Accompanying PROBLEMS for Additive Combinatorics

Many of the following problems are simply small details of some proofs of the Lecture
Notes, others are simply useful to practice notions. There are more involved problems
showing the limitations of some results, and finally there are a few challenging problems
for fun as well.

2.1 Find A+ A and A — A in the following cases.
A=10,1,3}, A=1{0,2,3,4,7,11,12,14}.

These are examples for |[A + A| < |A — A] and |A + A| > |A — A| respectively.
2.2 Show that A — A = {0} implies |A| = 1.

2.3 Show that k- A C kA, where k is a positive integer, and A is a finite set of real numbers.
Describe all cases when k- A = kA.

2.4 Let A be a finite set of real numbers, and £ > 2 be an integer. Prove that |[kA| <
('A‘zk_l), and this bound is sharp.

2.5 Let A and B be finite sets of positive real numbers. Prove that |[A|+|B|—1 < |A-B| <
|A||B|, and prove that there is equation in the lower bound iff both A and B are geometric
sequences of the same quotient. Give an example to show that the upper bound is also
sharp.

2.6 Let A and B be finite sets of real numbers. Prove that |A+ B| = |A||B| iff |A - B| =
|A||B|. Prove also that, in case of 0 ¢ B we have

Z rA.B(JU)Z = Z T’A/B(y)z-

2.7 Let A ={0,2,3,6}. Compute kA for all k£ > 1.

2.8 Prove that
|A— Al < |A+ AP/2,

Hint: This follows from theorems proved in the Lecture Notes.



2.9 Let A be a finite subset of an additive group (real numbers, say), k be a positive
integer, and define

k
AP =Ax ... x A={(a ca; €A
= = {(a1,...,ax) : a; € A}.

Addition on A®* is defined coordinatewise. Prove the following statements.

[A®E| = 14",
APF  BOF — (A 4 B)%F,
APF 4 £ APF = (A £+ AR

This is a very important argument, the tensor power trick. On one hand this makes
possible to construct large examples from small examples. On the other hand this can be
used to eliminate unnecessary constants (see later in the Lecture Notes).

2.10 Let A be a subset of integers. Construct an injective map ® : A®* — 7Z such that
®(a) £+ (b) = ®(a’) + &(b’) iff a+ b = a’ + b’. Hint: Consider the elements of A®* as
the digits of an integer on a well chosen base. (This problem shows that Z* is not really
richer than Z itself with respect to addition.)

2.11 Prove that there are arbitrarily large sets A of integers such that

_ log 26
~ log25

A+ Al >|A - A|°, > 1.

Hint: Start from the example of problem 2.1, than use problem 2.9, the power tensor trick,
and finally problem 2.10 to go back to the integers. (This shows that |A+ A| < C|A — A|
cannot be true with any constant C' > 0, however large it is.)

3.2 Let k > 2 be an integer. If A C {1,..., N} satisfies that all k—terms sums from A are
different, that is a1 +- - -+ ar = a} +- - - +aj, implies that {a;,...,ar} = {a},...,a}}, then

|A] < (k- k- N)YE,
3.3 Prove the following inequalities (they are used in the Lecture Notes)

1+z)*<l4ax ifz>-1,1>a>0,
1+z)*>14ax, ifx>0,a>1.

3.4 Let k£ > 2 be an integer and prove that there is an infinite set of positive integers A,
such that all k-terms sums from A are different (as in Problem 3.2) and



3.5 Show that there is an infinite Sidon set A of positive integers such that

lim sup Alz)

z—oo VT

(Hint: in the Lecture Notes we constructed a Sidon set of p — 1 elements up to 2p?, realize
that in this set 2p < a1 <ag <-+- <ap_1 < 2p? and also ap+1 —ar > p. For a sufficiently
sparse set of primes, you can join together these sets.)

> 0.

