
Forbidden subposet problems

Balázs Patkós

A family G of sets is a weak copy of a poset (P,⩽), if there exists a bijection f : P → G
such that p ⩽ q implies f(p) ⊆ f(q), and G is a strong copy of (P,⩽), if there exists
a bijection f : P → G such that p ⩽ q if and only if f(p) ⊆ f(q). With some abuse
of notation, we will write P instead of (P,⩽) and say that a family F is weak (strong)
P -free if it does not contain weak (strong) copies of P . The forbidden subposet problem
of determining La(n, P ) (La∗(n, P )), the maximum size of a weak (strong) P -free family
F ⊆ 2[n] := {S : S ⊆ {1, 2 . . . , n}}. was introduced by Katona and Tarján [8] in the early
80s.

Let e(P ) [e∗(P )] denote the largest integer k such that for any n, the middle k layers of
Bn, is [induced] P -free. By definition, we have

Σ
(
n, e(P )

)
≤ La(n, P ) and Σ

(
n, e∗(P )

)
≤ La∗∗(n, P ).

Griggs and Lu [7] and independently Bukh [3] conjectured in 2009 that for any poset P ,
La(n, P ) =

(
e(P ) + o(1)

)(
n

⌊n/2⌋

)
and proved this conjecture for important classes of posets.

In order to describe Bukh’s result, we define a tree poset T to be one such that its
unoriented Hasse diagram is a tree. The height h(P ) of a poset P is the length of the longest
chain in P . Observe that for any tree poset, it is the case that e(P ) = h(P )− 1.

Theorem 0.1 (Bukh [3]). For any tree poset T , we have La(n, T ) =
(
h(T )−1+OT

(
1
n

))(
n

⌊n/2⌋

)
.

The same result for the asymptotics of La∗(n, T ) is by Boehnlein and Jiang [1] but their
error term is oT (1) instead of OT

(
1
n

)
.

Theorem 0.2 (LYM inequality [9, 13, 11]). If F ⊆ 2[n] is a k-Sperner (i.e. Ck+1-free) family,
then

λn(F)
def
=

∑
F∈F

(
n

|F |

)−1

≤ k.

The quantity λn(F) is called the Lubell mass of F is one of the major and most common
used tools for establishing upper bounds on La(n, P ). The connection between upper bounds
on λn(F) and the size of F is made in the following simple lemma.
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Lemma 1. If for some F ⊆ 2[n] and positive real c, we have λn(F) ≤ c, then |F| ≤ c
(

n
⌊n/2⌋

)
.

Moreover, if c = k is an integer, then |F| ≤ Σ(n, k).

As every P -free family is C|P |-free, another immediate corollary of Theorem 0.2 is that for
any P -free family F ⊆ 2[n], we have λn(F) ≤ |P | − 1. An induced analog of this inequality
resisted the attempts of researchers for long time, until Méroueh [10] proved the following.

Theorem 0.3 (Méroueh [10]). For an P there exists a constant C = C(P ) such that for
any induced-P -free family F ⊆ 2[n] we have λn(F) ≤ C.

Note that Theorem 0.3, via Lemma 1, establishes Methuku and Pálvölgyi’s theorem [12]
that La∗(n, P ) = O

((
n

⌊n/2⌋

))
.

In probabilistic terminology, the Lubell mass is the expected value E[X] of the random
variable X = XF which counts the number of sets F ∈ F that a maximal chain picked
uniformly at random contains. Using a bound on the average number of sets in F ∩ C was
addressed from early on. However, the method that is now known as the chain partitioning
method was introduced by Griggs, Li, and Lu [6] and a detailed discussion appeared in the
paper by Griggs and Li [5].

The method can be very simply described in general. Fix a family F ⊆ 2[n]. Let C
denote the set of all maximal chains in [n] and let C1 ∪ C2 ∪ · · · ∪ Cm be a partition of
C. Then one can introduce the corresponding random variables X1, X2, . . . , Xm with Xj

being the number of sets F ∈ F that a maximal chain picked uniformly at random from Cj

contains. Then clearly, the Lubell mass λn(F) is the weighted average
∑m

j=1
|Cj |
n!

E(Xj). In

particular, if E[Xj] ≤ C holds for 1 ≤ j ≤ m, then λn(F) ≤ C.
Commonly used partitions are

• the min-partition C∅ ∪
⋃

F∈F Cmin
F , where Cmin

F is the set of those maximal chains C
for which F is the smallest set in F that lies in C, and C∅ = {C ∈ C : C ∩ F = ∅},

• the max-partition C∅ ∪
⋃

F∈F Cmax
F , where Cmax

F is the set of those maximal chains C
for which F is the largest set in F that lies in C,

• the min-max-partition C∅∪
⋃

F,F ′∈F ,F⊆F ′ CF,F ′ , where CF,F ′ is the set of those maximal
chains C for which F is the smallest and F ′ is the largest element of F that each lie
in C, in particular, if F = F ′, then F is the only set in F ∩ C.

An application.

Theorem 0.4. La(n, ⋄3) = Σ(n, 3).

Proof. Consider the min-max partition of a ⋄3-free family F . By the ⋄3-free property, for
any F ⊂ F ′ with F, F ′ ∈ F , there are at most 2 other sets G ∈ F with F ⊂ G ⊂ F ′. So the
average number of sets in a chain in CF,F ′ is at most 2 + 2

|F ′|−|F | ≤ 3. Therefore, λn(F) ≤ 3
and Lemma 1 finishes the proof.

