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Abstract

It is well known that the vertices of any simplicial regular polytope
in R? determine an optimal packing of equal spherical balls in S4~1.
We prove a stability version of optimal order of this result.

1 Introduction

Euclidean regular polytopes are in the center of scientific studies since the
Antiquity (see P. McMullen, E. Schulte [19] or H.S.M. Coxeter [10]). Pack-
ings of equal balls in spaces of constant curvature have been investigated
rather intensively since the middle of the 20th century (see K. Bezdek [3]

*Roland Eotvos University, Pdzmany Péter sétany 1/C, H-1117 Budapest, Hungary,
boroczky@cs.elte.hu

fAlfréd Rényi Institute of Mathematics, Hungarian Academy of Sciences, Redltanoda
u. 13-15., H-1053 Budapest, Hungary, carlos@renyi.hu and Central European University,
Nédor u. 9., H-1051, Budapest, Hungary, Research is supported in parts by NKFIH grants
109789, 121649 and 116451.

#The University of Texas Rio Grande Valley, School of Mathematical & Statistical Sci-
ences, One West University Blvd, Brownsville, Texas, USA, Alexey.Glazyrin@Qutrgv.edu,
Research is partially supported by NSF grant DMS-1400876

$Roland E&tvés University, PAzmany Péter sétany 1 /C, H-1117 Budapest, Hungary,
kovacsa@Qcs.elte.hu



and G. Fejes T6th [13]). In this paper, we focus on packings of equal spher-
ical balls (see J.H. Conway, N.J.A. Sloane [9], T. Ericson, V. Zinoviev [12]
and O. Musin [20]) that are related to some Euclidean simplicial regular
polytope P with its fy(P) vertices being on S4° !, d > 3. We write ¢p
to denote the acute angle satisfying that edge length of P is 2sinpp. We
note that the simplicial regular polytopes in R%, d > 3, are the regular sim-
plex and crosspolytope in all dimensions, and in addition the icosahedron
in R? and the 600-cell in R* (the latter has Schlifli symbol (3,3,5)). The
corresponding data is summarized in the following table.

Regular Polytope P | fo(P) pp
simplex in R? d+1 % arccos %1
crosspolytope in R? 2d 1
icosahedron in R3 12 % arccos %
600-cell in R* 120 7

Theorem A If P is a simplicial reqular polytope in R? having its vertices
on 891 d > 3, then the vertices are centers of an optimal packing of equal
spherical balls of radius pp on ST

Theorem A is due to Jung [18] if P is a regular simplex. For the case
of a regular crosspolytope, the statement of Theorem A was proposed as a
problem by H. Davenport and Gy. Hajés [11]. Numerous solutions arrived in
a relatively short time; namely, the ones by J. Aczél [1] and by T. Szele [23]
and the unpublished ones due to M. Bognar, A. Csaszar, T. Kévari and 1.
Vincze. Independently, R.A. Rankin [21] solved the case of crosspolytopes.
There are two more simplical regular polytopes. The case of icosahedron
was handled by L. Fejes Téth [14] (see, say, [16] or [17]), and the case of the
600-cell is due to K. Boroczky [5]. All these arguments yield (explicitly or
hidden) also the uniqueness of the optimal configuration up to orthogonal
transformations. For the case of the 600-cell, N.N. Andreev [2] provided an
argument for optimality based on the linear programming bound in coding
theory. The proof of uniqueness via the linear programming bound was
given by P. Boyvalenkov and D. Danev [7].

In this paper, we provide a stability version of Theorem A of optimal
order. For u,v € S9! we write §(u,v) € [0,7] to denote the spherical
(geodesic) distance of v and v, which is just their angle as vectors in RY.



Theorem 1.1 Let P be a simplicial reqular polytope in R¢ having its ver-
tices on S4 1, d > 3. For suitable ep,cp > 0, if x1,...,x; € ST are cen-
ters of non-overlapping spherical balls of radius at least pp—e fore € [0,ep)

and k > fo(P), then k = fo(P), and there exists a ® € O(d), such that for
any x; one finds a vertex v of P satisfying 0(x;, Pv) < cpe.

We even provide explicit expressions for ep and cp. If P is a d-simplex
or a d-crosspolytope, then cp is of polynomial growth in d (cp = 9d3? if P
is a d-simplex, and cp = 96d> if P is a d-crosspolytope).

Concerning notation, if p € S~ and ¢ € (0,7/2), then we write B(p, ©)
for the spherical ball of center p and radius ¢. When working in R, we write
either | X | or H%1(X) to denote the (d — 1)-dimensional Hausdorff-measure
of X. For z1, ...,z € R? their convex hull, linear hull and affine hull in R?
are denoted by [x1,...,zx], lin{z1,..., 2} and aff{z1, ..., x}, respectively.
For z,y € R%, we write (x, y) to denote the scalar product, and ||z|| to denote
the Euclidean norm. As usual, int K stands for the interior of K C R%.

The paper uses various tools to establish Theorem 1.1. Only elementary
linear algebra is needed for the case of a simplex, the linear programming
bound is used for the case of a crosspolytope, and the simplex bound is
applied to the icosahedron and the 600-cell.

Concerning the structure of the paper, Section 3 and Section 5 han-
dle the cases of the simplex and the crosspolytope, respectively, and Sec-
tion 4 in between reviews the linear programming bound used for the case
of crosspolytopes. Results in these sections will be used also to handle the
cases of the icosahedron in Section 8 and the 600-cell in Section 9, as well.
After reviewing the Delone and Dirichlet-Voronoi cell decompositions and
the corresponding simplex bound in Section 6, and verifying some volume
estimates in Section 7, Theorem 1.1 is proved in Section 8 and Section 9 in
the cases of the icosahedron and the 600-cell, respectively.

2 Some simple preparatory statements

The following statement will play a key role in the arguments for the cases
of simplices and crosspolytopes of Theorem 1.1.

Lemma 2.1 Letn >2 and 0 <n < ﬁ If ui,...,u, € S* ! satisfy that
[(us, uz)| < n fori # j, then there exists an orthonormal basis vi,...,v,
of R™ such that lin{u;,...,un} = lin{v;,...,vn} and (ui,v;) > 0 for i =
1,...,n, and
Ui . .
’<U/L7U]>‘Sm fOT’Z#] (1)
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Moreover, 6(u;,v;) < 2nn holds fori=1,...,n provided that n < %

Proof We prove the lemma by induction on n where the case n = 2 readily
holds. Therefore, we assume that n > 3, and the lemma holds in R?~!.

Let v, = u,. Fori =1,...,n—1, let u; = w; + t;v, for w; € Uf;
and t; € R. Tt follows that [t;| < 1 and |Jw|| = (1 — #2)2 > (1 — n?)2 for
i=1,...,n—1, and we define w; = w;/||w;| € S*"!. We observe that if

1<i<j<n-—1,then

2
(@5, )| = \(;Uz;wj)! < !<uz‘7110j>\ E!tz‘tj\ < 717+?72 - n_
(L—t3)2(1—t3)> - - =1
As = 1%777 < ﬁ follows from 7 < ﬁ, we may apply the induction hy-
pothesis to wy, . .., w,—1 and 7. We obtain an orthonormal basis vy, ...,v4_1
for v such that lin{w;, ..., w,—1} = lin{v;,...,v,_1} and {(w;,v;) > 0 for
i=1,...,n—1, and

i Vs N = "
(@3, v5)| < 1-(n—=37 1—(n—2)n

If 1 <i<n-—1then (up,v;) = (vn,v;) = 0 and |{uj, v,)| = |ti| < n.
However if i # j for 4,5 € {1,...,n — 1}, then

for i # j.

1 _
sy 03)| = 1((1 = )2+ i, )] < s 03)| < T
Therefore, we have verified (1), and we readily have lin{w;, ..., u,} = lin{v;, ...
for : = 1,...,n by construction.
Finally, for the estimate d(u;,v;) if n < ﬁ and i = 1,...,n, we observe

that [(u;,v;)| < 2n provided j # i. It follows from ||u;|| = 1 and (u;,v;) > 0
that

0< (v —ujv)=1— [1— Z(ui,vj>2 < Z(ui,vj>2 < (n—1)4n* < 2.

J#1 J#
In particular,
n
o = wall = | D (v — wi,v5) < V/ndn? = 2v/nn,
j=1

and hence §(u;,v;) < 2nn. Q.E.D.

