Random version of Sperner’s theorem
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A sequence &, of events holds with high probablity (w.h.p) if P(&,) — 1.

Markov inequality: if X is a non-negative random variable and a > 0 is a real number,
then P(X > a) < @. In particular, if X2, are non-negative integer-valued random
variables with E(X,,) — 0, then X,, = 0 w.h.p.

Chebyshev’s inequality: if X is a finite random variable, then
1
B(X ~ E(X)| > k(X)) < 5.

In particular, if E(X,) — oo and 0%*(X,) = o(E(X,)) (or equivalently E(X?) = (1 +
o(1))E*(X,,)), then X,, > 0 w.h.p.

Chernoff bound: if X, X, ..., X, are independent random variables with P(X; = 1) =
p; and P(X; =0) =1 —p;, then for X =>"" X;, p=>"  p; and 6 > 0 we have

o P(X > (1+0)p) < exp(—z5i),

e PIX<(1—-0)u) < exp(—%u) provided 0 < < 1.

The inequality P(U2,&;) < >~ P(&;) is often referred to as the union bound.

The comparability graph @, of 2" has vertex set 2" and F, G are joined by an edge if
and only if F C G or G C F. Q,(p) is the probability space of all induced subgraphs of @,
with P(Q,.(p) = Qu[F]) = p¥1(1 — p)?"~V1 ie. every subset F of [n] is a member of the
vertex set of @, (p) with probability p independently of all other subsets.

Independent sets of Q,, and Q,(p) correspond to antichains in 2"

Theorem 1 (Balogh et al. [I], Colares Neto et al. [2]). For every e > 0, there exists a
constant C' such that if p > C/n, then the size of the largest antichain in Q,(p) is at most

(14 5)p(tn72J) w.h.p.



The threshold p > C/n is sharp as if p = o(n™!), then the expected number pQ%(Ln7/‘2J)
of pairs in the middle two levels that remain in @, (p) is negligable compared to the number
of sets 2p(Ln72 J) remaining in @, (p) in the middle two levels. So removing one set from each
such pair leaves us with an antichain of size (2 — 0(1))10(Ln7/‘2 J)‘

Proof. During the proof we will write m := (I_n72 j)' We will need the following result that
can be easily deduced from a result of Kleitman.

Lemma 2. If U C V(Q,) with |[U| > (t + e)m for some 0 < € < 1/2 and positive integer t,
then e(U) > 5nt(21|‘/)Lt|+l.
Lemma 3. Let t be a positive integer, 0 < & < 1/(2t)*, and n be sufficiently large. Then

: . . V(Gn V(Gn ) V(Gn V(Gn -
there exist functions f : (<n,(£+0‘2,>2n) — ((t+§+z—:))m) and g : (g(t+2)(m/()52nt)) — ((tis)n)l) with the

following property. For any independent set I in G, there exist disjoint subsets Si,Sy C I
with |S1| < n=092mand |S; U Sy| < (t + 2)m/(e2n?), such that Sy U Sy is disjoint from
g(Sl U SQ), SQ Q f(Sl), and I Q Sl U SQ Ug(51 U SQ)

Proof of Lemma. We fix an arbitrary order of V(Q,,) and an independent set I. We set
Up = V(Q,), and, during a process of two phases, we update U; and add vertices first to .Sy
and then to S5, both of which are empty at the beginning of the process. At the beginning of
each step we select the vertex u € U;_ with degg, v, ,)(u) maximal, and if there are several
such vertices, we take the one with minimal index in the fixed order of V(Q,,). The steps in
the two phases are as follows:

PHASE 1

o If u ¢ I, then we let U; = U;_; \ {u}, and proceed to Step ¢ + 1 in Phase 1.

o If u € I with degg,, ,j(u) > n't%? then we add u to Sy, let U; = U;_1 \ Ng,[u], and
proceed to Step ¢ + 1 in Phase 1.

o If u € I with degg, [, ,j(u) < n't%? then we add u to Sy, let U; = U;_1 \ No, [u], define
f(S1) = U;, and proceed to Step i + 1 in Phase II.

PHASE 11

o If u ¢ I, then we let U; = U;_; \ {u}, and proceed to Step i + 1 in Phase II.

o If uw € I with degg, [, ,)(v) > €®n’, then we add u to Ss, let U; = U;_; \ Ng, [u], and
proceed to Step ¢ + 1 in Phase II.

o If u € I with degg, v, ,)(u) < e®n’, then we add u to Sy, let U; = U;_1 \ Ng,[u], define
g(S1 U Sy) = U;, and stop the process.



Note that by definition, the sets S; and S; are disjoint and S1USy C I C S1US,Ug(S1US5)
holds.

For all vertices u added to S; in Step i of Phase I (except for the last one), we have
dego, i 1 (w) > n't09; therefore S| < 14 2"/(1 4 n!*t%9) < 27/n!t09  If Phase I ends
after Step i1, then, by definition, we know that dean[Uil](v) < nt09 for all v € Uy,; thus
e(Us,) < 5|Us nt+09. Lemmaimplies that U;, = f(S1) has size at most (t + 1 + &)m.

For all vertices u added to Sy in Step i of Phase II (except for the last one), we have
dego, i 1 (u) > e*n', and their neighbors are never added to S; (they are not even in
I); therefore |Sy| < 1+ |f(S1)|/(1 + &2n') holds. Hence |[S; U Sy| < 2/n't%9 4 (¢ + 1 +
e)m/(e?nt) < (t + 2)m/(*n?). If Phase II ends after Step i, then, by definition we know
that degq, v, 1(v) < &®n’ for all v € Us,; thus e(U;,) < §|Ui2|nt. Lemma [2| implies that
Ui, = g(S1 U Sy) has size at most (t + €)m.

