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Abstract

A random polytope is the convex hull of uniformly distributed random
points in a convex body K. A general lower bound on the variance of
the volume and f-vector of random polytopes is proved. Also an upper
bound in the case when K is a polytope is given. For polytopes, as for
smooth convex bodies, the upper and lower bounds are of the same order
of magnitude. The results imply a law of large numbers for the volume
and f-vector of random polytopes when K is a polytope.

1 The main results

Let K C R be a convex set of volume one. Assume z1,...,z, is a random
sample of n independent, uniform points from K. The random polytope K, is
just the convex hull of these points: K,, = [z1,...,2,]. It is one of the classical
problems in stochastic geometry to investigate the asymptotic behaviour of K,
see, e.g., the book of Kendall and Moran [14], and the recent book on stochastic
geometry of Schneider and Weil [20]. Starting with Rényi and Sulanke [16]
in 1963, there have been many results concerning the expectation of various
functionals of K,,. For instance, the expectation of the volume V(K,), and of
the number, fy(K,), of ¢-dimensional faces of K,, (¢ =0,...,d — 1) have been
determined, see [23] for an extensive survey, and also [7] for more recent results.

Yet determining the variance is in general still an open problem. For smooth
convex bodies this has been solved, up to order of magnitude, by Reitzner [17]
and [19], extending an earlier upper bound, for the case of the unit ball, by Kiifer
[15] (and some other sporadic results in dimension 2). Recently Schreiber and
Yukich [21] have determined the precise asymptotic behaviour of the variance
of fo(K,) when K is the unit ball, a significant breakthrough.

On the other hand for convex polytopes much less is known, and it seems that
the situation there is much more delicate. In this case we denote the underlying
polytope by P instead of K and the random polytope by P,. In the planar
case, variances and central limit theorems for fo(P,) and V(P,) were proved
by Groeneboom [12], and Cabo and Groeneboom [9], but it seems that the
stated variances are incorrect (see the discussion in Buchta [8]). In this paper
we determine the order of magnitude of the variance of the volume and the
number of /-dimensional faces of the random polytope when the mother body



P is a polytope in R?. Let F(P) denote the number of flags of P. A flag is
a sequence of faces Fy, Fy,...,Fy_1 of P such that, for all 4, dim F; = ¢ and
F; C Fi+1-

Theorem 1.1. Assume P is a polytope of volume one. Let P, be the random
polytope inscribed in P. Then

VarV(P,) < F(P)*n~?(logn)® 1,
Varfu(P,) < F(P)*(logn)*".

Here (and throughout the paper) we use Vinogradov’s < notation, that is,
we write f(n) < g(n) if there are constants C' > 0 and ng, independent of n,
such that |f(n)| < Cg(n) for all n > ng. The constants C' and ny may, and
usually do, depend on the dimension, but not on the convex polytope P or on
the convex body K. Most likely, in both bounds the coefficient F(P)? can be
replaced by F(P).

From Theorem 1.1 we deduce a law of large numbers for the random variables
V(P,) and f¢(Py,). It is known by work of Barany and Buchta [3] and Reitzner
[18], that for P a polytope of volume one

F(P) 1 -1
1— EV(P,) = 1 1+ o(1)),
BV(P) = gy lorn) ™ 1+ 0(1)

Efy(P,) = co(d,0)F(P)(logn)* " (14 0(1)),

where ¢(d,¢) > 0 is a constant depending on d and ¢. Chebyshev’s inequality,
the above stated expectations and Theorem 1.1 immediately gives the following
Corollary.

Corollary 1.2. Assume P is a polytope of volume one. Let P, be the random
polytope inscribed in P. Then
F(P)
(d+1)d=1(d - 1)’
fe(Pn) (logn)~ @Y —  ¢(d, ()F(P)

(1—V(P,))n(logn)~ @D

in probability as n — oo.

It can be observed that the estimates for the variance in Theorem 1.1 and
the corresponding results for smooth convex sets in [17] are closely related to
the so-called floating body of K. To explain what the floating body is we first
define the function v : K — IR via

v(z) =min{V(K N H) : H is a halfspace and z € H}.

The floating body with parameter ¢ is just the level set K(v > t) = {z € K :
v(z) > t}, which is clearly convex. The wet part is K(v < t), that is, where



v is at most t. The name comes from the 3-dimensional picture when K is a
container containing ¢ units of water.

The volume of the wet part V(K (v < t)) is known when K is a smooth
convex body and when it is a polytope. The case of polytopes is the main object
of interest in this paper. It follows from results of Affentranger, Wieacker [1]
and Bérdny, Buchta [3], that for a polytope P C IR? of volume one, and for
small enough ¢ > 0

V(P < 1) = !

= d+ 1) 1(d—1)! F(P)t(log 1/)4~ (1 + o(1)). (1.1)

Comparing Theorem 1.1 with (1.1) leads us to conjecture that for general
convex bodies K C IR? the variance VarV(K,,) is - up to constants - always
of order n V(K (v < n~1)), and the variance Varf,(K,) is always of order
nV(K(v <n™1)).