The following Lemma 2.2 and its consequence Corollary 2.3 are due to
R.A. Rankin [21], and will be used, say, for simplices.

,Un}



Lemma 2.2 Ifuj,...,uqi1 € S4=1 d > 2, are contained in a closed hemi-
sphere, then there exist i and j, 1 <1i < j < d+1, such that (u;,u;) > 0.

Proof We prove the statement by induction on d where the case d = 2
readily holds. If d > 3, then we may assume that (u;,u;) <0if 1 <i<j <
d+1. Let v € S ! such that (v,u;) > 0 fori =1,...,d+ 1, and hence
ui = w; + v for i = 1,...,d+ 1 where w; € vt and \; > 0. If u; = v
for some ¢ € {1,...,d + 1}, then (uj,u;) = 0 for j # 4, thus we are done.
Otherwise w; #ofori=1,...,d+ 1. Ifi=1,...,d, then

0> (Udt1, Ui) = (War1, Wi) + Adg1 - Ai > (Wag1, wi),

therefore, the induction hypothesis applied to Wwv—i”, el Hiwﬂij\\ € vt ngd-t

yields (w;, w;) > 0 for some 1 <i < j <d, and hence (u;,u;) > 0. Q.E.D.

Corollary 2.3 Ifk>d+2,d>2, and uy,...,u; € S% 1, then there exist
iand j, 1 <i<j<d+1, such that (u;,u;) > 0.

3 The proof of Theorem 1.1 in the case of Sim-
plices

Theorem 3.1 covers the case of regular simplex of Theorem 1.1.

Theorem 3.1 If ug,...,uq € St satisfy §(ui,uj) > arccos% — 2¢ for
e €[0,eq) and 0 < i < j < d, d > 2, then there exists a reqular simplex
[vo, ..., vq] with vo,...,vg € S41 such that §(u;,v;) < cqe fori=0,...,d

where cq = 9d>® and eq = 1/cq.

Remark If d = 2, then one may even choose co = 3 and &3 = 5.

Proof We first handle the case d = 2, because this case is much more
elementary. We define e5 to be 75 = (%3 — Z). Thus arccos 3t = 2
and € < €9 yield that no closed semicircle contains ug,u1,u2, and hence
the sum of the three angles of type d(u;,u;) is 2. We may assume that
d(ug,u1) < d(up,u2) < d(u,us), and hence

2T

2
T 25 <o(uowm) € 5 < 8w uz) < g 4 e (2)

T
3
We choose vy, v, v3 € S' that are vertices of a regular triangle, and

d(up,v0) = 0(ug,v1) < e.



We deduce from (2) that d(ug,v2) < 3e, thus we may choose c2 to be 3.
Turning to the case d > 3, let

1
O<E<W
If 0 <i < j <d, then we have
2 d?—1
ui—u-2 = 2—2cosd(us,ui) >2+2 cosse - sin 2¢
J J d d
1-2 2(d+1
>2+2<d6—%>>(éFX%a (3)

Using (3) and the estimate

d

>

1=0

2
o lu—wylPz Y el

0<i<j<d 0<i<j<d

(d+1)* =

we deduce for any ¢ < j the upper bound

2(d + 1)

s — us]? < ¥ +3d(d+ 1)e.
In particular, if ¢ < 7, then
-1 —1
i gd(d—i— e < (us,uj) < i + 2e. (4)

We embed R? into R4 as RY = et for suitable e € S¢ ¢ R, For
1=20,...,d, we define

1 [d .
w; = m@"i‘ d+1uz€S,

and hence (4) yields that if i # j, then

1

L 2.
dr1 Tdr €

<

[\CR GV

(ui,uj) :ﬁ g+<uiauj>

d'l

i) |

Since %d% < m, Lemma 2.1 can be applied, and hence there exists an

orthonormal basis qo, . . . , gg of R4 such that &(w;, ¢;) < 3(d + 1)d?¢ holds

fori=0,...,d. We define ¢ = Zfzo \/ﬁ ¢; and deduce that ¢ € S¢.



Since for any i = 0,...,d, we have (e,w;) = \/TT and 0(w;,q;) <

3(d + 1)d?e, it follows from |cos(a + B) — cosa| < |B| for a, 8 € R that
(e,qi) — \/dlﬁ‘ < 3(d + 1)d?e, and hence |{e — q,¢;)| < 3(d + 1)d%c. We
deduce that

lle — gl < 3(d +1)3d%.
Let A € O(d + 1) be the identity if e = ¢, and be the rotation around the
linear (d — 1)-space of R orthogonal to lin{e, ¢} with Aq = e if e # ¢.
It follows that ||Au — u| < |le — ¢|| for v € S For each i = 0,...,q,
G = Ag; € S satisfies |G — ¢i|| < |le — ¢/ < 3(d + 1)%d25 and combining
the last estimate with d(w;, ¢;) < 3(d + 1)d% < 3(d + 1)%d2€ yields

lwi — @ < (d+ 1)2d% (5)
As Aq = e, we also have that (g, e) = /3 1 = (w;,e) for i = 0,.
Therefore,
d+1 1 _
v; = 4 (qZ “d+1€> cetngd =941
fori=0,...,q, [vo,...,vq] is a regular d-simplex, and
loi = will = \f == - 1@ = will < (d+ 1)%d2e < 8d%%¢ < 5

for i = 0,...,q where we used d > 3 at the last estimate. Using that
2 arcsin% < gt for any ¢ € [0, g], we conclude that §(v;, u;) = 2 arcsin w <
lvi — wi|| < 9d35¢ for i =0,...,q. Q.E.D.

4 The linear programming bound

Let d > 2. The presentation about the linear programming bound for sphere
packings on S9! in this section is based on T. Ericson, V. Zinoviev [12,
Chapter 2]. A central role in the theory is played by certain real Gegenbauer
polynomials @;, ¢ € N, in one variable where each @Q; is of degree i, and



satisfies the following recursion:

Qo(t) = 1
Qi(t) = ¢
2
@2(t) = dfi — 11
(i +d—2)Qir1(t) = (Qi +d— 2)75@1'(75) — iQi_l(t) for i > 2.

We do not signal the dependence of @Q; on d because the original notation

for the Gegenbaur polynomial is Q; = QZ(.Q) for a = % as

1 a—3
/_1Qi(t)Qj(t)(1—t2)2 dt =0 ifi#j.

Actually, @; is normalized in a way such that @;(1) =1 for i € N.

The basis of our considerations is the following version of the linear
programming bound, which is contained in the proof of Theorem 2.3.1 in
[12]. We write | X| to denote the cardinality of a finite set X.

Theorem 4.1 Letd > 2 and s € (—1,1). If f = foQo + f1Q1+ ...+ frQk
fork>1, fo>0and fi,..., fr >0, and finite X C S satisfies (x,y) < s
for x,y € X with x # y, then

IXIF(D)+ > fzy) > X o (6)

z,yeX
zF#y

Remark The classical linear programming bound is a consequence; namely,
if in addition, f(t) <0 for t € [-1, s, then

| X| < f(1)/ fo (7)

If we have equality in (7), then (6) shows that all values (z,y) for x # y,
xz,y € X are roots of f.

As an example, let X C S9! be the centers for a packing of spherical
balls of radius 7, and hence (z,y) < 0 for 2,y € X with  # y. The
polynomial

f@) =t{t+1) = foQo+ fiQ1 + f2Q2
satisfies f(t) <0 for ¢t € [-1,0] and
1 1
fo=2 h=1, fzzl—g, f(1) =2,
therefore, (7) yields |X| < 2d.

Next we quantify the obvious statement that for any packing of m spher-
ical balls of radius r on S™~ !, if r is close to 7 then m < 2n.

8



Lemma 4.2 IfY C S" ' n > 2, satisfies that (z,y) < 5 - — forxz,y €Y
with © # y, then |Y| < 2n.
Proof Let s = max{(x,y) : z,y € Y and = # y} < 2n2 —-. We consider the

polynomial

f(t) =+ 1)t = s) = foQo + /1Q1 + f2Q2
where f(t) <0 for t € [-1, s] and

1 1
f():*_s7 flzl—S, f2:]—_77 f(]'):2(1_5)
n n
We deduce from the linear programming bound (7) and s < - —— —- that
2n(1 — 2 -1
vi<l=s) o, = ls o QED.
1—ns 1—ns

The linear programming bound could have been used in the case of
simplex to prove (4). However, this could be proved easily by elementary
arguments, as well.

