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Summary

% Binary Expansion of Primes

% Thue-Morse sequence

% Gelfond problems

% Generalized Thue-Morse sequence and uniform distribution
% Automatic sequences

% Generalized Thue-Morse sequence of squares

% The sum-of-digits function of polynomial values

% The sum-of-digits function of primes
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* Binary Representation of Primes
2 extremal cases
p=2K+1 Fermat prime (k = 2™)

p=2k4+2k-14...424+1  Mersenne prime (k +1 € P)
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* Binary Representation of Primes
2 extremal cases
p=2+1 Fermat prime (k = 2™)
p=2K4+2k141...4241  Mersenneprime (k +1 € P)

Question on the number of digits of primes (related to Bourgain
and Green)
Given k, does there existaprimepand 0 =j; <j, < --- < jx with

p=2142 ... 42k7??

(This is equivalent to sy(p) = k.)
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% Binary Representation of Primes

Answer for large k

Theorem (D., Mauduit, Rivat (2011))
s2(n) ... number of powers of 2 in the binary expansion of n

22k

#{primesp < 2% :s,(p) =k} ~ ———
t (p) =k} V2rlog2k3
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% Binary Representation of Primes

Answer for large k

Theorem (D., Mauduit, Rivat (2011))
s2(n) ... number of powers of 2 in the binary expansion of n

22k

#{primesp < 2% :s,(p) =k} ~ ———
t (p) =k} V2rlog2k3

Unfortunately this does not give a proper answer for k = 2 or
k = [log,; p].
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% Thue-Morse sequence

Thue-Morse sequence (th)n>o:
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

0
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

01
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

0110
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

01101001
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

0110100110010110
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

01101001100101101001011001101001
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% Thue-Morse sequence

Thue-Morse sequence (th)n>o:

011010011001011010010110011010011001011001101 - --

to =0, t2n+k:1—tk (0<k<2n)
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

011010011001011010010110011010011001011001101 - --

to =0, t2n+k:1—tk (0<k<2n)

‘tn = s(n) mod 2‘

n= ei(nN)g" &(n)e{0,1,...,q9—1}, sq(n):- &i(n)
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

01
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

10
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

10
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - - -

#{0<n<N:tn:0}~g
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% Thue-Morse sequence

Thue-Morse sequence (th)n>o:

0110100110010110100101100110100110010110011

N
#{0<n<N:tn:0}~E

Michael Drmota Gelfond Problems and Automatic Sequences



% Thue-Morse sequence

Thue-Morse sequence (th)n>o:

0O 0O 0OOOOO1 0O O O O0OTO0TI12
N
#{0<n<N:t, =0}~ =

N
#{0<Nn<N:tgp =0}~ -
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence
Thue-Morse sequence (th)n>o:

1010011001011010010110 001 1100110

Michael Drmota Gelfond Problems and Automatic Sequences



% Thue-Morse sequence

Thue-Morse sequence (th)n>o:

1001 11 01 O 01 1 10---

Mauduit and Rivat (2010):

m(N)
2

#{0<p<N:t, =0}~
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% Thue-Morse sequence
Thue-Morse sequence (tn)n=o0:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence
Thue-Morse sequence (tn)n=o0:

01101 0 1 1 0
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% Thue-Morse sequence
Thue-Morse sequence (tn)n=o0:

01 1 0 1 1 0
Mauduit and Rivat (2009):

N
#{0<n<N:tn2:0}~E
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% Gelfond Problems

Gelfond 1967/1968
a, m ... positive integers, b, ¢ ... non-neg. integer, (m,q — 1) = 1.

N
— |#{n<N: sq(an+b)zﬁmodm}:E+O(NA)

with0 < A < 1.
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% Gelfond Problems

Gelfond 1967/1968
a, m ... positive integers, b, ¢ ... non-neg. integer, (m,q — 1) = 1.

N
— |#{n<N: sq(an+b)zﬁmodm}:E+O(NA)

with 0 < A < 1.
In particular:
#{N <N :tagnp =0} =#{n <N :sy(an+b) =0mod 2}
N A
=35 + O(N%)
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% Gelfond Problems

g 01,92,...,0d P> 21 (qhqj): 1fori #J! (mqu _l): 1.