The second main result of this paper confirms this conjecture partially. We
prove lower bounds for the variance of the random variables V(K,,) and f;(K,)
for general convex sets K.

Theorem 1.3. Assume K is a convex body of volume one. Then

n'WV(Kwv<n) < VarV(K,)
nV(K(v<n') < Varfi(K,).

Thus for a polytope P in R? of unit volume we have

F(P)n"%(logn)*' < VarV(P,) < F(P)*n"*(logn)® 1,
F(P)(logn)®™ ' < Varfy(P,) < F(P)*(logn)¢".

In Section 2 a second well-known notion of a random polytope, the Poisson
polytope 11, is introduced, and analogous lower bounds on the corresponding
variances are stated there. In Sections 4 and 5 we give the detailed proof of the
above results concerning the variance of the volume of K,,, resp. P,. In section
6 we sketch the proofs for the variance for fo(K,,), resp. fi(P,). Auxiliary
definitions and results are given in Section 3.

Further distributional aspects of the volume and the number of faces will be
discussed in a forthcoming paper [6], where we prove a central limit theorem for
the volume and the f-vector of the Poisson random polytope II,, (the definition
is given in Section 2).

Both the upper and lower bounds on the variances in question build on the
methods developed by Reitzner in [17] and [19] for smooth convex bodies. The
main novelty in this paper is twofold. The first is the extension of the technique
to give lower bound for general convex bodies (Theorem 1.3). This is achieved
by using methods of convex geometry which was inspired by the philosophy of
the cap covering theorem, see Theorem 3.2 below. The second main novelty



is the upper bound on the variance for polytopes. The proof is based on the
Efron-Stein jackknife inequality plus the cap covering theorem applied to convex
polytopes. This application uses a subtle estimate of the volume of the visible
part of P(v < t), see Lemma 3.3 for details. Similar methods are used in [6]
for the proof of the central limit theorem. Actually, the results of [6] and of
this paper were reached simultaneously. We decided to separate the material
by publishing the results in two (almost) self-contained papers in order to make
them both shorter and also more accessible for the imaginary reader.

2 Poisson polytopes

As it turns out it is often more convenient, and perhaps more natural, to work
with Poisson polytopes, see e.g. [6], [9], [12], [19]. To define the Poisson polytope
II,, inscribed in a convex body K, one first considers a Poisson point process
X(n) in R? of intensity n and let II,, be just [K N X (n)], the convex hull of the
points lying in K. This is the same as choosing first a random number N which
is Poisson distributed with mean n, and then choosing N random, uniform
independent points z1,...,zy from K and let II,, be the random polytope
Ky = [xla"w:L'N}'

As expected, the random polytope K,, and the Poisson polytope II,, are very
close to each other. The following result is a lower bound on the variances of
these random variables and is analogous to Theorem 1.3.

Theorem 2.1. If K C R? is a convez body of volume one, then

nIV(K@w<n) < VarV(IL,),
nV(K@v<n') < Varfi(Il,)
The proof of this result is almost identical to that of Theorem 1.3. It will
be given in the end of Section 4. We mention further that the upper bounds

of Theorem 1.1 are valid for VarV(Il,) and Varf,(IL,) as well. We omit the
straightforward proof.

3 Notation and background

To avoid some trivial complications we assume that the dimension d is at least
2. The unit sphere is S?~!. As usual, hx (u) denotes the support function of K
in direction v € §41:

hig(u) =max{u-x: x € K}.

A cap C of K is the intersection of K with a closed halfspace. This halfspace
can be written as {z € R |u -z > hg(u) — 7} with u € S, Thus

C=Kn{zec R u-z>hg(u)—r1}



The bounding hyperplane of C' is the one with equation u -z = hg (u) — 7. We
define, for A > 0, C* by

Cr=Kn{ze R |u-z>hg(u)— I}

The centre of the cap C = K N{x € R*: u-x > hg(u) — 7} is a point & € IK
with u-z = hx (u). The centre need not be unique, but this will cause no harm.
Assuming that x is the centre of C, observe that for A > 1, C* C z + A(C — x)
implying that

V(C*) < AV(C) holds for A > 1. (3.1)

Recall that the function v : K — IR has been defined by
v(z) =min{V(K N H): H is a halfspace and z € H}.

The minimal cap of z € K is a cap C(z) = Ck(z) containing z such that
v(z) = V(C(z)). Again, it need not be unique.

The Macbeath region, or M -region, for short, with centre z and factor A > 0
is

M(z,\) = Mg(z,\) =z+ N(K —2)N (2 — K)].

The M-region with A = 1 is just the intersection of K and K reflected with
respect to z. Thus M (z,1) is convex and centrally symmetric with centre z, and
M(z, \) is a homothetic copy of M(z,1) with centre z and factor of homothety
A

This definition is from [11], cf [5] as well. The following result is from [2].
We assume K C IR” is a convex body of volume one. Set

to = (16d) 2. (3.2)

Lemma 3.1. Assume t < tq. If the bounding hyperplane of a cap C is tangent
to K(v>1t), thent < V(C) < dt.