3.6 Prove that the construction of Theorem 2.3 can be extended by putting p? into the
set, such getting a Sidon set of p+ 1 elements up to p?. (Notice that this provides a Sidon
set with /N + 1 elements up to N, though for special N only, and so the right hand side
of Theorem 2.1 cannot be simplified to v/N. It is an open question if every Sidon subset
of {1,...,N} has < /N + C elements, with some absolute constant C')

3.7 Let p be a (large) prime, k > 2 be an integer. Fix a primitive root g (mod p). Show
that the set
A={1<m<p:g™=q (modp),q<p"* qprime}

satisfies that all k—terms sums from A are different (as in Problem 3.2). By the prime num-
ber theorem, formula (2.1) in the lecture notes, this provides a set of (1 — €)kN'/*/log N
elements up to N with the given property. (Compare to Problem 3.2.)

3.8 In class we constructed a Sidon set of p — 1 elements up to 2p?. Generalize that

construction to improve the statement of Problem 3.7, at least for &k = 3. (Hint:

ag = 9p*l + 3psy + ty, where sy = > (mod p), t, =¢> (mod p), 1 <L, sp,ty <p—1.)

3.9 Generalize the construction of Theorem 2.3 to get a set A of p elements up to p¥ — 1,
such that all k—terms sums from A are different (as in Problem 3.2). (Hint: you must
understand the structure of IF.)

4.1 Give an example for A C Z,, for which |A + A| = |A| < 2|A| — 1. (You choose m as
well.)

4.2 Let p > 2 be an odd prime, and (ab,p) = 1. Prove that

{ax? +by* : z,y €Ly} =7y,

4.3 Let G be a finite (non abelian) group, and let A, B C G. Prove that if |A| + |B| > |G|
then A+ B = G.

4.4 A C Zy is a k-term arithmetic progression if there are residue classes a,d € Z, such
that A ={a+4¢d: 0 < ¢ < k}. Prove that if A C Z, is an arithmetic progression then so
is Zy \ A.



4.5 Let ) # A, B C Z,,. Prove that if
A+ Bl=[Al+|B|-1=p—1
then there is a unique ¢ € Z, \ (A + B) such that

B=17,\(c—A).

4.6 Let AC Z,, |A| > 2 and B={0,1,...,k — 1} with |B| = k > 2. Prove that if
A+ B|=|A|+|B|l-1<p—1

then A is an interval as well (an arithmetic progression with difference 1).

4.7 Let A,B C Z, such that |A|,|B] > 2 and |A+ B| = |A|+ |B| -1 < p— 1. Prove
that if B is an arithmetic progression then A is an arithmetic progression with the same
difference.

4.8 Recall the division algorithm for polynomials over a field ( for all f(x), g(z) there are
q(x),r(x) such that f(z) = q(x)g(xz) + r(z), where deg r(x) < deg g(x)). Use this to give
a simple proof to Lemma 3.8.

4.9Let 0 #A,BCZ,andlet C={a+b:ac A be B,ab# 1 (mod p)} Prove that

|C| = min(p, |A] +|B| - 3).

4.10 Let m > 2 be an integer, (u — v,m) = 1 be two integers and A be the (multi)set
consists of m — 1 copies of u and m — 1 copies of v. Prove that no m elements of A add
up to a multiple of m.

4.11 Let p be a prime, and A = {0 < a1 < az < -+ < agy—1 < p— 1} be a (multi)set
of integers (or residue classes mod p, ordered according to their least non negative rep-
resentative). Prove that you can always select p elements of A such that they add up to
a multiple of p. (Hint: first consider if there is an i such that a; = a;+,—1, next use the
Cauchy—Davenport theorem to the sets {a;,a;1p—1} fori=1,...,p—1.)

4.12 Let m > 2 be an integer, and A be a (multi)set of 2m — 1, not necessarily different
integers. Prove that you can always select m elements of A such that they add up to a
multiple of m. (This is the so called Erdés—Ginzburg—Ziv theorem. Problem 4.10 shows
that you cannot relax the size of A in general.)

5.1 Show that Theorem 4.1 (van der Waerden) implies Theorem 4.6 (Griinwald), that is
the latter is not more general, than the former.



5.2 We say that B is an affine cube of real numbers with dimension d, if there are real
numbers ag, ai,...,aq such that

B ={ap+e€1a1+ -+ €qaq: ¢ =0,1 for all j}.

