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Equality in Laszlé Fejes Toth'’s triangle bound
for hyperbolic surfaces
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ISTVAN PROK, LLUIS VENA and GERGELY WINTSCHE

Communicated by A. Kurusa

Abstract. For k > 7, we determine the minimal area of a compact hyper-
bolic surface, and an oriented compact hyperbolic surface that can be tiled
by embedded regular triangles of angle 27 /k. Based on this, all the cases
of equality in Laszlé Fejes Téth’s triangle bound for hyperbolic surfaces are
described.

1. Introduction

Let H? be the hyperbolic plane of curvature —1 (see J. G. Ratcliffe [7] for
facts and references on hyperbolic geometry, and D. V. Alekseeskij, E. B. Vinberg,
A. S. Solodovnikov [1] for an in depth study on discrete groups of isometries). A
compact hyperbolic surface X can be obtained as the quotient of H2 by a discrete
group I' of isometries that acts fixed point free on H?. For a regular polygon II in
H?2, we say that X can be tiled by copies of II if there exists an edge to edge tiling
of H? by congruent copies of II that is invariant under I. The equivalence classes of
the tiles, edges, and vertices of the tiling in H? with respect to I correspond to the
tiles, edges, and vertices, respectively, of the tiling on X (as a CW-decomposition
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of X). In this case there exists an integer p > 3 such that the angles of IT are 27 /p.
If IT is a regular triangle then p > 7.
In this note, we provide a simple proof for the following statement.

Theorem 1.1. For k > 7, the minimal area of a compact hyperbolic surface that
can be tiled by embedded regular triangles of angle 2 /k, k > 7, is N(k—6)%, where
N is the minimal positive integer such that Nk is divisible by 6. If the surface is
assumed to be orientable then the minimal area is the same if k = 2,6,10mod 12,

and twice the previous value otherwise.

Remark. It follows by A. L. Edmonds, J. H. Ewing, R. S. Kulkarni [4] that there
is a compact hyperbolic surface that can be tiled by ¢ embedded regular triangles
of angle 27 /k, k > 7, if and only if ¢ is even, and 3t is divisible by k.

We note that Theorem 1.1 is proved in a more general setup, and using a
more involved construction in A. L. Edmonds, J. H. Ewing, R. S. Kulkarni [3]. In
addition, the case of Theorem 1.1 when k is divisible by 6, is proved by C. Bavard
[2].

In other words, for k > 7, let I'y, be the isometry group of the edge to edge
tiling by regular triangles of angle 2w /7. Then Theorem 1.1 yields (using its nota-
tion) that the minimal index of a subgroup of 'y that acts fixed point free on H?
is 2Nk.

Our motivation to consider Theorem 1.1 comes from the theory of packing
and covering by equal circular discs on a compact surface X of constant curvature.
Let T be a regular triangle of angle a in the universal covering surface, which
is H?, R?, and the unit sphere S$? in R? if the constant curvature is —1, 0 or 1,
respectively. In addition, let » and R be inradius and circumradius, respectively, of
T, and let A(-) denote area. According to the triangle bound due to L. Fejes Téth
[6] (see also G. Fejes Téth, W. Kuperberg [5] for a survey), if X can be covered by
n metric balls of radius R, then

AX)<n- % - A(T).

In addition, if X contains n pairwise disjoint open embedded balls of radius r, then

AX)>n- % - A(T).

If the injectivity radius of X is at least r, then A(X) > 2Z . A(T). In these bounds,
equality holds if and only if @ = 27/k for some integer k > 3, and X can be tiled
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by copies of T using exactly n vertices. To characterize the cases when we have
equality in the estimate using the injectivity radius (n = 1) is the subject of C.
Bavard [2].

To charaterize regular triangulations when the curvature of X is non-negative
is rather straightforward. If the curvature of X is positive, then k € {3,4,5}, as
the sum of the angles of T is larger than 7. There are two types of possible X. If X
is a sphere then the possible regular triangulations are determined by the platonic
solids: tetrahedron, octahedron and icosahedron. If X is a projective plane then
the possible regular triangulations are obtained by identifying the opposite faces
of the octahedron and the icosahedron.