Let K(v=1t)=0K(v>1t). Assume t < tg and choose a maximal system of
points Z = {z1, ..., zm} on K (v = t) having pairwise disjoint Macbeath regions
M((z;,3). Such a system will be called saturated. Note that Z (and even m) is
not defined uniquely. However, for each K (of volume one) and ¢ (with ¢t < ty)
we fix a saturated system Z. We write Z(t) and m(t) = |Z(t)| when we want to
emphasize that our fixed saturated system comes from the level set K(v = t).
Evidently, V(C(z;)) = t. Set

1) NC(z) and K;(t) = C*%(z),

Ki(t) = Mz,

where, of course, C16(2;) is just (C(z;))* with A = 16.

The sets K[(t) and K;(t) for i = 1,...,m(t) form an economic cap covering
in the following result, the so called economic cap covering theorem, that comes
from Theorem 6 in [5] and Theorem 7 in [2].



Theorem 3.2. Suppose t € (0,tg], K C R? is a convex body of volume one,
and Z ={z1,...,zm} is a saturated system on K(v =t). Then, with K;(t) and
K(t) as defined above, the following holds

(i) UM Ki(t) € K(v < ) € UP Kq(o),
(ii) t < V(K;(t)) < 16%, fori=1,...,m(t),
(iti) (6d)~4 < V(K[(t)) <27%, i=1,...,m(t),
(iv) every C with V(C) <t is contained in K;(t) for some i.
The sets K/(t) are pairwise disjoint, all of them have volume > (6d) %, and
are all contained in K (v < t). This gives an upper bound for m(t). Similarly,

the sets K;(t) cover K (v < t), all of them have volume < 16%. This gives a
lower bound for m(t). Summarizing, we have

1 (6d)4
1o VE @ <)) <m(t) < —

for t < tg. We will often use this in the form V(K (v < 1t))/t < m(t) < V(K (v <
t))/t. So the inequality f(¢f) < g(t) means that there are constants ¢ty and C
such that |f(t)| < Cg(t) for all ¢t € (0,10).

We need one more auxiliary result which follows from Lemma 4.1 of the
companion paper [6].

V(K(v<t)) (3:3)

Lemma 3.3. Assume P C R is a polytope of volume one, z € P with 0 <
20(z) <t < (16d)~9. Let z1,..., 2y, (where m = m(t)) be a saturated system
on P(v=1t) and let K;(t) be the caps from the cap covering theorem. Then the
number of caps K;(t) containing z is at most

< F(P) <log - (tz))d_l .

Here (and in the proof to come) the constant implied by < depends only
on d (and does not depend on wv(z)). Note that the total number of caps,
m(t) < V(P(v < t))/t < F(P)log? 1/t which is smaller than the bound
given in the lemma when 1/t < t/v(z), that is, when v(z) < t2.

Proof. The set of points in P(v < T') visible from z is, by definition,
S(z,T)={z€P: [z,2]NPv>T) =0}
Lemma 4.1 from [6] gives an upper bound on the volume of S(z,T). Namely,

assuming 0 < v(z) < 1/2 and 2v(z) < T,

V(S(2,T)) < F(P) T log'! (é) .

In our case V (K;(t)) < 169 := T. Thus z € K;(t) implies z; € S(z,T). Then
the set K/(t), which is half of the M-region M (z;,1/2) cut off from M(z;,1/2)



by the hyperplane tangent to P(v > t) at z;, lies in S(z,T). As the M-regions
M(2;,1/2) are pairwise disjoint, and each has volume > ¢, the number of caps
K;(t) containing z is at most

< Vst PP Tt (L) < o™ ().

This finishes the proof. O

4 Lower bounds

Proof of Theorem 1.3 for VarV(P,).

We start with some geometric preparations. Let y € K(v = t), and denote
by H(y) the bounding hyperplane of the minimal cap of y. Then y € H(y)
and, as is well known, y is the center of gravity of K N H(y). According to
a classical result of Fritz John, the convex body K N H(y) (in the hyperplane
H(y)) is sandwiched between two concentric and homothetic ellipsoids with
ratio of homothety d — 1. We need a strengthening of this result where the
common center of the ellipsoids coincides with the center of gravity, y, of the
convex body K N H(y). This is given by a recent result of Kannan, Lovdsz, and
Simonovits, Theorem 4.1 in [13]: there is an ellipsoid £ C H(y) centered in y
such that

y+ (F—y) CKNH(y) CE.

d—1

We choose a simplex [z1,...,24] C y + ﬁ(E —y) of maximal (d — 1)-
dimensional volume. The center of gravity of this simplex is clearly y. Let =
be a boundary point of this simplex. We have y + 2d?(x — y) ¢ E and thus
y + 2d?(x — y) is not contained in K. Denote by yo the centre of the minimal
cap C(y). Then the halfline yo + A(y + 2d*(z — y) — yo), A > 0, starting from yq
meets H(y) when A = 1 in a point not contained in K, and thus is also outside
K for al A > 1. Put o = y + m(yo —y). The halfline zg + pu(x — xo)
(1 > 0) meets the line yo + A(y + 2d%(z — y) — yo) at A = u/(2d?) = 3/2, and
thus {zo+p(z—x0) : p>0}N(K\CH(y)) is empty for all  on the boundary
of [x1,...,x4]. We just proved the following claim.