If all of these elements are different then |B| = 2¢. Prove that if |B| < 2¢ then B contains
a 3—term arithmetic progression. (An affine cube is a generalized arithmetic progression
of length 2 in every direction, and |B| < 2 means, it is not proper.)

5.3 Let A = {a; < ay < ...} be an infinite set of positive integers, k > 3 be a fixed integer,
and suppose there is a constant C' > 0 such that a,+1 — a, < C for all n. Prove that A
contains a k—term arithmetic progression. (Hint: apply van der Waerden’s theorem, do
not refer Szemerédi’s theorem.)

5.4 Let r > 2 be an integer and let

a1121 + a12x2 + -+ + a1pxry, =0

a1y + agers + -+ + agpr, =0

Am1T1 + Q2T + -+ + Ay =0

be a system of linear equations with integer coefficients satisfying

n
E aij=0, Zzl,,m
j=1

Prove that if this system has non trivial solutions (not z; = --- = z,,) in integers, then
coloring the integers with r color, the system also has non trivial monochromatic solutions.

5.5 Let A be a finite set of positive real numbers with |A| > 1. Prove that A+ A contains
at least (";") three term arithmetic progressions.

5.6 Let A C {1,...,N}, where N > 3. Prove that if |A| > 2%+2 then A contains a non
trivial three term arithmetic progression. (Do not refer Szemerédi’s theorem.)

6.1 Let A be a finite set of integers. Prove that for any integers kK > 1 and = we have
TeA—kA(T) < rga—ka(0). (Hint: rp,4—na(z) denotes the number of representations x =
a1+ -+ Gy — Q1 — 0 — Qs €Xpress rea—pa(x) by the circle method.)

6.2 Let A be a finite set of integers. Prove that for any integers m,n > 0, m + n is even,
and any integer =, we have rpa—na(x) < 7a-1a(0), where k = (m +n)/2.

6.3 Let A and B be finite sets of integers. Prove that for any integers m,n > 0 and = we
have TmA—l—nB(x) S \/TmA—mA(O)TnB—nB(O)-
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6.4 Let A be a finite set of integers, satisfying [A + A| < C|A| with some C' > 2. Let
A(a) = > ,c 4 e(aq). Prove that

1
n 1
Al da > = |A|5.
| 1Al da >z 14

(Note that |A|? is an obvious upper bound for the above integral.)
6.5 Prove that for real numbers

n n

Z(aj + bj)2 < 22(@? + b?),

=1 j=1

and equality holds iff a; = b; for all j =1,...,n.
6.6 Let ¢, k, and r be positive integers, and define

A={ng+niqg+- - +npg": 0<n; <q/2integers, n3 +--- +ni =rh

Show that A does not contain any non trivial 3—term arithmetic progressions.

6.7 (Behrend, 1946) For any (large) integer IV, there is a set A C {1,..., N} such that

A does not contain any non trivial 3-term arithmetic progressions, and |A| > Ne~c¢V!es ¥
with an absolute constant ¢ > 0. (Hint: use the previous problem with optimal choices of
the parameters k, q,.)

6.8 Let A be a finite set of real numbers. Prove that

AP
P

maxra_a(z) >
z#0

(Hint: Consult the proof of Corollary 1.11.)

6.9 Let A be a finite set of real numbers, and suppose that A — A| < |A|'*?, (or |[A+ A| <
| A|1*9), with some 0 < § < 1. Show that A contains an affine cube of dimension d for
all d < logy(1 +71), if |A| is sufficiently large. (We say that B is an affine cube of real
numbers with dimension d, if there are real numbers xg, z1, ..., x4 such that

B={xo+ex1+ - +e€4xq: €5 =0,1 for all j}.

Alternatively one can first fix a d > 1 and than conclude the existence of an affine cube
with dimension d, if |[A £ A < |A|'*9 witha 0 <6 < 1/(2% —1).)

6.10 (Hilbert, 1892) Let r,d > 1 be integers. For any r—coloring of the integers, prove that
a color class contains an affine cube of dimension d. (Hint: this is true for density reasons,
and follows from the previous problem. At least one color class must be dense, and for a
dense set |A — A] is small.)



