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We all have a favorite paper -
I have two (both exactly 50 years old):



Or rather: I have three favorites!

• Gallai’s beautiful theory of alternating paths.

• The Gallai-Edmonds decomposition theorem.

• AN INTRIGUING FOOTNOTE :

• With the present methods I have succeeded in 
getting factorization theorems for general 
graphs besides σ=1 only for σ=2. I shall discuss
these results on another occation



Gallai’s papers are mostly in German

• Gallai’s work is not as well-known as it should be, due to the fact that
most of the papers are available in German only.

• It might be an idea to make translations into English available, either
in bookform or on the internet (but it is a demanding and non-trivial 
task to create such translations).

• The papers deserve to be studied in their original form – Gallai is an 
outstanding writer with a very careful style and a lot of interesting
details.



Gallai in Smolenice 1963



Smolenice June 1963



Critical graphs I
• The blocks in the minor subgraphs are complete and/or odd

cycles (the minor graph is a forest of Gallai trees)

• This is best possible (by construction)

• If G is k-critical (k≥4) on n vertices (n>k) then

• 2𝑒 ≥ 𝑘 − 1 𝑛 + ((𝑘 − 3)/(𝑘2 − 3))𝑛

• Gallai’s Conjecture: 

• 2𝑒 ≥ [(𝑘2 − 𝑘 − 2)𝑛 − 𝑘(𝑘 − 3)]/(𝑘 − 1)) and this is sharp
for n=1 mod (k-1)

• Krivelevich 1997, Kostochka&Stiebitz 2000 and 2002, 
Kostochka&Yancey 2012



4-critical graphs with empty minor graph



Critical graphs II

• A k-critical graph with ≤ 2k-2 vertices has disconnected complement

• The proof uses Gallai’s theory of alternating paths from the 1950 
paper

• Other proofs by Molloy 1999 and Stehlik 2003

• The right minimum number of edges for all n at most 2k-1



Balatonfüred and Budapest, Aug.-Dec. 1969.
Ivan Tafteberg Jakobsen and I were in Hungary as 

part of a PhD-program
• Erdős was present in Budapest the 

whole fall
• Rényi and Turán came to the 

Institute regularly
• Vera Sós conducted a 

combinatorics course at the 
University in English

• Hajós was at the University
• Gallai spent one full day at the 

Institute each week, working in the 
Library and meeting people, maybe
going out for lunch 

• And many young people around!

• Ivan and I had a weekly meeting 
with Gallai for about one hour

• He showed us ideas and problems
• He was very kind, very open, but 

extremely modest about his own
achievements



Gabriel Andrew Dirac

CRITICAL GRAPHS FIRST 
DEFINED IN G.A. DIRAC’s
PhD-thesis 1951



Critical k-chromatic graphs (on n vertices) 
with just one Major vertex

• Min max |C| ≤ c log n

• BEST POSSIBLE –

• Alon, Krivelevich, Seymour 2000

• Shapira&Thomas 2011

• Max min |C| ~ c log n            
Erdős 1959 and 1962

• Max min |odd C| ??



Critical 4-chromatic graphs with long shortest
odd cycles

• Max min |odd C| ≥ c 𝑛

• BEST POSSIBLE



Planar 4-critical graphs without vertices of 
degree 3 (Koester 1984).



4-critical graphs with all vertices of high
degree ( max min δ(G) )

• Simonovits and Toft 1971

• Max min d(G)  ≥  c 
3
|𝑉 𝐺 |

• BEST POSSIBLE ??



Sperner’s Simplex Lemma 
(as told to us by Gallai)



A generalization: 
1972 Budapest    
1974 Prague



A maximum independent set of vertices in a 
bipartite graph
• has the same number of elements as 

a minimum set of edges covering all 
vertices (we assume that δ≥1)

• Equivalently: the complement of a 
bipartite graph is perfect

• Due to König and Gallai 1932

• Published by Gallai in 1958 and 1959

• Gallai told me that he proved this in 
1932 as an answer to a question
posed in a lecture by König, but when
Gallai told him, König said that he
already knew. So Gallai did not count
it as his own result.   



MAX MIN THEOREMS



Scribbles by Gallai, summer 1972



Other Gallai classes of graphs



4-critical graphs with many edges/high min 
degree



Critical k-chromatic graphs with precisely two
Major vertices
• IF there are precisely two major 

vertices and they are
independent

• THEN the minor graph is 
disconnected

• Gallai’s Conjecture: the number
of conn. components in the 
minor graph is at least the 
number of components in the 
major graph

• PROVED by Stiebitz in 1982

• USED by Krivelevich in 1997



Tibor Gallai (1912 – 1992)   



Dénes König 1884-1944

Vielleicht noch mehr als der Berührung der 
Menschheit mit der Natur verdankt die 
Graphentheorie der Berührung 
der Menschen untereinander.

GALLAI 
made the 
pictures
for the 
book

Perhaps graph theory
owes more to the 
contact of mankind
with mankind, than to
the contact of
mankind with nature.



König in Göttingen 1904/05



Sós, Erdös, Sved   and    Gallai
(from N is a number by George Csicsery)

ANONYMUS IN THE CITY PARK 
(Városliget)



A letter 1977



Another letter 1977

To 
Professor 
Kalman,
Eidgenössische
Technische
Hochschule
Zürich





Two Gallai
conjectures



Thank you!

Erdős, Keszthely 1973, conducting a problemsession on 
the boat on Lake Balaton during the conference excursion