Claim 4.1. Suppose g, ..., xq are chosen as above and set \(y) = [xo, ..., Z4]
Then the simplex A(y) is contained in M (y, %) NC(y). If for some x € K the
segment [x, 0] is disjoint from [x1,...,x4], then x € C15(y).

Further observe that the volume of the simplex A = [z, ..., 24] is precisely
of order ¢ (bounded independently of y, 2o, ..., z4). Given § > 0, let A\; be small
homothetic (and uniquely determined) copies of A, with center of homothety
x; (i=0,1,...,d) such that V(4A;) = §t. By Claim 4.1 and by continuity the
following strengthening of the last sentence of Claim 4.1 holds.

Claim 4.2. There is a small 6 > 0, depending only on d and independent of K,
y, and A\ such that, with V(A;) = dt, the conditions z; € A\; (i =0,1,...,d),
z€ K, and [z,20] N [21,...,24] = 0 imply z € C*(y).



The following observation is important as it connects the geometry of the
simplices A; with the variation in question. For fixed z; € A;, i =1,...,d, and
for randomly and uniformly chosen Z € Ay,

VarV ([Z, 21, ..., zq)) > t2. (4.1)

The proof is elementary: the function V([Z, 21, . .., z4]) is affine equivariant and
homogeneous of the same degree as V(A). Thus VarV ([Z, z1,. .., 24]) equals
V(A)? times the variance occurring if A\ is the regular simplex of volume one.

As the last step of the geometric preparations we choose a saturated system
Y(t) = {y1,...,ymm} from K(v = t). For each y; we construct the sim-
plices A;(y;). For each j and for fixed z; € A;(y;) (¢ = 1,...,d) we have
VarzV ([Z, 21, . .., za]) > t* where Z varies uniformly in Ag(y;). Also, inequal-
ity (3.3) implies that

m=m(t) > %V(K(U <1)). (4.2)

After these preparations we can now start proving the lower bound on the
variance. Set ¢ = 1/n in the previous construction and consider the set Y =
{y1,---,Ym} C K(v =1/n) and the simplices A;(y;). Let X, = {z1,...,x,} be
the random sample of n uniform independent points from K. For j € {1,...,m}
let A; be the event that exactly one point of X,, is contained in each set A;(y;)
and no other point of X,, is in C?(y;). Although the event A; occurs only
with small probability, we will show that this probability is bounded away from
zero independently of n. Thus A; will occur regularly, a fixed percentage of
the configurations A;(y,) will satisfy A;. This will in turn imply that a fixed
percentage of the variance is determined by the variance given A;. Using as
a lower bound for VarV(P,) only this conditional variance, the bound in (4.1)
will suffice to produce the requested estimate.

Recall that V(A;(y;)) = 6/n and V(C2(y;)) < 29V (C(y;)) = 2%/n follows
from (3.1). Thus

P(A;)) > (dz 1) (z)dH (1 - Q:)H_d_l > 1. (4.3)

By (4.2)
E(> I(4) | =) P(A;)) >m>nV(K@w<n)). (4.4)
j=1 j=1

Assume next that A; holds, and let Z;, 21,. .., 24, resp., be the points from
X,, contained in Ag(y;), A1(y;), ..., Da(y;). Write H for the halfspace which
contains Z; and whose bounding hyperplane contains 21, ..., 24. Now Claim 4.2

and condition A; imply that
anH:[Zj,Zl,...,Zd]. (45)



which means that, under A; and conditioning on the points z1,. .., zq, P, N H
depends only on Z; and P, \ H is independent of Z;. Further, since the sets
A(y;) are disjoint, Z; and Z; are independent for i # j if I(A4;) = I(4;) = L.

Define ‘H to be the o-algebra that keeps track of everything except the
locations of the points X; in Ag(y;) for which A; occurs. More formally, let J
denote the set of indices for which A; occurs. Then H is the o-algebra generated
by J and

{X1,..., X} N (jyjAO(yj))c.

