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Hard, Harder, 
Hardest…



Hard: Proof 
Verification

Machine
Proof 

Theorem 
Axioms

Yes/No



Example
Four Colour Theorem (1976, 
2005)

1
 

Flyspeck Project (2014) 

Verifies proof of the Kepler 
Conjecture 

Uses HOL Light and Isabelle 
assistants 

1
Arkoudas, K. & Bringsjord, S. 
(2007) “Computers, Justification, 
and Mathematical Knowledge” 
Minds and Machines 17.2: 185–202.



Harder: Proof 
Discovery

Machine
Theorem 
Axioms Proof



Examples (first 
proofs)

Semi-automated 

Gödel's First Incompleteness 
Theorem

1
 (2013, RAIRL) 

Fully automated 

Robbins Conjecture in Otter (1997) 

1
Licato, John, et al. "Analogico-
deductive generation of Gödel's first 
incompleteness theorem from the liar 
paradox." Proceedings of the Twenty-
Third international joint conference 
on Artificial Intelligence. AAAI Press, 
2013.



Hardest: Theorem 
Discovery

MachineAxioms Theorems



Examples

:(



Machine 1Axioms

Machine 2
Theorem 
Axioms

Machine 3
Proof 

Theorem 
Axioms

Yes/No



Machine 1Axioms

Machine 2
Theorem 
Axioms

Machine 3
Proof 

Theorem 
Axioms

Yes/No



(Formal) Axiomatizations 
in the Natural Sciences
Physics 

Einstein’s Theory of Relativity, due to Andréka 
et al. 

Biology 

Mendelian genetics of diploid eukaryotes, due 
to Woodger (1937) 

Semi-formally: biological and bio-medical 
ontologies





LRB12: Sentential proof of 
Theorem NEAT 

(No Event at Two Places)
1

∀m,x,y((Ob(m)∧Q(x)∧Q(y))→ 
(x≠y→ev(m,x)≠ev(m,y)))

1Govindarajalulu, Naveen Sundar, Selmer Bringsjord, and 
Joshua Taylor. "Proof verification and proof discovery for 

relativity." Synthese (2014): 1-18.



Software
SNARK: resolution theorem prover for FOL with equality. 

SLATE: Graphical, interactive natural deduction prover, 
built on SNARK.

1 

1
Bringsjord, S., Taylor, J., Shilliday, A, Clark, M. & Arkoudas, 
K. (2008) “Slate: An Argument-Centered Intelligent Assistant to 
Human Reasoners” in Proceedings of the 8th International 
Workshop on Computational Models of Natural Argument 
(CMNA 8), Grasso, F., Green, N., Kibble, R. & Reed, C., eds. 
Pages 1–10, Patras, Greece, July 21, ISBN: 978-960-6843-12-9.



Proof that if there is a body b whose 
wordline for observer m passes through 
point p but not through q or through q 
but not through p, then the events 
observed by m at p and q are different.

The theorem

m observes that there is a 
body which passes through p 
but not through q or through 
q but not through p.

There is a point z reachable  at 
the speed of light from p but 
not from q for observer m.

∀ intro ✓

→ intro ✓

∃ elim ✓

↔ elim ✓

∧ elim ✓

∀ elim ✓

∀ elim ✓

→ elim ✓

→ elim ✓

∧ intro ✓

∧ elim ✓

¬ intro ✓

↔ elim ✓

∀ elim ✓

∀ elim ✓

∀ elim ✓

→ elim  ✓

∧ elim ✓

¬ intro ✓

∃ intro ✓

∧ intro ✓

∧ elim ✓

∧ elim  ✓

¬ intro ✓

∨ intro ✓

∨ elim  ✓

∧ elim ✓

↔  elim  ✓

↔  elim  ✓

↔ elim ✓

↔ elim ✓

∀ elim ✓

∀ elim ✓

∀  elim  ✓

↔ elim ✓

∀ elim ✓

= elim ✓

↔ intro ✓

∧ elim ✓

¬ intro ✓

∧ elim ✓

↔  elim  ✓

∧ elim ✓

¬ intro ✓

→ intro ✓

∃  elim  ✓

∀ elim ✓

∀ elim ✓

∀ elim ✓

→ elim  ✓

→ intro ✓

∀ intro ✓

∀  intro ✓

42. speed(p,z) = c(m)
{41}

46. speed(z,q) ≠ c(m)
{41}

37. ∀x,y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,x) ∧ W(m,s,y)) ↔ (speed(x,y) = c(m))))
{AxPh}

