
Relativistic theories of dissipative �uids

P. Ván12

1HAS RCP, Department of Theoretical Physics,
2BME, Dep. of Energy Engineering

Logic, Relativity and Beyond 2017

1 / 40



Outline

1 Philosophy: projector epistemology

2 Galilean relativistic �uids

3 Special relativistic dissipative �uids

2 / 40



Reality
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Science
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Engineering, physics and mathematics
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Engineering, physics and mathematics

Mathematics is the light.
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True, unbiased and sharp vision

Beamer technology and photographic art

Sharpness: use mathematical building blocks

Polishing the projection: Cleaning of the prism � removing the arti�cial and
arbitrary elements (e.g. units, reference frames)

Distorsion free: Projector rebuilding � adapted building blocks. E.g.
di�erential equations, from circles of Copernicus to ellipses of Kepler.

Fragment uni�cation: minimal number of assumptions and axioms.

Human objectivity: double control

Negative feedback: viable model

Physical : observations and
experiments

Mathematical : paradoxes and
inconsistencies

Constructive: prediction machine 7 / 40



True, unbiased and sharp vision

Model concepts of Matolcsi :

1 Sharp: every element of the model is a mathematical object.

2 True: only those elements and properties are accepted that have

counterparts in the reality.

Mathematical equivalence and physical di�erence. E.g. physical units.

Light version for physicists : focus on important elements

1 Spacetimes without reference frames and relative notions: Galilean

relativistic and special relativistic.

2 Thermodynamics is responsible for material stability. Entropy is a

Ljapunov function(al).

Fluids are more fundamental than you think

Spacetime is a �uid (Geroch), or not (Etesi)

Quantum Field Theories are �uid theories (Jackiw)
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Objectivity and relativity

Transformation rules

Galilei invariance (physics)

Rigid body motion (engineering)

Transformation rule of Noll (1958):

x ′a =

(
t ′

x ′i

)
=

(
t

hi (t) + Q ij(t)x j

)
,

where Q−1 = QT is an orthogonal tensor, a is abstract index.

Jakobian:

J ′ab =
∂x ′a

∂xb
=

(
1 0j

ḣi + Q̇ ijx j Q ij

)

Transformation rule:

C ′a = J ′abCb
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The four dimensions of Galilean relativistic space-time
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Mathematical structure of Galilean relativistic space-time

1 The space-time M is an oriented four dimensional vector space of the

xa ∈M world points or events. There are no Euclidean or

pseudoeuclidean structures on M : the length of a space-time vector

does not exist.

2 The time I is a one dimensional oriented vector space of t ∈ I instants.

3 τa : M→ I is the timing or time evaluation, a linear surjection.

4 δij : E× E→ R⊗ R Euclidean structure is a symmetric bilinear

mapping, where E := Ker(τ) ⊂M is the three dimensional vector

space of space vectors.

Simpli�cation: space-time and time are a�ne spaces

Simpli�cation: measure lines.

Abstract indexes: a, b, c, ... for M, i , j , k , ... for S

Reference frames are global and smooth velocity �elds.

Transformation rules can be derived between any reference frames.
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Vectors an covectors are di�erent

A′aB ′a = AaBa = AB + AiBi

(
t ′

x ′i

)
=

(
t

x i + v i t

)
Vector transformations (extensives):(

A′

A′i

)
=

(
A

Ai + v iA

)
Covector transformations (derivatives):(

B ′ B ′i
)

=
(
B − Bkv

k Bi

)
Balances: absolute, local and substantial

∂aA
a = 0 −→

(a,b,c∈{0,1,2,3})

ua : DuA + ∂iA
i = dtA + ∂iA

i = 0,

u′a : Du′A + ∂iA
′i = ∂tA + ∂iA

′i = 0.

Transformed: (dt − v i∂i )A + ∂i (A
i + Av i ) = dtA + A∂iv

i + ∂iA
i = 0
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From relative to absolute �uids

Usual substantial balances

ρ̇+ ρ∂iv
i = 0,

ρv̇ i + ∂kP
ik = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

Energy-momentum-density does not work in Galilean relativity.