We decompose the variance by conditioning on H:

VarV(P,) = FEVar(V(R,)|H)+ Var E(V(P,)|H)
> EVar(V(P,)|H)

Write P* for the convex hull of the points from X,, N K fixed by condition
‘H. Observe now that, under condition H,

VP)H= > V(Z,z,....zd) + V(P"). (4.6)
I(A;)=1

Here in the summation the random variables are independent and the last term
is constant. This implies that

Var(V(P,) [H) = > Varg, V(P,)
I(A;)=1

where the variance is taken with respect to the random variable Z; € A(y;),
and we sum over all j = 1,...,m with I(A4,) = 1. Combining this with (4.1)
and with (4.4) implies

VarV(P,) > E| Y n?|>n?E|) I(4))
I(A;)=1 j=1
> n W (Pv<nh)

which is the first part of Theorem 1.3. a

Remark. Note that in (4.6) we made use of the fact that A;(yx)NA;(yrn) =
() unless k = h and ¢ = j. This follows because system yi, ...,y is saturated
and so the M-regions M (yg, 1/2) are pairwise disjoint.

Proof of Theorem 2.1 for VarV(Il,,). The previous proof works with the
only change that this time for the estimate IP(A;) > 1 one has to use the Poisson
distribution: P(|A;(y;) N X (n)| = 1) = nV (Ai(y;)) exp{—nV (A;(y;))} = de~°
and the probability that C?(y;) contains no further point of X (n) is bounded
from below by exp{—nV (C?(y;)}. O



5 Proof of Theorem 1.1 for V(P,)

The beginning of this proof works for all convex bodies. We start with a general
convex body K of volume one, and change it to a polytope P when we have to.

Let T, be the event that the floating body K (v > (clogn)/n) is contained
in K,,. Here c = ¢4 is a large constant to be specified soon. We write T}; for
the complement of 7,,. The main result of [4] says that there is a constant
§ > 0 depending only on d such that 7 occurs with probability n=%¢. For an
alternative statement (and proof) see Van Vu’s paper [22]

We use the jackknife inequality of Efron and Stein [10], which implies, in the
form given by Reitzner [17], that

VarV(K,) < (n+1)- BV (Kni1) — V(K,))?
= (n+1)-E|
+ (n+1)- E]|

The second term here is very small if the constant ¢ is chosen large enough
because (V(Kn11) — V(K,))? < V(K,41)? < V(K)? which is a constant de-
pending only on K, and E(1(TS)) < n~%. We choose ¢ = ¢4 so large that the
second term is smaller n =3, say.

So we need to estimate the first term only. We use, quite naturally, a coupling
argument since K, 1 is just the convex hull of K, and x, 41, the last point from
the random sample consisting of n + 1 points from K. For simpler notation we
write y for z,41. Let F be the collection of those facets F' of K,, for which y is
not on the same side of the hyperplane aff I’ as K,,. Clearly F =0 if y € K,,.
We write [n] for the set {1,...,n}. The difference K, ; \ K, is the union of
(internally disjoint) simplices [F,y] with F' € F. For a d-subset I of [n] let F;
denote the convex hull of {x; : i € I'}. Then, with ), denoting summation over
all d-element subsets of [n],

FeF

= Y U{F; € FYV([Fr,y) <> 1{F € FYV(F)),
I I

where V(Fr) denotes the volume of the cap C(F;) containing y which is cut
off by the hyperplane aff F;. (This is well defined if F; € F, and irrelevant
otherwise.) Now

V(K1) - VIED))? < 3 S 1{F € FYW(EDES € FYV(E))
I J

By symmetry we can assume V (Fr) > V(F;) (and a factor 2 appears). When
integrating, we can assume, again by symmetry, that I = [d], I N J = [k] for
some k € {0,1,...,d} and J = [k]U{d +1,...,2d — k}. Write ' = F; and

10



G = Fj with these I and J. So we have

E(V(Kni1) — V(ER))?1(T,)) < zkio (Z) (Z) (Z:Z) /K . /K 1{F € F} x

x V(F)1{G € FYV(G)L{V(F) > V(G 1{T,}dx, ... dzady.

Let X, denote the above integral for a fixed k without the factor 2(7) () (7-4).
Since F' € F, the variables o441, - . ., 2, all lie in the complement of C'(F),
their total contribution is at most (1 — V(F))"~(2¢=k) Note that 1{F € F}

and 1{G € F} imply y € C(F) N C(G). So we have

S < /K . /K (1= V(F)" 2 V(R)V(@)1{y € C(F) N C(Q)} x

<U{V(G) < V(F) < 28"

- Ydxy ... dxog_idy,
where the condition 7;, has been replaced by V(F) < m%

We estimate this 2d — k + 1-fold integral using the cap covering technique,

which is based on Theorem 3.2. Let M; = {C{,.. .76’7];(2_0} denote the set

of caps from the cap covering for K (v < 277F), (f is an integer) that is, C’if =
Ki(27). We assume that f > f, where f; is defined by 277 = (clogn)/n.
Now we associate with every point x1,...,Zsq_k,y in the domain of integration
two caps C’if and C’jg as follows. By condition (iv) of the cap covering theorem
there is a largest positive integer f > fo such that C'(F) is contained in some
cap C’if € My, and, further, there is a largest positive integer g such that C(G)
is contained in a cap CY € M,. Here g > f since V(G) < V(F). We integrate
on these two caps in the sense that variables zpy1,...,24 all lie in Cif SO we
integrate by them on Cif, variables z411, ..., T2q—y all lie in CY so we integrate
by them on CY and the remaining variables x1,...,zy,y lie in cin CY and we
integrate by them on Cif N Cf . Then we sum these integrals for all C’if € My
and CY € M, and then for all g > f > fo.