45. W(m,b,p)
{44}

44. Ph(b) ∧ W(m,b,p) ∧ W(m,b,z)
{44} Assume ✓

AxPh. ∀m,x,y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,x) ∧ W(m,s,y)) ↔ (speed(x,y) = c(m))))
{AxPh} Assume ✓

65. ev(m,p) ≠ ev(m,q)
{31,36,AxPh,Definition-Event-P,From AxFd}

66. p ≠ q → ev(m,p) ≠ ev(m,q)
{36,AxPh,Definition-Event-P,From AxFd}

68. ∀y (IOb(m) → (p ≠ y → ev(m,p) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

69. ∀x,y (IOb(m) → (x ≠ y → ev(m,x) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

67. IOb(m) → (p ≠ q → ev(m,p) ≠ ev(m,q))
{AxPh,Definition-Event-P,From AxFd}

Definition-Event-P. ∀m,b,x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P} Assume ✓

7. ∀x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P}

6. ∀b,x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P}

9. In(b,ev(m,q)) ↔ W(m,b,q)
{Definition-Event-P}

12. W(m,b,q)
{12} Assume ✓

14. W(m,b,p)
{10,12,Definition-Event-P}

17. W(m,b,q)
{10,15,Definition-Event-P}

13. In(b,ev(m,p))
{10,12,Definition-Event-P}

8. In(b,ev(m,p)) ↔ W(m,b,p)
{Definition-Event-P}

18. W(m,b,p) ↔ W(m,b,q)
{10,Definition-Event-P}

19. W(m,b,p) ∧ ¬W(m,b,q)
{19} Assume ✓

27. W(m,b,p)
{10,24,Definition-Event-P}

23. ev(m,p) ≠ ev(m,q)
{19,Definition-Event-P}

22. W(m,b,q)
{10,19,Definition-Event-P}

21. ¬W(m,b,q)
{19}

25. ¬W(m,b,p)
{24}

28. ev(m,p) ≠ ev(m,q)
{24,Definition-Event-P}

26. W(m,b,q)
{24}

24. ¬W(m,b,p) ∧ W(m,b,q)
{24} Assume ✓

29. ev(m,p) ≠ ev(m,q)
{5,Definition-Event-P}

5. (W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))
{5} Assume ✓

30. ((W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))) → ev(m,p) ≠ ev(m,q)
{Definition-Event-P}

64. ev(m,p) ≠ ev(m,q)
{36,41,AxPh,Definition-Event-P}

41. (speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m)
{41} Assume ✓

61. W(m,b,p) ∧ ¬W(m,b,q)
{36,41,44,AxPh}

59. Ph(b) ∧ W(m,b,z) ∧ W(m,b,q)
{44,56}

11. In(b,ev(m,p)) ↔ W(m,b,q)
{10,Definition-Event-P}

16. In(b,ev(m,p))
{15,Definition-Event-P}

15. W(m,b,p)
{15} Assume ✓

10. ev(m,p) = ev(m,q)
{10} Assume ✓

20. W(m,b,p)
{19}

50. ¬∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{36,41,AxPh}

55. ¬(Ph(b) ∧ W(m,b,z) ∧ W(m,b,q))
{36,41,AxPh}

54. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{53}

53. Ph(b) ∧ W(m,b,z) ∧ W(m,b,q)
{53} Assume ✓

43. ∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z))
{36,41,AxPh}

40. ∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z)) ↔ (speed(p,z) = c(m))
{36,AxPh}

39. IOb(m) → (∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z)) ↔ (speed(p,z) = c(m)))
{AxPh}

38. ∀y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,y)) ↔ (speed(p,y) = c(m))))
{AxPh}

36. IOb(m)
{36} Assume ✓

52. speed(z,q) = c(m)
{36,51,AxPh}

49. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q)) ↔ (speed(z,q) = c(m))
{36,AxPh}

51. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{51} Assume ✓

48. IOb(m) → (∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q)) ↔ (speed(z,q) = c(m)))
{AxPh}

47. ∀y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,y)) ↔ (speed(z,y) = c(m))))
{AxPh}

58. W(m,b,z)
{44}57. Ph(b)

{44}

56. W(m,b,q)
{56} Assume ✓

62. (W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))
{36,41,44,AxPh}

63. ev(m,p) ≠ ev(m,q)
{36,41,44,AxPh,Definition-Event-P}

35. ∃z ((speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m))
{31,From AxFd}

60. ¬W(m,b,q)
{36,41,44,AxPh}

31. p ≠ q
{31} Assume ✓

34. p ≠ q → ∃z ((speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m))
{From AxFd}

33. ∀y (p ≠ y → ∃z ((speed(p,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd}

32. ∀x,y (x ≠ y → ∃z ((speed(x,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd}

From AxFd. ∀m,x,y (x ≠ y → ∃z ((speed(x,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd} Assume ✓

Neat. ∀m,x,y (IOb(m) → (x ≠ y → ev(m,x) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

Figure 3: Manual Proof in Slate of Neat6

Veri
fied



FOL  ⊢  ✓

FOL ⊢ ✓

FOL  ⊢  ✓

Sort Axiom. ∀x (Ph(x) → B(x))
{Sort Axiom} Assume ✓

AxPh. ∀m,x,y ((IOb(m) ∧ Q(x) ∧ Q(y)) → (∃p (Ph(p) ∧ W(m,p,x) ∧ W(m,p,y)) ↔ (speed(x,y) = cm)))
{AxPh} Assume ✓

6. ∀m,x,y ((IOb(m) ∧ Q(x) ∧ Q(y)) → (x ≠ y → ∃b (B(b) ∧ ((W(m,b,x) ∧ ¬W(m,b,y)) ∨ (¬W(m,b,x) ∧ W(m,b,y))))))
{AxPh,From AxFd,Sort Axiom}

5. ∀m,p,q ((IOb(m) ∧ Q(p) ∧ Q(q)) → (p ≠ q → (∃b (B(b) ∧ ((W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q)))) → ev(m,p) ≠ ev(m,q))))
{Definition-Event-P}

Definition-Event-P. ∀m,b,p ((IOb(m) ∧ B(b) ∧ Q(p)) → (In(b,ev(m,p)) ↔ W(m,b,p)))
{Definition-Event-P} Assume ✓

From AxFd. ∀m,x,y ((IOb(m) ∧ Q(x) ∧ Q(y)) → (x ≠ y → ∃z (Q(z) ∧ (speed(x,z) = cm) ∧ speed(z,y) ≠ cm)))
{From AxFd} Assume ✓

2. ∀m,x,y ((IOb(m) ∧ Q(x) ∧ Q(y)) → (x ≠ y → ev(m,x) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd,Sort Axiom}

Proo
f Fo

und
!



Machine 1Axioms

Machine 2
Theorem 
Axioms

Machine 3
Proof 

Theorem 
Axioms

Yes/No



Machine 1Axioms

Machine 2
Theorem 
Axioms

Machine 3
Proof 

Theorem 
Axioms

Yes/No



Denotational Proof 
Languages

K. Arkoudas. Denotational Proof 
Languages. PhD Thesis, MIT, 2000.



Sentence Proof

𝒵 𝒦

Logic DPL



𝓝𝓓𝓛0

Proof of the tautology A & B ==> B & A: 

assume A & B 

  begin 

     left-and A & B; 

     right-and A & B; 

     both B, A 

end



𝓝𝓓𝓛1

Proof of the tautology: (forall x P(x)) ==> ~ (exists x ~ 
P(x)): 

assume (forall x P(x)) 

  suppose-absurd (exists x ~P(x)) 

    pick-witness w for (exists x ~P(x)) // we now have 
~P(w) 

      begin 

        P(w) BY specialize (forall x P(x)) with w; 

        absurd P(w), ~P(w) 

      end.



Diagrammatic Reasoning 
vs. Spatial Logics



Vivid
Konstantine Arkoudas, Selmer Bringsjord, Vivid: A 

framework for heterogeneous problem solving, Artificial 
Intelligence, Volume 173, Issue 15, October 2009.