#{n <N :sq(n)=4modm;, 1<j<d} = ——— +O(N')
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% Gelfond Problems

© 01,02,...,dq > 2, (gi,qj) = 1 fori #j, (mj,q; — 1) = 1: Kim 1999

#{N<N:sg(n)=4modmy, 1<j<d} =

mq---

N

Mgy

+ O(N1=m)
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% Gelfond Problems

Q 01.02,....0q > 2, (qi,05) =1 fori #j, (mj, g — 1) = 1: Kim 1999

— ; N 1-n
#{n <N :sq(n)=¢ modmy, 1<]j gd}:erO(N D

Q@ (mg-1)=1

#{primes p < N :sq(p) =¢ mod m} = ﬂT + O(N1=m)
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% Gelfond Problems

Q 01.02,....0q > 2, (qi,05) =1 fori #j, (mj, g — 1) = 1: Kim 1999

— ; N 1-n
#{n <N :sq(n)=¢ modmy, 1<]j gd}:erO(N D

© (m,q - 1) = 1: Mauduit, Rivat 2010

#{primes p < N :sq(p) =¢mod m} = FT + O(N1=m)
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% Gelfond Problems

Q 01.02,....0q > 2, (qi,05) =1 fori #j, (mj, g — 1) = 1: Kim 1999

— ; N 1-n
#{n <N :sq(n)=¢ modmy, 1<]j gd}:erO(N D

© (m,q - 1) = 1: Mauduit, Rivat 2010

#{primes p < N :sq(p) =¢mod m} = FT + O(N1=m)

Q@ (m,q-1)=1,P(x) € N[

#{n <N :s4(P(n)) =¢mod m} = % + O(N™™)
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% Gelfond Problems

Q 01.02,....0q > 2, (qi,05) =1 fori #j, (mj, g — 1) = 1: Kim 1999

— ; N 1-n
#{n <N :sq(n)=¢ modmy, 1<]j gd}:erO(N D

© (m,q - 1) = 1: Mauduit, Rivat 2010

#{primes p < N : sq(p) = ¢ mod m} = w + O(N1=m)

© (m,g-1)=1,P(x) € N[x]: Mauduit, Rivat 2009 for P(x) = x?

#{n <N :s4(P(n)) =¢mod m} = % + O(N™™)
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% Gelfond Problems

Q 01.02,....0q > 2, (qi,05) =1 fori #j, (mj, g — 1) = 1: Kim 1999

— ; N 1-n
#{n <N :sq(n)=¢ modmy, 1<]j gd}:erO(N D

© (m,q - 1) = 1: Mauduit, Rivat 2010

#{primes p < N : sq(p) = ¢ mod m} = w + O(N1=m)

© (m,g-1)=1,P(x) € N[x]: Mauduit, Rivat 2009 for P(x) = x?
Drmota, Mauduit, Rivat 2011 for large bases q > qo(deg(P))

#{n <N :s4(P(n)) =¢mod m} = % + O(N™™)
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% Generalized Thue-Morse sequences

@ H ... compact (Hausdorff) group
@ g >2andgo,01,...,9q—1 € H with gg = e (identity element)

@ G < H...closure of the subgroup generated by go,91,...,09q-1
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% Generalized Thue-Morse sequences

@ H ... compact (Hausdorff) group

@ g >2andgo,01,...,9q—1 € H with gg = e (identity element)

@ G < H...closure of the subgroup generated by go,91,...,09q-1
-1 _
n=> &(n)'
i=0
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% Generalized Thue-Morse sequences

@ H ... compact (Hausdorff) group
@ g >2andgo,01,...,9q—1 € H with gg = e (identity element)
@ G < H...closure of the subgroup generated by go,91,...,09q-1

e_ .
n=Y =

[uy

Il
o

Generalized Thue-Morse sequence:

T(N) := Geo(n)Ges(n) " Yepsn)
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% Generalized Thue-Morse sequences

@ H ... compact (Hausdorff) group
@ g >2andgo,01,...,9q—1 € H with gg = e (identity element)
@ G < H...closure of the subgroup generated by go,91,...,09q-1

e_ .
n=Y =

[uy

Il
o

g-multiplicative function:

T(+an)=gT(n)=T(j)T(n) 0<j<q
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% Generalized Thue-Morse sequences

Examples
oH :<Z/2Z7+>1q:2190:07 91:1:

‘T(n) =sy(n) mod 2 =ty |.
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% Generalized Thue-Morse sequences

Examples
o H= <Z/2Z7+>1q =2, 90:07 91:1:

‘T(n) =sy(n) mod 2 =ty |.

