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Hard, Harder, Hardest… 



Hard: Proof Verification 

Machine 

Proof 

Theorem 

Axioms 

Yes/No 



Example 

Four Colour Theorem (1976, 2005)1 

Flyspeck Project (2014) 

Verifies proof of the Kepler Conjecture 

Uses HOL Light and Isabelle assistants 

 

1Arkoudas, K. & Bringsjord, S. (2007) 

“Computers, Justification, and Mathematical 

Knowledge” Minds and Machines 17.2: 185–

202. 



Harder: Proof Discovery 

Machine 
Theorem 

Axioms 
Proof 



Examples (first proofs) 

Semi-automated 

Gödel's First Incompleteness Theorem1 (2013, 

RAIRL) 

Fully automated 

Robbins Conjecture in Otter (1997) 

 

1Licato, John, et al. "Analogico-deductive 

generation of Gödel's first incompleteness theorem 

from the liar paradox." Proceedings of the Twenty-

Third international joint conference on Artificial 

Intelligence. AAAI Press, 2013. 



Hardest: Theorem 

Discovery 

Machine Axioms Theorems 



Examples 

:( 



Machine 1 Axioms 

Machine 2 
Theorem 

Axioms 

Machine 3 

 

Proof 

Theorem 

Axioms 

Yes/No 



An Update since LRB15: 

Diagrammatic Reasoning 







Theorem Clocks: Moving 

Clocks Go Out of Sync 

𝝙0 ➔ 𝝙1 by [Diagram − Reiteration]: 

    observe (meets(i1,m1,m2) ∧ ¬in same frame(v1,v2)) 

    observe in same frame(v2,v3) 

    observe in same frame(v2,v4) 

    observe in same frame(v3,v4) 

𝝙1 ➔ 𝝙2 by [Diagram − Reiteration]: 

    observe (meets(p, c1, m3) ∧ speed of light(c1) 

𝝙2 ➔ 𝝙3 by [Thinning] with can observe photon at definition 

𝝙3 ➔ 𝝙4 by [Diagram − Reiteration]: 

    observe (meets(q, c2, m4) ∧ speed of light(c2) 

𝝙4 ➔ 𝝙5 by [Thinning] with the can observe photon at definition: 

    observe not same location(q, q′) ()where q′ = (2, 0)) 

    observe not same location(p, q) 

    observe (meets(i1, m2, c1) ∧ meets(p, c1, c2) ∧ meets(i2, c2, m4) ∧ speed of light(c1) ∧ speed of 

light(c2)) observe clocks unequal(i1, i2) 





The Event Calculus 



Logical 

Machinery 

Abductive: 

What happens when 

(Explanation, planning) 

Inductive: 

What actions do 

(Learning) 

Deductive: 

What’s true 

when 

(Prediction) 



Formalism for reasoning about action and change 

Logical mechanism for inferring what’s true given what 

happens when, and what actions do 

Single time-line on which events occur 

Can be first-order or modal 

Ontology: events, fluents, time points 

(Can support context-sensitive effects of events, indirect 

effects, action preconditions, partially-ordered events, etc.) 



Example 

The effects of events: 

If the light’s switch is flipped up, then the light will be on 

If the light’s switch is flipped down, then the light will be off 

A specific scenario: 

The light was off at time 0 

Then the switch was flipped up at time 5 

Then the switch was flipped down at time 8 

We can now conclude: 

At time 3, the light was off 

At time 7, it was on 

At time 10, it was off 



The Relativistic Event 

Calculus (REC) 



REC: Sorts 

Quantities 

Bodies 

Observers 

Photons 

Fluents 

Events 



REC: Predicates 

Initially(m,f): Observer m observes fluent f at origin 

HoldsAt(m,f,x): Fluent f holds at x in m’s FOR 

Happens(m,e,x): Event e happens at x in m’s FOR 

Initiates(m,e,x,f,x’): Event e happens at x in m’s FOR, initiating a fluent f at x’ in m’s 

FOR 

x and x’ constrained by STR and causality 

Terminates(m,e,x,f,x’): Event e happens at x in m’s FOR, terminating a fluent f at x’ in 

m’s FOR 

StoppedIn(m,x,f,x’): The fluent f is stopped somewhere between x and x’ in m's FOR 



REC: Axioms 

REC1: (Initially(m,f) ∧ ¬StoppedIn(m,0,f,x)) ∨ 

∃e,x’,x’’ (Happens(m,e,x’) ∧ Initiates(m,e,x’,f,x’’) ∧ 

¬StoppedIn(m,x’’,f,x))) ≡ HoldsAt(m,f,x) 

REC2: StoppedIn(m,x1,f,x2) ≡ ∃e,x 

(Happens(m,e,x1) ∧ Terminates(e,f,x) ∧ 

Between(m,x1,x,x2)) 



REC: STR 

Initially(m,f) → W(m,f,0); Holds(m,f,x) → 

W(m,f,x); Happens(m,e,x) → W(m,e,x) 

Lines connecting events with fluents: 

Are straight (AxLine-REC) 

Have slope lesser or equal to 1 (AxThEx-REC, 

AxLine-REC) 



REC: Causality 

REC1-C: (Initially(m,f) ∧ ¬StoppedIn(m,0,f,x)) ∨ 

∃e,x’,x’’ (Happens(m,fp,e,x’) ∧ Initiates(m,e,x’,f,x’’) ∧ 

¬StoppedIn(m,x’’,f,x))) ≡ HoldsAt(m,f,x) ∧ 

Causes(m,fp,x’,f,x) 

In Specrel0 + Ax↑, event e casually precedes event 

e’ iff (∀m∈Ob)(timem(e) ≤ timem(e’)) 



Specrel + REC + LP is 

inconsistent 



Köszönöm szépen 