Attribute Structures 
and Systems

Consider an attribute system consisting 
of two clocks c1 and c2. Then, 

𝑆 = ({c1, c2}; hours: {0, …, 23}, minutes: {0, 
…, 59}) 

Systems have states 𝝈, and certain 
states are extensions of others. States 
may also be disjoint.



Alternative State 
Extensions

Red

Green

Blue

Large

Small

Medium

Colour of s Size of s
{red} {small, large, medium}

{red, green, blue} {large, medium}



Specifying a Vivid 
Language

Attribute Structure 𝓐. 

First-order vocabulary Σ = (C, R, V). 

Interpretation 𝓘 of Σ onto 𝓐.



Interpreting First-Order 
Languages into System 

States

Attribute Interpretation is a mapping 
𝓘 that assigns to each relation symbol:  

Realization 

Profile



Running Example: 
Clock System

Vocabulary Σclock = (Cclock, Rclock, Vclock) 

Cclock = {c1, c2, c3}, Vclock = {x, y, z, x1, y1, z1}, Rclock= {PM, AM, 
Ahead, Behind} 

Attribute Structure 

Clock = (hours: {0, …, 23}, minutes: {0, …, 59}; {R1, R2, R3, R4}) 

R1(h) <-> h > 11, and so on 

Interpretation 𝓘 

Realizations: PM
𝓘
= R1, and so on 

Prof(PM) = [(hours, 1)]



Vivid: Syntax 
𝔇 ::= D | 𝝙

Logical inference rules modus 
ponens, double negation. 

Sentential deduction rules: assume, 
pick-any, specialize. 

Diagrammatic deduction rules: 
thinning, cases.





Vivid: Evaluation Semantics 
γ⊢D↝F and γ⊢𝝙↝(𝝈;𝛒)

In the context γ, deduction D(𝝙) 
derives F (respectively, (𝝈;𝛒)) 

Evaluation semantics of Vivid rules





Running Example: 
Clock System

{4,5,6}:28 5:45

c1 c2
State 𝞼 + Ahead(c1, c2)

State 𝞼’
6:28 5:45

c1 c2

(𝞼’; 𝝆) by 
thinning with 
Ahead(c1, c2)



Diagrammatic Formal 
Verification of Theorem 

NEAT



Theorem NEAT/2.21

No observer observes the same event at 
two different space-time locations.

1Andréka, Hajnal, Judit X. Madarász, and István Németi. "Logic of 
space-time and relativity theory." Handbook of spatial logics. Springer 

Netherlands, 2007. 607-711.



space

ti
m

e

p

q

slo
pe
=1

l1l2
slope=1

ph’

r

l2: worldline of ph’ 
ph’ ∈ evm(p) 
ph’ ∉ evm(q) 

∴Set of bodies observed by m at 
p and q are not identical.

m



Specifying Our 
Vivid Language

Attribute Structure 

A = ({position: ℝ
n
, slope: [0,1], line_positions: ℝ

n*
}; R1, R2, R3) 

Vocabulary Σ = (C, R, V)  

Σ = ({p, q, m, l1, l2}, {through(p,l), observes(p,x), 
slope_of_one(l)}, ∅) 

Interpretation:

Symbol Arity Realization Profile

through 2 R1 [(position,1),(line_positions,2)]

observes 2 R2 [(position,1),(position,2)]

slope_of_one 2 R3 [(slope,1)]



Proof: 𝝙0

space

ti
m

e



Proof; Case I: 𝝙1

space

ti
m

e

p

q

slo
pe
=1

l1



Proof; Case I: 𝝙3

space

ti
m

e

p

slo
pe
=1

l1

q
ph
r



Proof; Case II: 𝝙2

space

ti
m

e

p

q

slo
pe
=1

l1



Proof; Case II: 𝝙4

space

ti
m

e

p

q

slo
pe
=1

l1l2
slope=1



Proof; Case II: 𝝙5

space

ti
m

e

p

q

slo
pe
=1

l1l2
slope=1

ph’

r’



∎



Vivid Proof
from 𝝙0 cases by AxFd: 

𝝙1 ➔ 𝝙3 by claim ph at r 

      observe observes(ph,r) ∧ through(r,l1) ∧ 
through(p,l1) ∧ ¬through (q,l1) 