The linear programming bound can be also used to prove the optimality
of the icosahedron and the 600-cell however the corresponding polynomials
are more complicated. Say, in the case of 600-cell, the polynomial is of
degree 17 and f12 = fi3 = 0 according to N.N. Andreev [2]. Therefore we
use volume estimates to handle the cases of the icosahedron and the 600-cell.

5 The proof of Theorem 1.1 in the case of Crosspoly-
topes

Let X C S9! be the centers for a packing of at least 2d spherical balls of

radius T —¢,0 <e < 64d4,andhence (x,y) < sforz,y € X with x # y and

1
=sin2 < 2 < ——
s = sin2e < 5<324

We deduce from Lemma 4.2 that
| X| = 2d.
We consider the polynomial

ft) =@+ 1)(t—5)= foQo + f1Q1 + f2Q2



where f(t) <0 for t € [-1, s] and

1 1

g_sa f1:1_87 f2:1_g7 f(l):2(l—s)

It follows from (6) and f(t) < 0 for t € [—1, s] that if x,y € X with x # vy,
then

fo=

o)) 2 IXP o= |X17(0) = 1 (= ) ~4d(1-5) = ~ta@=1)s. 8)
Sincet—sg_71iftg%andt—i—lZ%iftZ%l,wehave
£t < —%min{]t—i— U, Jt— s} fort € [—1,].
We deduce from (8) that if z,y € X with = # y, then

min{(z,y) + 1,s — (z,y)} < 8d(d —1)s,

or in other words,

either -1< (zy) <-1+gz<F (©)
or  —8d(d—1)s< (z,y) <s<gz5.
We define )
=8d(d -1 —. 1
n=8d(d~1)s < (10)
We claim that for every x € X
there exists a unique y € X such that (z,y) < =3 (11)

4 Y
which we call the element of X opposite to x. For any y € X, we write § to

denote its projection into -, and if y # 4z, then we set y* = 7/|7|.
The first step towards (11) is to show that if y, z € X, then

_ -3
(x,y) < T?) and (z,z) < - yield y = z. (12)

Since ||g|| = /1 — (z,y)? < \/g and similarly |z|| < /%, we have

<y,z> = <x,y><x,z) + <g72> > T 5= T

which proves (y,z) =1 by (9), and in turn verifies (12).

10



Next, set X = {y € X : [(z,y)| < n}. For (11), it is sufficient to verify
that B
|1 X| <2(d—1). (13)

For y1,y2 € X, we have y; = y; + pix for i = 1,2 where p; € [-n,n]. In
particular, ||g;|| = (1 —p?)% >(1-— 172)%, and hence

<y* y*>_ <g17g2> _ <y1a92>_P1p2 < 77+772 _ . n
b2/ — 1 = 1 L= 2
(I=p)2(1-p3)2 (A-phz(t-pz L= 1=7

Since 27 < ﬁ, Lemma 4.2 with n = d — 1 yields (13), and in turn (11).

We deduce from (11) that X can be divided into d pairs of opposite
vectors. Choosing one unit vector from each pair, we obtain x1,...,xq € X
such that |(z;,z;)| < n for i # j. It follows from Lemma 2.1 that for every
such d-tuple z1,...,xq4 € X there exists an orthonormal basis vi,...,vq
of R? such that lin{z;,...,zq} = lin{v,...,vg} and §(z;,v;) < 2dn for
i=1,...,d.

We claim that if x,y € X are opposite vectors, then

< 2n.

5(y, ) < 4dn. (14)

We choose s, ..., x5 € X representatives from the other d—1 opposite pairs,
and let v be the unit vector orthogonal to lin{xs,...,z4} with (z,v) >
0. Taking x = x1 and considering the approximating orthonormal basis
v1,...,vq for this z1,..., 24, we deduce that v = v;, and hence 6(z,v) <
2dn. Similarly, taking y = z1, we have v; = —v for the approximating
orthonormal basis, thus §(y, —v) < 2dn. In turn, we conclude (14) by the
triangle inequality.

Finally, we fix representatives uq,...,uq from each of the d pairs of
opposite vectors, and hence there exists an orthonormal basis wi,...,wy
of R? such that §(u;,w;) < 2dn for i = 1,...,d. We write u;;q to denote
the vector of X opposite to u;, i = 1,...,d, and hence §(u;tq, —u;) < 4dn
according to (14). Therefore,

6 (Uit —wi) < 8(Uipq, —ui)+0(—ui, —w;) < 4dn+2dn = 6dn < 48d3s < 96d°¢.

Therefore, ¢ = 96d> can be chosen for Theorem 1.1 in the case of crosspoly-
topes.

11



6 Spherical Dirichlet-Voronoi and Delone cell de-
composition

For v € S%! and acute angle 6, we write B(v, ) to denote the spherical ball
of center v and radius 6. For u,v € S41, u # —v, we write w0 to denote the
smaller geodesic arc connecting u and v. We will frequently use the Spherical
Law of Cosines: If a, b, ¢ are side lengths of a spherical triangle contained in
an open hemisphere, and the opposite angles are «, 3,, respectively, then

cosc = cosa - cosb+sina -sinb - cos~y. (15)

A set C C R? is a convex cone if it is closed and oz + By € C for
a,8>0and z,y € C. If C contains a half-line, then M = CNS% ! is called
a spherically convex set whose dimension is one less than the Euclidean
dimension of C. The relative interior of M is the intersection of S and
the relative interior of C' with respect to lin C. If the origin is a face of C' and
C'is a polyhedron (namely, intersection of finitely many half-spaces) then M
is called a spherical polytope. In this case, the faces of M are intersections
of 891 with the faces of C different from the origin.

Let x1,...,x, € S% ! satisfy that each open hemisphere contains some
of x1,...,xk, and hence o € int P for P = [z1,...,z;]. The radial pro-
jections of the facets of P onto S¢~! form the Delone (or Delaunay) cell
decomposition of S¥~1. We observe that if the distance of o from aff F' is p
for a facet F', then arccos g is the spherical radius of the spherical cap cut off
by aff F. We call arccos ¢ the spherical circumradius of the corresponding
Delone cell.

To define the other classical decomposition of S%~! corresponding to
T1,...,Tk, let

Di={ue ST : §(u,z;) < S(u,x;) for j=1,...,k}

for ¢ = 1,...,k, which is the Dirichlet-Voronoi cell of ;. The Dirichlet-
Voronoi cells also form a cell decomposition of S"~! that is dual to the
Delone cell decomposition by providing the following bijective correspon-
dence between vertices of Dirichlet cells and Delone cells. If v is a vertex of
D;, i e {1,...,k}, and 6(v,x;) = 6, then §(v,z;) > 6 for all j =1,... k,
and points x; with 0(v, z;) = 6 form the vertex set of a Delone cell (see, say,
K.J. Boroczky [6]). In addition, if F' is an m-dimensional face of some D,
and p is the closest point of the m-dimensional great sphere X of F, then
there exists a (d — 1 — m)-dimensional face G of the Delone cell complex

12



contained in the (d — 1 — m)-dimensional great sphere ¥’ orthogonal to %
at p whose vertices are all of distance 0(p, z;) from p.

A simplex with ordered vertices po,...,ps—1 on S% ! is called an or-
thoscheme if for ¢ = 1,...,d — 2, the i-dimensional great sphere through
PO, - - -, Pi is orthogonal to the (d — 1 — ¢)-dimensional great sphere through
biy- -5 Pd-1-

For any face F' of a Dirichlet-Voronoi cell D;, we write ¢;(F') to denote
the point of F' closest to x;. It follows from the convexity of F' and the
Spherical Law of Cosines that if x € F\¢(F'), then

(a) the angle between the arcs ¢;(F'),z; and ¢;(F),x is at least 7,
(b) and is actually exactly § if ¢;(F) lies in the relative interior of F.

For a Dirichlet-Voronoi cell D;, we say that a sequence (Fy,...,Fy_ o) is
a tower, if F} is a j-face of D;, j = 0,...,d =2, and F; C Fjif j <. In
addition, (Fp,. .., Fy_2) is a proper tower, if ¢;(F}) # ¢;(F}) for j <[, and, in
this case, we call the simplex = with ordered vertices x;, ¢;(Fy—_2), - . ., qi(Fo),
a quasi-orthoscheme. We observe that according to (b), a quasi-orthoscheme
is an orthoscheme if each ¢;(F}), j = 1,...,d — 2, lies in the relative interior
of Fj. Moreover, (a) yields that quasi-orthoschemes provide a triangulation
of 8§91 refining the Dirichlet-Voronoi cell decomposition.