@ H=(Z/mZ,+),9,=j (0<j<q):
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% Generalized Thue-Morse sequences

Examples
o H= <Z/2Z7+>1q =2, 90:07 91:1:

‘T(n) =sy(n) mod 2 =ty |.

@ H=(Z/mZ,+),9,=j (0<j<q):

@ H=(R/Z,+),9=0j (0<j<q):

T(n) =asq(n) mod 1|
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% Generalized Thue-Morse sequences

Theorem

Let . denote the Haar measure of G. Then (T (n))n>o is u-uniformly
distributed in G, that is,

1 N—-1
N > oty = pe
n=0
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% Generalized Thue-Morse sequences

Theorem

Let . denote the Haar measure of G. Then (T (n))n>o is u-uniformly
distributed in G, that is,

1 N—1
N;f(T(n))%/(gfdu

(for all continuous functions f : G — R.)
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% Generalized Thue-Morse sequences

Theorem

Let . denote the Haar measure of G. Then (T (n))n>o is u-uniformly
distributed in G, that is,

1 N—1
N;f(T(n))%/(;fdu

(for all continuous functions f : G — R.)

Remark. Equivalently, a sequence (Xp) in G is p-uniformly distributed if
1
N]{n<N:xneB}\—>u(B)

holds for all u-measurable sets B C G with ;(9B) = 0.
Gelfond Problems and Automatic Sequences




% Generalized Thue-Morse sequences and Gelfond’s 1st problem

Theorem
Letqs,...,dq = 2,(0i,q;) =1fori #jand Tj(n), 1 <j <d,
generalized Thue-Morse sequences with respect to g; on groups G;

(with Haar measure ;).
Then (T1(n),...,Tq(n)) is p-uniformly distributed in
G = G; x --- x Gq, where p denotes the product measure on G:

1 N—1
N 2 ) Tatn)) =
n=0
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Theorem (D. and Morgenbesser, 2012)

Leta > 1and b > 0 be integers and set m’ = gcd(a, m) (where
m = m(d, do, - -.,0q—1) can be defined in a proper way). Set

/ /
dv' ' =m'"- 1T(b)U’ du,
where
@ 4 ... Haar measure on G,

@ U’ =cl({T(m’'n) :n > 0})... normal subgroup of G of index m’.

Then (T (an + b))n>0 is /-uniformly distributed in G, that is,

L N1
N > Or(anin) =V
n=0
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Theorem (D. and Morgenbesser, 2012)

There exists a positive integer m = m(q, o, - . - , dg—1) such that the
following holds: Set

m
dv = 1g,u-Q(v,m)dy,
v=0
where

@ 4 ... Haar measure on G,
@ U =cl({T(mn):n >0})...normal subgroup of G of index m,
@ Q(v,m)=#{0<n<m:n?=vmodm}.

Then (T (n?))ns0 is v-uniformly distributed in G, that is,

1 N-—1
N Z 51—(“2) — V|
n=0
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A unitary group representation is a continuous homomorphism
D:G— U, forsomen > 1.

Up ... group of unitary n x n matrices over C

D is irreducible if there is no proper subspace W of C" with
D(x)W C W forallx € G
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A unitary group representation is a continuous homomorphism
D:G — U, forsomen > 1.

Up ... group of unitary n x n matrices over C

D is irreducible if there is no proper subspace W of C" with
D(x)W C W forallx € G

Lemma

Let G be a compact group and v a regular normed Borel measure on
G. Then a sequence (Xn)n>0 is v-uniformly distributed in G iff

1 N-1
N nZ:_OD(xn) —>/GDdz/

holds for all irreducible unitary representations D of G.
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Remarks:

@ The integer m = m(q, do, - .. ,dq—1) is the largest integer such that
m | g — 1 and such that there exists a representation D of G with

D(gy)=e ?w  forallue{0,1,...,q—1}.