Next, there are exactly two types of surfaces of curvature zero; namely, tori
and Klein bottles. In these cases k = 6. For any n > 1, it is easy to construct a
surface of either type with a regular triangulation having n vertices.

Therefore, it remains to find regularly triangulated hyperbolic surfaces, when
k > 7. This is the content of Theorem 1.1 and the following remark.

2. Some basic properties of hyperbolic surfaces

First, we provide some properties of tilings of a compact hyperbolic surface
X. The Euler characteristic of X is denoted by x(X), which is negative, and is
always even in the case of oriented surfaces. It follows from the Gaufi—Bonnet
formula that the area of X is 27|y (X)|, therefore minimizing the area is equivalent
to maximizing the Euler characteristic.

Lemma 2.1. If a compact hyperbolic surface X is tiled by embedded reqular triangles
of angle 2t /k, k > 7, and the tiling has n vertices (as a CW-decomposition), then
nk is diwvisible by 6, and
k
X)=mn- (1 - f).
x(X)=n 5
Proof. Since each vertex of the tiling is incident with exactly k edges, the tiling
has nk/3 faces and nk/2 edges. Therefore, we have

Since nk is divisible by 2 and 3, it is divisible by 6.
|

After the necessary condition above, we present some ways to construct suit-
able hyperbolic surfaces. Using the oriented double cover of a non-orientable sur-
face, we have the following.
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Lemma 2.2. If a compact non-orientable hyperbolic surface X is tiled by embedded
reqular triangles of angle 27 /k, k > 7, using n vertices, then there exists a compact
oriented hyperbolic surface X, which is tiled by embedded regular triangles of angle
210 /k using 2n vertices, and x(X) = 2x(X).

Assume that a compact hyperbolic surface X is tiled by embedded regular
triangles of angle 27/k, k > 7, and the tiling has n vertices. By duality, it is
equivalent that X can be tiled by n embedded regular k-gons of angle 27/3.

To obtain X, one may start with n regular k-gons, and identify the suitable
pairs out of the total nk edges of the n-gons. We describe a combinatorial way to
encode pairings that we need in the sequel.

Let Iy, . .., IT,, be convex polygons with at least seven vertices such that their
total number of vertices (or edges) is 3m for some even integer m. A proper labeling
of the vertices of IIy,...,II, means an assignment of a label from {1,...,m} to
each vertex with the following properties.

(i) Any i € {1,...,m} is the label of exactly three of the vertices.

(ii) For any non-empty proper subset of IIy,...,II, there exists a label i €
{1,...,m} that occurs once or twice as the label of some vertex of a con-
vex polygon in the subset.

(iii) If a II; has two consecutive vertices with label ¢ € {1,...,m}, then II; has
three consecutive vertices with label i. They determine two consecutive edges
of II;, which are called proper pairs.

(iv) If i # j are the labels of the end points of an edge e of some II;, then
there exists exactly one more edge among the all together 3m edges, whose
endpoints are labeled 7 and j. This edge is called the proper pair of e.

(v) Tt never occurs that for some ¢ # j, the two neighbours of a vertex with label
1 are both labeled j.

Given a proper labeling, we give an orientation to each edge. For an edge e
of some II;, whose end points are labeled ¢ and j, we orient the edge e according
to the natural ordering of the labels of its vertices if ¢ # j, and according to the
positive orientation of II; if 4 = j. We say that the orientation of e is positive if
it coincides with the orientation induced by the positive orientation of II;, and the
orientation of e is negative otherwise. We say that the proper labeling is oriented,
if for any proper pair e and f of edges, the orientations of e and f are opposite.