For any ¢ € (0,%) and i > 1, we write r;(¢) € (0,%) to denote the
circumradius of the i-dimensional spherical regular simplex of edge length
2¢. In particular, there exists a spherical triangle with equal sides 7;(¢y)
enclosing the angle arccos %1 where the third side of the triangle is 2p. In
addition, we define () € (0, 5) in a way such that there exists a spherical
triangle with equal sides 7 () enclosing the right angle where the third side
of the triangle is 2¢pp. We have

p=ri1(p) <... <rg-1(p) <Toc(p).
It follows from (15) that if j =1,...,d — 1, then

<2
cos 2¢p = cos® rj(e) — M and  cos2¢p = cos? 7o (€), (16)
which in turn yields that
. 2 . .
sinr;(p) = 1 sing and sinre(p) = V2 sin . (17)

The following lemma is due to K. Boroczky [5]. We include the argument
because the second statement is only implicit in [5].
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Lemma 6.1 Letp € (0,%), and let x1, ...,z € S9=1 satisfy that each open
hemisphere contains some of x1,...,xx, and 6(x;, x;) > 2¢ for i # j, and
let D; be the Dirichlet-Voronoi cell of xj. If F' is an m-dimensional face of
certain D;, then

(1) 6(xi, qi(F)) = ra—1-m(®);

(71) and even §(x, qi(F)) > roo (@) if ¢;(F) is not contained in the relative
interior of F.

Proof Let p be the closest to x; point of the m-dimensional great subsphere
> containing F', and let I be the set of all indices j such that F' is a face
of Dj. In particular, all z; with j € I span the (d — 1 — m)-dimensional
great subsphere Y passing through p and perpendicular to X, and hence the
cardinality of I is at least d—m. It follows that for 6 = 6(z;, p) < §(z4, ¢i(F)),
we have 6 = §(x;,p) for j € I. For j € I, let u; be a unit vector tangent to
the arc p,z; at p, and hence all u;, j € I, span the (d — 1 — m)-dimensional
linear subspace L’ tangent to X at p. According to Jung’s theorem (see also
Lemma 3.1), there exist different I, j € I such that 6(u;, u;) < arccos g—y—.
Since 6(z;, p) = d(x;,p) = 6, we deduce (i) from the Spherical Law of Cosines
(15).

Turning to (ii), we assume that p is not contained in the relative interior
of F. In this case, there exists an z, € S4~1\¥/ such that 0 < §(z,4,p) < 6.
Let uy € S9=1 be a unit vector tangent to the arc D, T4 at p. We claim that
there exist different 5,1 € I U {g} such that

(uj,u) > 0. (18)

Let L be the m-dimensional linear subspace L tangent to ¥ at p, which
is the orthogonal complement of L’ inside the tangent space to S%~! at p.
Therefore, there exist unit vectors v € L and v € L’ and a real number
t € [0, 5] such that uy = vcost + v'sint. If (v/,u;) < 0 for all j € I, then
Lemma 2.2 yields different j,1 € I such that (uj,u;) > 0. Otherwise there
exists j € I such that (v/,u;) > 0, and hence (ug,u;) > 0, as well.

Using these u; and v; in (18), we apply the Spherical Law of Cosines
(15) to the triangle with vertices p, x;,z; to obtain

cos 2¢p > cos &(xj, ;) > cosd(p, x;) - cos (p, x;) > cos? 6.

Therefore, 0 > ro(¢) by (16). Q.E.D.
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We fix a point zp € S9 1, and for 0 < t; < ... < tg_1 < 5, we write
O(t1,...,tq—1) to denote an orthoscheme with ordered vertices zg, 21, . . ., 2Z4—1
such that §(zp,2;) =t; fori =1,...,d — 1. We observe that the (spherical)
diameter of ©(t1,...,t4_1) is ty_1. For any ¢ € (0,t1], we define

_ 1O(t1, ..., ta—1) N B(20, )|
|@(t17' .. 7td—1)| : ‘B(’Z()v()0)|7

A(tb s 7td—1)

whose value does not depend on the choice of ¢ € (0,#;]. If ¥ C 27 is the
Euclidean convex polyhedral cone generated by the rays tangent to the arcs
Z0,%2 at zg,i=1,...,d — 1, then

H2(T NS
Aty ..., tg—1) = CICRRTE)] -'Hd_2(Sd_2)'

According to one of the core results of K. Boroczky [5], if 51 < ...s5-1 < §,
and t; <s; fori=1,...,d—1, then

A(tl,...,td,ﬁ > A(Sl,...,sdfl). (19)
We deduce from Lemma 6.1 and (19) the following estimate.

Lemma 6.2 Let o € (0,5), and let z1,...,73 € S4=1 d > 3, satisfy that
each open hemisphere contains some of x1,...,xk, and 6(x;,xj) > 20 fori #
7, and let D; be the Dirichlet-Voronoi cell of x;. If = is a quasi-orthoscheme
associated to some D; and it is known that = is an orthoscheme, and the
diameter of 2 is R, then

[EN B(zi,0)| oy
2 |B(zi, o) < A(ri(o),...,r4-2(0), R) (20)
< A(ri(o),...,r4—2(0),14-1(0)). (21)

We note that the ideas in K. Boroczky [5] yield (21) even if the quasi-
orthoscheme = is not an orthoscheme, but they actually even imply the
following stronger bound in the low dimensions we are interested in.

Lemma 6.3 Leto € (0,5), and let x1,..., x5 € Sa=1 d = 3,4, satisfy that
each open hemisphere contains some of x1,...,xk, and §(x;, x;) > 20 fori #
j, and let D; be the Dirichlet-Voronoi cell of x;. If 2 is a quasi-orthoscheme
associated to some D; and it is known that Z is not an orthoscheme, then

|2 N B(z,0)]

B [Blano)] = 201(9): -+ 7a-2(0),7c(@)).
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Proof Let Iy C ... C Fy_5 be the proper tower of faces of D; associated to
. If §(wi,qi(Fy—2)) > roo(0), then Fy_ o does not intersect the interior of
B(zi,70(0)), and hence Lemma 6.1 yields

EnB(o)l _ [ENB@io) _  |Bio)
B S EB@nre()] 1B relo))

Since O(r1(0),...,14-2(0),700(0)) C B(20,70(0)), we have

O(r1(0),...,7q-2(0),700(c0)) N B(zp,0)] S |B(z0,0))
1©(r1(0), ... ,ra—2(0),700(0))] ~ |B(20,700(0))|

we conclude the lemma in this case.

This covers the case d = 3 completely because the condition §(z;, ¢;(F1)) <
Too(0) implies by Lemma 6.1 that = is an orthoscheme. The only case left
open is when d = 4, §(z;,¢;(F2)) < roo(0), and hence ¢;(F>) is contained
in the relative interior of F, but ¢;(F1) is not contained in the relative
interior of I} because otherwise = is an orthoscheme. Then there exists
p € ¢i(F»),qi(F1) such that 0(x;,p) = rec(p). We consider the spherical
cone C' obtained by rotating the triangle with vertices x;, g2(F»), p around
%, q2(F). Since F>\C does not intersect B(zi,rs(p)), the argument as
above leads to

((E\C) N B(i, o))

(E\O)- B 0) < A(ri(o),1r2(0), 00 (0)). (22)

In addition, (19) and the argument of K. Boroczky [5] yield
|C' N B(z;,0)] .
AT~ i A(ry(0), reo(0) — 8.7
BT = lim A((0). (o) = s.7x(0)
< A(ri(0),m2(0), 7oo(0)). (23)

Combining (22) and (23) proves Lemma 6.3. Q.E.D.

Actually, the argument in K. Boroczky [5] shows that Lemma 6.3 holds
in any dimension. More precisely, [5] proved the so-called simplex bound;
namely, if o € (0,%), and there exist k& non-overlapping spherical balls of
radius o on S 1, then

k< A(r(o),...,rq_1(0)) - HEL(897D), (24)

and equality holds in the simplex bound if and only if the centers are vertices
of a regular simplicial polytope P with edge length 2sino.
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The following statement shows in a qualitative way that if for an acute
angle ¢, all simplices in a Delone triangulation of S%~! are close to be regular
with spherical edge length 2¢, then the whole Delone triangulation is close
to a one induced by a simplicial regular polytope.