Entropy production rate

1

T

(
P ij − pδij

)
∂ivj + qi∂i

1

T
≥ 0

Products of relative and absolute quantities.
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Mass, energy and momentum

What kind of quantity is the energy?

Square of the relative velocity → 2nd order tensor

Kinetic theory: trace of a contravariant second order tensor.

Energy density and �ux: additional order

Basic �eld:

Z abc = zbcua + z ibc : mass-energy-momentum density-�ux tensor

a, b, c ∈ {0,1,2,3}, i , j , k ∈ {1,2,3}

zbc →
(
ρ pj

pk e jk

)
, z ibc →

(
j i P ij

P ik qijk

)
, e =

e j j
2
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Galilean transformation

Z ′abc = G a
dG

b
e G

c
f Z

def

Z abc =

((
ρ pi

pj e ji

) (
jk Pki

Pkj qkij

))
, G a

d =

(
1 0i

v j δji

)
, e =

e i i
2

Transformation rules follow:

ρ′ = ρ,

p′i = pi + ρv i ,

e ′ = e + pivi + ρ
v2

2
,

j ′i = j i + ρv i ,

P ′ij = P ij + ρv iv j + j iv j + pjv i ,

q′i = qi + ev i + P ijvj + pjvjv
i + (j i + ρv i )

v2

2
.
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Galiean transformation of energy

Transitivity:

e2 = e1 + p1v12 + ρ
v212
2

e3 = e2 + p2v23 + ρ
v223
2

→ e3 = e1 + p1v13 + ρ
v2
13

2

p2 = p1 + ρv12, v13 = v12 + v23
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Balance transformations

Absolute

∂aZ
abc = żbc + zbc∂au

a + ∂az
ibc = 0

Rest frame

ρ̇+ ∂i j
i = 0,

ṗi + ∂kP
ik = 0i ,

ė + ∂iq
i = 0.

Inertial reference frame

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.
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Further consequences

Fluid mechanics, thermodynamics, including entropy production,
are absolute: independent of reference and �ow-frames.

Four-tensors are useful. Transformation rules can be calculated
easily. For inertial frames those are the same as in RET.

Thermodynamics of motion: four-cotensor of intensive quantities.
Absolute entropy production with absolute thermodynamic �uxes
and forces.

Second law: (linear) asymptotic stability of homogeneous
equilibrium.

Key concept: �ow-frame.
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Special relativistic dissipative �uids

Problem set
1 First order and second order �uids: unexpected violent dissipative

instability

2 Parabolic or hyperbolic?

3 What is �owing? Particles, the energy or the thermometer?

4 Temperature of moving bodies. The enigma of covariant

thermodynamics.

5 Kinetic theory is not a big help.
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Relativistic �uid theory
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What is ideal?
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Entropy production

Constitutive theory � closure by linear relation, Entropy balance is

constrained by the other balances.

Σ = −ja∂aα− βΠab∂bua + qa (∂aβ + βu̇a) ≥ 0

Closure by linear relations:

ja = η∆ab∂bα

Piab = ηv∂cu
c + η∆ac∆bd(∂cud + ∂duc)/2

qa = λ∆ab (∂aβ + βu̇a)

Background: Ideal �uid: ja = 0, qa = 0, Πab = 0ab

Entropy �ux and Gibbs relation: Ja = βqa, ds = βde − αdn
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Fields and equations
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Paradox solved? Second order
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Paradox solved? Divergence type

(Müller)-Israel-Stewart theory: The linearized version is conditionally hyperbolic in
Eckart frame.

Classical structure, normal convariant entropy inequality:

∂aN
a = 0; ∂aT

ab = 0b;

∂aS
a + α∂aN

a + βb∂aT
ab ≥ 0.

Divergence, type theories : hyperbolic by construction (Geroch).

