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Local	  vs	  Global	  Ques?on	  

•  Local:	  property	  of	  subsets	  
•  Global:	  property	  of	  en?re	  set	  

•  Does	  local	  structure	  imply	  global	  structure?	  	  



Erdős	  on	  Local	  Global	  
•  Chroma?c	  number	  not	  local	  concept	  
•  Graphs	  with	  high	  chroma?c	  
number,	  but	  small	  subgraphs	  
suggest	  otherwise	  

GRAPH THEORY AND PROBABILITY 

1’. ERDOS 

A well-known theorem of Ramsay (8; 9) states that to every n there exists 
a smallest integer g(n) so that every graph of g(n) vertices contains either 
a set of n independent points or a complete graph of order n, but there exists 
a graph of g(n) - 1 vertices which does not contain a complete subgraph 
of n vertices and also does not contain a set of n independent points. (A graph 
is called complete if every two of its vertices are connected by an edge; a set 
of points is called independent if no two of its points are connected by an 
edge.) The determination of g(n) seems a very difficult problem; the best 
inequalities for g(lz) are (3) 

(1) 2n - 2 
9” < g(n) < n _ 1 . ( > 

It is not even known that g(n) lln tends to a limit. The lower bound in (I) 
has been obtained by combinatorial and probabilistic arguments without an 
explicit construction. 

In our paper (5) with Szekeresf(k, 1) is defined as the least integer so that 
every graph having f(K, I) vertices contains either a complete graph of order 
K or a set of i! independent points (f(k, k) = g(k)). Szekeres proved 

Thus for 

k = 3,f(3, 2) < ’ ; ’ . 
(A 

I recently proved by an explicit construction that f(3, I) > P+‘l (4). By 
probabilistic arguments I can prove that for k > 3 

which shows that (2) is not very far from being best possible. 
Define now h(k, I) as the least integer so that every graph of h(k, I) vertices 

contains either a closed circuit of k or fewer lines, or that the graph contains 
a set of 2 independent points. Clearly h(3, I) = f(3, I). 

By probabilistic arguments we are going to prove that for fixed k and suffi- 
ciently large I 
(4) h(k, I) > Z’+? 
Further we shall prove that 
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ON CIRCUITS AND SUBGRAPHS OF CHROMATIC GRAPHS 

9. ERD~S 

A graph is said to be k-chromatic if its vertices can be split into k 
classes so that two vertices of the same class ase not connected (by an 
edge) and such a splitting is not possible for 7c-- 1 classes. Tutte was the 
first to show that for every k there is a k-chromatic graph which contains 
no triangle [l]. 

The lower girth of a graph is defined as the smallest integer t so that 
our graph has a circuit oft edges. J. B. Kelly and L. M. Kelly [2] showed 
that there exist graphs of arbitrarily high chromatic number and lower 
girth 6. I proved [3] that for every t and Ic there is a graph of chromatic 
number L and lower girth t. In fact I showed the following sharper 
result : To every k there is an E so that for n > q,(c, Ic) there is a Gcn) 
(GC”) will denote a graph of n vertices, Glfi) will denote a graph with n 
vertices and 1 edges) of chromatic number Ic and lower girth > E logn. 
We shall show that in some sense this result is best possible. First we 
introduce some notations, f(m, L ; n) denotes the maximum of the 
chromatic number of all graphs G”), every subgraph of m vertices of which 
has chromatic number not exceeding k ; g,(n) is the largest integer for 
which there is a I?(~) of chromatic number k and lower girth g,(n). Clearly 
g,(a) is the largest odd integer not exceeding n (since every odd circuit 
has chromatic number 3). For k > 3 the determination of g,+(N) seems 
very difficult. In [3] I proved? CC,, cg, . . . will denote suitable positive 
constants) 

log n 
src(n) > CllogE * (1) 

