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Rindler’s book:

‘ SPR <= Isotropy & (spacetime) Homogeneity

Our CQG paper:

‘ SPR =% Isotropy’

SPR := Principle of Relativity
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Who is right?
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Who is right? Both of us!

You are also right!

Of course, we can only be
both right if we capture
some ideas differently.
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SPR according to Einstein in 1905:

§ 2. Uber die Relativitit von Liingen und Zeiten.

Die folgenden Uberlegungen stiitzen sich auf das Relativitits-
prinzip und auf das Prinzip der Konstanz der Lichtgeschwindig-
keit, welche beiden Prinzipien wir folgendermaBlen definieren.

1. Die Gesetze, nach denen sich die Zustinde der physi-
kalischen Systeme #ndern, sind unabhiingig davon, auf welches
von zwel relativ zueinander in gleichférmiger Translations-
bewegung befindlichen Koordinatensystemen diese Zustands-
dnderungen bezogen werden.

2. Jeder Lichtstrahl bewegt sich im ,ruhenden” Koordi-
natensystem mit der bestimmten Geschwindigkeit /, unabhiingig
davon, ob dieser Lichtstrahl von einem ruhenden oder be-
wegten Korper emittiert ist. Hierbei ist
Lichtweg
Zeitdauer '

Geschwindigkeit =

wobei ,,Zeitdaver* im Sinne der Definition des § 1 auf-
zufassen ist,

From Einstein’s paper ,,Zur Elektrodynamik Bewegter Korper.”
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SPR is an

(Hence it can be formulated several different ways.)



SPR is an

(Hence it can be formulated several different ways.)

So the right question to ask is:

How are these formalizations related?

)




W(k, b, x,y, z,t) e~ ,observer k coordinatizes body

b at spacetime location (x, y, z, t)




W(k, b, x,y, z,t) e~ ,observer k coordinatizes body

b at spacetime location (x,y, z, t)

Worldline of body b according to observer k

wlinei(b) = {{x,y,z,t) € Q* : W(k, b,x,y,z,t)}



Language: {B,|0b,Q, +,-, <, W Ph, Etc.}

<Q7 +, S)

B «~ Bodies (things that move)  10b «~ Inertial Observers

Q ~~ Quantities +, - and < « field operations and ordering
W e~ Worldview (a 6-ary relation of sort BBQQQQ )
Ph «~ Photons (light signals)



AxQOField:

The structure of quantities (Q, +, -, <) is an ordered field,

Rational numbers: Q,

Q(v2), Q(v3), Q(x), ...
Computable numbers,
Constructable numbers,

Real algebraic numbers: ANR,
Real numbers: R,
Hyperrational numbers: Q,
Hyperreal numbers: R*,

Etc.



A principle of relativity

S — set of experimental scenarios.



A principle of relativity

S — set of experimental scenarios.

CoordSPR:

Every experimental scenario ¢ € S is either realizable by every
inertial observer or by none of them.

For all ¢ € §: 10b(k),10b(K') = [p(k,x) <> ¢(K,X)].




Examples

CoordSPR:
For all ¢ € §: 10b(k),10b(K') = [p(k,x) <> ¢(K,X)].

k b k' o

©(k,v) = (3b € B)[speed, (b) = v]



Examples
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N N

©(k,c) = (Vb € B)[speed,(b) < ¢]




Examples

CoordSPR:
For all ¢ € §: 10b(k),10b(K') = [p(k,x) <> ¢(K,X)].
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CoordSPR:
For all ¢ € §: 10b(k),10b(K') = [p(k,x) < ¢(K,X)].

Experimental scenarios (S) =777

e S C ,Formulas expressible in the language of the theory.”

@ We need a free variable for the observer on which we will
evaluate the formula.

@ We would like to use numbers as parameters.

CoordSPR™: when S contains all the formulas having only 1 free
variable of sort bodies.



What does SPR imply?




There is at least one inertial observer according to whom,
any light signal moves with the same velocity in every direction.