∂aN
a = 0; ∂aT

ab = 0b; ∂aA
abc = I bc

∂aS
a + χ∂aN

a + χb∂aT
ab + χbc∂aA

abc = 0,

∂aS
a = −χbc I

bc ≥ 0.
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Conclusions

There is a reference frame independent Galilean relativistic �uid

theory. Minimal assumptions.

Flow-frames.

Flow-frame and reference frame independent entropy production.

Dissipative theories are stable with proper thermodynamics, that

distinguishes between momentum density and energy �ux.

We have a sharp and true but still incomplete vision.
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Detailed conclusions

Relativistic incomplete conclusions

1 Temperature is not necessarily parallel to the �ow.

2 Generic instability is due to momentum density�heat �ux

identi�cation. Israel-Stewart theory is not necessary.

3 Kinetic theory?

4 Flow-frame independent entropy production.

Galilei and special relativity

1 Mathematically equivalent, physically di�erent: not sharp enough.

2 Flow- and reference frame free thermodynamics and dissipation.

Galilean relativity.

3 There is an energy-momentum-mass-....

4 Momentum-�ow is the best.

We have a sharp and true but still incomplete vision.
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Balances of simple �uids

Local

∂tρ+ ∂k(ρvk) = 0,

∂t(ρv
i ) + ∂k(P ik + ρv ivk) = 0i ,

∂tetot + ∂k(qktot + etotv
k) = 0.

Substantial

ρ̇+ ρ∂kv
k = 0,

(ρv i )̇ + ρv i∂kv
k + ∂kP

ik = 0i ,

ėtot + etot∂kv
k + ∂kq

k
tot = 0.

Notation:

∂t = ∂
∂t
, ∂i = ∇, v i = v, indices are not coordinates.

i , j , k ∈ {1,2,3}
etot is the total energy density.

Transformations

v i relative velocity,

∂t + v i∂i = d
dt , comoving derivative,

q̂i = qi + etotv
i , conductive and convective
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Fluid thermodynamics

total - kinetic = internal , e = etot − ρv 2/2
d

dt

(
ρ
v2

2

)
+ ρ

v2

2
∂iv

i + ∂i (P
ikvk)− P ik∂ivk = 0.

ė + e∂kv
k + ∂k(qktot − P ikvi︸ ︷︷ ︸

qk

) + P ik∂ivk = 0.

Thermodynamics:

s(e, ρ), de = Tds + µdρ; e + p = Ts + µρ, s i = qi

T

ṡ + s∂iv
i + ∂i s

i =
1

T
ė − µ

T
ρ̇+ s∂iv

i + ∂i
qi

T
=

− 1

T

(
e∂iv

i + ∂iq
i + P ij∂ivj

)
+
µ

T

(
ρ∂iv

i
)

+ s∂iv
i +

µ

T
∂iq

i + qi∂i
1

T
=

qi∂i
1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0.

Basic �elds: ρ, e, v i ; Constitutive functions: qi , P ij
31 / 40



Absolute and relative �elds

Z abc = zbcua + z ibc : mass-energy-momentum density-�ux tensor

u-form:

Z abc =
(
ρubuc + pb̄uc + ubpc̄ + e b̄c̄

)
ua +(

j iubuc + P i b̄uc + P i c̄ub + qi b̄c̄
)

ρ = τbτcz
bc = τaτbτcZ

abc , density

pb̄ = πb̄dτcz
dc = τaπ

b̄
dτcZ

adc , momentum density

e b̄c̄ = πb̄dπ
c̄
ez

de = τaπ
b̄
dπ

c̄
eZ

ade , energy density tensor

j i = πidτbτcZ
dbc , (self)di�usion �ux

P i b̄ = πidπ
b̄
eτcZ

dec , pressure

qi b̄c̄ = πidπ
b̄
eπ

c̄
f Z

def . heat �ux tensor

e = 1

2
e ii energy density qi = 1

2
qij j heat �ux
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Thermodynamics. Gibbs relation I.

ds =Ybcdz
bc Ybc chemical potential-thermovelocity-temperature cotensor

Physical de�nitions

Ybc
u
≺
(
y yj
yk ykj

)
=
β

2

(
−2µ −wj

−wk δjk

)
,

Transformation rules

β′ = β,

w ′i = wi + vi , like a vector!