𝝙2 ➔ 𝝙4 by D;𝝙 with AxFd 

      𝝙5 by claim ph’ at r’ 

      observe observes(ph’,r’) ∧ through(r’,l2) 
∧ through(p,l2) ∧ ¬through (q,l2)







Vivid Proof
from 𝝙0 cases by AxFd: 

𝝙1 ➔ 𝝙3 by claim ph at r 

      observe observes(ph,r) ∧ through(r,l1) ∧ 
through(p,l1) ∧ ¬through (q,l1) 

𝝙2 ➔ 𝝙4 by D;𝝙 with AxFd 

      𝝙5 by claim ph’ at r’ 

      observe observes(ph’,r’) ∧ through(r’,l2) 
∧ through(p,l2) ∧ ¬through (q,l2)

Veri
fied



Proof that if there is a body b whose 
wordline for observer m passes through 
point p but not through q or through q 
but not through p, then the events 
observed by m at p and q are different.

The theorem

m observes that there is a 
body which passes through p 
but not through q or through 
q but not through p.

There is a point z reachable  at 
the speed of light from p but 
not from q for observer m.

∀ intro ✓

→ intro ✓

∃ elim ✓

↔ elim ✓

∧ elim ✓

∀ elim ✓

∀ elim ✓

→ elim ✓

→ elim ✓

∧ intro ✓

∧ elim ✓

¬ intro ✓

↔ elim ✓

∀ elim ✓

∀ elim ✓

∀ elim ✓

→ elim  ✓

∧ elim ✓

¬ intro ✓

∃ intro ✓

∧ intro ✓

∧ elim ✓

∧ elim  ✓

¬ intro ✓

∨ intro ✓

∨ elim  ✓

∧ elim ✓

↔  elim  ✓

↔  elim  ✓

↔ elim ✓

↔ elim ✓

∀ elim ✓

∀ elim ✓

∀  elim  ✓

↔ elim ✓

∀ elim ✓

= elim ✓

↔ intro ✓

∧ elim ✓

¬ intro ✓

∧ elim ✓

↔  elim  ✓

∧ elim ✓

¬ intro ✓

→ intro ✓

∃  elim  ✓

∀ elim ✓

∀ elim ✓

∀ elim ✓

→ elim  ✓

→ intro ✓

∀ intro ✓

∀  intro ✓

42. speed(p,z) = c(m)
{41}

46. speed(z,q) ≠ c(m)
{41}

37. ∀x,y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,x) ∧ W(m,s,y)) ↔ (speed(x,y) = c(m))))
{AxPh}

45. W(m,b,p)
{44}

44. Ph(b) ∧ W(m,b,p) ∧ W(m,b,z)
{44} Assume ✓

AxPh. ∀m,x,y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,x) ∧ W(m,s,y)) ↔ (speed(x,y) = c(m))))
{AxPh} Assume ✓

65. ev(m,p) ≠ ev(m,q)
{31,36,AxPh,Definition-Event-P,From AxFd}

66. p ≠ q → ev(m,p) ≠ ev(m,q)
{36,AxPh,Definition-Event-P,From AxFd}

68. ∀y (IOb(m) → (p ≠ y → ev(m,p) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

69. ∀x,y (IOb(m) → (x ≠ y → ev(m,x) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

67. IOb(m) → (p ≠ q → ev(m,p) ≠ ev(m,q))
{AxPh,Definition-Event-P,From AxFd}

Definition-Event-P. ∀m,b,x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P} Assume ✓

