = et Nw™, and let us consider the closed convex set
Y={yee :v(y)=0}=(NK,o)N(e+e")) —e,
and hence and imply
0€Y CV3B" and Y = Ne>0§2e.
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Therefore ((131]) and (133)) yield the existence of some €y > 0 such that if € € (0, ), then
(134) Q0. C 2B
(135) ([ Dv(y)|I> + ((Dv(y),y) — v(y))Q)% < 27 provided v is differentiable at y € Q..

Using (134]) and (135]), we deduce that (126]) and (127)) yield the existence of ¢;, é& > 0 depending
on K and e and independent of € such that if ¢ € (0,¢q), then

(136) cro(y)P [ Du(y) "7 < det(D*u(y)) < cxv(y)” | Duy)|"

hold on 2, in the sense of measure.
We deduce from ([132)) that we may also assume that if ¢ € (0, &¢), then we have (compare (131]))

0. >§‘

(137)

16n — ~
In the following, we assume € € (0, &¢).
As Q. is bounded by ((134]), Loewner’s (or John’s) theorem provides an (n — 1)-dimensional
ellipsoid E. C et centred at the origin and a z. € €. such that
(138) 25+%E5 CQ.Cz+E..
Let hg (w) = he, and let a. € E. satisfy (a., w) = h.. It follows from (132)) and (138)) that z. + E.
contains a segment of length 6., therefore
16ne

9
d lim — =0.
nd lin 7

(139) he > 0./2 >

On the one hand, o0 € Q. C z. + E. yields (z.,w) < h., and on the other hand, we deduce from

(131]), and that

he e —2¢ _ —h,
<Z€)w>__:<zs__7w>2_2 )
n n ol 8n
therefore
Th.
(140) ™ < (ze,w) < he.
If y € Q. C 2. + E., then (w,y) < 2h. by ([140)), thus the definition of . and (139) imply
o(y) < L(y) < Awy) +e < (29 + 1) b

We write Ny, Ny, ... to denote constants that depend on n,p,q,~v, K, e and are independent of ¢.

We deduce from (136 that

) (@) < [ Gl aH T ) < NEHHQ) < Wb ),
In order to apply Lemma [7.7], we prove
(142) fo(ze 4+ 5= B.) = Noh? "1 H(EL).
We note that
(143) y—%aEEEE foryE%EE.
Let Z, = z. + % E., and hence
n— 1 n—
(144) H" N (Z.) = WH Y(E.).

It follows from (138)) and ([143) that if y € Z., then
y—%a5€zs+%E5CQE.
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In turn, we deduce from (131)) and ((139) that if y € Z, then

h —2¢ —h
therefore
(145) (y — 2= w,w) > 0.
On the one hand, it follows from (128)) and ((145) that if y € Z., then
3h.
(146) v(y) 2y, w) 27 =

On the other hand, it follows from ({145 and the convexity of v, and finally by (139) that if v is
differentiable at y € Z,, then

Yy, w) — (Do(y), Few) < o(y) — (Du(y), Fe - w) <oy — Few) <L (y — L= w)
< Y- Frwow) e <qlyw) -y T+ g = yw) -y
In particular, if v is differentiable at y € Z., then (Dv(y), w) > 5 v, which, in turn, yields that
(147) [Du(y)ll > § -

Since ([136)) implies

it 3B 2 [ el e ),

we conclude - from - ) and (| .
142)) that

We deduce from combining | ) 141)) and
(148) (2 + ﬁ E.) > N3, ()

for Ng = Nl/NQ.

We define © = v — [, which also satisfies . In particular, © satisfies the conditions of
Lemma with Q=Q,, FE=F., t= ﬁ, b=N3, z =0 and zy = z.. In addition, we deduce from
that we can use

2e
S =
vhe
in Lemma [7.71 We conclude from Lemma [7.7 that
[9(0)] .
|U<Z€)‘

However, 9(0) = —¢, and (115]) yield that

3(z)] > —— - sup || > =
t+1 q. in’
We deduce from that if ¢ € (0,¢), then
9e \ 1/
(150) 2n <Ny (Vha) :
Here lim. o+ ;= = 0 according to (139), which fact clearly contradicts . Finally, this contra-
diction proves Theorem 1.4 O]

Remark. The reason that our method of proof does not work if ¢ > n is that in that case
| Du(y)||"~9 can be arbitrarily large if v(y) > 0 and is very small.
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