Now I shall prove 

THEOREM 1. For k 3 4 tee have 

g,(n) < 

Theorem 1 and (1) shows that for E > 4 the order of magnitude of 
gk(n) is logn (it would be easy to replace (1) by an explicit inequality). 
It seems likely that for k > 3 

exists, but I have not been able to prove t,his. 
Theorem 1 shows that the chromatic number can be ” large ” only if 

the lower girth is < E logn. Theorem 1 further implies that every G(“’ 

f In [3], (1) is proved in a slightly clkfferent form. 
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Erdős’s excitement was contagious, it moved legions to
attack his problems. Although Erdős never discussed the
“big picture,” it became evident to anyone with some expe-
rience with problems Erdős disseminated (whether his own
or someone else’s) that they were pieces in a large jigsaw
puzzle; both the results and the requisite techniques are pro-
foundly relevant to a large territory yet to be explored.
It will take a collective effort to assess Erdős’s legacy. In

this writing we focus on Erdős’s influence on the theory of
computing (TC), a field concerned with the intrinsic com-
plexity of computational problems. What makes this task
somewhat paradoxical is that Erdős never took any interest
in the theory of computing , yet among the practitioners in
the field, he is a household name.
The key to Erdős’s impact on the theory of computing is

the relevance of his paradigms on which many of his disci-
ples were educated. Witness to this effect is the remarkable
success of members of the Erdős school in the theory of com-
puting.

Figure 1: Paul Erdős in an often observed posi-
tion: sunken in an armchair in deep thought. 1991.
Photo c George Paul Csicsery

2 Freedom over convenience:
a biographical sketch

2.1 Pronunciation, spelling

His often mispronounced name is Pál (Paul) Erdős, pro-
nounced approximately as “air-dish”, where the “i” in “dish”

To my knowledge, Erdős never attended a STOC or FOCS conference.
He is a coauthor of a FOCS’85 paper with Aharoni and Linial on integer
programming duality. He coauthored several other papers on algorithmic
themes, contributing mathematical ideas to the analysis but taking little in-
terest in the TC motivation.

sounds like the “i” in “first.” Note the long (Hungarian) um-
laut on the “ő,” often (even in Erdős’s own papers) by mis-
take or out of typographical necessity replaced by “ö,” the
more familiar German umlaut which also exists in Hungar-
ian. (We salute Donald E. Knuth for including the long Hun-
garian umlaut among his international characters in the TEX
typesetting program; its code is \H{o}. Knuth’s TEXbook
uses Erdős’s name to illustrate the use of the character,
Erd\H{o}s.)

2.2 The wizard from Budapest

Paul Erdős was born on March 26, 1913, in Budapest,
to Hungarian-Jewish parents. Erdős’s birth was marred by
tragedy: his sisters (of ages 5 and 3) contracted septic scar-
let fever and died while Paul’s mother was in the maternity
ward. A year and a half laterWorldWar I broke out, and very
soon Erdős’s father was captured by the Russians and taken
as POW to Siberia for six years. By the age of 4, Paul was
able to multiply 4-digit numbers in his head. He would ask
their visitors’ date of birth and tell them how many seconds
they lived.
Both of Erdős’s parents were high school mathematics

teachers, and Erdős received much of his early education
from them. Erdős always remembered his parents with great
affection.

Figure 2: Paul Erdős at 13. This picture was published in
the “Mathematical and Physical Monthly for Secondary
Schools” in 1927, among the photos of the best problem
solvers of the year. Founded in 1893, this periodical is
generally credited with a large share of Hungarian stu-
dents’ success in mathematics. Erdős remained faithful
to the Monthly and published several articles in it about
problems in elementary plane geometry. At 14, László
Lovász came across one of these articles, and was so en-
chanted, he read it “at least 20 times” [92, p.486]. Photo
courtesy: J. Bolyai Mathematical Society

At 21, Erdős obtained his Ph. D. at Pázmány University,
Budapest, formally under the great analyst Leopold Fejér
(1934). But the subject of Erdős’s thesis was number the-
ory; he proved the existence of prime numbers between
and belonging to certain arithmetic progressions. By the
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Erdős	  on	  Local	  Global	  
•  Graphs	  with	  high	  girth	  and	  high	  chroma?c	  
number	  
A	  combinatorial	  classic	  –	  sparse	  graphs	  with	  high	  
chroma4c	  number,	  	  Jaroslav	  Nešetřil	  

	  

•  g:	  girth,	  k:	  chroma?c	  number	  

	  	  	  	  Ques?on:	  Does	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  exist	  ?	  

log n

2 log k
≤ g ≤ 2 log n

log(k − 2)
+ 1

lim
n→∞

gk(n)

log n



Erdős	  on	  Local	  Global	  
•  For	  all	  k,	  k-‐chroma?c	  graph,	  	  
such	  that	  	  Ω(n)	  size	  subsets	  are	  3-‐colorable	  

•  What	  if	  subsets	  are	  2-‐colorable?	  