µ′ = µ− wiv
i − v2

2
.

Calculation with classical transformation matrix.
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Thermodynamics. Gibbs relation II.

Absolute Gibbs relation: ds =Ybcdz
bc

Absolute extensivity condition: Sa = YbcZ
abc + pa

Absolute and relative

Pressure decomposition: pa = βp(ua + w i )

Sa = YbcZ
abc + pa → Ts = e + p − µρ− wip

i ,

→ Ts i = qi − µj i − P ijwj + pw i ,

ds = Ybcdz
bc → de = Tds + µdρ+ widp

i + (ρwi − pi )dv
i .

Relative Gibbs relation is Galilean invariant if the inertial reference frame

changes.
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Thermostat(odynam)ics.

Gibbs relation: de = Tds + µdρ+ widp
i + (ρwi − pi )dv

i

Maxwell relations

s(e, ρ, pi , v i )

∂s

∂pi
=

wi

T
,

∂s

∂v i
=
ρwi − pi

T

∂2s

∂v ipj
=

∂2s

∂piv j
=

∂wi

∂v j
= δij − ρ

∂wi

∂pj

Solution:

wi =
pi
ρ

+ Aij

(
v j +

pj

ρ

)
+ w i

Galilean invariant(!) part :

pi = ρwi
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Termodynamics III. Entropy balance.

∂aS
a = ∂a(sua + s i ) = σ ≥ 0, condition: ∂aZ

abc = 0

Entropy production

∂aS
a = ṡ + s∂au

a + ∂as
i

= ...

= −(j i − ρw i )∂a

(
βµ+ β

w2

2

)
+(

qi − w i (e − pjwj) + (j i − ρwa)
w2

2
− P ijwj

)
∂aβ −

β
(
P i
j + w i (ρwj − pj)− j iwj − pδij

)
∂a(ub + w j) ≥ 0
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Entropy production II.

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.

Σ = −(j i − ρw i )∂i

(
βµ+ β

w2

2

)
+(

qi − w i (e − pjwj) + (j i − ρw i )
w2

2
− P ijwj

)
∂iβ −

β
(
P i
j + w i (ρwj − pj)− j iwj − pδij

)
∂i (v

j + w j) ≥ 0

Variables: ρ, pi , e

Constitutive functions: j i ,P ij , qi , v i? �ow-frame

Equation of state: µ,T ,w i
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Classical theory

Eos: w i = pi

ρ

Flow-frame: Ai = 0 if ua = Aa

τaAa

Thermo-frame

w i = 0 → pi = 0

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

−j i∂i
µ

T
+ qi∂i

1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Flow-frame: hidden Galilean invariance
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Constitutive theory

−j i∂i
µ

T
+ qi∂i

1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Di�usion Thermal Mechanical

Force -∂i
µ
T ∂i

1

T ∂ivj
Flux j i qi - 1T

(
P ij − pδij

)
ρ̇+ ρ∂iv

i + ∂i j
i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

(Self)-di�usion: not Brenner like
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The need of four dimensions

V i := ḣi

Objectivity of spatial vectors(
1 0

V i + Q̇ ijx j Q ij

)(
0

C j

)
=

(
0

Q ijC j

)
→ C ′i = Q ijC j .

Galilean transformations (Q ij = δij) and four-vectors?(
ρ̂

ĵ i

)
=

(
1 0

V i δik

)(
ρ
jk

)
=

(
ρ

j i + ρV i

)
→ ρ′ = ρ

j ′i = j i + ρV i

Velocity v i := ẋ i (t). By de�nition: v ′i = d
dt x
′i = V i + Q̇ ijx j + Q ijv j

This is not a transformation of three-vectors.

Velocity as four-vector: ẋa = (1, v i)(
1′

v ′i

)
=

(
1 0

V i + Q̇ ijx j Q ij

)(
1

v j

)
=

(
1

V i + Q̇ ijx j + Q ijv j

)
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