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∞
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hange f → g ,where g is the Fourier transform of f .
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The main new features of the formula:The set R is repla
ed by the set R ∪D+, whereD+ =
{i (14 − n) : n ≥ 1 is an integer} .The Fourier transform is repla
ed by the Wilson fun
tiontransform of type II (Groenevelt, 2003), and:it is its own inverse and it is an isometry on a Hilbert spa
e.We have triple produ
t integrals investigated very intensivelyin the theory of automorphi
 forms as weights (and theintegers n are repla
ed by another dis
rete point set).
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Notations:H is the 
omplex upper half plane,
γ =

( a b
 d )

∈ SL(2,R) a
ts on H in this way: γz = az+b
z+d ,
Γ0(4) := {( a b
 d )

∈ SL(2,Z) : 
 ≡ 0 (mod 4)} ,D4 is a fundamental domain of Γ0(4) in H,dµz = dxdyy2 is the SL(2,R)-invariant measure on H,
(f1, f2) := ∫D4 f1(z)f2(z)dµz .
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Notations:Let e(x) = e2πix , and for z ∈ H let
θ (z) = ∞

∑m=−∞

e(m2z),B0(z) := (Imz) 14 θ (z) .The hyperboli
 Lapla
e operator of weight l is:
∆l := y2 ( ∂2

∂x2 + ∂2
∂y2)− ily ∂

∂x .For γ =

( a b
 d )

∈ SL(2,R) let jγ(z) := 
z + d .B0(γz) = ν(γ)

( jγ(z)
|jγ(z)|)1/2 B0(z) for γ ∈ Γ0(4).
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Three types of Maass forms of weight 12 + 2n for Γ0(4):Let uj ,1/2 (j ≥ 0) be a maximal orthonormal system of squareintegrable Maass forms of weight 12 .u0,1/2 = 
0B0.Non square integrable Maass forms of weight 12 :For 
usps a = 0,∞ and for real numbers r let Ea (z , 12 + ir)be the Eisenstein series of weight 12 belonging to a and r .Mass forms of weight 12 + 2n 
oming from holomorphi
 forms:If g(z) is su
h a form, then g(z) (Im z)− 14−n is holomorphi
.
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Lapla
e-eigenvalues of Maass forms of weight 12 + 2n:For j ≥ 1 let
∆1/2uj ,1/2 = (

−
14 − T 2j ) uj ,1/2.Here Tj is real and tends to in�nity.As a fun
tion of z , the Eisenstein series Ea (z , 12 + ir) is a

∆1/2-eigenfun
tion with eigenvalue (

−14 − r2).If n ≥ 1, let gn,1, gn,2, ..., gn,sn be an orthonormal basis ofMaass 
usp forms of weight 2n + 12 and ∆2n+ 12 -eigenvalue
−14 + (n − 14)2.
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Maass operators: Kk := iy ∂

∂x + y ∂

∂y + k .If f is a Maass form of weight k , then Kk/2f is a Maass formof weight k + 2.If u is a 
usp form of weight 0 for SL(2,Z), and
∆0u = s(s − 1)u, then for n ≥ 0 de�ne

(κn(u)) (z) := (Kn−1Kn−2 . . .K1K0u) (4z)
(s)n (1− s)n .This is a 
usp form of weight 2n for Γ0(4).
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ζa(f , r) := ∫D4 f (z)Ea (z , 12 + ir , 12)dµz .
Γ (X ± Y ) is the abbreviation of

Γ (X + Y ) Γ (X − Y ) ,and similarly, Γ (X ± Y ± Z ) is the abbreviation of
Γ (X + Y + Z ) Γ (X + Y − Z ) Γ (X − Y + Z ) Γ (X − Y − Z ) .
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∞
∑j=1 f (Tj) Γ(34 ± iTj)(B0κ0 (u1) , uj , 12)(B0κ0 (u2) , uj , 12)14π ∑a=0,∞∫ ∞

−∞
f (r) Γ(34 ± ir) ζa (B0κ0 (u1) , r) ζa (B0κ0 (u2) , r)dr

∞
∑n=1 f (i (14 − n)) Γ

(2n +
12) sn

∑j=1 (B0κn (u1) , gn,j ) (B0κn (u2) , gn,j )
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tion in the usual way:pFq ( a1, . . . , apb1, . . . , bq ; z) =

∞
∑n=0 (a1)n . . . (ap)nn! (b1)n . . . (bq)n zn.For j = 1, 2 let

∆0uj = (

−
14 − t2j ) uj .Then de�ne the Wilson fun
tion φλ (x) as the sum of

Γ (2it1) 4F3( 14 − it1 + ix , 14 − it1 − ix , 14 − it1 + iλ, 14 − it1 − iλ12 − it1 + it2, 12 − it1 − it2, 1− 2it1 ; 1)
Γ
(12 − it1 ± it2)Γ (14 + it1 ± ix) Γ (14 + it1 ± iλ)and the same expression with −t1 in pla
e of t1.
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(14 ± it1 ± ix) Γ (14 ± it2 ± ix)Γ (14 ± ix) Γ (34 ± ix)

Γ
(12 ± it1)Γ (12 ± it2) Γ (±2ix) .De�ne the measure dh for fun
tions F on R ∪D+, even on R as

∫ F (x)dh(x) := 12π ∫ ∞0 F (x)H(x)dx + i ∑x∈D+

F (x)Resz=xH(z).Then the Wilson fun
tion transform of type II is de�ned as
(GF ) (λ) = ∫ F (x)φλ (x) dh(x).
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Remarks on the automorphi
 weights:Expli
itly, we have
(B0κ0 (u1) , uj , 12) =

∫D4 B0 (z) u1 (4z) uj , 12 (z)dµz .The right-hand side here is very 
losely related to
∫SL(2,Z)\H |u1(z)|2 (Shimuj ,1/2) (z) dµz ,where Shimuj ,1/2 (the Shimura lift of uj ,1/2) is a 
usp form ofweight 0.
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