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Introduction

For 1 < p < oo and r € Ny, denote for r > 1,
By = {f: f"" € ACioe(~1,1) and || fT¢|), < +oo},
where @(z) := V1 — 22, and for r = 0, B) := L,[-1,1].
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Introduction

For 1 < p < oo and r € Ny, denote for r > 1,
By = {f: f"" € ACioe(~1,1) and || fT¢|), < +oo},
where @(z) := V1 — 22, and for r = 0, B) := L,[-1,1].
e For f € B}, define

WE (FO, 1) = sup [IWE)AE, (PO,
0<h<t

(1 -2 = dp(2)/2)(1 + & — 5(x)/2)) /2,

Ws(z) == 1tz —0p(z)/2 €[-1,1],

0, otherwise.
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Introduction
For 1 < p < oo and r € Ny, denote for r > 1,
By = {f: f"" € ACioe(~1,1) and || fT¢|), < +oo},
where @(z) := V1 — 22, and for r = 0, B) := L,[-1,1].
e For f € B}, define

WE (FO, 1) = sup [IWE)AE, (PO,

0<h<t
where
(1 -2 = dp(2)/2)(1 + & — 5(x)/2)) /2,
Wi(z) = 1tz —dp(z)/2 € [-1,1],
0, otherwise.
@ Note that

wio(fit)p = Wh(f,t)p (I prefer = wf(f,t)p).
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The K-functional

It turns out that if f € By, then
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The K-functional

It turns out that if f € By, then

wf (f ), =0, if t—0+.

)

@ Forke N, r>0and f € B!, denote by

Kf(fD, 85 = inf ([(F7 = g [l + ¥ [lg™ e 1),

the K-functional.
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The K-functional

It turns out that if f € By, then

Wi (FD )y =0, i t—0+.

@ Forke N, r>0and f € B!, denote by

K, (f7,14), = ellgl,f (I =g Nl + tHllg ™+ 7)),
g

the K-functional.

@ We have the following equivalence.

If f € By, then

Wl (F, ) ~ KEL(FD, 5.
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Polynomial approximation in L,

Denote
Ba(fpi= it 1f = palp

where P, is the set of polynomials of degree < n, and let ¢ denote a
constant independent of f and n.
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Polynomial approximation in L,

Denote
Ba(fpi= it 1f = palp

where P, is the set of polynomials of degree < n, and let ¢ denote a
constant independent of f and n.
@ Then

IffeBl, 1<p<oo, then

Budapest July 1st-5th, 2013Joint work with
D. Leviatan (Tel Aviv University) Weighted D-T moduli revisited and applied /21



Polynomial approximation in L,

Denote
Ba(fpi= it 1f = palp

where P, is the set of polynomials of degree < n, and let ¢ denote a
constant independent of f and n.
@ Then

Theorem
IffeBl, 1<p<oo, then

Ea(fp < —wf, (f7, 1/n)p, n2k+r.

Theorem

| 3
\

If feB, 1 <p<oo, and P, € P,, denotes its polynomial of best
approximation in L,[—1,1], then for each k € N,

le™ £ PIHI, < enfwf (£, 1/n)p.

Rllr':\'r_\ncf July-1st-5th.-2013Joint-work-with |
/21
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Rewriting the latter is

n e BT, < ewf (£, 1/n)y,
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Rewriting the latter is

n e BT, < ewf (£, 1/n)y,

@ and we can also show

If feB!,1<p<oo, and P, € P, denotes its polynomial of best
approximation in Ly[—1,1], then for each k € N,

1/n
le" (f — PO), < / (@E, (£, 7)p/7) dr.
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Rewriting the latter is

n e BT, < ewf (£, 1/n)y,

@ and we can also show

If feB!,1<p<oo, and P, € P, denotes its polynomial of best
approximation in Ly[—1,1], then for each k € N,

1/n
le" (f — PO), < / (@E, (£, 7)p/7) dr.

@ Not quite “realization”.
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Polynomial approximation in L, — continued

The proof is based on two results. First, a theorem that illustrates the
hierarchy between the moduli of smoothness.

/ffEB;“,reNo and 1 <p< oo, and k > 2, then

wfyr(f(”), t)p < thlf—l,r+1(f(r+1)a t)p-
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Polynomial approximation in L, — continued

The proof is based on two results. First, a theorem that illustrates the
hierarchy between the moduli of smoothness.