For k > 7, let us assume that Iy, ..., II,, are regular k-gons with angle 27 /k,
and we have have a proper labeling of the vertices. Then identifying the proper pairs
of edges according their orientations, we obtain a (connected) compact hyperbolic
surface X, which is oriented if the proper labeling is oriented.
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From a given proper labeling of n polygons, we will construct a proper labeling
of n polygons with a higher number of vertices using the operations (a), (b) and
(¢) below.

A polygonal path a;...a,,, m > 2, is the union of the segments with end
points a; and a;y1, ¢ = 1,...,m — 1, where aq,...,a,, are different. When we
replace a polygonal path a; ...a,, contained in the boundary of a convex polygon
IT with the polygonal path by ...b; with a; = by and a,, = b;, we always do it in a
way to obtain a new convex polygon II', where b1,...,b; are vertices of II'.

Let us assume that we have a proper labeling of vertices of the convex polygons
Iy, ...,II, using labels from {1,...,m}. When replacing a polygonal path with a
new one, we only list the corresponding labels.

(a) at w. Assume that for {z,y,z,w} C {1,...,m}, the union of the bound-
aries of Iy, ..., Il, contains polygonal paths with labels zwy, ywz and zyxr. Then
for « =m +1 and = m + 2, we replace (see Figure 1)

zwy by xawpfy,
ywz by yfawz,

zwx by zwpPax.

w o
x /\y — " m
w 53 w

w <
(S w
S
o)

Figure 1

(b) at w. Assume that for {z,y,z,w} C {1,...,m}, the union of the bound-
aries of Iy, ..., Il, contains polygonal paths with labels zwy, ywz and zyx. Then
fora=m+1,8=m+2,vy=m+ 3 and § = m + 4, we replace (see Figure 2)

zwy by raywdBy,
ywz by yfydawz,
zwz by zwyBdax.
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w
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Figure 2
(c) at x,y. Assume the endpoints of the proper pair of edges e and f are
labeled x # y. For « =m + 1 and 8 = m + 2, we replace (see Figure 3)

e by the polygonal path zaB86ay,
f Dby the polygonal path zay.

T Yoo «
e
T
«
Zz Yoo 7/\1/
f N
Figure 3

We observe that all operations (a), (b) and (c) produce a new proper labeling.
In addition, if the proper labeling of the vertices of Ily,...,II, is oriented, then
the new proper labeling constructed in (b) is also oriented.

3. Proof of Theorem 1.1

For k > 7, let N(k) be the smallest positive integer such that N(k) - k is
divisible by six. It follows by Lemma 2.1 that if a compact hyperbolic surface X
is tiled by embedded regular triangles of angle 27/k, k > 7, then

(1) x(X)=1-N(k)- (1 - g) for a positive integer I.
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In addition, let X} ()?k) be a hyperbolic surface (oriented hyperbolic surface)
of smallest area that can be tiled by embedded regular triangles of angle 27 /k.
Theorem 1.1 is equivalent to proving that

(2) there exists a proper labeling of N (k) k-gons.
It follows by Lemma 2.2 and (1) that
(3) if x(Xx)=N(k)(1 - é) and x(Xx) is odd then X()Z'k) = 2x(X%).

We construct X, and X, &, depending on the remainder of k¥ modulo 12, and pro-
viding a proper labeling of the vertices of N (k) k-gons. We only provide the N (k)
lists of labels according to positive orientation of the k-gons.

Casel. k=1,5,7,11 mod 12

In these cases, we have N(k) = 6. If k = 7, then the following is a proper
labeling (see Figure 4):

Figure 4
I, : 1,6,9,4,2,8,7

I : 1,7,13,5,2,4,3
I : 1,3,14,8,2,5,6
I, : 7,8,14,12,11,10,13
s : 3,4,9,11,10,12,14
g : 9,6,5,13,10,12,11

