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© GR has a predictive power

e Foliations and splittings puts the basic variables in new dress

@© Constraints form evolutionary systems

@ Summary and final remarks
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GR has a predictive power

Janus-faced GR:

The arena and the phenomena :

All the pre-GR physical theories provide a distinction between the arena in which
physical phenomena take place and the phenomena themselves.
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GR has a predictive power
B Janus-faced GR:

The arena and the phenomena :

All the pre-GR physical theories provide a distinction between the arena in which
physical phenomena take place and the phenomena themselves.

arena: phenomena:

classical mechanics phase space: 0., dynamical trajectories
electrodynamics Minkowski spacetime: 7). evolution of Fyy
general relativity curved spacetime: ¢, evolution of ggp

Such a clear distinction between the arena and the phenomenon is simply not
available in general relativity
the metric plays both roles.

@ GR is more than merely a field theoretic description of gravity.
It is a certain body of universal rules:

e modeling the space of events by a four-dimensional differentiable manifold
o the use of tensor fields and tensor equations to describe physical phenomena

e use of the (otherwise dynamical) metric in measuring of distances, areas,
volumes, angles ...

B P
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GR has a predictive power
The predictive power of GR:

The Cauchy problem in GR (in full generality only ~six decades ago):
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@ Choquet-Bruhat Y & Geroch R (1969): there always exists a maximal Cauchy
development that is unique up to spacetime diffeomorphisms.

@ there exists a continuous “one-to-one” mapping

EVOLUTION

the space of

initial data a continuous and one—to—one
mapping

the space of
solutions
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GR has a predictive power

The predictive power of GR:

The Cauchy problem in GR (in full generality only ~six decades ago):

@ Choquet-Bruhat Y & Geroch R (1969): there always exists a maximal Cauchy
development that is unique up to spacetime diffeomorphisms.

@ there exists a continuous “one-to-one” mapping

EVOLUTION

the space of

initial data a continuous and one—to—one
mapping

the space of
solutions

@ this mapping is also causal

D)

future g
Cauchy devclopmeng;’

| dat surfec®

3 it
Jny
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The main conceptual issue:

Assume that suitable initial data is given on some initial data surface

As a fixed background/arena does not exist in GR neither the base manifold M
(where the solution manifest itself) nor the metric g,; (satisfying the Einstein
equations) is know in advance to solving the pertinent Cauchy problem
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GR has a predictive power
The main conceptual issue:

Assume that suitable initial data is given on some initial data surface X:

As a fixed background/arena does not exist in GR neither the base manifold M
(where the solution manifest itself) nor the metric g, (satisfying the Einstein
equations) is know in advance to solving the pertinent Cauchy problem

Initial data surface: Spacetime:
(Z, hij, Kij) (M, gab)
(satisfying the constraints) (satisfying the Einstein equations)

(hij, Kij) — o — (puhij, puKij)

(induced metric, extrinsic curvature)

v
Istvdn Racz (Wigner RCP, Budapest) many faces of constraints 9 August, 2015 5/28




GR has a predictive power

The initial value problem starts by solving the constraints:

Constraints in the 4-dimensional Lorentzian vacuum case:

@ initial data (hij;, Ki;) metric and symmetric tensor on

(3)]%+(ij)2—1('in”=0 & DjKji—DinjZO

D; denotes the covariant derivative operator associated with h;;.
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The initial value problem starts by solving the constraints:

4-dimensional Lorentzian vacuum case:

@ initial data (h;j, K;;) metric and symmetric tensor on X

“R+ (K’;)? - Ki;K¥ =0 & D;K' — D;K%; =0

D; denotes the covariant derivative operator associated with h;;.

The conformal (elliptic) method and

@ the constraints are solved by transforming them into a semilinear elliptic system
replace the fields hi; and Kij — 3 hij 7 (where 7 = K'; = hFK},) by hij and Ki; as

hij = ¢4 ilij and Kij — %h” T = ¢72 Kij
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The initial value problem starts by solving the constraints:

4-dimensional Lorentzian vacuum case:

@ initial data (h;j, K;;) metric and symmetric tensor on X

“R+ (K’;)? - Ki;K¥ =0 & D;K' — D;K%; =0

D; denotes the covariant derivative operator associated with h;;.

The conformal (elliptic) method and

@ the constraints are solved by transforming them into a semilinear elliptic system
replace the fields hi; and Kij — 3 hij 7 (where 7 = K'; = hFK},) by hij and Ki; as

hij = ¢4 ilij and Kij — %h” T = ¢72 Kij

f=o]

¢+%f<i]’kij¢77—ﬁ7'2d)5:0

o[~

Lichnerowicz equation: blbld) —
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GR has a predictive power

The initial value problem starts by solvin

he constraints:
Constraints in

@ initial data (h;j, K;;) metric and symmetric tensor on X

“R+ (K’;)? - Ki;K¥ =0 & D;K' — D;K%; =0

D; denotes the covariant derivative operator associated with h;;.