/ffEB;“,reNo and 1 <p< oo, and k > 2, then

wfyr(f(”), t)p < thlf—l,rﬂ(f(r—i_l)a t)p-

@ Second, the following estimates by Ditzian and Totik. The
Jackson-type estimates

En(f)p S cwf(f: 1/n)p’ n Z ka
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Polynomial approximation in L, — continued

The proof is based on two results. First, a theorem that illustrates the
hierarchy between the moduli of smoothness.

/ffEB;“,reNo and 1 <p< oo, and k > 2, then

wfyr(f(”), t)p < thlf—l,rﬂ(f(r—i_l)a t)p-

@ Second, the following estimates by Ditzian and Totik. The
Jackson-type estimates

En(f)p S cwf(fa]-/n)p’ n Z ka

@ and the estimates on the derivatives of the polynomial of best
approximation

k p(r+k k
" FPIHI, < en™Fwf, (f,1/n),.
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Comments

It is also known that for f € L,[—1,1], that if f0") € L,[~1,1] for some
r > 1, then

Eo(f)p <en"wf(f",1/n), n>k+r
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Comments

It is also known that for f € L,[—1,1], that if f") € L,[—1,1] for some
r > 1, then

Eo(f)p <en"wf(f",1/n), n>k+r

@ Again, this follows from the hierarchy
W;f(f(ril)vt)p < th/fq(f(r)vt)pv r> 1.

(Note that we have to assume that f(") € L,[—1,1], the DT-moduli
are not defined if the function is not in L,[—1,1].)
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Comments

It is also known that for f € L,[—1,1], that if f") € L,[—1,1] for some
r > 1, then

En(f)p < Cnirwif(f(r)a 1/n)p, n>k+r.

@ Again, this follows from the hierarchy
W;f(f(ril)vt)p < th/fq(f(r)vt)pv r> 1.

(Note that we have to assume that f(") € L,[—1,1], the DT-moduli
are not defined if the function is not in L,[—1,1].)

@ We have a sharper estimate, and for B — a wider class of
functions.
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Direct and inverse theorems

An immediate consequence is,

If feB!, re Ny, and if for some k > 1, and o > 7,
wi (f1, 1), = O(t*™T), then

E.(f)p<en ™, n>k+r.

Budapest July 1st-5th, 2013Joint work with
D. Leviatan (Tel Aviv University) Weighted D-T moduli revisited and applied /21



Direct and inverse theorems

An immediate consequence is,

If feB!, re Ny, and if for some k > 1, and o > 7,
wi (f1, 1), = O(t*™T), then

E.(f)p<en ™, n>k+r.

@ We have the following inverse result.

Theorem

Letr € Ng, k> 1 and o« > 0, be such thatr < o < r + k, and let
feLy[-1,1]. If

Eo(f)p <Mn™®, n2>1,

then f € B, and

wkT(f(’") t)p < c(M,a,r)t* ", t>0.
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Inverse consequences

Let Py, € Prr, be the best approximation to f € Ly[—1,1], and set

= f — Py4,. Since wkr(pélr, t)p = 0 for pryr € Pryy, it follows that

;f,r(f( ), 8)p = wi J(FU),t)p, t >0, that En(F)p = [|F|lp, = Brrr(f)p,
n < k+r, and that we have E,(f), = En(F)p, foralln >k +r.
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Inverse consequences

Let Py, € Prr, be the best approximation to f € Ly[—1,1], and set

= f — Py4,. Since wkr(pélr, t)p = 0 for pryr € Pryy, it follows that

;f,r(f( ) t)p = wf (F )y, t >0, that By (F)y = || Fllp = By (f)p,
n < k+r, and that we have E,(f), = En(F)p, foralln >k +r.

@ Therefore, an immediate consequence is,

Corollary

Letr € Ng, k> 1 and o > 0, be such that r < a« < r + k, and let
feL,-1,1]. If
En(f)pgn_aa n>k+r,

then f € B, and

Budapest July 1st-5th, 2013Joint work with
D. Leviatan (Tel Aviv University) Weighted D-T moduli revisited and applied /21



Inverse consequences — continued

We have the following extension.