(3p € Ph)[x, 7 € wlinex(p)]
(3k €10b)(3c € Q)(Vxy € QY)

<=>

space?(X,y) = c? - time(x, y)?



According to every inertial observer, any light signal moves with the
same velocity in every direction.

(3p € Ph)[%, 7 € wlinex(p)]
(Vk € 10b)(3c € Q)(Vxy € Q%)

<~

space?(X,y) = c? - time(X, )?



Proposition: (Assuming AxOField)

CoordSPR™, AxLight = AxPh




Proposition: (Assuming AxOField)

CoordSPRg, AxLight = AxPh, if

o(k,%,y) = (3p € Ph)[X, 7 € wlinex(p)] € S.




How to formalize Isotropy? |




The worldview transformation w, . between observers k and k’
def
Wkk’(Xay,Z, t: ley/a 2,7 tl) <:e>
Vb W(k,b,x,y,z,t) < W(K',b,x',y' 2 t).

kit > by k't by bo

9



Homogeneity:

Translations do not effect the outcomes of experiments (and the
experiments can be translated).

Forall p € S: wyy ,is a translation,”
|Ob(k),10b(K') = [<p(k,>'<) = go(k’,?)].

and

(Vk € 10b)(VT ,translation” )(3k" € 10b) [wkk/ = T]



Rotations do not effect the outcomes of experiments (and the
experiments can be rotated).

For all p € S: wy ,is a rotation restricted to space,”
|Ob(k),10b(K') = [<p(k,>'<) = go(k’,?)].

and

(Vk € 10b)(VR ,spatial rotation”)(3k" € IOb)[wkk/ = R]



Proposition: (assuming AxOField)

AxTriv, CoordSPR = Homogeneity
AxTriv, CoordSPR — Isotropy

The rotated (around the time-axis) and translated versions of an
inertial coordinate systems are also inertial coordinate system.




Frames vs. coordinate systems

40  Foundations of special relativity; The Lorentz transformation

(isotropy), be repeated at any time (temporal homogeneity )—and the outcome will
be the same.

All this is a direct consequence of the relativity principle. To see this, let us make a
logical distinction between inertial frames and inertial coordinate systems (a distinc-
tion which later we shall generally ignore). The former are mere extensions (real or
imagined) of non-rotating uniformly moving rigid bodies in a world without gravity,
as in SR. An inertial coordinate system is such an IF plus, in it, a choice of standard
coordinates x, , z, # in standard units. For a given frame these systems differ from each
other at most by spatial rotations and translations and time translations. Now, strictly
speaking, Einstein’s RP concerns inertial coordinate systems: the laws of physics
are invariant under a change of inertial coordinate system. So we see at once that
this equivalence of coordinate systems, when applied to just one IF, guarantees the
homogeneity and isotropy of that IF.

It is perhaps less well known that, conversely, the homogeneity and isotropy of all
inertial frames implies the RP, as has been especially stressed by Dixon. So it is really
a question of taste which of the two is taken as axiom and which as consequence.

From Rindler’'s book ,Relativity: Special, General, and Cosmological.”



Coordinates vs frames




How can we introduce reference frames? |




A reference frame is an equivalence class of observers:

k~h g th:TOR

for some rotation R around the time-axis and (spacetime)
translation T.



FrameSPR:

Every ¢ € S experimental scenario is either realizable in every
inertial frame of reference or in none of them.

For all o € S: 10b(k),|10b(k") =

(oo 4] erem] 535])



Proposition: (Assuming AxOField)
FrameSPR™, AxLight, AxRest = AxPh

AxRest:

Restricted to time or space the worldview transformation between
any two inertial observers stationary with respect to each other is a
similarity (i.e., isometry up to scaling).

| A\

\
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Proposition:

FrameSPR™, AxTriv, AxRest, Etc. =~ Homogeneity
FrameSPR™, AxTriv, AxRest, Etc. =4 Isotropy
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Thank you for your attention!
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