Integrating on the associated caps is going to be simple. Note first that
V(F) > 2=U+D because of the maximality of f, and so (1 — V(F))"~2d+k <
(1 — 2=/=1)n=2d+k " Integrating with respect to the variables z1,..., 2,y on
Cl-f N C7 gives at most V(Cif N C;-])k"‘l, and integrating with respect to the
variables zp41,...,24 On C’if gives < (27/)47**1 the extra 1 in the exponent
comes from the factor V(F) < V(Cif ). Similarly integrating with respect to
the variables xg11,...,224_% oOn Cif gives < (279)47F+1  the extra 1 in the
exponent is due to V/(G) < V(CY). All in all, for a fixed pair cf, C?, the above
integral can be bounded as

n—2d+1

< (1-27171 (27 1)d=ktL(@mo)yd=k Ly (Cf 0 C9)k+, (5.1)

Thus for fixed f and g the integral with all caps C’if € My, ng € M, is
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bounded by

(1 _ 2—f—1)"—2d+1 (2—f)d—k+1(2—g)d—k+1 Z V(C’if A ng)k-i-l.
ciemy, CleM,

We bound the sum in the last line using the cap covering theorem again.
Let z € C’if N CY be the point where the function v(.) takes its maximal value
on C7 NCY. Now cf NCY is convex and disjoint from K (v > v(2)) which is also
convex. So they can be separated by a hyperplane. This hyperplane cuts off
a small cap off K, whose volume is at most dv(z) by Lemma 3.1. Thus, again
by (iv) of the cap covering theorem, there is a maximal integer h such that this
cap is contained in some C;’ € M;,. Of course h > ¢, and also, Cif N Cj-’ C C’lﬁ.

We have to estimate next how many pairs C’if ,ng go with the same cap
Cél € My,. This is easy when K is smooth because then every point z € K is
contained in < 1 caps from the cap covering My,.

This is the point where we need to use the fact that the mother body is
a polytope P. We use Lemma 3.3 saying that the point z is contained in
< F(P)(log T/v(z))4~! caps from a cap covering with parameter 7. This bound
gives < F(P)(h— f)?~! for the number of caps Cif containing z provided h > f,
and < F(P)(h—g)?~" for the number of caps C¥ containing z provided h > g.

A little extra care is to be exercised when h = g (or h = f). In that case,
by (iv) of the cap covering theorem, each cap of volume < 279 is contained in
some cap of My_;. It is clear that each cap in M,_; contains < 1 caps from
M,. By Lemma 3.3 the point z is contained in < F(P)(log2~9=1 /v(2))4"! <
F(P)(h—(g—1))4! caps from M,_1, and then it is contained in < F(P)(1+
h—g)4=! caps from M. Similarly, if h = f, then z is contained in < F(P)(1+
h — )21 caps from M.

Thus the number of pairs C’if,Cf with z € €/ n CYis < F(P)*(1+h —
Y1+ h—g)¥ ! even if h = g or h = f. This is also an upper bound, for
fixed CI' € My, on the number of pairs C ¢ with ¢/ n cy coyp.

We use these estimates when the pair f, g is fixed:

> V(e ncg)k
cfem;, ciem,

<> N F(PPa+h— )1+ h— gyttt

h>g C?EM}l

< SOR(PR+h— £ 14 h - g) T (27 M M,|
h>g

< SOF(PP(U+h— fFH1+h - gyt (2Rt
hzg

Here |[M;,| < F(P)(log2")4! < F(P)h?~! follows from (1.1) and (3.3).
The rest of the proof is a straightforward estimation of the infinite sums that
come up. It is not hard to see that the last sum is dominated by its first term
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for instance by checking that the ratio of the (h+ 1)st and hth terms is smaller
than 0.9, say. This gives that
> v(c{ncy)rtt
ciemy, CleM,
< F(PP(L+g-f)7tEa)yh
Then comes summation for all g > f. We see again that the corresponding sum
is dominated by its first term, and so
Z(2fg)d7k+1F(P)3(1 +g— f)d71(2fg)k+lgd71 < F(P)3(2ff)d+2fd71.
9= f
Here the factor (279)47%+1 comes from (5.1). So we have, finally,
Ek < F(P)3 Z (1 _ 2—f—1)n—2d+k(2—f)2d—k+3fd—1.
f=fo

Define here f; by 27/t = 1/n. We split the last sum into two parts: the first
one with f > f; and second one with f; > f > fy. In the first sum the factor
(1—27f=1)n=2d+k < 1 and without this factor it is dominated by its first term,
again:

Z (1 _ 27f71)n72d+k(27f)2d7k+3fd71 < n72d+k73(10g n)dfl.
f=f

In the second sum we define f = | f;| —s. Then f; is almost precisely log, n
and s runs from 0 to logy(clogn). With this notation we have

f1
Z (1 _ 27f71)n72d+k(27f)2d7k+3fd71
Jo
log, (clogn) n—2d+k 9s 2d—k+3
< Z exp {—%23} (n) (logyn — )41

s=0
d—1 logz(clogn)

d—1
(logn) s—110(2d+3)s logn —s
< T edRrs ; exp{—2°""}2 Tlogn
d—1

< (logn)d-1 i {_25—1}2(2d+3)s < (logn)
n2d—kt3 exp n2d—k+3
s=0

because the sum in the last line is bounded by a constant depending only on d.
d—1
We have shown now that ¥j < F(P)3%. Then

o () (5 (1) ooz
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This proves Theorem 1.1 m]

To end this section we offer a geometric conjecture that would imply, up to
order of magnitude, the same upper bound for VarV(K,,)) and Varf,(K,) as
the lower bound in Theorem 1.3 for all convex bodies of volume one.

Conjecture. For every d > 2 there are numbers Ty > 0 and ¢ > 1 such
that for all convex bodies K C IR? of volume one, and for all T € (0, Tp], and
for all t € (0,¢T7] the following holds. Let Dy, ..., Dy (1), resp. Ci,...,Cp)
be the covering caps for K (v < T') and K (v < t) from Theorem 3.2. Then

m(T) m(T) m m(T)
> V(K@w<t)nD;) <<ZZVO N D;) <<Zv (v <t)N D).
=1 =1 j=1

The lower bound here follows from V(K (v < t) N D;) < Z;’L(t) V(C;NDy)
(valid for all ¢) which is a simple consequence of the cap covering theorem. So
the question is the upper bound. The simpler conjecture Z;’L(t) V(C;NnD;) <
V(K (v < t)N D;) is true in dimension 2 (details will appear elsewhere), but
fails in dimension 3 and higher.

Here is a quick sketch how the conjecture would imply the upper bound
for the variance of V(K,,) for general convex bodies. The proof is the same as
above up to (5.1) with the sole exception that this time M is the cap covering
with parameter ¢t = ¢~/ and, of course, fo is defined by ¢~fo = Ck’%. We sum
first for fixed f and fixed g the terms

7g)d7k+1 Z Z V(C«Zfﬁcjg)kJrl

clem; CleM,

< @™ Y Y velngy
C{EMfC‘?GMg

< (g™ Y V(Kw<g)nc])

CifEMf

where the last inequality is implied by the Conjecture. Summing this for all
g > f is easy because the first term dominates the sum, and we have

n 2d+k _ _ _
o< Y (1 (22 N V(K@< gy nc)
f>fo clem;
n 2d+k _ _ _
< >y @ (@22 (K (v < g7 ).
f>fo

Splitting the last sum into two parts at f; with ¢~#1 = 1/n shows, the same way
as above, that ¥ < n=24*=2V (K (v < n~')). This implies that VarV (K,) <
n~V(K(v <n1)), as promised.
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6 Sketch of proof for f/(K,).

For the proof of second part of Theorem 1.3 we use exactly the same method
with one exception: instead of choosing one random point Z in Ay(y;) we choose
two random points Z;, Zs. Observe that [Z1, Za, 21, . . ., 24] can either be a sim-
plex or can have both points Z, Zy as vertices and thus f,([Z1, Z2, 21, - . ., 24])
attains at least two distinct values with positive probability. The essential
change is that now

VaI‘ZhZQfg([Zl,ZQ,Zl, .. .,Zd]) >1

forall ¢ =0,...,d —1. For j € {1,...,m} let A; be the event that exactly
two random points, from the random sample {z1,...,z,}, are contained in the
simplex Ag(y;) and one in each A;(y;), ¢ = 1,...,d, and no further random
point is contained in C?(y;). Then, the same way as before, IP(4;) > 1, and
analogously we obtain

Var fy(P,) > nV <P (v < i)) )

The proof of Theorem 2.1 for Varf,(Il,,) uses the above argument. Here
IP(A;) > 1 follows the same way as in the proof of Theorem 2.1 for VarV (Il,).

For the proof of the remaining part of Theorem 1.1 we use again the Efron-
Stein jackknife inequality in the form

Var fy(Kp) < (n+1) - B(fo(Kni1) = fo(Kn))*.

In the same way as previously it suffices to give an upper bound on the expec-
tation I (fo(Kny1) — fg(Kn)>2 1{T,,} where T,, is the same event as before.