@ (T(n?))nx0 is uniformly distributed in G (i.e., v = p) iff m < 2.
o (T

(an + b))n>0 is uniformly distributed in G (i.e., v/ = p) iff
m’ = gcd(a,m) = 1.

@ If G is connected, then T (n?) and T (an + b) are uniformly
distributed in G.
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% Properties of the Fourier term

TA(N) := Gzo(n)Bes(n) "~ 9e, ,(n) (periodic with period at)

1 B
Fa(h) = =5 e P D(T,(u))

q o<u<g?
Lemma
Set

Up(t) = > e(tu)D(gu),
0<u<q

then

-5 ) w(3)
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* Properties of the Fourier term

Lemma

Suppose that D ¢ {Dy,...,Dn_1} is an irreducible and unitary
representation of G. Then there exists a constant ¢ > 0 such that

max |[Fa(h)[2 < q=¢*|
heZ
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% Exercise on linear subsequences

> D(T(an+b))
n<N
1 h b —
¥ o) g 3 e(g)

0<u<g¥ n<N 0<h<g?
h(an + b
> R Y (M),
0<h<g? n<N
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% Exercise on linear subsequences

ZD (an + b))

n<N
1 h(an+b—u
PDIEUOE-3S e(%)
0<u<g¥ n<N 0<h<g?
h(an +b
3 Fx(h)ze<¥>'
o<h<g? n<N q
i 1
> D(T(@n+b))|| < > [Fa(h)l-min [N, — hal |
n<N 2 O<h<g? SN “gx
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% Sketch of the proof for squares
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% Sketch of the proof for squares

S 2> D(T(n?)

0<n<N

@ The representation D, ...,Dmn_1 are special but easy:
De(gu) = e 2mmY  forall0<u<gand0<k <m

Dk(T(n?)) = e~2"n"”  Gauss sums

@ For all other irreducible unitary representations . ..
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Van der Corput type inequality:

1/2
dN Ir| H
ST zm)| < = > ( _E) > z(n+r1)Z(n) +
o<n<N . Ir|<R 0<n<B
- o<n+r<B
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Van der Corput type inequality:

> oot <| F 3 (1-F) | £ ormentored)

o<n<N F Ir|<R o<n<B
0<n+r<B
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Van der Corput type inequality:

Z D(T (n?

0<n<N

< %Z(l—%) > D(T(n+r1)*)D(T(n%))"

Ir|<R o<n<B
0<n+r<B

F

T (N) = 9ep(n)Bey(n) sy (m)Yer(n) * Yeg_y(n)
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Van der Corput type inequality:

Z D(T (n?

0<n<N

< %Z(l—%) > D(T(n+r1)*)D(T(n%))"

Ir|<R o<n<B
0<n+r<B

F

Tx(N) = oo 9ey(n) - - 9=y _1(n)

Michael Drmota Gelfond Problems and Automatic Sequences
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Van der Corput type inequality:

1/2
dN Ir 2\1H f
3 o) < FZ< _E> S D(T(n+1)2)D(T(n?) +2R
0<n<N F [r|<R 0<n<B
0<n+r<8 F
Tx(N) = oo 9ey(n) - - 9=y _1(n)
(n + r)z = (56—156—2 o EN .)q, n? = (6[_16[_2 Lo EN .)q
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Van der Corput type inequality:

> DY) < %N > (1—%) > D(T(n+r1)*)D(T (n?))" l/z—k%R
osnet F <R 0Shires .
TA(N) = Geo(m)Yer(n) " Y2y _1(n)
(N+1)2=(er160-2---€x-)q N? = (g 16¢-2---6x--)q
D(T ((n +r)?))D(T (n?))"
= D(TA((N+71)*))D(Ge,) - - D(Ge,_1)D ()™ - - - D(9e, )" D(T(n?))"