•  Conjecture:	  exists	  ck	  such	  that	  

•  [Kierstead,	  Szemeredi,	  Tro_er	  ‘84]	  

no	  odd	  cycle	  of	  	  
length	  <=	  ck	  n1/k	  

graph	  is	  k+1	  colorable	  
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Local	  Global	  Ques?ons	  in	  Other	  Seings	  
•  Embedding	  into	  l2d	  	  

•  Characteriza?on	  of	  tree	  metrics	  

•  Helly’s	  theorem	  

•  Ramsey	  theory	  

•  Graph	  minors	  work	  
– minor	  exclusion	  is	  local	  property,	  	  
what	  does	  it	  mean	  for	  en?re	  graph	  ?	  

•  Property	  tes?ng	  
–  infer	  proper?es	  of	  en?re	  set	  from	  sample	  



Local	  Global	  Tradeoffs	  	  
in	  Metric	  Embeddings	  



A	  Brief	  History	  of	  Op?miza?on	  
•  NP-‐completeness	  (early	  70’s):	  	  
Many	  op?miza?on	  problems	  hard	  
to	  solve	  exactly	  

•  approximately	  op?mal	  solu?on?	  

•  PCP	  theorem	  (early	  90’s):	  
op?miza?on	  problems	  cannot	  be	  
approximated	  beyond	  threshold	  

•  threshold	  of	  approximability?	  

Traveling	  	  
Salesman	  



Approxima?on	  Algorithms	  
•  Hard	  op?miza?on	  problems	  (min/max)	  
	  	  	  	  Relax	  and	  round	  paradigm	  

– “Relax”	  to	  obtain	  tractable	  problem	  
– “Round”	  solu?on	  to	  relaxa?on	  to	  solve	  original	  

•  How	  good	  is	  the	  frac?onal	  solu?on	  ?	  

integrality	  gap	  =	  max	  
value(integer	  soln)	  

value(frac?onal	  soln)	  



Sparsest	  Cut	  

	  	  	  	  	  	  	  	  	  	  	  	  	  Generalized	  Sparsest	  Cut	  

min	  
|E(S,T)|	  

|S||T|	  

min	  
α(S,T)	  

β(S,T)	  
Weight	  func?ons	  	  
α,	  β	  on	  edges	  

S	   T	  



Cut	  (semi)Metrics	  

•  Exact	  reformula?on	  of	  Sparsest	  Cut	  

S	   T	  1	  
0	  

0	  
min	   Σα(u,v)d(u,v)

	  

Σβ(u,v)d(u,v)	  
d(.,.)	  is	  {0,1}	  metric	  



Relax	  to	  general	  metric	  

•  Metric	  can	  be	  mapped	  to	  distribu?on	  over	  cut	  
metrics	  with	  log(n)	  distor?on	  [Bourgain	  ‘85]	  

•  	  log(n)	  approxima?on	  for	  Sparsest	  Cut	  
[Linial,	  London,	  Rabinovich	  ‘94]	  [Aumann,	  Rabani	  ‘94]	  

S	   T	  1	  
0	  

0	  
min	   Σα(u,v)d(u,v)

	  

Σβ(u,v)d(u,v)	  
d(.,.)	  is	  {0,1}	  metric	  

Linear	  Programming	  



Metric	  Embeddings	  
[Bourgain	  ‘85]	  
Metric	  d	  on	  n	  points	  can	  be	  mapped	  to	  

•  Integrality	  gap	  of	  Sparsest	  Cut	  relaxa?on	  
is	  exactly	  the	  distor?on	  of	  embedding	  into	  

•  Be_er	  approxima?on	  by	  constraining	  general	  
metrics	  further?	  	  

•  YES:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  approxima?on	  via	  semidefinite	  
programming	  

�1
d(x, y) ≤ ||f(x)− f(y)||1 ≤ O(log n)d(x, y)

�1

�
log n



Li}	  and	  Project	  Hierarchies	  
•  Systema?c,	  itera?ve	  procedures	  to	  strengthen	  
mathema?cal	  programming	  relaxa?ons	  

•  [Lovász,	  Schrijver	  ‘91]	  	  
[Sherali	  Adams,	  ‘90]	  
[Lasserre,	  01]	  

•  In	  k	  rounds,	  enforce	  constraints	  on	  all	  subsets	  
of	  size	  k	  
– solu?on	  in	  ?me	  nO(k)	  

•  Does	  local	  structure	  imply	  global	  structure?	  