7.1 Let A be a finite set of positive real numbers, and B =log A = {loga : a € A}. Prove
that A
Al

<|A+ Al?|B + B|.
210g]A|_‘ +A[*|B + B

7.2 Let A be a subset of a field F' (either R or Z,). We define

QA] =

A—A {a—b

(A—A)~ {0} ~ 'ChbvcadeA,c#d}.

c—d’

Prove the following elementary properties.

0,1 € Q[A],

Q[A + x] = Q[A], for all x € F,
Qlr - Al = Q[A], for all 0 # = € F,
QA] = -QIA],

1

QLN = BT oy

7.3 Let A be a finite subset of a field F', |A| > 1, and let = € F' be arbitrary. Prove that
A+ (- A)| = |AP? iff z € Q[A]. (Hint: check if the map (a,a’) — a + za’ is injective.)
7.4 Let A be a subset of Z,, with |A| > |/p. Prove that Q[A] = Z,. (Hint: prove first 7.3.)

7.5 Let A be a non—empty finite subset of the positive real numbers. Prove that |A-A+A| >
|A|3/2.

7.6 Prove that A-B+C+D = Z, whenever A, B, C, D are subsets of Z,, with |A||B||C||D| >
p®, especially A- A+ A- A+ A- A =17, whenever A is a subset of Z, with |A] > p3/4.

7.7 Prove that (A+ A)- A+ A-A+ A- A = Z, whenever A is a subset of Z, with
|A| > (2p)?/3. (Hint at the end of the Lecture Notes, Ch 6.)

7.8 Prove that A- A+ A- A+ A- A =7, whenever A is a subset of Z, with |A| > (2p)?/3
and [A+ A| < |A]*/(2/p).

8.1 Let o # 0 be a real number and A be the lattice in R? with basis a; = (o, 1) and
az = (1,0). Compute det(A).

8.2 Let «a, 8 be real numbers and A be the lattice in R? with basis a; = (o, 3,1), ag =
(1,0,0), and a3 = (0,1,0). Compute det(A).

8.3 Let A be the subgroup of R? generated by the vectors a; = (1,0), ay = (0,1), and
az = (1/3,2/3). Show that A is a lattice, find a basis for A, and compute det(A).
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8.4 Prove the following version of Theorem 7.2 (Minkowski’s first theorem) Let A be a
lattice in R?, and let K be a symmetric convex body in R? with volume vol(K) > 2¢ det(A).
Then K (the closure of K) contains a lattice point different from the origin.

8.5 Let ay,...,a, be a basis of R™, A\q,...,\, be positive real numbers, and K C R™ be
a symmetric convex body. Prove that

K* = {Z)\kackak : kaak S K}
k=1 k=1

is a symmetric convex body.

8.6 Let Z[i] = {u+iv: u,v € Z, i> = —1} be the ring of Gaussian integers, and 0 # z € C
be a complex number. Prove that A = {zw : w € Z[i]} is a lattice (with the natural
embedding of C into R?), find a basis for A and compute det(A).

8.7 Derive Lemma 5.2, (Dirichlet’s approximation theorem) from Minkowski’s first theo-
rem. Let k > 1 be an integer and aq, ..., ap be real numbers. For any integer (Q > 1 there
15 an integer 1 < q < Qk such that

1
g, < 0 forall j=1,... k.

(Hint: Use the lattices of Problem 8.1 and 8.2, generalize them for arbitrary k, and study
the convex body

K ={re; + - +zpp€ry1: 11| < Nzes1] < QF +1})

1 ] < 1
ey | Tk —
Q Q

8.8 Consider the lattice of Problem 8.1. Study the romboid with four vertices (£U,0)
and (0,£V), where U,V are positive real numbers, and UV = 2. Prove the following
approximation theorem. Let o be a real irrational number. There are infinitely many
rational numbers a/q such that (a,q) =1, and




8.9 Prove, if ¢, ..., ¢, be homogeneous linear forms in the variables x1,...,xy, say
Ej(ml,...,xk):aj1x1+---+ajkxk, j=1,...,k,

with real coefficients

and determinant det(A) # 0, then the points (¢1,...,¢x) corresponding to integer values
of z1,...,x, form a lattice A with det(A) = |det(A)|, and present a basis for A. (In other
words A = {Ax; x € Z*}, where vectors are considered as column vectors.)