7. ∀x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P}

6. ∀b,x (In(b,ev(m,x)) ↔ W(m,b,x))
{Definition-Event-P}

9. In(b,ev(m,q)) ↔ W(m,b,q)
{Definition-Event-P}

12. W(m,b,q)
{12} Assume ✓

14. W(m,b,p)
{10,12,Definition-Event-P}

17. W(m,b,q)
{10,15,Definition-Event-P}

13. In(b,ev(m,p))
{10,12,Definition-Event-P}

8. In(b,ev(m,p)) ↔ W(m,b,p)
{Definition-Event-P}

18. W(m,b,p) ↔ W(m,b,q)
{10,Definition-Event-P}

19. W(m,b,p) ∧ ¬W(m,b,q)
{19} Assume ✓

27. W(m,b,p)
{10,24,Definition-Event-P}

23. ev(m,p) ≠ ev(m,q)
{19,Definition-Event-P}

22. W(m,b,q)
{10,19,Definition-Event-P}

21. ¬W(m,b,q)
{19}

25. ¬W(m,b,p)
{24}

28. ev(m,p) ≠ ev(m,q)
{24,Definition-Event-P}

26. W(m,b,q)
{24}

24. ¬W(m,b,p) ∧ W(m,b,q)
{24} Assume ✓

29. ev(m,p) ≠ ev(m,q)
{5,Definition-Event-P}

5. (W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))
{5} Assume ✓

30. ((W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))) → ev(m,p) ≠ ev(m,q)
{Definition-Event-P}

64. ev(m,p) ≠ ev(m,q)
{36,41,AxPh,Definition-Event-P}

41. (speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m)
{41} Assume ✓

61. W(m,b,p) ∧ ¬W(m,b,q)
{36,41,44,AxPh}

59. Ph(b) ∧ W(m,b,z) ∧ W(m,b,q)
{44,56}

11. In(b,ev(m,p)) ↔ W(m,b,q)
{10,Definition-Event-P}

16. In(b,ev(m,p))
{15,Definition-Event-P}

15. W(m,b,p)
{15} Assume ✓

10. ev(m,p) = ev(m,q)
{10} Assume ✓

20. W(m,b,p)
{19}

50. ¬∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{36,41,AxPh}

55. ¬(Ph(b) ∧ W(m,b,z) ∧ W(m,b,q))
{36,41,AxPh}

54. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{53}

53. Ph(b) ∧ W(m,b,z) ∧ W(m,b,q)
{53} Assume ✓

43. ∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z))
{36,41,AxPh}

40. ∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z)) ↔ (speed(p,z) = c(m))
{36,AxPh}

39. IOb(m) → (∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,z)) ↔ (speed(p,z) = c(m)))
{AxPh}

38. ∀y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,p) ∧ W(m,s,y)) ↔ (speed(p,y) = c(m))))
{AxPh}

36. IOb(m)
{36} Assume ✓

52. speed(z,q) = c(m)
{36,51,AxPh}

49. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q)) ↔ (speed(z,q) = c(m))
{36,AxPh}

51. ∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q))
{51} Assume ✓

48. IOb(m) → (∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,q)) ↔ (speed(z,q) = c(m)))
{AxPh}

47. ∀y (IOb(m) → (∃s (Ph(s) ∧ W(m,s,z) ∧ W(m,s,y)) ↔ (speed(z,y) = c(m))))
{AxPh}

58. W(m,b,z)
{44}57. Ph(b)

{44}

56. W(m,b,q)
{56} Assume ✓

62. (W(m,b,p) ∧ ¬W(m,b,q)) ∨ (¬W(m,b,p) ∧ W(m,b,q))
{36,41,44,AxPh}

63. ev(m,p) ≠ ev(m,q)
{36,41,44,AxPh,Definition-Event-P}

35. ∃z ((speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m))
{31,From AxFd}

60. ¬W(m,b,q)
{36,41,44,AxPh}

31. p ≠ q
{31} Assume ✓

34. p ≠ q → ∃z ((speed(p,z) = c(m)) ∧ speed(z,q) ≠ c(m))
{From AxFd}

33. ∀y (p ≠ y → ∃z ((speed(p,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd}

32. ∀x,y (x ≠ y → ∃z ((speed(x,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd}

From AxFd. ∀m,x,y (x ≠ y → ∃z ((speed(x,z) = c(m)) ∧ speed(z,y) ≠ c(m)))
{From AxFd} Assume ✓

Neat. ∀m,x,y (IOb(m) → (x ≠ y → ev(m,x) ≠ ev(m,y)))
{AxPh,Definition-Event-P,From AxFd}

Figure 3: Manual Proof in Slate of Neat6



Demo!



Further (Special 
Theory) Proofs

Time Dilation 

Length Contraction



Objection: How are our 
proofs different from 
purely sentential ones?



To Do: Proof discovery 
with Vivid-like 𝞈-DPL



Köszönöm szépen