The conformal (elliptic) method and

@ the constraints are solved by transforming them into a semilinear elliptic system
replace the fields hi; and Kij — 3 hij 7 (where 7 = K'; = hFK},) by hij and Ki; as

hij = (]34 ilij and Kij — %hi]’ e d)i? Kij
(]

Lichnerowicz equation: blbld) —
(]

o[~
=

¢+%f<i]’kij¢77—ﬁ7'2d)5:0

York equation:

DZDZX»L' + Dl Ui — %(Z)G(DZT) =0

where Uj; is an arbitrary traceless tensor, and K;; reads as

Kij = (DZXJ +ﬁjX¢ = %;lileXl) aF Uij
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GR has a predictive power
Some aspects of the conformal method:

The strong points:

@ the conformal method developed by Lichnerowicz and York could, in principle,
determine all the possible initial data configurations in general relativity
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@ the conformal method developed by Lichnerowicz and York could, in principle,
determine all the possible initial data configurations in general relativity

@ there has been derived a great number of existence, non-existence, or uniqueness
theorems for the pertinent semilinear elliptic system
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@ almost all of these theorems require the constancy of 7 = K,

@ the method is highly implicit due to the elliptic character of the basic equations and
the replacements hi]' = ¢4 hi]' and Kij = %h” 7= (]5_2 K —

e no direct control of the physical parameters of the initial data specifications
e non-negligible spurious gravitational wave content of the spacetimes evolved

from Bowen-York type initial data specifications  (h; is flat, 7 is constant)
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GR has a predictive power

Some aspects of the conformal method:

The strong points:

@ the conformal method developed by Lichnerowicz and York could, in principle,
determine all the possible initial data configurations in general relativity

@ there has been derived a great number of existence, non-existence, or uniqueness

theorems for the pertinent semilinear elliptic system
v

Some of the weak points
@ almost all of these theorems require the constancy of 7 = K,

@ the method is highly implicit due to the elliptic character of the basic equations and
the replacements h;; = ¢* h;j and K;; — %hij T=¢2K; —

e no direct control of the physical parameters of the initial data specifications
o non-negligible spurious gravitational wave content of the spacetimes evolved

from Bowen-York type initial data specifications  (h;; is flat, 7 is constant)

“

@ “... no way singles out precisely which functions (i.e., which of the 12 metric or
extrinsic curvature components or functions of them) can be freely specified, which
functions are determined by the constraints, and which functions correspond to
gauge transformations. Indeed, one of the major obstacles to developing a
quantum theory of gravity is the inability to single out the physical degrees of

freedom of the theory. " R.M. Wald: General Relativity, Univ. Chicago Press, (1984)
_ _ - y

=
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GR has a predictive power

The main messages:

@ n + 1-dimensional (n > 3) Riemannian and Lorentzian spaces satisfying the
Einstein equations, and some mild topological assumptions, will be considered
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e contrary to the folklore: a new evolutionary approach is introduced—as an
alternative of the elliptic conformal method—to solve the constraints
@ momentum constraint as a first order symmetric hyperbolic system

o the Hamiltonian constraint as a parabolic or an algebraic equation

o the coupled set of constraints can be put into the form of evolutionary
systems to which (local) existence and uniqueness of solutions is guaranteed.
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o the constraints propagate: they hold everywhere if ...

e contrary to the folklore: a new evolutionary approach is introduced—as an
alternative of the elliptic conformal method—to solve the constraints

@ momentum constraint as a first order symmetric hyperbolic system
o the Hamiltonian constraint as a parabolic or an algebraic equation

o the coupled set of constraints can be put into the form of evolutionary
systems to which (local) existence and uniqueness of solutions is guaranteed.

@ !l regardless whether the primary space is Riemannian or Lorentzian
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The main messages:

@ n + 1-dimensional (n > 3) Riemannian and Lorentzian spaces satisfying the
Einstein equations, and some mild topological assumptions, will be considered
@ many of the arguments and techniques developed originally and applied so far
exclusively only in the Lorentzian case do also apply to Riemannian spaces
o the constraints propagate: they hold everywhere if ...

e contrary to the folklore: a new evolutionary approach is introduced—as an
alternative of the elliptic conformal method—to solve the constraints
@ momentum constraint as a first order symmetric hyperbolic system

o the Hamiltonian constraint as a parabolic or an algebraic equation

o the coupled set of constraints can be put into the form of evolutionary
systems to which (local) existence and uniqueness of solutions is guaranteed.

@ !l regardless whether the primary space is Riemannian or Lorentzian

v

Based on some recent papers

@ | Ricz: Is the Bianchi identity always hyperbolic?, Class. Quantum Grav. 31 (2014) 155004

@ | Ricz: Cauchy problem as a two-surface based ‘geometrodynamics’, Class. Quantum Grav. 32 (2015) 015006
@ | Récz: Dynamical determination of the gravitational degrees of freedom, submitted to Class. Quantum Grav. (2015)

@ | Récz: Constraints as evolutionary systems, submitted to Class. Quantum Grav. (2015)

. Récz and J. Winicour: Black hole initial data without elliptic equations, Phys. Rev. D 91, 124013 (2015)

»
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@ The primary space: (M, gab)
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Assumptions:

@ The primary space: (M, gab)

e M : n+ 1-dimensional (n > 3), smooth, paracompact, connected,
orientable manifold
® gab: smooth Lorentzian(_ y . .y or Riemannian . ) metric

