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Hard: Proof Verification
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Example

» Four Colour Theorem (1976, 2005)*
» Flyspeck Project (2014)
» Verifies proof of the Kepler Conjecture

» Uses HOL Light and Isabelle assistants

lArkoudas, K. & Bringsjord, S. (2007)
“Computers, Justification, and Mathematical
Knowledge” Minds and Machines 17.2: 185—
202.
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Abstract The original proof of the foer-color theorem by Appel and Haken
sparked a controversy when Tymoczke esed it to argue that the justification pro-
vided by unsurveyable proofs carried out by computers cannot be a prioel. It also
created a lingering impression to the effect that such proofs depend heavily for thelr
soundness on large amounts of computation-intessive custom-busht software. Contra
Tymoeczko, we argue that the justiication provided by coraia computerized
mathematical proofs is not fundamentally different from (hat provided by survey.
able proofs, and can be sensibly regarded as a prion. We also show that the
aforementiooed impression is mistaken because it fails to distinguish between proof
search (the context of discovery) and proof checking (the context of justification)
By using mechanized proof assistants capable of producing certilicates that can be
indepondently chocked, it is possible to carry out complex proofs without the need
to trust arbitrary castom-written code. We oaly need 1o trust one fixed, smmall, and
sample piece of software: the peoof checker. This is not only possible in principle,
but is in foct becoming a viable methodology for performing complicated mathe-
matical reasoming. This is evinced by o new peoof of the four<olor theorem that
appeared n 2005, and which was developed and checked In Ies entirety by a
mechanical prood system,
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Harder: Proof Discovery

Theorem
AXioms

~=fr Proof




Examples (first proofs)

« Semi-automated

» Godel's First Incompleteness Theorem? (2013,
RAIRL)

. Fully automated

- Robbins Conjecture in Otter (1997)

!Licato, John, et al. "Analogico-deductive
generation of Godel's first incompleteness theorem
from the liar paradox.” Proceedings of the Twenty-
Third international joint conference on Atrtificial
Intelligence. AAAI Press, 2013.
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Analeghco-Deductive Generation of Gidel's First
Incompleteness Theorem from the Linr Parndox®

Jobm Licase, Naveen Sundar Goviodarajulu,
Selmer Bringyjerd, Michael Pomerany, Logan Gittelsen
Remselaer Polysechsic Lagiogne (RPI)

Troy NY USA
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Hardest: Theorem
Discovery

AXioms = -~ Theorems
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An Update since LRB15:
Diagrammatic Reasoning



D = RuleApp

assume F' D

F by D

;D

pick-any z D

pick-witness w for dz . FF D

specialize Vz,---x, . Fwitht,..., {,

ex-generalize Jx . F' from ¢

cases by B s wag D (0'1;,01) —* Ly | T | (Un;pn) — Dy,
observe F

A = DA

claim (o; p)

(o; p) by thinning with F1, ..., F,

(o; p) by widening

(o; p) by absurdity

cases by Fi,..., Fi: (01;01) — A1 | -+ | (on;pn) — An
cases Fy V Fy: Fi — Ay | F5 — Ay

pick-witness w for dz . FF A

D &= D|A




[Thinning]

(BU{FL,...,Fn};(0;p)) - (o'; p') by thinning with Fi,..., Fn ~ (d'; ')
provided (o3 p) by gy ... 13 (075 0)

[Widening]

(8; (o3 p)) = (0'; p') by widening ~» (o'; p')
provided (o3 p) C (0';p")

[Absurdity]

(8 U {false}; (o; p)) - (o”; p’) by absurdity ~ (o”; p’)

- [Diagram-Reiteration]
(B; (03 p)) F claim (o3 p) ~ (o7 p)

(BU{F1,...,Fc};i(o1501)) F A1~ (075 p)

(BU {F1,...,Fi}; (Uﬂ.;pn)) FAn~ (o';p') [C1]

(BU{F1,...,F.};(o;p)) Feasesby Fy,...,Fi: (o15p,) — Ay | | (on;p,) = An~ (o/;0)
provided (03 p) by gy . pyy {(01501)5- - -5 (Onspy) }

(BU{FLV F3,F1};(a;p)) A1~ (0'5p") (BU{F1V F3, Fa};(03p)) D2~ (0!5p0) [y
(BU{F1V F3};(0;p)) b-cases Fy V F: Fy — Ay | Fz — Ag~ (05 p')

