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Gaussian polytopes

» Xi,...,X, independent standard Gaussian samples from R¢

o(x) = (;ﬂ) exp (- 311?)

n tends to infinity

v

M, =[Xi,...,Xn] - Gaussian polytope
Qn = [£X1,...,E£X;,] - symmetric Gaussian polytope

vV V. v VY

fx(P) =number of k-faces of a polytope P



Random projections

» T"~1_"standard" regular simplex with n vertices in R”



Random projections

» T"1_"standard” regular simplex with n vertices in R”
The following models are equivalent with I1,, for the face numbers

» AT"~1 where the entries of the d x n matrix A are iid
Gaussians

» Goodman-Pollack modell - Orthogonal projection of T"~1
into a random d-dimensional subspace of the Grassmannian
(Baryshnikov-Vitale)



Random projections

» T"1_"standard” regular simplex with n vertices in R”
The following models are equivalent with I1,, for the face numbers

» AT"~1 where the entries of the d x n matrix A are iid
Gaussians

» Goodman-Pollack modell - Orthogonal projection of T"~1
into a random d-dimensional subspace of the Grassmannian
(Baryshnikov-Vitale)

The symmetric Gaussian polytope Q, = [£X1,...,£X;] is
equivalent for us with AC”, where C" is the standard
crosspolytope [T"~1, —T"1]



Small n
There exists threshold g(\) for A > 1
> o(\) = Lif A —1
> o(A) ~ [2log AL if A — o0
Theorem (Vershik-Sporyshev, 1992)
Ifn/d — X and k < o(\) - d, then

_ n
Efi(M,) ~ fi(T"1) = <k+1 )
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Small n
There exists threshold g(\) for A > 1
> o(\) = 1ifA—1
> o(A) ~ [2log \] 7t if A — oo
Theorem (Vershik-Sporyshev, 1992)
Ifn/d — X and k < o(\) - d, then

_ n
Efi(M,) ~ fi(T"1) = <k+1 )

Theorem (Donoho-Tanner, 2009)
If d/n and (log n)/d tend to zero, and k < o(n/d) - d, then

Ef(Mn) ~ (k i 1)

Donoho-Tanner If k < os(n/d) - d then fi(1,) = (
probability tending to one.
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Very large n

> G( Tk, Td_l) - inner angle of T9-1 at k-faces

Theorem
If d is fixed and n tends to infinity, then for any k < d — 1, we have

d

>ﬂ(T", T91)(rr log n)“Z"



Very large n
> A( Tk, Td_l) - inner angle of T9-1 at k-faces

Theorem
If d is fixed and n tends to infinity, then for any k < d — 1, we have

d

Efe(Mn) ~ f<k+1

>ﬂ(T", T91)(rr log n)“Z"

» Raynaud (1970) - k = d — 1 (facets)
» Affentranger, Schneider (1992) - Random projection
» Hug, Munsonius, Reitzner (2004) - Gaussian polytope

For C", the analogous results both for small and very large n
g y larg



Very large n
> A( Tk, Td_l) - inner angle of T9-1 at k-faces

Theorem
If d is fixed and n tends to infinity, then for any k < d — 1, we have

d

Efe(Mn) ~ f<k+1

>5(Tk, T91)(rr log n)“Z"

» Raynaud (1970) - k = d — 1 (facets)
» Affentranger, Schneider (1992) - Random projection
» Hug, Munsonius, Reitzner (2004) - Gaussian polytope

For C", the analogous results both for small and very large n
Boroczky-Henk (2003)
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What does happen in between?



What does happen in between?

Fleury, 2010
There exist absolute constants ¢;, ¢ > 0, such that

(s (20)) 7 <ta(@ < (s (%))



Facets

Theorem
If d tends to infinity, and n > d(°89)°  then

=1 d—1 d—1_ _d
Efd—l(nn) = d72d7TT(|og n) 2 4log n
I log(2
X exp dlogd  dlog( \/77/e)+o o d
2logn 2logn (log n)3/2

» This provides an asymptotic formula if 373 tends to zero,

(log )

say if n is at least exponential in d.



Facets

Theorem
If d tends to infinity, and n > d(°89)°  then

=1 d—1 d—1_ _d
Efd—l(rln) = d72d7TT(|og n) 2 4log n
I log(2
X exp dlogd  dlog( \/77/e)+o o d
2logn 2logn (log n)3/2

» This provides an asymptotic formula if W tends to zero,
say if n is at least exponential in d.

> In the case n = df(9)9 where f(d) tends to infinity with d,
the asymptotic formula simplifies to

d—1

Efy_1(N,) ~d? drT (Iogn) 2



|dea of the argument

z 1 z
®(z) = / o(dt) = \/ﬂ/ ezl gt for z e R

Lemma
If n > 30d log d, then

_d oo
Efd_l(l'l,,)~<g) :rﬂ : O(z)" 91zl P 2



Main estimate

Lemma

There

exists \o and dq such that if d > dy and A > \q for

A =log &, then

& dt1 2
/ d(z)Pz e 2 F dz =
1

where

d+1  d—1

(1 + O(eV0sd 4 %)) 20 TNT

dlog\ dlog(2/7/e) d
xexp[— o N +0 32
L Pl
(p+d+1)!
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