To prove (2) for k = 11, we apply operation (b) at 1 (to alter II;, IIy and II3),
and then again (b) at 10 (to alter II4, II5 and IIg). This way we obtain a proper
labeling of some six 11-gons. After this, we apply (a) at 1 and 10 to obtain a proper
labeling of some six 13-gons. Continuing this way, applying alternately operation
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(b) at 1 and 10, and operation (a) at 1 and 10, we obtain a proper labeling of some
six k-gons for any k in Case 1.
__ For these k, we have X(Xi) =6 — k by Lemma 2.1, which is odd. Therefore,
X(Xk) = 2x(Xk) by (3).
Case 2. k=2,10 mod 12
In these cases, we have N (k) = 3. If k = 10, then the following is an oriented
proper labeling (see Figure 5):

Figure 5
11 : 10,9,3,2,1,6,5,8,1,2
Iy : 10,2,3,4,5,6,7,8,5,4
I3 : 10,4,3,9,7,6,1,8,7,9

To prove (2) for k = 14, we apply operation (b) at 10. To prove (2) for k = 22, we
apply operation (b) at 10 twice. In particular, using operation (b) at 10, we obtain
a proper labeling of some three k-gons for any k in Case 2.

Since each one of the proper labelings presented in Case 2 is oriented, the Xy
constructed this way is also oriented.

Case 3. k= 3,9 mod 12

In these cases, we have N(k) = 2. If k = 9, then the following is a proper
labeling (see Figure 6):

Figure 6
I : 4,6,5,1,4,6,2,1,5
I, : 4,5,6,2,3,3,3,2,1.
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To prove (2) for k = 15, we apply operation (c) at 4,5. In particular, using
operation (b) at 4,5, we obtain a proper labeling of some pair of k-gons for any &
in Case 3.

For these k, we have x(Xy) =2 — g by Lemma 2.1, which is odd as % is odd.
Therefore, x(Xx) = 2x(Xx) by (3).

Case 4. k = 4,8 mod 12

In these cases, we have N(k) = 3. If k = 8, then the following is a proper
labeling (see Figure 7):

Figure 7

I : 8,2,1,1,1,2,3,6
Il : 8,4,5,5,5,4,3,2
Il;: 8,6,7,7,7,6,3,4.

To prove (2) for k = 16, we apply operation (b) at 8 twice. To prove (2) for k = 20,
we apply operation (b) at 8. In particular, using operation (b) at 8, we obtain a
proper labeling of some three k-gons for any & in Case 4.

For these k, we have x(X;) = 3 — £ by Lemma 2.1, which is odd as ¥ is even.
Therefore, x(Xi) = 2x(X%) by (3).
Case 5. k=6 mod 12

In this case, we have N(k) = 1. If k = 18, then the following is an oriented
proper labeling (see Figure 8):

I : 1,2,3,4,5,1,6,5,4,2,7,5,6,3,2,4, 3, 6.

To prove (2) for k = 30, we apply operation (b) at 1 three times. In particular,
using operation (b) at 1, we obtain an oriented proper labeling of some k-gon for
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any k in Case 5. Therefore, x(Xj) = x(Xz) =1 — % in this case.

Figure 8

Case 6. k=0 mod 12

In this case, we have N(k) = 1. If k = 12, then the following is a proper
labeling (see Figure 9):

Figure 9
I : 1,2,3,4,1,3,2,4,3,1,2, 4.

To prove (2) for k = 24, we apply operation (b) at 1 three times. In particular,
using operation (b) at 1, we obtain a proper labeling of some k-gon for any k in
Case 6.

For these k, we have x(X) =1— % by Lemma 2.1, which is odd as £ is even.

| 6
Therefore, x(Xi) = 2x(Xx) by (3).
m
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Remark. If £ > 7 is divisible by six, then there is a graph theoretic way to produce
a proper labeling of a k-gon. Let G be a connected graph on {1,...,m} form = k/3
such that each vertex is of degree three. We call a closed path on the edges of G
a double Hamiltonian path if each edge is traveled exactly twice, and consecutive
edges in the path are always different. Then a proper labeling of the vertices of the
k-gon where no pair of consecutive vertices have the same label is equivalent to a
double Hamiltonian path. The proper labeling is oriented if and only if each edge
is traveled in both directions in the double Hamiltonian path.
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