@ Einstein’s equations: restricting the geometry

Gab _gab =0

with source term ¥,; having a vanishing divergence V*%,;, = 0
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@ The primary space: (M, gab)

e M : n+ 1-dimensional (n > 3), smooth, paracompact, connected,
orientable manifold
® gab: smooth Lorentzian(_ y . .y or Riemannian . ) metric

@ Einstein’s equations: restricting the geometry

Gu.b _gab =0

with source term ¥,; having a vanishing divergence V*%,;, = 0

e or, in a more conventionally looking setup

[Rab - %gab R} 4= Agab =81 Tab

with matter fields satisfying their field equations with energy-momentum
tensor T, and with cosmological constant A

v

Istvdn Racz (Wigner RCP, Budapest) many faces of constraints 9 August, 2015 9/28



GR has a predictive power
Assumptions:

@ The primary space: (M, gab)

e M : n+ 1-dimensional (n > 3), smooth, paracompact, connected,
orientable manifold
® gab: smooth Lorentzian(_ y . .y or Riemannian . ) metric

@ Einstein’s equations: restricting the geometry

Gab _gab =0

with source term ¥,; having a vanishing divergence V*%,;, = 0

e or, in a more conventionally looking setup

[Rab - %gab R} 4= Agab =81 Tab

with matter fields satisfying their field equations with energy-momentum
, tensor Tap and with cosmological constant A

gab = 8&n Tab - Agab

v
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Foliations and splittings puts the basic variables in new dress

The primary foliation:

o restricti topology by Einstein's equations! (local PDE

<
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Foliations and splittings puts the basic variables in new dress

The primary foliation:

o restricti topology by Einstein’ ions! (local PDE

@ Assume that (apart from centers) M can be foliated by a one-parameter family of
homologous codimension-one surfaces. More precisely, we shall assume the
existence of a smooth function o : M — R such that its gradient V,o does not
vanish except at centers which are isolated non-degenerate critical points of o with
zero Morse index, i.e. where o has its local extremum.

<
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Foliations and splittings puts the basic variables in new dress

The primary foliation:

topology

@ Assume that (apart from centers) M can be foliated by a one-parameter family of
homologous codimension-one surfaces. More precisely, we shall assume the
existence of a smooth function o : M — R such that its gradient V,o does not
vanish except at centers which are isolated non-degenerate critical points of o with
zero Morse index, i.e. where o has its local extremum.

S" = [a,b] x ™" Rxs™!

R"=R*x8"!

S" = [a,b] x S™" s'xs™! Rxs™
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Foliations and splittings puts the basic variables in new dress

The primary foliation:

o restricti topology by Einstein's equations! (local PDE

@ Assume that (apart from centers) M can be foliated by a one-parameter family of
homologous codimension-one surfaces. More precisely, we shall assume the
existence of a smooth function o : M — R such that its gradient V,o does not
vanish except at centers which are isolated non-degenerate critical points of o with
zero Morse index, i.e. where o has its local extremum.

S" = [a,b] x ™" s'xs™! Rxs™!
R"=R*x8"!

@ Apart from these centers the o = const level surfaces—they will also be denoted by
>.,—are supposed to be orientable either compact and without boundary in M or
non-compact and infinite.

<
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Foliations and splittings puts the basic variables in new dress

The primary splitting:

Rephrasing

@ ... (apart from centers) M is foliated by a one-parameter family of homologous
hypersurfaces, i.e. M ~ R x ¥, for some codimension one manifold X
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e known to hold for globally hyperbolic spacetimes (Lorentzian case)
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Rephrasing:

@ ... (apart from centers) M is foliated by a one-parameter family of homologous
hypersurfaces, i.e. M ~ R x ¥, for some codimension one manifold X

e known to hold for globally hyperbolic spacetimes (Lorentzian case)
@ in either case: it is only a mild restriction on the topology of M
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Foliations and splittings puts the basic variables in new dress

The primary splittin

Rephrasing:

@ ... (apart from centers) M is foliated by a one-parameter family of homologous
hypersurfaces, i.e. M ~ R x ¥, for some codimension one manifold X

e known to hold for globally hyperbolic spacetimes (Lorentzian case)
@ in either case: it is only a mild restriction on the topology of M
o ... there exists a smooth function o : M — R with non-vanishing gradient
Va0 such that (apart from centers) the o = const level surfaces
o = {0} X ¥ comprise the one-parameter foliation of M — |ng ~ Va0
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Foliations and splittings puts the basic variables in new dress

The primary projection operator:

@ n% the ‘unit norm’ vector field that is normal to the X, level surfaces
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Foliations and splittings puts the basic variables in new dress

The primary projection operator:

@ n% the ‘unit norm’ vector field that is normal to the X, level surfaces

nng

o the sign ¢ of the norm of n® is not fixed
takes the value —1 or +1 for Lorentzian or Riemannian metric gqp, resp.
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The primary projection operator:

@ n% the ‘unit norm’ vector field that is normal to the X, level surfaces

o the sign ¢ of the norm of n® is not fixed
takes the value —1 or +1 for Lorentzian or Riemannian metric gqp, resp.

o the projection operator

hab = 5ab — enanb

to the level surfaces of 0 : M — R
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Foliations and splittings puts the basic variables in new dress