Lemma 6.4 Let p € (0,7/4], let ug,...,uqg € S 1, d > 3 be such that

Ul,...,uq—1 determines a unique (d — 2)-dimensional great subsphere that
separates uy and ug, and let € € (0,e9) for eg = 165\12%. If there exist two
spherical regular simplices of edge length ¢ with vertices vg,...,vq_1 and
Wi, ..., wq such that 6(u;,v;) < e fori=0,...,d—1, and §(u;,w;) < e for
i =1,...,d, then §(uqg,vq) < ce, where vy,...,vq are vertices of a regular
simplex, vg # vy and ¢ = %.

Proof It is sufficient to prove that d(vq, wq) < (¢ — 1)e. Using d(vq, wq) =
2 arcsin M < 2||vg — wyl| given ||vg — wyl] < 1, it is sufficient to show

c—1

[va — wal| < €. (25)

We will use that if z1,...,25,y1,...,5x € R¥, ||z; — wil| < n for all
i=1,...,k, and A1,,..., A\x > 0, then the triangle inequality yields
Mz + o+ Mzn) — My + -+ M) S A4+ X)n. (26)

We have 6(v;,w;) < 2¢ for i = 1,...,d — 1, thus [jv; — w;|| < 2¢ for
i =1,...,d — 1. We deduce from (26) that ||p — p/|| < 2e holds for the
centroids

1 1
p= d_l(vl+...+vd_1) and p’ = ﬁ(uu%—...—i-wd_l)

of the (d — 2)-dimensional regular Euclidean simplices [v1,...,v4-1] and
[wi,...,w4—1]. We consider a > > 0, and an orthonormal basis 01, ..., 0q
such that vy, U4 lie in the same half-space with respect to lin{vy,...,v4-1} =
lin{?1,...,04-1} and satisfy

v = av;+ Z Bu; fori=1,...,d—1 (27)

i
je{1,...,d—1}
Then «, 8 satisfy
1 = (v,v)=a’+(d—2)p?

cos2¢ = (vy,v9) =208 + (d — 3)53,
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therefore taking the difference leads to

(a — B)? _ 1 —cos2¢p

5 5 = sin? . (28)
Similarly, we define an orthonormal basis w1, . . ., wg of R? such that wg, Wy
lie in the same half-space with respect to lin{wy, ..., wg_1} = lin{wy, ..., 0g_1}

and satisfy

w; = ow;+ Z ,B’lf)j fori=1,...,d— 1.
i
je{1,...,d—1}
This basis exists when «, § satisfy the conditions derived above.

According to (27), the (d—1) x (d— 1) symmetric matrix M whose main
diagonals are a, and the rest of the entries are (3, satisfies that Mv; = v;
i=1,...,d—1. One of the eigenvectors of M in ﬁj is v, = Z?;% 0; with
eigenvalue a+ (d —2)5. Any vector in 17j orthogonal to v, is an eigenvector
with eigenvalue o — 8. We deduce with help of (28) that if v € f;j7 then

ol
V2sin

Fori=1,...,d—1, we have (g, w;) = 0 and ||v; — w;|| < 2e, therefore,

1M~ || < (a = B)7Hlvl = (29)

2 > [(ia, vi)| = ||a(dg, W) + > Blda, y)
i
je{l,...,d—1}
In particular, the length of the vector v = (Wg, v1)01 + ... + (Wq, V4—1)Vd—1
is at most 2ev/d — 1, thus (29) implies that

In other words, the projection of the unit vector wy into 17j is of length at

most 2\%5?;;, therefore, possibly after exchanging wy by —wg, we have
2ev/d — 1\@ _ 2ev/d -1
V2sin %) sing

Now the orthogonal projection of the origin o into aff{vy,...,v4} lies inside
[p, vgq], thus the angle of the triangle [0, p, v4] at p is acute. In addition, the

[0g — wal| <
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angle of p and vy is also acute by ¢ < 7. Therefore, there exist ¢,s € (0,1)
such that vy = tp + sv4, and hence also wg = tp’ + swy. We deduce from
Ip— /|| < 2e < Y91 and (26) that

sin ¢
2ev/d — 1 < 4ev/d — 1

sing T sine

[va — wqll < (t+s)

According to (25), we may choose ¢ = %dwj. Q.E.D.

We note that the lengthy calculations in the rest of paper (say, Section 7)
are mostly aiming at providing upper estimates for the derivatives of A(p;—
e, ro(or —€)) (see (34)), A(pr —e,r2(¢r) + 72¢) (see Lemma 8.1), A(pg —
. r2(pq — ), ol — 2)) (see (43)) and Alpq — &, ra(q — ), ralpQ) +14)
(see Lema 9.1) as a function of small ¢ > 0 where 72 and 3 are suitable
large constants. These estimates can be obtained by some math computer
packages based on formulas in L. Fejes T6th [15] and [16]. However, we
preferred a more theoretical approach, because the ideas can be used in any
dimension for similar problems.

7 Volume estimates related to the simplex bound

To calculate or estimate (d — 1)-volume of a compact X C S% !, we use
Lemmas 7.1 and 7.2.

Lemma 7.1 Ift € (0,1), and X C S4=', d > 3, is spherically convex that
for some v € X satisfies (u,v) >t for allu € X, then H¥~1(X) > HI~1(X")
holds for the radial projection X' of X into tv + v*.

Proof The statement follows from the fact that the orthogonal projection
of X into tv + vt covers X'. Q.E.D.

Lemma 7.2 Ifv € S¥1, d > 3, and X C S4=1 s compact and satisfies
d(u,v) <O, 0 < G, for allu € X, and X is the radial projection of X into
the tangent hyperplane to S* ' at v, then

M (X) = /)?(1 +lly = o242 a0 () > cost © - LX),

Proof The statement follows from the facts that if y € X, then |y| =
(1+[ly—v]]2) /2 and u = y/ |}y satisfies (u,v) = (1+[ly— v]>) /% > cos O,
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Q.E.D.

The main results of this section are Lemma 7.3, its Corollary 7.4, and
Lemma 7.5, which provide estimates when we slightly deform the ”regular”
orthoscheme O(ri(p),...,r4—1(¥)).

Lemma 7.3 For p € (O,arcsin ﬁ), if e € (0,¢), then

©(ri(e —e€),....ra-1(p =€) > [O(ri(p), ..., ra-1(9))[(1 =N - &),
where X = d 20832 /sinrg_(p).

Proof We deduce from (17) that rq_1(p) < 7/4. Let v € ST let H =
v 4+ v1 be the hyperplane tangent to S ! at v, and let o be a spherical
arc of length 7/4 starting from v. For ¢ € (0, ), we consider the spherical
regular simplex T'(¢) whose spherical circumscribed ball is of center v and
radius r4—1(¢ — €), and one vertex of T'(¢) is contained in o. In particular,

O(ri(p =€), raa(p =€)l = [T(e)]/d!.

We write f(a) to denote the radial projection of T'(¢) into H, which is
a Euclidean regular simplex of circumradius R(e) = tanrs_1(p —¢) < 1.

Bounding #41(T'(0)) < 2% |7'(0)| by Lemma 7.2 we deduce that

T(0)] = |T(e)| < |TON\T ()

g)d-1 _
= (1 - géoid_J HTH(T(0))

B d—1
R(0) - R(e)
< T RO) d 2%|T(0)]. (30)
For r(e) = rq4—1(¢ —¢), we deduce from (17) that r’'(¢) = —Céﬁgf(—;) Z(dd_l)’

therefore,

V2(L+R(e)?) 2%
cosr(0)  —  cosr(0)

Using (30) and R(0) - cosr(0) = sinrg_1(¢p),

R'(e) = (1+R(e)*)r'(e) > —

_ 3/2 (d+3)/2
TO)-ITE)] 2Py 2092

|7(0)] ~ R(0) - cosr(0) sinrg_1(p)
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Q.E.D.

Corollary 7.4 For ¢ € <O,arcsin,/4(d%i1)>, if e € (O,%) for the X of
Lemma 7.3, then

A(ri(p—¢)y..ra1(p =€) S A1), ..., ra_1(0)) (1 + 2R - €).