(Bi(o;p) ED~F  (BU{F};(0;p)) FA~ (05p)  [D;A]
(8; (a;p)) E D; A~s (05 p)

(Bi(o;p)) FA~ (o'50")  (Bi(o'3p)) D~ F (A D]
(Bi(o3p)) FA; D~ F

(Bi(gip)) F A1~ (013p))  (Bi(o13p1)) F Ao~ (02ip2)  [A;A]
(8; (030)) F A1; Az~ (023 p2)

(B;(g:p)) =Dy~ Fy (BU{F1}i(o:p)) F Dy~ Fy [D; D]
(B; (03 p)) F D1; D2~ F

(BU{3z.F Flz/z]};(0:p)) F A [z/w] ~ (o’; p') [EI/A]
(Bu{3z. F};(o;p)) I pick-witnessw for3z.F A~ (o';p')

provided z is fresh




Theorem Clocks: Moving
Clocks Go Out of Sync

Ao = A1 by [Diagram — Reiteration]:
observe (meets(i1,m1,m2) A =in same frame(v1,v2))
observe in same frame(v2,v3)
observe in same frame(v2,v4)
observe in same frame(v3,v4)

A: = Az by [Diagram - Reiteration]:
observe (meets(p, c1, m3) A speed of light(cl)

A = A3 by [Thinning] with can observe photon at definition

Az = A4 Dby [Diagram - Reiteration]:
observe (meets(q, c2, m4) A speed of light(c2)

As = As by [Thinning] with the can observe photon at definition: oy
observe not same location(q, q') ()where q' = (2, 0)) Mﬁf"
observe not same location(p, Q) %
observe (meets(il, m2, c1) A meets(p, cl1, c2) A meets(i2, c2, m4) A sW‘@’ﬁﬁl) A speed of i

light(c2)) observe clocks unequal(il, i2) %
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The Event Calculus



Abductive:
What happens when
(Explanation, planning)

I Deductive:
Logica What's true
™ when

(Prediction)
K”v

Inductive:
What actions do
(Learning)



Formalism for reasoning about action and change

Logical mechanism for inferring what's true given what
happens when, and what actions do

Single time-line on which events occur
Can be first-order or modal
Ontology: events, fluents, time points

(Can support context-sensitive effects of events, indirect
effects, action preconditions, partially-ordered events, etc.)



Example

» The effects of events:

« If the light’s switch is flipped up, then the light will be on

s If the light’s switch is flipped down, then the light will be off
» A specific scenario:

s The light was off at time O

s Then the switch was flipped up at time 5

s Then the switch was flipped down at time 8
. We can now conclude:

s Attime 3, the light was off

» Attime 7, it was on

. Attime 10, it was off



The Relativistic Event
Calculus (REC)



REC: Sorts

Quantities
Bodies

- QObservers
» Photons
Fluents

Events



REC: Predicates

Initially(m,f): Observer m observes fluent f at origin
HoldsAt(m,f,x): Fluent f holds at x in m’s FOR
Happens(m,e,x): Event e happens at x in m's FOR

Initiates(m,e,x,f,x’): Event e happens at x in m’s FOR, initiating a fluent f at X’ in m'’s
FOR

= X and x’ constrained by STR and causality

Terminates(m,e,x,f,x’): Event e happens at x in m’s FOR, terminating a fluent f at X’ in
m’'s FOR

Stoppedin(m,x,f,x’): The fluent f is stopped somewhere between x and x’ in m's FOR



REC: AXioms

. REC1: (Initially(m,f) A =StoppedIn(m,0,f,x)) v

Je,x’, X" (Happens(m,e,x’) A Initiates(m,e,x’,f,x") A
“Stoppedin(m,x”,f,x))) = HoldsAt(m,f,x)

- REC2: StoppedIn(m,x1,f,x2) = Je,x
(Happens(m,e,x1) A Terminates(e,f,x) A
Between(m,X1,X,X2))



REC: STR

s Initially(m,f) —» W(m,f,0); Holds(m,f,x) —
W(m,f,x); Happens(m,e,x) —» W(m,e,x)

s LInes connecting events with fluents:
- Are straight (AxLine-REC)

s Have slope lesser or equal to 1 (AXThEX-REC,
AxLine-REC)