Michael Drmota Gelfond Problems and Automatic Sequences



Van der Corput type inequality:

> DY) < %N > (1—%) > D(T(n+r1)*)D(T (n?))" l/z—k%R
osnet F <R 0Shires .
TA(N) = Geo(m)Yer(n) " Y2y _1(n)
(N+1)2=(er160-2---€x-)q N? = (g 16¢-2---6x--)q
D(T ((n +r)?))D(T (n?))"
I
= D(TA((N+71)*))D(Ge,) - - D(Ge,_1)D ()™ - - - D(9e, )" D (T (n?))"
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Van der Corput type inequality:

1/2
2 dN Ir| 2\+H f

> DT ()| < FZ(l—ﬁ) >~ D(T(n+r)*)D(T(n?)) +3R

S RN 2, _
Tx(N) = oo 9ey(n) - - 9=y _1(n)
(n+r)2 = (Eg_laEg_z...E)\...)q, n? = (Eg 1€0_2 . )\...)q
D(T ((n +r)?))D(T (n?))"
In
= D(gax) T D(gflfl)D(gfé—l) ’ (gEA) (T/\( ))H

D(TA((n+T1)%))
D(TA((n +r1)?))D(TA(n?))"
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T A(N) = 9eo(n)er(n) " Fe,1()Fen(n) ** * Gex_a(n)

Fourier terms:

Fa(h) = q% e 2"k D(T, (u)

o<u<g?

Michael Drmota Gelfond Problems and Automatic Sequences



Tua(n) = 9e(n) "+ Ger_a(n)

Fourier terms:
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Tua(n) = 9e(n) "+ Ger_a(n)

Fourier terms:

1 —27rih—§
P =5 S e DM )
9 o<u<g?
1 —2mihu
Fua(h) = 7 e A D(T, A (u))
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A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:
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A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:

2 4 /2~ A
— |Og <u) q)‘/z max/\ d1/2
™ ™ 0<l<q g

> IF (o)l [1F,x(h2) [ 1y a(ha)lg lIF . (ha)ll 2

0<hy hz,hs,hy<g?
(hy+ha+hg+hs,q*)=d
d |2r(h1+h2)+25q © (h2+h3)+€
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A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:

2 4 /2~ A
— |Og <u) q)‘/z max/\ d1/2
™ ™ 0<l<q g

> IF (o)l [1F,x(h2) [ 1y a(ha)lg lIF . (ha)ll 2

0<hy hz,hs,hy<g?
(hy+ha+hg+hs,q*)=d
d |2r(h1+h2)+25q © (h2+h3)+€

This term can be estimated by applying upper bounds on the Fourier
terms (in a quite subtle way; an analogue of this expression appears in
Mauduit and Rivat's work).
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* Applications

% The sum-of-digits function:

Theorem (Mauduit and Rivat, 2009)
Letg,m > 2 and setr = gcd(q — 1,m). Then we have

lim i#{n <N :sq(n?)=amodm} = }Q(a,r) :
N—oo N r

where Q(a,r) = #{0<n<r:n>=amodr}.
Furthermore, (asq(n?))nen is uniformly distributed modulo 1 iff o is
irrational.
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* Applications

* Invertible automatic sequences:

Theorem (D. and Morgenbesser, 2012)

Letg > 2 and (un)n>o be an invertible g-automatic sequence. Then the
frequency of each letter of the subsequence (u,2)n>0 exists.

Remark. In invertible automatic sequences the frequencies of the
stated in the automaton is equidistributed. For the subsequenc of
squares the limiting distribution might be different.
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uz = a,
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 =(1012); us = a, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 =(1012); us = a, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 =(1012); us = a, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 =(1012); us = a, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uz = a, 61 = (2021)3 U1 = b
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% Automatic sequences

Definition
A sequence (up)n>o is called a g-automatic sequence, if uj is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uz = a, 61 = (2021)3 U1 = b

(un)n>o0 : aaaaabaabaabaaabbaaabaaabbaaabaaabbaaaaaaba. ..
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s;/a

o4

1 00
Mpo=(0 1 O
0 01
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100 010
Mo=|[0 1 0 Mi=[1 00
001 001
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100 010 0 0
Mo=|[0 1 0 Mi=[1 0 0 My=[1 0
001 00 1 01
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O o



1
32 = (1012); : ( 0 )
0

Michael Drmota Gelfond Problems and Automatic Sequences



1 0
0 0
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1 0
32 = (1012)3 : MO o Ml 0 = 1
0 0
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1
32:(1012)3 M10M00M1(0>(
0
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1 0
32:(1012)3 M20M10M00M1(0>(1)
0 0
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1 0 0 010 0 01
Mo=|0 1 0O Mi=[1 0 0 My=[1 0 0