Proof 1+ 2Re > 1/(1 — Ne) so, according to Lemma 7.3, it is sufficient to
prove that if 0 < s < ¢, then, for any 7 < r1(s),

|B(20, 7)NO(r1(5), ..., m4-1(5))| < |B(20,7)NO(ri(),...,ra—1(®))]. (31)

Essentially, this statement means that the angle measure at a vertex
of a regular spherical simplex increases when the side length of the sim-
plex increases. For the sake of completeness we give an argument for this
statement.

Consider two regular spherical simplices T and T with side lengths 2s
and 2¢ respectively such that they share a common center v and each vertex
2} of T belongs to the arc z;, v. Triangle (2], 25, v] is inside [z1, z2,v] so the
area of [2], 25, v] is less than the area of [z1, 22, v]. Since the area of a spherical
triangle is the sum of its angles minus 7, the angle between 2/, 2}, and 2], 2/,
is less than the angle between 27, z2 and Zz7, v.

Now we consider two regular simplices 7" of side length 2s with vertices
20,21, ...,25_, and T of side length 2¢ with vertices 2o, 21,...,2q4—1 such
that the center v’ of T” belongs to the arc v, zg, where v is the center of T,
and all triangles [29,v, z;] and [z0,?’, 2] overlap. Then all arcs Zy, z; belong
to the cone formed by T at zg because all corresponding 2-dimensional an-
gles in T are smaller than those in T. Therefore, the angle measure for T’
is smaller than the one for T. Q.E.D.

We set up a notation for Lemma 7.5. For ¢ € (0,7), let zo = 20(¢p),

1
21(9), - - ., za—1(¢) be the vertices of O(r1(¢), ..., r4—1(¢)). Fort € [rq_1(v), 5),
we set

Op,t) = O(r1(#); - -, ra—2(p), 1),
and we may assume that 2o(p), . .., z¢_2(p) are vertices of ©(¢p, t), and its
d-th vertex z4_1(p,t) satisfies zg_1(¢) € zq—2(¢), z4—1(¢, ).

Lemma 7.5 If p € <O,arcsin W%) and t € (¢, 5), then

i) 16 g (0))]

V

B0, \O(p,ra1(0))] 2
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Proof For brevity, we set z; = z;(¢) fori =0,...,d—1, and rg—1 = r4-1(¢).
The condition on ¢ yields that rg1 < 7.

Let s be the length of the arc z4_1,24-1(p,t). Since the length of the
arc zg_1, 2o is rq_1, and the angle of these two arcs is arccos _71, the Law of
Cosines (15) yields

cost = cosrg_1coss — (sinry_qsins)/d,
we deduce from sint¢ > sinrg_; that

dt  cosryg_1sins+ (sinrg_jcoss)/d < 1

ds sint ~ sinrg_q’
therefore,
s> (t—rg_1)sinrg_q. (32)
We set © = O(p,74-1(p)), and observe that the closure of ©(p,t)\O
is the spherical simplex T" with vertices zo, ..., 24-3, 2d—1, 24—1(¢, t). Let H

be the hyperplane tangent to S~ ! at z4_;, and we write X’ to denote the
radial projection of some X C §¢1in H. It follows that @' is the Euclidean
orthoscheme such that d! of its copies tile the Euclidean regular simplex of
circumradius tanrg—; < 1, and hence ||2),_, — 2, || = (tanrq_y1)/(d — 1).
We deduce from Lemma 7.2 and (32) that

i 0| tan s O (t = 14_1) sinrg_q
T = 7= >
20 2|z, — 24|l T 24(tanrgy)/(d = 1)
&1t =rar) _ [Bl(t —ray)
= 2d = 2d

. Q.E.D.

8 The case of the Icosahedron

In this section, we write I to denote the regular icosahedron with vertices
on S?. In particular,

1 1
pr = 7 arccos 7 < arcsin \/g, (33)

thus Corollary 7.4 and Lemma 7.5 can be applied with ¢ = 7. Since S?
can be dissected into 120 congruent copies of O (¢, 72(¢r)), we have

™

1©(pr,r2(p1))| = 30
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and it follows from (24) that

A(pr,r2(p1)) = %

According to (17), we have sinra(pr) = % sin ¢y, thus the constant N
3.23

Sl < 40. In particular, Corollary 7.4 yields

of Lemma 7.3 satisfies X =
that if € € (0,0.01), then

3 3
Alpr —e,ra(pr —€)) < ;(1+808) < ;+806. (34)

We also note that if v € S? and 1 € (0, 3), then
|B(v,n)| = 2m(1 — cosn). (35)

Lemma 8.1 For v > 10* and ¢ € (0, ﬁ), we have

€
Apr —e,ra(r) +7¢) < Alpr,r2(er)) — ;ﬁ
Proof To simplify the notation, we write ¢ = ¢y and 12 = r2(p) =
arcsin 25\1/%“0, which satisfy r2 + e < § (in order to apply Lemma 7.5).

We may assume that O(¢ — &, r2(p — ¢)) and O(p — &, 79 + ¢) share a side
of length ¢ —¢.

We deduce from r2(¢ —€) < 1o that (ro +v&) — ro(p — &) > ~e.

We set T to be the closure of

Op —&,r2 +76)\O(p — &, m2(p — €)),

thus Lemma 7.5 yields

T2 % - 10(p — e malp — )l (36)

In addition, if o € (0, — €), then we deduce from ¢ < 1076, that

IT N B(z0,0)| T N B(z,0)] _ |B(20,0)|
|B(z0,0)| - [T 1B(20,0)| - [T N B(z0,72(¢ — €))] ~ |B(20,0)] - |B(z0,72(¢ — €))]
1 3
< =Ag < — —0.175,
= |B(z0,ra(p—1076)) " " x

because Ag ~ 0.7751 and 2 — 0.175 ~ 0.7799.
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Therefore v > 10* yields

(2 + 805)[O(¢ — &, ra(p — )| + AolT|
Alp—e,ro+ve) < L
(p=eratae) O -, ralp — ) + |71

3 3 8
< 2 4180e— <+805—A0> e/
™ T

= 1+ %
_ 3. 80 2 480e - Ag
- v 8 + e

3 L, 2N 3 e
< = 10229 ) 2_ "~
= 7r+75<0 10 >_7r 200

Q.E.D.

The following two simple statements are useful tools in the case of the
600-cell as well.

Lemma 8.2 IfT C R? is a triangle such that all sides are of length at least
a, and the center of the circle passing through the vertices lies in T, then
T| > ? a’.

Proof The largest angle « of T satisfies § < a < 5. Q.E.D.

Lemma 8.3 Forxz,y,v € S?, let §(x,y) > 29, and let §(z,v) = 6(y,v) = R
Jor 0 < < R < 5. If the angle between v, T and v,y is w, then

(i) cosw < 1— 250

sin’ R ’
(i) If v = ¢ — € andR;r—i—ve where P < o <1 < § —7€ and v > 1,
then cosw < 1 — 28 ¢ 4 e
sm-r sm= r
Proof For (i), the Spherical Law of Cosines (15) yields
1 —2sin? 4 = cos 2¢) > cos? R+ (sin? R) cosw = 1 — (1 — cosw) sin” R.

Turning to (ii), we deduce from % sin?t = sin 2t < 1 that

25sin%(p — ¢)
sin?(r + ve)

: (v+1) .9
e _0-gsmats (1~ e,

sin®
2 )

> =
= sin?r 4 e (1+ﬁ)sin2r - sin® r
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and hence (i) implies (ii). Q.E.D.

Proof of Theorem 1.1 in the case of the icosahedron Let I be
the icosahedron with vertices on S?, therefore, the vertices determine the
optimal packing of 12 spherical circular discs of radius ¢; = %arccos %
We set ¢ = @1, 19 = r2() and 7o, = roo(). For g9 = 107 and n = 0.11,
we observe that

ro+107e0 < ro 41 < Too — 1. (37)

Let € € (0,2¢), and let @1, ...,z € S? satisfy that k& > 12, and 6(x;, ;) >
2(p —¢) for i # j. We may assume that for any x € S? there exists z; such
that §(z;,x) < 2(p —¢). Let P = [x1,...,xk], and hence o € int P. We
prove Theorem 1.1 for the icosahedron in two steps.