REC: Causality

» RECI1-C: (Initially(m,f) A =Stoppedin(m,0,f,x)) Vv
Jde,x’,x" (Happens(m,fp,e,x’) A Initiates(m,e,x’,f,x”) A
“Stoppedin(m,x”,f,x))) = HoldsAt(m,f,x) A
Causes(m,fp,x’,f,x)

s In Specrelp + AxT, event e casually precedes event
e’ iff (VmeODb)(timem(e) < timem(e’))



Specrel + REC + LP Is
Inconsistent

REC_AX_l. Vm,a,fc f,x,xp ((Initially(m,f) v (Happens(m,fc,a,x) a Initiates(m,a,x,f,xp))) — (HoldsAt(m,f,xp) » Causes(m,fc,x,f,xp)))
{REC_AX_1} Assume v/

LPP_1. HoldsAt(T,T,2150) | LPP_2. Happens(T,T,TT,2150) || LPP_3. Initiates(T,TT,2150,7,2017)
{LPP_1} Assume v {LPP_2} Assume / {LPP_3} Assume v/ [

CEN

BRIDGE_1. ¥m,f,x (HoldsAt(m,f,x) — W(m,f,x)) | | LPP_4. HoldsAt(T,T,2017)
{BRIDGE_1} Assume v/ {LPP_2,LPP_3,REC_AX_1}

ANM-AXThEx-LEMMA. ¥m,p,q ((space(p,q) = time(p,q)) — -3k (W(m,k,p) » W(m,k,q)))
{ANM-AXThEx-LEMMA} Assume /

ARITH-LPP_1. ~(space(2150,2017) = time(2150,2017))
{ARITH-LPP_1} Assume v/

{BRIDGE_1,LPP_1,LPP_2,LPP_3,REC_AX_1} CONTRADICTION. falsum

lLPP_S. W(T,T,2150) A W(T,T,2017)
{ANM-AXThEx-LEMMA ARITH-LPP_1,BRIDGE_1,LPP_1,LPP_2,LPP_3,REC_AX_1)

LPP_6. Happens(T,Painting,MakeCopy,2150) | | LPP_7. Initiates(T,MakeCopy,2150,Copy2,2150) || BRIDGE_2. ¥m,fc,x,f,xp (Causes(m,fc,x,f,xp) - (causes(fc,f) » ((time-obs(m,fc) = x) A (time-obs(m,f) = xp))))
{LPP_6} Assume v/ {LPP_7} Assume v/ {BRIDGE_2} Assume v/

e

/ |

LPP_8. Causes(T,Painting,2150,Copy2,2150) || LPP_11. causes(Painting,Copy2) :
(LPP_6,LPP_7,REC_AX_1} J {BRIDGE_2,LPP_6,LPP_7,REC_AX_1} ANM-CAUSALITY-LEMMA. V&:l; (Zi‘ﬁiii(ﬁf’fl&m (tlme;obS(m.e) s time—obs(m,ep)))]
- = ssume

T

ARITH_1.Va,b((a<b) = ((a<b)v(a=h)||ARITH_2. Va,b((a < b) « -~(b < a))
{ARITH_1} Assume v | {ARITH_2} Assume v/

LPP_10, Copy = CopyZJ — -
{LPP_10} Assume / 3 ARITH_3. 2150 » 2017’/
- —_ 1ARI‘I’H__3/)'Assume v/

(time-obs(m,Painting) = time-obs(m,Copy)) ] ( LPP_14. time-obs(T,Painting) » time-obs(T,Copy)
_2,BRIDGE_2,LPP_10,LPP_6,LPP_7,LPP_9 (proof identifical to LPP_8),REC_AX_1} } {ARITH_3,BRIDGE_2,LPP_6,LPP_7 LPP_9 (proof identifical to LPP_8),REC_AX_1}

[FOL 5 /]

CONTRADICTION. false
{ANM-CAUSALITY-LEMMA,ARITH_1,ARITH_2,ARITH_3 BRIDGE_2,LPP_10,LPP_6,LPP_7,LPP_9 (proof identifical to LPP_8),REC_AX_1}

{LPP_S (proof identifical to LPP_8)} Assume / {BRIDGE_2 LPP_9 (proof identifical to LPP_8)}

LPP_9 (proof identifical to LPP_8). Causes(T,Copy,2017,Painting,2017) LPP_12. causes(Copy,Painting) ] = z ’
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