Corollary

Letr € Ng, k> 1 and o > 0, be such thatr < o < r + k, and let
feLy[-1,1]. If
Eo(f)p<n™®, n>N,

for some N > k +r, then f € B, and

wlfr(f(r)7t)l’ S C(Oé, k? T)ta_r + C(N7 k7 T)tkEk-H"(f)pv t> 0.

)
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Weighted DT moduli

Let | - |lp :==[| - lz,(~1,1, 1 <P < o0, and let w and ¢ be such w,¢ ~ 1 in
compacta of (—1,1), and w(z) ~ (1 F )& and ¢(z) ~ (1 F )&,
as x — %1, where y(£1), 5(£1) > 0.

For k € Ny, let

NG {Zf—o( D=1 (5) f(a + (i — k/2)R), ifx+kh/2 € [-1,1],

0, otherwise,
be the kth symmetric difference.
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Weighted DT moduli

Let | - |lp :==[| - lz,(~1,1, 1 <P < o0, and let w and ¢ be such w,¢ ~ 1 in

compacta of (—1,1), and w(z) ~ (1 F z)? (£ and o(z) ~ (1 Fx) AL,
as x — %1, where y(£1), 5(£1) > 0.

For k € Ny, let
Ab(f,w) = {Z?—O( D (S = k/2)R), ik kh/2 € [1,1),
0, otherwise,

be the kth symmetric difference.
@ Similarly, the kth forward and backward differences, respectively, are

Zk(f ) = S o ) f@+ih), i [z +kR) C[1,1],
e 0, otherwise,
and
Zﬁ(f,m) — {Zf:o(—l)l('f)f(x —ih), if [z - kh,z] C [—1,1],
0, otherwise,
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Weighted DT moduli — continued

Ditzian and Totik have defined the weighted ¢-moduli of smoothness, with
weight wP, of a function f, such that wf € L,[—1,1], by
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Weighted DT moduli — continued

Ditzian and Totik have defined the weighted ¢-moduli of smoothness, with
weight wP, of a function f, such that wf € L,[—1,1], by
°

k k
%(fvt)w,p ‘= Sup ||WAh¢f||Lp[—1+t*,1—t**]
0<h<t
Nk
+ sup |wAR,fllL,[~1,-1+126+]
O<h<t*

Nk
+ sup HU’AhqbeLp[l—ut**,l]’
O<h<t**
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Weighted DT moduli — continued

Ditzian and Totik have defined the weighted ¢-moduli of smoothness, with
weight wP, of a function f, such that wf € L,[—1,1], by

o
k k
W (fst)wp = sup [[WAR,fll L, [—14e% 1124
0<h<t
Nk
+ sup [[wAR,fllr,—1,—14126]
O<h<t*
Nk
+ sup  [JwAR,fllz,p-12e+ 1)
O<h<t**
@ where

o {A(kt)l/ﬂ—ﬂ(—l)), if B(~1) < 1
0, ifA(-1) > 1,
and, analogously,
. {A(kt)l/ﬂﬁ(l)), if B(1) < 1
0, if5(1) > 1,
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Weighted DT moduli — continued

They called the first term “the main part modulus” and denoted it

Q’;é(f, tw,p = sup ||1UA113¢>f||Lp[t*,1—t**]-
0<h<t
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Weighted DT moduli — continued

They called the first term “the main part modulus” and denoted it

Q’;é(f, tw,p = sup ||1UA113¢>f||Lp[t*,1—t**]-
0<h<t

@ They proved that the K-functional

K )y = inf ( — g)w, + tFl|weFg®) ),
oldi o= ot (I = gl + st

is equivalent to w(';(f, )w,p-
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Special weighted DT moduli

If we take ¢(x) = ¢(x) := V1 — 22 and w(z) = ¢"(x), the weighted DT
moduli become,
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Special weighted DT moduli

If we take ¢(x) = ¢(x) := V1 — 22 and w(z) = ¢"(x), the weighted DT
moduli become,

@ By the above we conclude that

If f € B, then

wkipr(f(r)v t)p ~ wcl,Z(f(T)v t)sor,P'
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Comparing definitions

Recall that
Wi (F 1) = sup Wi OAE (£, )l
0<h<t
where
(1= = dp()/2)(1 + 2 — dp()/2)) 7%,
Ws(z) == l+a—0p(x)/2€[-1,1],