The primary projection operator:

@ n% the ‘unit norm’ vector field that is normal to the X, level surfaces

nng = €

o the sign ¢ of the norm of n® is not fixed
takes the value —1 or +1 for Lorentzian or Riemannian metric gqp, resp.

o the projection operator

hab = 5ab — enanb

to the level surfaces of 0 : M — R
@ the induced metric on the o = const level surfaces

hab = heahfb gef

while denotes the covariant derivative operator associated with hgp.
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Foliations and splittings puts the basic variables in new dress

The decomposition of various fields:

e aform field: | L, =0°, L. = (h¢, +€nn,) Le = Ang, + L,

o where |)\ =en®L, and L, =h% L.
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Foliations and splittings puts the basic variables in new dress

The decomposition of various field

e aform field: | L, =0°, L. = (h¢, +€nn,) Le = Ang, + L,

o where |)\ =en®L, and L, =h% L.

@ “time evolution vector field”

c%: o0¢V.o=1

U“zaj’_+0ﬁ:Nn“+Na
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Foliations and splittings puts the basic variables in new dress

The decomposition of various fields:

e aform field: | L, =0°, L. = (h¢, +€nn,) Le = Ang, + L,

o where |)\ =en®L, and L, =h% L.

@ “time evolution vector field”

c%: o0¢V.o=1

U“zaj’_+0ﬁ:Nn“+Na

o where N and N“ denotes the ‘laps’ and ‘shift’ of 0% = (9, )“:
|N =e¢e(ocne) and N® =hoc°
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Foliations and splittings puts the basic variables in new dress

Decompositions of various fields:

Any symmetric tensor field P,;, can be decomposed

in terms of n® and fields living on the o = const level surfaces as

Pap = 7 ngny, + [N Py + 1 Pa] + Pas

where |7 = nenf P.r, pa= eheé,n’ Py, Py = he.hdy P.s
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Foliations and splittings puts the basic variables in new dress

Decompositions of various fields:

Any symmetric tensor field P,;, can be decomposed

in terms of n® and fields living on the o = const level surfaces as

Pap = 7 ngny, + [N Py + 1 Pa] + Pas

where |7 = nenf Py, pa= eheé,n’ Py, Pg = he.hdy Peg

It is also rewarding to inspect the decomposition of the contraction V¢ P,;:

€(VPue)n® = Lpm + Dpe + [ (K°.) — Py K — 2enp.]
(VOPue) b = Lnpp + D°Pep + [(K) Py + 1ty ™ — € Py

|ha :=nVeng, = —€D,In N |

v

— = = — Ty
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Foliations and splittings puts the basic variables in new dress

Decompositions of various fields:

@ the metric
|gab = €NgNp + hab |
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Foliations and splittings puts the basic variables in new dress

Decompositions of various fields:

@ the metric

|gab = €engnp + hab |

@ the “source term”
Gab = Nanp € + [N Pp + 1 Pa] + Sap

where |e=nnf G5, po=eh®an? Gy, Sup=he.hI Y.y
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Foliations and splittings puts the basic variables in new dress

Decompositions of various fields:

@ the metric

|gab = €engnp + hab |

@ the “source term”
Gab = Nanp € + [N Pp + 1 Pa] + Sap

where |e=nnf G5, po=eh®an? Gy, Sup=he.hI Y.y

o the |.h.s. of our basic field equation E,;, = Gop — Yap

Eap = namp B + [ By + By 1+ (Egy ) +hay E7)
E™ =nenf By, B =eheqnf Eoy, E.y " = heohfy Eep — hay B
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Foliations and splittings puts the basic variables in new dress

The explicit forms:

The various projections of Eu, = Gap — Yup:

E" =nnfE.p = L {—e "R+ (K°)? — K. K —2¢}

E((LM) _ heanfEef — DeKea . DaKee — P,
By "= "Rap + ¢ {~LKup — (K°)Kap + 2 Koo K — e N"'D,D,N'}
+ 25k B = (Gas = 711 has [Beg b + )

where

e =n°n/ gefv Pa = eheanf gefy Sap = heahfb gef

and the extrinsic curvature K, is defined as

Kab = heavenb = %fnhab

here .%,, stands for the Lie derivative with respect to n®
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Foliations and splittings puts the basic variables in new dress

The decomposition of V® E,;, = 0 where E;, = Gy — Y

Relations between various parts of the Einstein equations:

2, B + DB, + B (Ke,) —2¢ (e E, ) CIEZT®
— ek (B 4 hee ™) =0
2B+ DYES T+ hay BT+ (KB, + BT i
—e(By Y 4 hap BT Y00 =0
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Foliations and splittings puts the basic variables in new dress

The decomposition of V® E,;, = 0 where E;, = Gy — Y

Relations between various parts of the Einstein equations:

2, E™ 4 DB 4 B (Ke,) - 2¢ (¢ BX)
— K (B + hoe E™) =0
2B+ DYES T+ hay BT+ (KB, + BT i
— (B " +ha B0 =0
y
when writing them out explicitly in some local coordinates (a,xl, ...,x") adopted to the

vector field | c®=Nn*+ N* 0°Veo=1 l and the foliation {3, }, read as

L0 LNk pk ™ &
0 Lpi O + Bk ~L NF B Ok E;M) =\ @i
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Foliations and splittings puts the basic variables in new dress