Local	  Global	  Tradeoffs	  for	  Metrics	  
•  [Arora,	  Bollobás,	  Lovász,	  Newman,	  Rabani,	  
Rabinovich,	  Vempala,	  ‘06]	  

•  Suppose	  every	  subset	  of	  k	  points	  in	  metric	  
space	  embeddable	  into	  	  	  	  	  	  with	  distor?on	  D.	  

•  Min	  distor?on	  for	  embedding	  en?re	  space	  
into	  	  	  	  	  	  ?	  

•  Lower	  bound:	  (log	  n)Ω(1/k)	  	  	  for	  D=1	  
•  Upper	  bound:	  O(D	  (n/k)2)	  

�1

�1



Local	  Global	  Tradeoffs	  for	  Metrics	  
•  [C,	  Makarychev,	  Makarychev	  ’07]	  
•  Lower	  Bounds	  
	  

•  Upper	  Bound	  

Ω

�
log n

log k + log log n

�

Ω

�
log(n/k)

log(1/δ)

�

Ω(D log(n/k))

O(D log(n/k))

D = 1

D = 1 + δ

D ≥ 3/2 Large	  distor?on	  	  
even	  if	  subsets	  of	  	  
size	  no(1)	  embed	  
isometrically	  



Lower	  bound:	  Roadmap	  
•  Constant	  degree	  expander	  
•  High	  global	  distor?on	  

•  Subgraphs	  of	  expander	  are	  sparse	  
•  Sparse	  graphs	  embed	  well	  
	  



New	  metric	  
•  Expander	  with	  new	  metric	  

•  Every	  embedding	  of	  (G,	  ρ)	  into	  1	  requires	  
distor?on	  	  

•  Every	  subset	  of	  X	  of	  size	  k	  embeds	  into	  1	  with	  
distor?on	  1+	  δ	  

	  

ρ(u,v) = 1 - (1 - µ)d(u,v) 

Ω

�
log(n/k)

log(1/δ)

�



Global	  distor?on	  
•  3-‐regular	  expander	  G,	  girth	  Ω(log	  n)	  
•  [LLR]	  Min	  distor?on	  for	  embedding	  it	  into	  1	  is	  	  

Ω(avg	  distance	  /	  length	  of	  edge)	  

•  New	  metric	  

•  Distor?on	  	  
	  

	  

ρ(u,v) = 1 - (1 - µ)d(u,v) 

Ω(1)

1− (1− µ)
= Ω

�
log(n/k)

log(1/δ)

�



Embedding	  Subgraphs	  
•  Trees	  embed	  isometrically	  into	  1	  
•  Embedding	  easy	  if	  subgraphs	  are	  acyclic	  

– Too	  strong:	  subgraph	  size	  bounded	  by	  girth	  
•  Exploit	  sparsity	  of	  subgraphs	  



Mul?cuts	  
•  Construct	  a	  distribu?on	  on	  par??ons	  
Goal:	  Pr(u,v	  separated)	  ≈	  ρ(u,v)	  =	  1	  -‐	  (1	  -‐	  µ)d(u,v)	  	  

•  High	  level	  idea:	  remove	  every	  edge	  with	  
probability	  µ	  

•  The	  shortest	  path	  between	  u	  and	  v	  survives	  with	  
probability	  (1	  -‐	  µ)d(u,v)	  	  

•  If	  the	  shortest	  path	  was	  the	  only	  path	  between	  u	  
and	  v,	  then	  u,v	  separated	  with	  prob.	  	  

ρ(u,v)	  =	  1	  -‐	  (1	  -‐	  µ)d(u,v)	   



l	  -‐	  path	  decomposable	  expanders	  
•  H	  is	  l	  -‐	  path	  decomposable	  if	  	  
every	  2-‐connected	  subgraph	  contains	  a	  path	  
(each	  vertex	  has	  degree	  2)	  of	  length	  l	


•  [Arora,	  Bollobás,	  Lovász,	  Tourlakis	  ,’06]	  	  
3-‐regular	  expander	  G,	  girth	  Ω(log	  n),	  every	  
subgraph	  H	  of	  size	  at	  most	  k	  is	  	  
Ω(log(n/k))	  -‐	  path	  decomposable	  