2



————————
Now we consider the construction of Ellis, Ivan, and Leader [4] that serves as a coun-

terexample to the conjectures that La(n, P ) =
(
e(P )+o(1)

)(
n

⌊n/2⌋

)
and La∗(n, P ) =

(
e∗(P )+

o(1)
)(

n
⌊n/2⌋

)
.

In fact, this construction disproved the so-called Daisy Conjecture of Bollobás, Leader,
and Malvenuto [2] and, in fact, disproved many (seemingly unrelated) conjectures in extremal
set theory.

To formulate the statement, let us define an r-daisy to be the family of all six r-sets
that contain some fixed (r− 2)-set R (the stem of the daisy) and that are subsets of a fixed
(r + 2)-set T ⊃ R. Let ex(n,Dr) be the maximum number of r-sets in a family F of r-sets

on vertex set [n] such that F does not contain any r-daisies and let πr = limn→∞
ex(n,Dr)

(nr)
.

The Daisy conjecture stated that πr tends to 0 as r tends to infinity. Bollobás, Leader, and
Malvenuto claimed that the Daisy conjecture is equivalent to the statement that ex(2n,Dn)

(2nn )
tends to 0 as n tends to infinity.

Lemma 2 (Bollobás, Leader, Malvenuto [2]). For any c ≥ 0,

lim inf
r→∞

πr > c ⇐⇒ lim inf
n→∞

ex(2n,Dn)(
2n
n

) > c.

Proof. Assume first that lim inf πr tends to c, so we can pick an r with πr < c + ε/2

and thus for large enough n, we have ex(n,Dr)

(nr)
< c + ε. So if F ⊆

(
[2n]
n

)
does not contain

an n-daisy, then we count pairs (G,F ) with G ⊆ F ∈ F and |G| = n − r. Fixing F ,
we get that the number of such pairs is exactly |F|

(
n

n−r

)
. Fixing G, the r-uniform family

FG := {F \ G ∈ F : G ⊆ F} lives on n + r vertices and does not contain any r-daisy, so
|F| ≤ ex(n+r,Dr) < (c+ε)

(
n+r
r

)
. Therefore the number of pairs is at most

(
2n
n−r

)
(c+ε)

(
n+r
r

)
.

Therefore,

|F|
(

n

n− r

)
<

(
2n

n− r

)
(c+ ε)

(
n+ r

r

)
and so

|F| < (c+ ε)

(
2n
n−r

)(
n+r
r

)(
n

n−r

) = (c+ ε)

(
2n

n

)
as needed.

Assume next lim inf ex(2n,Dn)

(2nn )
tends to c. As a result, for any ε > 0 and large enough r,

we have ex(2r,Dr)

(2rr )
< c + ε. So for large enough n and F ⊆

(
[n]
r

)
with no r-daisy, we count

pairs (F,G) with F ∋ F ⊆ G and |G| = 2r. Fixing F first yields that the number of such
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pairs is |F|
(
n−r
r

)
. Fixing G, we know that FG := {F ∈ F : F ⊂ G} contains no r-daisies, so

|FG| ≤ ex(2r,Dr) ≤ (c+ε)
(
2r
r

)
. So the number of pairs is at most

(
n
2r

)
(c+ε)

(
2r
r

)
. Therefore,

|F|
(
n− r

r

)
≤

(
n

2r

)
(c+ ε)

(
2r

r

)
and so

|F| ≤ (c+ ε)

(
n
2r

)(
2r
r

)(
n−r
r

) = (c+ ε)

(
n

r

)
as needed.

The construction by Ellis, Ivan and Leader [4] establishes that there is a family in the
middle layer of the Boolean lattice which has nontrivial density.

Theorem 0.5 (Ellis, Ivan, and Leader [4]).

lim inf
r→∞

πr ≥
∞∏
k=1

(
1− 2−k

)
≥ 0.288787.

Consequently,
(
0.288787− o(1)

)(
2n
n

)
≤ ex(2n,Dn).

Proof. Here we only sketch the main points of the proof, leaving the details to the reader.
First, define Fr,2r−1 as follows: fix a bijection f between the nonzero vectors of the vector
field Fr

2 and [2r − 1], and let

Fr,2r−1 =
{
f(B) : B is a basis of Fr

2

}
.

By counting the number of ordered bases of Fr
2, one can obtain that

∣∣Fr,2r−1

∣∣/(2r−1
r

)
>∏r

k=1

(
1− 2−k

)
.

The next goal is to show that any r-daisy in
[
2r − 1

]
contains an r-set corresponding

to a linearly dependent set of r vectors. Suppose for a contradiction that there exists some
r-daisy F in

[
2r − 1

]
whose r-sets all correspond to linearly independent sets of r-vectors.

Thus, the stem of the daisy forms the basis of an (r − 2)-dimensional subspace W . Let
{u1, u2, u3, u4} be the remaining vertices of the daisy. Modding out by W , Fr

2/W is a 2-
dimensional subspace over F2. Since there is no ui ∈ W , it must be the case that there
are distinct ui, uj with f−1

(
ui

)
+ W = f−1

(
uj

)
+ W , contradicting the fact that f−1

(
ui

)
,

f−1
(
uj

)
, and the vectors corresponding to the vertices of the stem form an independent set.

Next, let n ≥ 2r − 1 and the family Fr,n be the blow-up of Fr,2r−1. That is, we partition
[n] into 2r − 1 classes X1, X2, . . . , X2r−1 as equally as possible. The index i(x) of x ∈ [n] is
defined by x ∈ Xi(x). Then let

Fr,n =
{{

x1, x2, . . . , xr} :
{
i(x1), i(x2), . . . , i(xr)

}
∈ Fr,2r−1

}
.

This is also r-daisy-free and the lower bound on lim
r→∞

πr now follows.
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