The decomposition of V® E,;, = 0 where E;, = Gy — Y

Relations between various parts of the Einstein equations:

(H) (M)

(K°)—2€e(n°E, ")
(EvocL) (H)

ae + h’ae E )] = O
+ By,

2, E" + DB +E
—eK*(E

)+ [(K%) By

(evocr) (H)

—e(By T 4 hap B )R] =0

(M)

R o

i Da(E(svozg) i hab E(H)

ab

v

when writing them out explicitly in some local coordinates (a,xl, ...,x") adopted to the
vector field | c®=Nn*+ N* 0°Veo=1 l and the foliation {3, }, read as

L0 LNk pk ™ &
0 Lpi O + Bk ~L NF B Ok E;M) =\ @i

j q . (H) M
@ the source terms & and &7 are linear and homogeneous in £~ and EZ( S
if the metric hyp is Riemannian it is a first order symmetric hyperbolic system

(H) (M) s q .
for (E ' ,E; )T, and it is linear and homogeneous in these variables

v
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Foliations and splittings puts the basic variables in new dress

The decomposition of V® E,;, = 0 where E;, = Gy — Y

Relations between various parts of the Einstein equations:

2, E™ 4 DB 4 B (Ke,) - 2¢ (¢ BX)
— K (B + hoe E™) =0
2B+ DYES T+ hay BT+ (KB, + BT i
— (B " +ha B0 =0
y
when writing them out explicitly in some local coordinates (a,xl, ...,x") adopted to the

vector field | c®=Nn*+ N* 0°Veo=1 l and the foliation {3, }, read as

L0 LNk pk ™ &
0 Lpi O + Bk ~L NF B Ok E;M) =\ @i

i q . (H) M
@ the source terms & and &7 are linear and homogeneous in £~ and EZ( S
if the metric hyp is Riemannian it is a first order symmetric hyperbolic system
(H) (M)
for (E ;

, By )T, and it is linear and homogeneous in these variables
@ its characteristic cone (apart from X, with n’¢; = 0) is | (h¥ —2n'n?) &i&; =0
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Foliations and splittings puts the basic variables in new dress

The propagation of the constraints:

Let (M, gap) be as specified above and assume that the metric h;, induced on the
o = const level surfaces is Riemannian. Then, regardless whether g,; is of
Lorentzian or Euclidean signature, any solution to the reduced equations
E:;VOL): 0 is also a solution to the full set of field equations G, — Gy, = 0
provided that the constraint expressions E™ and E;M) vanish on one of the
o = const level surfaces.
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Constraints form evolutionary systems
The secondary foliation and splittings:

Assume that on one of the o = const level surfaces (say on ) there exists a

smooth function p : ¥y — R gradient of which does not vanish (except at centers)

the p = const level surfaces ., are suppose to be homologous to each other and
assume (for simplicity) that they are orientable compact without boundary in X

na na

v,
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Constraints form evolutionary systems
The secondary foliation and splittings:

Assume that on one of the o = const level surfaces (say on ) there exists a

smooth function p : ¥y — R gradient of which does not vanish (except at centers)

the p = const level surfaces ., are suppose to be homologous to each other and
assume (for simplicity) that they are orientable compact without boundary in X

na na

Lo

@ The metric h;; on ¥y can be decomposed as

hij = %ij + iy |

in terms of the positive definite metric 4,5, induced on the ., level surfaces

v,
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Constraints form evolutionary systems
The secondary foliation and splittings:

Assume that on one of the o = const level surfaces (say on ) there exists a

smooth function p : ¥y — R gradient of which does not vanish (except at centers)

the p = const level surfaces ., are suppose to be homologous to each other and
assume (for simplicity) that they are orientable compact without boundary in X

na na

Lo

@ The metric h;; on ¥y can be decomposed as

hij = %ij + iy |

in terms of the positive definite metric 4,5, induced on the ., level surfaces

@ the unit norm field, normal to the .#, level surfaces, can be decomposed as

o=l

it =N " [(9,) — N']

where N and N denotes the ‘laps’ and ‘shift’ of an ‘evolution’ vector field
p' = (8,)" on
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Constraints form evolutionary systems

ne needs various secondary splittings:

The momentum constraint:

(M)

Ea :heanfEef:DeKea_DaKee_epa:O
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Constraints form evolutionary systems

One needs various secondary splittings:

The momentum constraint:

(M)

EY =heunfE.; = DK — DyK®, — epy =0

a

The splitting of the extrinsic curvature K;:

Kij = Iﬂ‘,ﬁi’flj a4 [ﬁ, k]‘ T ’ﬁj kz] = Kz‘j |

where

k=il Ky, ki =4"7' Ky and K =4"4" K
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Constraints form evolutionary systems

One needs various secondary splittings:

The momentum constraint:

(M)

EY =heunfE.; = DK — DyK®, — epy =0

a

The splitting of the extrinsic curvature K;:

Kij = Iﬂ‘,ﬁi’flj a4 [ﬁ, k]‘ T ’ﬁj kz] = Kz‘j |

where

k=0l Ky, ki =4%0 Ky and K =454 Ky

o the trace and trace free parts of K;;

K\ =4"Ky and K;; =K;; — -5 9;KY
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Constraints form evolutionary systems

One needs various secondary splittings:

The momentum constraint:

(M)

EY =heunfE.; = DK — DyK®, — epy =0

a

The splitting of the extrinsic curvature K;:

Kij = Iﬂ‘,ﬁi’flj a4 [ﬁ, k]‘ T ’ﬁj kz] = Kz‘j |

where

k=0l Ky, ki =4%0 Ky and K =454 Ky

o the trace and trace free parts of K;;

K\ =4"Ky and K;; =K;; — -5 9;KY

@ the independent components of |(h;;, K;;)| may be represented by the
variables

|(J\7, N, %iji K, kalhIo{ij)l
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Constraints form evolutionary systems
Constraints in new dress:

The momentum constraint:

)

E, " =h*n/E=D.K¢ — DK —€p, =0

a

(Kll)ki -+ .DZIO(” - Iiﬁi +jﬁkz — ﬁl K — biFL — % Dl(Kll) — epl:yli =0
K (Kll) + .blkl = Kklf(kl = 2ﬁl k; — gﬁ(KZl) — € at=0

where

T;lk = leDl”flk = 7Dk(hl N)

and D, denotes the covariant derivative operator of ¥;;
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Constraints form evolutionary systems
Constraints in new dress:

The momentum constraint:

E((;,M) = heanfEef =DK% — DK —€pa =0
(Kll)kiJrle(zz’JrnﬁiJrfﬁki — ' Ky — Dy — 7D (K') —epdli =0

K (KY) + D'k — Ky KM — 20tk — 2, (KY) —eprid =0

where

with trace
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Constraints form evolutionary systems

First order symmetric hyperbolic system:

The momentum constraint in local coordinates:

ki — =2 Dy(K") — Dik + DKy + (K') ki + ki — 2 Kii —epr4's =0 (1)
$ﬁ<Kll) = lA)lkl = R(Rll) + Kklf(kl + Qﬁl k; + (] ’ﬁl =0 (2)
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Constraints form evolutionary systems

First order symmetric hyperbolic system:

The momentum constraint in local coordinates:

Lk, — =2 Di(K")) — Dik + DKy + (K') ki + kv — A Kiy —epr4's =0 (1)
Za(KY) — D'k — k (KY) + K K" + 20k + epra' =0 (2)

@ notably, 2=} N7” times of (1) and N times of (2) when writing them out in (Iocal)
coordlnates (p,a: ,...,z"), adopted to the foliation ., and the vector field p,

. Kk
~AB _n—1 N 2 -N ~ AK B A
n— 2 ’Y 0 (9 aF =2, 12/ :YK OK aF gg(k) =0
0 —-N#4 -N K, B (k)

Istvdn Racz (Wigner RCP, Budapest) many faces of constraints 9 August, 2015 22 /28



Constraints form evolutionary systems

First order symmetric hyperbolic system:

The momentum constraint in local coordinates:

Lk, — =2 Di(K")) — Dik + DKy + (K') ki + kv — A Kiy —epr4's =0 (1)
gﬁ(Kll) = ﬁlkl = K,(f(ll) + Kklf(kl + 2’le k; + EP; ’IAll =0 (2)

@ notably, 2=} N’y” times of (1) and N times of (2) when writing them out in (Iocal)
coordlnates (p7 x?,...,2™), adopted to the foliation %, and the vector field p’,

. Kk
~AB _n—1 N 2 -N ~ AK B A
n— 2 ’Y 0 (9 aF =2, 12/ :YK OK aF gg(k) =0
0 —-N#4 -N K, B (k)

@ indep. of e: a first order symmetric hyperbolic system for the vector valued variable

(kp, K"g)"

where the ‘radial coordinate’ p plays the role of ‘time’.
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Constraints form evolutionary systems

First order symmetric hyperbolic system:

The momentum constraint in local coordinates:

Lk, — =2 Di(K")) — Dik + DKy + (K') ki + kv — A Kiy —epr4's =0 (1)
gﬁ(Kll) = ﬁlkl = K,(f(ll) + Kklf(kl + 2’le k; + EP; ’IAll =0 (2)

@ notably, 2=} N’y” times of (1) and N times of (2) when writing them out in (Iocal)
coordlnates (p7 x?,...,2™), adopted to the foliation %, and the vector field p’,

. Kk
~AB _n—1 N 2 -N ~ AK B A
n— 2 ’Y 0 (9 aF =2, 12/ :YK OK aF gg(k) =0
0 —-N#4 -N K, B (k)

@ indep. of e: a first order symmetric hyperbolic system for the vector valued variable

(kp, K"g)"
where the ‘radial coordinate’ p plays the role of ‘time’.