We use again a coupling argument, and the same notation y = z,,4+1 and F
for the facets of K,, disappearing with the appearance of y. Nothing changes
if y € K, but if y ¢ K,,, then some new ¢-dimensional faces are created, and
some old ¢-dimensional faces disappear. It is not hard to see, using the fact that
K, is simplicial, that | fo(Kn+1) — fe(Kp)| < |F|. So we are to estimate

E(FPUT,)) = EQ_ HFr € FY) T},
I

where the summation is taken over all d-element subsets of [n] and Fy is the
convex hull of {z; : ¢ € I}. Again, the square in this expectation can be written

) (satm <) (Sutmsen).

I J

We let k& run from 0 to d and separate the terms here with [I N J| = k. By
symmetry I can be taken to be {1,...,d}, Jtobe {1,...,k,d+1,...,2d — k},
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and setting F' = F; and G = F; with this I, J we get

E(|F*1(T,)) = Xd: (Z) (Z) (Z :) E1{F € F}1{G € F}1{T,}.

k=0

Denote the last expectation by ¥} and write C(F') resp., C(G) for the minimal
caps containing F' and G, and V(F), V(G) for their volume. Then we have,
using the symmetry of F' and G the same way as before, that

Bo= BUF e PG e FIUT
< 2F1{F € F}1{G € F}1{V(G) < V(F) < Cl(;gn}
< / / 1_ n 2d+k1{y€C(F)ﬂC(G)}X

clogn

x HV(G)<V(F)< Yy ..., drog_pdy.

This is the same as the formula for ¥ in the previous proof, only the factor
V(F)V(G) is missing here. The remaining arguments are the same as before
and we get

(logn)?~!
n2d—k+1 °

This finishes the proof for Varf,(P,). O

P < F(P)?

References

[1] Affentranger, F., Wieacker, J.A.: On the convex hull of uniform random
points in a simple d-polytope. Discrete Comput. Geom. 6, 291-305 (1991)

[2] Béardny, I.: Intrinsic volumes and f-vectors of random polytopes. Math.
Ann. 285, 671-699 (1989)

[3] Béarany, I., Buchta, Ch.: Random polytopes in a convex polytope, indepen-
dence of shape, and concentration of vertices. Math. Annalen 297, 467497
(1993)

[4] Béarany, I., Dalla, L.: Few points to generate a random polytope. Mathe-
matika 44, 325-331 (1997)

[6] Bérdny, I., Larman, D. G.: Convex bodies, economic cap coverings, random
polytopes. Mathematika 35, 274-291 (1988)

[6] Bérdny, I., Reitzner, M.: Random polytopes in a polytope, Ann. Probab.,
to appear (2010)

[7] Béardny, I.: Random points and lattice points in convex bodies. Bulletin of
the AMS. 45, 339-365 (2008)

16



[8]

[22]

[23]

Buchta, C.: An identity relating moments of functionals of convex hulls.
Discrete Comput. Geom. 33, 125-142 (2005)

Cabo, A. J., Groeneboom, P.: Limit theorems for functionals of convex
hulls. Probab. Theory Relat. Fields 100, 31-55 (1994)

Efron, B., Stein, C.: The jackknife estimate of variance. Ann. Statist. 9,
586—596 (1981)

Ewald, G., Larman, D.G., Rogers, C.A.: The directions of the line seg-
ments and of the r-dimensional balls on the boundary of a convex body in
Euclidean space. Mathematika 17, 1-20 (1970)

Groeneboom, P.: Limit theorems for convex hulls. Probab. Theory Relat.
Fields 79, 327-368 (1988)

Kannan, R., Lovész, L., Simonovits, M.: Isoperimetric problems for convex
bodies and a localization lemma. Discrete Comput. Geom. 13, 541-559
(1995)

Kendall, M. G., Moran, P. A. P.: Geometrical probability. London: Griffin
1963.

K.-H. Kiifer: On the approximation of the ball by random polytopes, Adv.
Applied Prob., 26 (1994), 876-892.

Rényi, A., Sulanke, R.: Uber die konvexe Hiille von n zufillig gewiihlte
Punkten. Z. Wahrsch. Verw. Geb., 2, 75-84 (1963)

Reitzner, M.: Random polytopes and the Efron—Stein jackknife inequality.
Ann. Probab. 31, 2136-2166 (2003)

Reitzner, M.: The combinatorial structure of random polytopes. Adv.
Math. 191, 178-208 (2005)

Reitzner, M.: Central limit theorems for random polytopes. Probab. The-
ory Relat. Fields 133, 483-507 (2005)

Schneider, R., Weil, W.: Stochastic and integral geometry. In: Probability
and its Applications. Springer-Verlag, New York-Berlin, 2008

Schreiber, T., Yukich, J.E.: Variance asymptotics and central limit theo-
rems for generalized growth processes with applications to convex hulls and
maximal points, Ann. Probab., 36, 363-396 (2008).

Vu, V. H.: Sharp concentration of random polytopes. Geom. Funct. Anal.
15, 1284-1318 (2005)

Weil, W., Wieacker, J. A.: Stochastic geometry. In: Handbook of convex
geometry, Vol. B, 1391-1438, North-Holland, Amsterdam, 1993

17