0 01 0 01 010
Definition

A g-automatic sequence is called invertible if there exists an
automaton such that all transition matrices are invertible and Mg is the
identity matrix.
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Examples of automatic sequences

Thue-Morse sequence (invertible):

Rudin-Shapiro sequence (not invertible):

0
1 1 0 0

Sy W w Wy
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* Automatic Sequences and Generalized Thue-Morse sequences

@ U, ... invertible automatic sequence

= |un =f(S(n)e1)

9

where S(n) is a generalized Thue-Morse sequence on
H = SL(m,R)
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% Gelfond’s 3rd problem on polynomial values

% The sum-of-digits function:
Theorem (D., Mauduit and Rivat, 2011)

Letd > 2 be an integer, | g > qo(d) | a sufficently large prime number,

and P € N[X] of degree d such the leading coefficient is co-prime to g.
Setr = gcd(q — 1,m). Then we have

lim —#{n<N Sq(P (n))zamodm}:%Q(a,r),

N—o0

where Q(a,r) =#{0<n<r:P(n)=amodr}.
Furthermore, (asSq(P(n)))nen is uniformly distributed modulo 1 iff o is
irrational.

Remark. go(d) < e87d*(logd)®
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% Gelfond’s 3rd problem on polynomial values

% Proof method:

@ Exponential sums (e(x) := exp(2wix)):

>_e(asq(P(n)))

n<N

@ Van-der-Corput inequality
@ Fourier terms

Fa(a,h) = — e (asq(u) - huq-A)

@ Estimates on Fourier terms and exponential sum estimates
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% Subsequences of the form |n®|

% The sum-of-digits function:

Theorem (Deshouillers, D. and Morgenbesser, 2012)
Let u, be a g-automatic sequence (on an alphabet .A) and

l<c<7/5.

Then for each « € A then asymptotic density of « in the subsequence
U|ne) exists if and only if the asymptotic density of « in up exists (and
they are the same).

In particular it follows that

XIi_)m@%#{n <N :sq([n°])=amodm} = % .

It is conjectured that this holds for all non-integers ¢ > 1.
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% Gelfond’s 2nd problem on primes

% The sum-of-digits function:

Theorem (Mauduit and Rivat, 2010)
Letg,m > 2. Then

. 1 . _ _(m7q_1)
NIinooW(X;a’(m’q_1))#{p<N.sq(p):amod m}_im i

Furthermore, (asq(p))pep is uniformly distributed modulo 1 iff o is
irrational.
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* Local results the sum-of-digits function on primes

Theorem (D., Mauduit and Rivat, 2009)
Suppose that (q,k — 1) = 1. Then

#{primes p < N : s4(p) =k}
_ k — g logy N)?
_g-1 _ a(N) (exp <_( /a0y N) >+0((|ogN)—%
Pa=1)  [org2 logy N 203 logy N
where )
_9-1 2= 4= 1
Ha="% %= "

Remark: This asymptotic expansion is only significant if
k — pqlogg N| < C(log N)%

1
Note that >_p<n Sq(P) ~ uqlogy N.
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% Binary Representation of Primes
Corollary

Theorem (D., Mauduit, Rivat (2011))
s2(n) ... number of powers of 2 in the binary expansion of n

22k

#{primesp < 2% :s,(p) =k} ~ ———
t (p) =k} V2rlog2k3
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* Local results the sum-of-digits function on primes

Lemma

For every fixed integer g > 2 there exist two constantsc; > 0, ¢, >0
such that for every k with (k,q —1) =1

2 e(asq(p)) < (logN)3NL-erl@-1)al?
p<N p=k mod g—1

uniformly for real « with ||(q — 1)«|| > c»(log N)‘%.

Remark. This is a refined version of the result by Mauduit and Rivat.
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% Local results the sum-of-digits function on primes

Lemma

Suppose that 0 < v < % and 0 <7 < 3. Then for every k with
(k,q — 1) =1 we have

p<N p:kzmod q_le(asq(p)) - %e(auq log, N)

« (e_zﬂzazag 295N (1 + O (|a])) + O (|| (log N)
_1
2,

uniformly for real « with |a| < (logN)”

Remark. This is a refined version of a central limit theorem and can
be proved by a refined moment method.
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Thank you!
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