@ ... with characteristic cone (apart from the surfaces .%, with 2’¢; = 0)

(59 — (- D) &gy = 0]

= = = = o}
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Constraints form evolutionary systems
The Hamiltonian constraint:

The Hamiltonian constraint in new dress:

(#H)

E™ =nnfB =L {—e "R+ (K°)? - Ky K —2¢} =0

using (n)R =h-— {2%,@([%%) + (R’ll)2 4 K K* o+ 2]\771ﬁlf)l]§7}

_emg{z Lo (R | +(RY)? + o R* 42| N DDA }

+ 2Kll + 27:? (Kll)2 — Zklkl — f(kl f(kl —2e=0

R denotes the scalar curvature of o
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Constraints form evolutionary systems
The Hamiltonian constraint:

The Hamiltonian constraint in new dress:

(#H)

E™ =nnfB =L {—e "R+ (K°)? - Ky K —2¢} =0

using (n)R =h-— {2%,@(1?%) + (}@'ll)2 4 K K* o+ 2]\771Dll§l]§7}

_emg{g Lo (R | +(RY)? + o R* 42| N DDA }

+ 2Kll + % (Kll)2 — Zklkl — f(kl f(kl —2e=0

R denotes the scalar curvature of o

Two alternative choices that yield evolutionary systems for constraints:
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Constraints form evolutionary systems
The Hamiltonian constraint:

The Hamiltonian constraint in new dress:

E™ =nnfB =L {—e "R+ (K°)? - Ky K —2¢} =0

using (n)R =h-— {2%,@(1?%) + (}@'ll)2 4 K K* o+ 2]\771Dll§l]§7}

_emg{g Lo (R | +(RY)? + o R* 42| N DDA }

+2[r K+ 222 (KY)? - 2K’k — Ku K" —2¢=0

R denotes the scalar curvature of o

Two alternative choices that yield evolutionary systems for constraints:

@ it is a parabolic equation for if |14".2,4,; — D;N’ | does not vanish
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Constraints form evolutionary systems
The Hamiltonian constraint:

The Hamiltonian constraint in new dress:

E™ =nnfB =L {—e "R+ (K°)? - Ky K —2¢} =0

using (n)R =h-— {2%,@(1?%) + (}@'ll)2 4 K K* o+ 2]\771Dll§l]§7}

_emg{g Lo (R | +(RY)? + o R* 42| N DDA }

+2[r K+ 222 (KY)? - 2K’k — Ku K" —2¢=0

R denotes the scalar curvature of o

Two alternative choices that yield evolutionary systems for constraints:

@ it is a parabolic equation for if |14".2,4,; — D;N’ | does not vanish

@ it is an algebraic equation for provided that does not vanish
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Constraints form evolutionary systems
The hyperbolic-parabolic system:

The Hamiltonian constraint:

—6R+€{2 fﬁ(kll) +(kll)2+f{klf<kl+2 N_lDlDlN}

+2r K 4 222 (KY)? - 2Kk - Ky KM — 26 =0
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Constraints form evolutionary svstems
The hyperbolic-parabolic system:
The Hamiltonian constraint:
it e{a[ 2l ] 40kt 4 i 4 2[ 57 0B}

+2r K 4 222 (KY)? - 2Kk - Ky KM — 26 =0
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Constraints form evolutionary svstems
The hyperbolic-parabolic system:
The Hamiltonian constraint:
it e{a[ 2l ] 40kt 4 i 4 2[ 57 0B}

+2r K 4 222 (KY)? - 2Kk - Ky KM — 26 =0

()] Kll =’Ayij Kij = Nﬁl[%’?ijgpfyij = Dj]\?j} = Nﬁlf*{

La(K) = —R—3K [(3,) — (W' Dy¥)] + R=2((9,K) — (N'DyF)] |

A=2[(@,K) - N{(D )] + K + K k™

@ using .
B= — R+e[2r(KY) + 222 (K')? — 2Kk — Ky KF — 2¢]
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Constraints form evolutionary svstems
The hyperbolic-parabolic system:
The Hamiltonian constraint:
it e{a[ 2l ] 40kt 4 i 4 2[ 57 0B}

+2r K 4 222 (KY)? - 2Kk - Ky KM — 26 =0

(*] Kll =’Ayij Kij = Nﬁl[%’?ijgpfyij = Dj]\?j} = Nﬁlf*{

o | Za(RY) = —N-3K[(8,N) — (W' DiN) | + N2[(8,K) — (N'Dy k)] |

A=2[(@,K) - N{(D )] + K + K k™

@ using .
B= — R+e[2r(KY) + 222 (K')? — 2Kk — Ky KF — 2¢]

@ it gets to be a Bernoulli-type parabolic partial differential equation provided that K ..

|2 1(8,8) - RUDIN)] = 282(D' D\ + AN + BR?
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Constraints form evolutionary svstems
The hyperbolic-parabolic system:
The Hamiltonian constraint:
it e{a[ 2l ] 40kt 4 i 4 2[ 57 0B}

+2r K 4 222 (KY)? - 2Kk - Ky KM — 26 =0

(*] Kll =’Ayij Kij = Nﬁl[%’?ijgpfyij = Dj]\?j} = Nﬁlf*{

o | Za(RY) = —N-3K[(8,N) — (W' DiN) | + N2[(8,K) — (N'Dy k)] |

A=2[(@,K) - N{(D )] + K + K k™

@ using .
B= — R+e[2r(KY) + 222 (K')? — 2Kk — Ky KF — 2¢]

@ it gets to be a Bernoulli-type parabolic partial differential equation provided that K ..

|2 1(8,8) - RUDIN)] = 282(D' D\ + AN + BR?