0, otherwise.
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Comparing definitions

Recall that
Wi (F 1) = sup Wi OAE (£, )l
0<h<t
where
(1= = dp()/2)(1 + 2 — dp()/2)) 7%,
Ws(z) == l+a—0p(x)/2€[-1,1],

0, otherwise.

e And compare with: take t* := 2k?t?> and A is an absolute constant
(for example, A = 12),

W!;(f(r)at)gor,p: sup ”SOTAZgof(T)||Lp[—1+t*71—t*}
0<h<t
rak (r)
+ sup " ARf HLP[—l,—l—i-At(*)]
0<h<t*

r Nk (r)
+ sup [l AR L, n- A1)
0<h<t*
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Weighted polynomial approximation

Ditzian and Totik were interested in the degree of weighted polynomial
approximation (with weight wP), and proved that for f such that
wf € Ly[—1,1], we have

1/n
Eu(f)up < ¢ /O (O, Ty /7) d7, >
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Weighted polynomial approximation

Ditzian and Totik were interested in the degree of weighted polynomial
approximation (with weight wP), and proved that for f such that
wf € Ly[—1,1], we have

1/n
Eu(f)up < ¢ /O (O, Ty /7) d7, >

@ Here
En(f)w,p = irel]g ||w(f_pn)||p-

n
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Weighted polynomial approximation

Ditzian and Totik were interested in the degree of weighted polynomial
approximation (with weight wP), and proved that for f such that
wf € Ly[—1,1], we have

1/n
Eu(f)up < ¢ /O (O, Ty /7) d7, >

@ Here
En(f)w,p = irel]g ||w(f_pn)||p-

n

@ They could not show that

En(Hwp < cwy(f,1/n)wp, n=r.
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Weighted polynomial approximation

Ditzian and Totik were interested in the degree of weighted polynomial
approximation (with weight wP), and proved that for f such that
wf € Ly[—1,1], we have

1/n
Eu(f)up < ¢ /O (O, Ty /7) d7, >

@ Here
En(f)w,p = irel]g ||w(f_pn)||p-

n

@ They could not show that

En(f)w,p < ng)(fu l/n)w,;n n=>r.
@ Neither can we!
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Weighted polynomial approximation — continued

But we can show,

Let 0 < 1 < r, and assume that f=1) is locally absolutely continuous in
(—1,1) and we! fO € L,[~1,1]. Then

En(flwp <en”'w f= l(f(l l/n)w¢zp, n>r.
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Weighted polynomial approximation — continued

But we can show,

Let 0 < 1 < r, and assume that f=1) is locally absolutely continuous in
(—1,1) and we! fO € L,[~1,1]. Then

En(fwp < Cn_lw;_l(f(l), l/n)wd,l,p, n>r.

@ Hence, in particular, we have

Let 0 <1 <r < o, and assume that fU=Y is locally absolutely continuous

in (=1,1) and we! O € Ly[—1,1], and ;' (f U, 1) = O(t*7 ), then

wel,p

En(flwp<en™®, n>r.
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Inverse result

Conversely,

Theorem

Letr e Ng, keNandr <a<r-+k, and let f be such that
wf € Ly[—1,1]. If

() En(flwp < Mn™%, n>1,
then f("=1) s locally absolutely continuous in (—1,1) and

(s5) W) ) wgrp < (M, 1,a)t*™", > 0.
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Remark

It follows by Ditzian and Totik that (*) implies,

O D < (M, )%, > 0.
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Remark

It follows by Ditzian and Totik that (*) implies,

O D < (M, )%, > 0.

@ However, we have no way to conclude (**) from this, as we have the
hierarchy,

W wp < 5 (FT) gy £ >0,

(in the wrong direction).
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Concluding corollary

Corollary

Letr € Ng, k € N and a > 0, be such thatr < o« <r + k. Assume w is a
weight as above, and let wf € L,[—1,1]. If

FEo(flwp=n %, n=N,
for some N >k +r, then
wéf(f(r),t)wd,rp < c(w,a, k, r)t*" + c(w, N, k,r)tkEk+r(f)w,p, t > 0.

Moreover, if N = k +r, then

wg(fm, Dwerp < c(w, a, k,r)t*", £ >0.
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THANK YOU
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