We can define f(S) and ¢(S) arbitrarily for sets S that are not obtained as S; or S; U Sy
for any independent set [ in the above process. We are left to prove that if we obtain S; or
S1 U Sy for two different independent sets I and I’, then f(S;) and g(S; U S2) do not differ
in the two cases. But this follows from the fact that if for I and I” we have Sy (1) = Sy(I'),
then Phase I is the same for I and [’. Similarly, if (1) U Se(I) = S1(I") U Se(I), then the
whole process is the same for I and I’ (in particular, Sy (1) = S1(I"), S2(I) = Sa(I")). These
statements can be seen by induction on i. If the two processes are identical up to Step i — 1
(if ¢ = 1, this trivially holds), then U;_; is the same for both processes, therefore the same
vertex u is chosen in Step 4, and since S;(I) = S1(I") (resp. S1(L)US2(I) = S1(I") U Sy (1)),
u is either added to Sy (resp. S3) in both cases or dropped in both cases. O

We prove the following more general statement of which Theorem [1| is the special case
t = 1: for every € > 0 and positive integer ¢, there exists a constant C' such that if p > %,
then @, (p) does not contain an antichain larger than (1 + 5)pt(Ln72J) w.h.p.

It is enough to prove this statement for ¢ < ymr. Let us define C' = 10'%° and
g1 = ¢/4. We will show that w.h.p. for every I that is an independent set in @,, of size at
least (14 ¢)ptm, not all sets corresponding to vertices in I remain in @, (p). We will use the
union bound, and to bound the number of possibilities we apply Lemma |3| with £, in the
role of €. For every independent set [ it gives us 57, S5 such that

e 5 € ( <n3$?§3)2n); therefore the number of possible S;’s is at most
> ()
W)
agnf(t+0.9)2n
Clearly, we have P(S; C Q,(p)) = p/*1l.

e Sy € (g(t+‘2/)(r§7()s§nt)> and Sy C f(S1) € ((tﬁ(fs"l))m), so for fixed S; the number of



possible Sy’s is at most

(cwsmam) = 2, ()

(t+2)m/(e3nt)
Also, P(Ss C Q,(p)) = p‘52|.

e for fixed S; and S the corresponding I’s are all subsets of S;US3Ug(S1USs) and contain
S1US;. Let &, g, be the event that there exists any I with S1(I) = S1,55(1) = S
and |I| > (1+¢)ptm, I C Q,(p) and Ey(s,us,) be the event that |Q,(p) Ng(S1USs)| >
(14 &)ptm — |S; U Sy holds.

We bound the probability of the event £, g, by the probability of the event &£yg,us,)-
Note that
(1+e)ptm — |S1 US| > (1 +¢/2)ptm

and
lg(S1USe)| < (t+e1)m < (1+¢/4)tm.

Therefore, |Q,(p) Ng(S1USs)| is binomially distributed with E(|Q,(p) Ng(S1US,)|) <
(14 e/4)pmt, so by Chernoft’s inequality we have

P(Es,,5,) < P|Qn(p) N g(S1US)| > (1+¢/2)ptm] < e 710,

Note that Sy, Ss, and g(S; U Ss) are disjoint, so the above three events are independent;
hence the probability, that for fixed S; and S there is a corresponding large antichain, is
at most plSiHlS2le=e*pmi/100  Qumming up for all possible S; and S,, we obtain that the
probability II, that there is an antichain in @, (p) of size (1 + &)ptm, is at most

3 3 (2:)pa ((t +b2)m> p—)

0<a<n=(t+0.9)2n 0<H< (t+2)m/(e2nt)

The assumptions p > Cn~t and a < n~¢+0927 imply % > 1. Similarly, p > Cn™*
o) gty (D . .

and b < (t 4+ 2)m/(ein') imply NGl 1, so the largest summand in the above sum

belongs to the largest possible Valuesb of a and b. Therefore the above expression is bounded

from above by

(n=099m L 1) ((t 4+ 2)m/(e3n?) + 1) (n_(tiz.9)2n> <(t +(752)+m2/)(?%nt)>

—e2pmt /100, n=(t+0-99n (44 9)m /(e2nt
=<t/ 100, P m/ )



Note that pm = Q(n~(+1/22"). Therefore
(n—(t+0.9)2n + 1)((t+2)m/(5%nt) + 1) < cOn) < 6a2pmt/(400)‘

Also, using () < ()", we have
2” nf(t+0_9)2n < ( t+0.9 )nf(t+0.9)2n
n—t+0.9)9n | P =\enop

—(t40.9)9n 2
— 2" Inn < ef pmt/(400).

Finally, by C' = 10"% 5 and the monotone decreasing property of % when z is large
enough, we have

t+2)m m nt m/(e2nt
((t +(2)m/>(62nt>> (HFAm/ENY) < (eetntp) A/ En)
1

(t+2)mp 24n2) 2pmt,/ (400
S e (e2nlp) S 65 pmt/( )
Therefore, the probability IT is at most e~ ?m4/400 — (1), as required. |
y

Corollary 4. For every € > 0 and positive integer k, there exists a constant C' such that if
p > C/n, then the size of the largest k-Sperner family in Q,(p) is at most (k + S)p(LT:/LQJ)
w.h.p.

Proof. This follows from the fact that every k-Sperner family is the union of k antichains,
and Theorem [1I [ |
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