•  Probabilis?c	  method:	  	  
Expanders	  with	  sparse	  subgraphs	  
Sparsity	  +	  girth	  =>	  path	  decomposable	  



Mul?cuts	  
•  H	  is	  l -‐	  path	  decomposable,	  L	  =	  l/9,	   µ	  ≤	  1/L	  

•  Distribu?on	  on	  mul?cuts:	  
– d(u,v)	  ≤	  L,	  Pr(u,v	  separated)	  =	  1	  -‐	  (1	  -‐	  µ)d(u,v)	  

– d(u,v)	  >	  L,	  Pr(u,v	  separated)	  ≥	  1	  -‐	  (1	  -‐	  µ)L	  

•  Distor?on	  	  
1

1− (1− µ)L
= 1 +O(e−µL)



•  H	  has	  cut	  vertex	  c	  

•  Sample	  mul?cuts	  independently	  in	  Si	  
Pr[u,v	  not	  separated]	  =	  Pr[u,c	  not	  separ]	  *	  Pr[v,c	  not	  separ]	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  =	  (1-‐µ)d(u,c)	  (1-‐	  µ)d(v,c)	  =	  (1-‐	  µ)d(u,v)	  

Distribu?on	  on	  mul?cuts	  

c	  

S1	  

S2	  

u	  

v	  

S3	  



•  d(u,v)	  ≤	  L,	  Pr(u,v	  separated)	  =	  1-‐(1-‐µ)d(u,v)	  
•  d(u,v)	  >	  L,	  Pr(u,v	  separated)	  ≥	  1-‐(1-‐µ)L	  
•  The	  end	  points	  are	  always	  separated!	  

•  Can	  be	  done	  for	  path	  of	  length	  3L	  
	  

•  Cut	  edges	  “independently”	  with	  probability	  µ	  
•  Decisions	  for	  Q1	  and	  Q3	  not	  independent	  

Long	  paths	  

L	   L	   L	  
Q1	   Q2	   Q3	  



•  H	  has	  a	  path	  of	  length	  	  l	  =	  9L	  

•  Divide	  path	  into	  3	  parts	  P1,	  P2,	  P3	  
•  Sample	  mul?cuts	  independently	  in	  H,	  P1,	  P2,	  P3	  
•  Computa?on	  same	  as	  before	  

Distribu?on	  on	  mul?cuts	  

P1	   P3	  

P2	  

H	  



Isometric	  local	  embeddings	  

•  Every	  subset	  of	  size	  k	  embeds	  isometrically	  into	  1	  
•  En?re	  metric	  requires	  distor?on	  

•  Main	  idea:	  	  
– make	  distor?on	  very	  close	  to	  1;	  	  	  	  δ	  =	  c/k.log(n)	  
– add	  a	  uniform	  metric:	  ρ’(u,v)	  =	  ρ(u,v)	  +	  µ	  
– Near isometric embedding can be corrected to 

embed new distance exactly 

Ω

�
log n

log k + log log n

�



Applica?ons	  
•  Sherali-‐Adams	  Hierarchy:	  Integrality	  gap	  for	  
many	  problems	  a}er	  	  nδ	  	  rounds.	  

•  Construct	  local	  distribu?ons	  on	  solu?ons	  
•  Key	  challenge:	  distribu?ons	  for	  subsets	  must	  be	  
consistent	  on	  intersec?on	  

•  (Modular)	  Solu?on:	  Use	  lower	  bound	  
construc?on	  with	  sqrt(distance):	  embeddable	  
into	  2	  
– 2	  embedding	  uniquely	  defined	  by	  pairwise	  distances	  
– distribu?on	  on	  solu?ons	  from	  2	  embedding	  



Conclusion	  and	  Ques?ons	  
•  Every	  subset	  of	  size	  k	  isometrically	  embeddable	  
into	  l1	  	  	  :	  global	  distor?on	  ?	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  versus	  	  

•  NegaAve	  type	  metrics:	  d(u,v)	  =	  ||xu	  –xv||22	  
[Khot,	  Saket	  ‘09]	  [Raghavendra,	  Steurer	  ’09]	  

1.  isometric	  embedding	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  size	  sets	  
2.  Global	  distor?on	  	  

O(log(n/k)) Ω

�
log n

log k + log log n

�

2O(log logn)δ

Ω(log log n)γ