@ in highly specialized cases of “quasi-spherical” foliations with 4;; = r2 %L] and with time
symmetric initial data K;; = 0 R. Bartnik (1993), R. Weinstein & B. Smith (2004)

= i = = T
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Constraints form evolutionary systems
The strongly hyperbolic system:

The Hamiltonian constraint as an algebraic equation for k:

—ER+E{2$&(K”) +(Kll)2 +Kk:l K" +2N_1 EZDZN}

+2Kll ar % (Kll)2 = 2klkl = Io{kl f{kl —2e=0
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Constraints form evolutionary systems
The strongly hyperbolic system:

The Hamiltonian constraint as an algebraic equ

z Py Py P 2 i1l 27 & =
76R+e{2$ﬁ(f<ll) SR+ R KM 42N DZDZN}

arF 2Kll TP 27:% (Kll)2 = 2klkl = Io(kl f{kl —2e=0

@ by eliminating from the momentum constraint one gets

Lok + (Kll)il[nf)i(Kll) = 2klbikl} + (2 Kll)ilf)ino

5 . o o
+(E ki + [k — =15 (K n — 2P Ky + D'Ky; — eprdti =0,
fﬁ(Kll) = f)lkl = F-',(Kll) +KMKM +2ﬁl k; +ep Al =0

where |k = (2Kll)_1[2klkl — —Z:f (Kll)2 — Ko, Ko= —e(n)R— IO(M IO(M — 2
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Constraints form evolutionary systems
The strongly hyperbolic system:

The Hamiltonian constraint as an algebraic equ

z Py Py P 2 i1l 27 & =
76R+e{2$ﬁ(f<ll) SR+ R KM 42N DZDZN}

arF 2Kll TP 27:% (Kll)2 = 2klkl = Io(kl f{kl —2e=0

@ by eliminating from the momentum constraint one gets

Lok + (Kll)il[nf)i(Kll) = 2klbikl} + (2 Kll)ilf)ino

5 . o o
+(E ki + [k — =15 (K n — 2P Ky + D'Ky; — eprdti =0,
fﬁ(Kll) = f)lkl = F-',(Kll) +KMKM +2ﬁl k; +ep Al =0

where |k = (2Kll)_1[2klkl — —Z:f (Kll)2 — Ko, Ko= —e(n)R— IO(M IO(M — 2

@ the above system is a strongly hyperbolic one for |(k;, Kll) provided that

K is determined algebraically once a solution is known !!!
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z Py Py P 2 i1l 27 & =
76R+e{2$ﬁ(f<ll) SR+ R KM 42N DZDZN}

arF 2Kll TP 27:% (Kll)2 = 2klkl = Io(kl f{kl —2e=0

@ by eliminating from the momentum constraint one gets

Lok + (Kll)il[nf)i(Kll) = 2klbikl} + (2 Kll)ilf)ino
HEY ki + [k — 7y (KD A — 2l Ky + DRy — epdti =0,

n—1

fﬁ(Kll) = f)lkl = F-',(Kll) +KMKM +2ﬁl k; +ep Al =0

where |k = (2Kll)_1[2klkl — —Z:f (Kll)2 — Ko, Ko= —e(n)R— IO(M IO(M — 2

@ the above system is a strongly hyperbolic one for |(k;, Kll) provided that

K is determined algebraically once a solution is known !!!

@ k- K!; <0 ?7??: consider spaces in Kerr-Schild form: g, = 145 + 2Ho 0y, (H smooth!
on R*, £, is null with respect to both g,; and an implicit background Minkowski metric
Nap) for near Schwarzschild approximations with H ~ % and kTA = 0 the relation

K'Y 2(1+2H)
~ T 1+H

= ,i.e. k- K! < 0 holds everywhere on t = const hypersurfaces !!!
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Constraints form evolutionary systems

Constraints as evolutionary s

Sorting the elements of the initial dat

@ the independent components of |(h;j, K;;)| may be represented by the variables

|(1\7, N*, 3ij; R,kuKlz,Io(ij)l
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o with freely specifiable variables on ¥ and on .#):
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@ the positivity of |I? = %ﬁ"jfp’yij — ﬁjﬁjl can be guaranteed

o a strongly hyperbolic system for |(k;, K';)| and an algebraic relation for

o with freely specifiable variables on ¥ and on #p:
A A . O
(8, 8%, 3053 [0 kil 7y KU1y Kig)|
@ by choosing the free data properly can be guaranteed (locally)

o !l (local) existence and uniqueness of C'*° solutions is guaranteed Ir. (2015)
o !l some global results apply for the hyperbolic-parabolic formulation & (2015)
v
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Final remarks:

|

@ hyperbolicity and causality: |ﬁ¢j = hy; — (T4 @) ﬁiﬁjl where « is a positive real function

@ linearity of the Hamiltonian constraint in [K]: role (7) in canonical quantization of gravity

@ global existence and uniqueness—and, possibly, the asymptotically Euclidean character
and/or the regularity at centers—of solutions to the introduced evolutionary systems
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Summary and final remarks

Thanks for your attention
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