8.10 Let ¢q,...,¢r be homogeneous linear forms with real coefficients in the variables
ri,...,%k, as in Problem 8.9. If L,..., Ly are positive real numbers with Ly --- Ly >
| det(A)| then there are integers x1, ..., zx, not all zero, such that

61| < La, ..., [by| < Lg.

8.11 Let ¢q,...,¢; be homogeneous linear forms with real coefficients in the variables
xri,...,Tk, as in Problem 8.9. Prove that there are integers z1,...,x, not all zero, such
that

01] + -+ ] < (k! det(A)])1F.
(Compare to Problem 8.8.)

8.12 Let /q,...,¢; be homogeneous linear forms with real coefficients in the variables
Zr1,...,Tk, as in Problem 8.9. Prove that there are integers z1,...,x, not all zero, such
that

1] €] < k7K det(A)].

(Hint: Use the theorem of arithmetic and geometric means,

AR

(AR B,

and refer to the previous problem.)

9.1 Let h > 1 be an integer, and consider the following directed graph G (best to imagine

on a diagonally cutted checker board, where edges are directed to up or to right).
V={(z,y): e +y<h 0<w=y},

E={(z,y) = (z,y + )} U{(z,y) = (z + 1,y)}.

Prove that G is a commutative layered graph of level h.
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9.2 Let G be a directed graph, and define the inverse graph G~! by changing the direction
of all edges to the opposite. Prove that if G is a commutative graph on h layers, then
so is G71. For the graph of Problem 9.1 prove also that pn(G™!) = 1/ux(G). (Note
that pp,(G) is the magnification ratio D(Vp, V4,) in G, while in G=1 edges run from V; to
Vi_1 and pup(G™1) is the magnification ratio D(V},Vp).) Find an example to show that
pn(G™1) = 1/pn(G) is not true in general.

9.3 Let A,B C {1,...,N}, and for i = 0,...,h we define disjoint vertex sets V; = (A +
iB)N{l,...,N}, finally we define an edge from x € V;_; toy € V; if y — z € B. Prove
that the graph defined this way (called the truncated addition graph) is commutative (on
h layers).

9.4 Let A and B be finite subsets of integers, and G is the addition graph of level h over
A + hB. Prove without using Pliilnnecke’s inequality that D(A, A+ hB) > 1.

9.5 Let A be a finite set of integers. Prove that |[A+ A+ A]? <|A+ A|]®. (Hint: Find the
right application of Pliinnecke’s inequality.)

9.6 Let |A| = n, 2 < i < h, and suppose that |iA| < cn. Prove that |hA| < ¢*/(=Dp,

10.1 Prove that a k—isomorphism is an /-isomorphism for all 2 < ¢ < k.
10.2 Prove that {1,2,4} is 2-isomorphic to {1,2,5}, but not 2-isomorphic to {1, 2, 3}.

10.3 Prove that a 2-isomorphic image of a generalized arithmetic progression is a gener-
alized arithmetic progression.

10.4 Let A C Zy, a € Z1, B C Z, and b € Z5 be given, where Z; and Z; are (additive)
Abelian groups. Prove that if A and B are k—isomorphic then A + a and B + b are also
k—isomorphic.

10.5 Let A be a finite set of real numbers, |A| = n, and suppose that |A+ A| < Cn. Prove
that there are 0 < 0 = §(C) < 1 and 0 < ¢ = ¢(C) < 1 such that there is an arithmetic
progression P of length k > n® with |A N P| > §k. (Hint: Freiman’s theorem.)

10.6 If A is k(m + n)-isomorphic to B then mA — nA is k—isomorphic to mB — nB.

10.7 Prove that any two finite Sidon—sets of equal size are 2—-isomorphic (refer to Chapter
2 for the definition of Sidon sets).

10.8 Suppose that p, : Z, — 7Z maps any residue class to its least positive residue. If
A C Zy, and py(a) < p/k for all a € A then A is k-isomorphic to p,(A).
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