Step 1 Proving that all Delone cells are of circumradius at most ro +107e

We suppose that there exists a Delone cell of spherical circumradius at
least 3 +107¢, and seek a contradiction. Let us consider the triangulation of
S? by all quasi-orthoschemes associated to the Dirichlet cell decomposition
induced by x1,...,z. Among them, let O and Q denote the family of the
ones with diameter less than ro +107e, and with diameter at least ro +107¢,
respectively. We claim that

> |E] = 2m(1 — cosn) > 0.03. (38)
ZeQ

Let 0 > 0 be the largest number such that ¢B® C P, and let R =
arccos 0. Then pB? touches P at a point y € OP in the relative interior
of a two-dimensional face F' of P, R is the spherical circumradius of the
corresponding Delone cell, and R > ro + 107¢. By construction, R is the
maximal circumradius among all Delone cells.

We may assume that z1, 22, x3 are vertices of F' such that y € [x1, x9, x3] =
T. Let v = y/|ly|l, and let T be the radial projection of T into S2, that is
the associated spherical ”Delone triangle”, and satisfies v € T.IfR < Toos
then all quasi-orthoschemes having vertex v are actual orthoschemes by
Lemma 6.1, and hence their union is T. In particular, Lemmas 7.1 and 8.2
yield that

~ 3
Z 2| >|T|>|T| > [ (2sin(p — £0))? > 0.4.
Z2e€Q

However, if R > ro, and z € B(v,n), then §(z, x;) > ro+nforalli =1,... k,
thus any quasi-orthoscheme Z containing x has a diameter at least 75+ 107¢
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by (37). Therefore,

Z |Z| > |B(v,n)| = 27(1 — cosn)
ZeQ

in this case, proving (38).
We note that 12 = % -158?| according to the equality case of the simplex
bound (24). We deduce from (34), Lemma 8.1 with v = 107 and (38) that

-3 —. (3
ko< Zy:y;-(1+805)+§:y:y <F—50,0005>

=Ze0 EeQ

3
< 124 —[4m - 80e — 0.03 - 50,000 - £] < 12.
™
This contradiction completes the proof of Step 1.

Step 2 Assuming all Delone cells are of circumradius at most ro + 107

It follows from (24) and (34) that k = 12.

We set v = 107. Let © be a Delone cell, and let v be the center of the
circumcircle of radius R. We claim that ( is a triangle, and there exists a
regular spherical triangle g of side length 2¢, such that for any vertex z;
of Q there exists a vertex w of Qg with

3z, w) < 257e. (39)

If x; # x; are the vertices of (2, and the angle between v, z; and v, 7; is
wij, then Lemma 8.3, sin/sinre = v/3/2 and v < 1072 yield

2 sin? 4yve -1
cosw;j <1 — ,2('0—1-,3 < — +1279¢ < 0.
sin“ rgy sin“ rg 2
In particular,  is a triangle by Corollary 2.3. Since (cost) = —sint is at
most 2 if ¢ € [F, 2], we have

2
wij > g ~ 167e. (40)

We deduce from the Remark after Theorem 3.1 that one may find a regular
spherical triangle €' with vertices on the spherical circle with center v and
radius R such that for any vertex z; of Q there exists a vertex w’ of €
such that the angle between Z;, 7 and w’,v is at most 24+e, and hence
d(zi,w'") < 24~ve. We take Qy with the circumcenter v so that for any vertex
w of Qo there exists a vertex w’ of ' such that w € w',v or w' € w,v. As
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R < ry + ~& by the condition of Step 2, and R > ro(p — &) > ro — e, we
conclude (39) by the triangle inequality.

Now we fix a Delone cell © and let ©g be the spherical regular triangle
provided by (39). We observe that ¢ < 44 for the constant of Lemma 6.4 in
our case. We may assume that the vertices of ©¢ are vertices of the face Fj
of the icosahedron I. There exist nine more faces F, ..., Fy of I, such that
F; N F;_ is a common edge for ¢ = 1,...,9, and any vertex of I is a vertex
of some F;, i < 9. Attaching the corresponding nine more Delone cells to O,
we conclude from Lemma 6.4 that we may choose ¢; = 44” - 25v. Q.E.D.

9 The case of the 600-cell

In this section, by Q we denote the regular 600-cell with vertices on S2. In

particular,
1
po = % < arcsin \/; (41)

thus Corollary 7.4 and Lemma 7.5 can be applied with ¢ = ¢g. Since 33
can be dissected into 14400 congruent copies of O(pq,2(vQ),13(¢Q)), we

have ‘S3| 2
v
8] = =
©(¢q,m2(¢q), 3(0q))] 14400 7200’

and it follows from (24) that
60

= (42)

Alpg,r2(9q),m3(vq)) =

The main idea of the argument in the case of the 600-cell will be similar
to the one for the icosahedron. According to (17), we have sinrz(pg) =

\/g sin g, thus the constant N of Lemma 7.3 satisfies X = % < 120.

In particular, Corollary 7.4 yields that if € € (0,0.004), then

60 60
Alpg —e,m2(pg —€),1m3(pg — €)) < ﬁ(l +240¢) < = + 1500e.  (43)

Next Lemma 9.1 estimates A(pg — €,72(¢q — €),73(pq) + ve) for large
and small € > 0, and Lemma 9.2 estimates the volume of a tetrahedron.

Lemma 9.1 For v > 10° and ¢ € (0, ﬁ), we have

(3
Alpg — &, m2(pq — €),13(0Q) + 7€) < Alpg,r2(00), T3(¢q)) — ﬁ'
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Proof To simplify notation, we write ¢ = @@ and 3 = r3(¢) = arcsin ?’Si%,
and use the notation set up before Lemma 7.5.
We deduce from r3(p — ) < r3 that (r3 +ve) — r3(@ —¢e) > 7e.

For the closure T of

(:)(go —e,r3+ 'ya)\é(ga —e,r3(p —¢)),

Lemma 7.5 yields
ve <
71> 180 — e, msle - ). (14)
Let o € (0,0 — &0). We consider two spherical cones C' and Cj, where
C' is obtained by rotating the triangle with vertices zg, z1(¢ — €), z3(¢ —
) around zg, z1(¢ — ), and Cj is obtained by rotating the triangle with
vertices zq, z1(p — €0), 23(¢ — €0) around zp, 21 (¢ — €0). For the two-face F’
of T' opposite to zg, F\C is disjoint from B(zp,73(¢ — €)), which in turn
contains C, and hence we have the density estimates

((T\C) N B(20,0)| _ [B(20,9)| < 16N B(z,0)|
[T\C| - |B(20,0)| ~ [B(z0,73( —€))| - B(20,0)] ~ [C]-[B(z0,0)|

Since the density of B(zp,0) in CNT is %, and in T\ C the density is

at most %’ we deduce using (19) and the argument of K. Boroczky
[5] that
[T N B(zo,0)| |C N B(z0,0) _ .
— = < ———— = = |lim A(p—e,r3(p—¢) —s,r3(p —¢
T BGo.o)l = 101 Blao)] sy S~ Srsle =) momslo=e)
< lim A(p —eo,m3(p —€0) — s, 73(0 — €0))
s—0t
|Co N B(20,0)|
—— = A,. 45
Col- 1Bl )] ~ = )

Now Cj is a spherical cone whose base is a circular disc of radius £ =

arccos %, center z1(p — o) and height ¢ — g9. Let H C R* be

the hyperplane tangent to S3 at z1(¢ — &¢), let C}) be the radial projection
of Cy into H, which is a Euclidean cone whose base is a circular disc of
radius ¢ = tan¢, center z1(p — €p) and height h = tan(¢ — €¢). Therefore,
Lemma 7.2 yields

Gyl = L<1+|x—zl<¢—eo>||2>—2dx

0
h g—%t
= / / (1+t*+73)72. 217 drdt.
0 0
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In addition, if the angle between the arcs zg, z1(¢ — €g) and 2, z3(¢ — €9) is

a, then cosa = %. Therefore, (35) yields

1 — cosa 60
A= —— < — —0.3.
S TToN 2

For A = A(p — &,72(p — €),73 + 7€), 7 > 106 yields

(59 +15006)8(p — £, 73(p — €))| + Ag| T

A < ~
O(p —&,ma(p —€))| + IT|
60 60 16
< 25+ 1500¢ — <2 + 1500 — A0> 1</16
us us 1+ 45
_ 60 (1500 59 + 15006 — Ag
- T 16 4 e
<

20 0 100

60 _3 % - Ao 60 e
7T2+'ye<2-10 -V | <5 =

Q.E.D.

Lemma 9.2 If 0 € (0,1), and uy, uz, us,us € S* satisfy that (u;,u;) < —0
fO’f’ i 7& J, then
H3([u1,u2,u3,u4]) > \/5/4.

Proof For T = [u1, ug, us, ug], we have o € int T' by Lemma 2.2. Let r > 0
be the maximal number such that 7B C T, and hence r < % (see, say, K.
Boroczky [6], Section 6.5). We may assume that r B3 touches 9T in a point y
of F' = [u1,ug,us], which lies in the relative interior of F.. We set u = y/r €
S?, and v; = (u; —y)/V1—1r2 € §% for i = 1,2,3. We have « € [arccos 1, 7)
and 8 € (5, ] such that §(us,u) = a for i = 1,2,3, §(ug,u) = B. Thus
u; = ucosa + v sina for i = 1,2,3, and ug = —u|cos 5| + wsin S for some
w e utnS2

Since (uj,uj) < 0 for 1 < i < j < 3, we have (v;,vj) = (uj,uj) —
cosacosar < 0 for 1 <4 < j < 3. We deduce that |ju; — ;|| > /2(1 —12)
for 1 <i < j < 3, and there exists | € {1,2,3} such that (v, w) > 0. In

particular, we have

—60 > (ug,u;) > —|cos B - cos a.
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It follows from Lemma 8.2 and 1 — r2 > % that

H3(T):|COSB|Z'COSO‘-H2(F) S VIcosBl-cosa V3(1—1?) N NG

= 2 2 4
Q.E.D.

It is not hard to see that the lower bound \/5/4 in Lemma 9.2 can’t be
replaced by, say, 2v/6.

Proof of Theorem 1.1 in the case of the 600-cell Let ) be an 600-cell
with vertices on S3, therefore, its vertices determine the optimal packing of
120 spherical circular discs of radius pg = {5. We set ¢ = ¢q, 12 = r2(),
r3 = r3(p) and 7o = Too(g). For v = 10'2 g9 = 107! and n = 0.02, we
observe that

rs+ve0 <13+ 1M < roe — 21. (46)

Let ¢ € (0,e0), and let x1,...,2, € S? satisfy that &k > 120, and
§(ziyzj) > 2(p —¢) for i # j. We may assume that for any = € S3,
there exists z; such that 0(z;, z) < 2(¢—¢). Let P = [z1,...,z], and hence
o € int P. We prove Theorem 1.1 for the 600-cell in two steps.

Step 1 Proving that all Delone cells are of circumradius at most r3 + e

We suppose that there exists a Delone cell of spherical circumradius at
least r3 4+ ve and seek a contradiction. Let us consider the triangulation of
S3 by all quasi-orthoschemes associated to the Dirichlet cell decomposition
induced by z1,...,2;r. Among them, let O and Q denote the family of the
ones with diameter less than r3 4+ ve, and with diameter at least r3 + e,
respectively. We claim that

D Il > (4m/3)sinn > 1077, (47)
=2eQ

Let o0 > 0 be the largest number such that pB* C P and let R = arccos .
Then oB* touches OP at a point y € OP in the relative interior of a three-
dimensional face F' of P, R is the spherical circumradius of the corresponding
Delone cell, and R > r3 + ve.

We may assume that x1, 9, x3, x4 are vertices of F' in a way such that
y € w1, 39, 3,24) = T. Let v = y/|ly|, and let T be the radial projection
of T into S3, that is the associated spherical ”Delone simplex”, and satisfies
veT. IfR< r3 + 27, then all quasi-orthoschemes having vertex v are
actual orthoschemes by Lemma 6.1, and hence their union is T. If for some
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{i,7} € {1,2,3,4}, the angle between v, z; and 7, Z; is w;;, then Lemma 8.3
yields

2sin?(¢p — ¢) <1_ 2sin?(¢ — &)

———— < —0.1.
sin? R sin?(r3 + 27)

coswi;j <1 —

In particular, Lemmas 7.1 and 9.2 yield that

Y B = T] > |T| > V0.1/4 > 0.07.
EeQ
However, if R > r3 + 2n and = € B(v,n), then 6(z,x;) > r3 +n for all

t = 1,...,k, thus any quasi-orthoscheme = containing = has diameter at
least 73 + e by (46). We deduce from Lemma 7.1 that

> |2l = [B(v,n)| = (47/3)sin®
ZeQ

in this case, proving (47).
We note that 120 = % -|S3| according to the equality case of the simplex
bound (24). We deduce from (34), Lemma 8.1 with v = 10'? and (38) that

k

IN

60 60
> Bl - (1+1500e) + > |E[— - (110" ¢)
™ T
2eO =EeQ

60
< 124 —[27% - 1500e — 1077 - 10'7 - ¢] < 12.
7T
This contradiction completes the proof of Step 1.

Step 2 Assuming all Delone cells are of circumradius at most r3 + e

It follows from (24) and (43) that & = 120.

Let ©Q be a Delone cell, and let v be the center of the circumscribed
spherical ball of radius R. We claim that  is a spherical tetrahedron and
there exists a regular spherical tetrahedron 2y of side length 2¢ such that
for any vertex z; of Q) there exists a vertex w of )y with

0(zi,w) < 10,000ve. (48)

If x; # x; are the vertices of {2, and the angle between v, 7; and v, 7; is
wij, then Lemma 8.3, sin p/sinr3 = 1/2/3 and ve < 1072 yield

2 sin? 4ye 1
1121@+ Z < + 30ve < 0.

coswij <1 — — - 3
sin“re  sin®rjs
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In particular, Q is a tetrahedron by Corollary 2.3. Since (cost) = —sint is
at most =2 if ¢t € [3, 27, we have

—1
wjj > arccos 5~ 40e. (49)

We deduce from Theorem 3.1 that one may find a regular spherical tetra-
hedron € with vertices on the subsphere with center v and radius R such
that for any vertex z; of ) there exists a vertex w’ of ' such that the angle
between T;, v and w’,v is at most 9,000ve and hence 6(z;, w') < 9,0007e.
We take 2y with circumcenter v so that for any vertex w of )y there exists
a vertex w’ of € such that w € w’,v or w' € W,v. As R < r3 + e by the
condition of Step 2, and R > r3(p —¢) > r3 — ve, we conclude (48) by the
triangle inequality.

Now we fix a Delone cell © and let ©¢ be the spherical regular tetrahe-
dron provided by (48). We observe that ¢ < 90 for the constant of Lemma 6.4
in our case. We may assume that the vertices of O are vertices of the face
Fp of the 600-cell Q). There exist 116 more faces F1, ..., Fi1g of @, such that
F;NF;_1is a common edge for i = 1,...,116, and any vertex of @) is a vertex
of some F;, i < 116. Attaching the corresponding 116 more Delone cells to
O, we conclude from Lemma 6.4 that we may choose cg = 906 - 10,000+.
Q.E.D.

References

[1] J. Aczél: Solution to Problem 35, I. (Hungarian). Mat. Lapok, 3 (1952),
94-95.

[2] N.N. Andreev: A spherical code. Russian Mathematical Surveys, 54
(1999), 251-253.

[3] K. Bezdek: Classical Topics in Discrete Geometry. Springer, 2010.

[4] K. Boroczky, A. Florian: Uber die dichteste Kugelpackung im hyper-
bolischen Raum. Acta Math. Hung., 15 (1964), 237-245.

[5] K. Boroczky: Packing of spheres in spaces of constant curvature. Acta
Math. Hung., 32 (1978), 243-261.

[6] K. Boroczky, Jr.: Finite packing and covering. Cambridge Unversity
Press, 2004.

32



[7]

8]

P. Boyvalenkov, D. Danev. Uniqueness of the 120-point spherical 11-
design in four dimensions. Arch. Math., 77 (2001), 360-268.

S.A. Chepanov, S.S. Ryshkov, N.N. Yakovlev. On the disjointness of
point systems. (Russian) Trudy Mat. Inst. Steklov., 196 (1991), 147-
155.

J.H. Conway, N.J.A. Sloane: Sphere packings, Lattices and Groups.
Springer—Verlag, Berlin, New York 1998.

H.S.M. Coxeter: Regular Polytopes. (originally published in 1947)
Dover, 1973.

H. Davenport, Gy. Hajés: Problem 35 (Hungarian). Mat. Lapok, 2
(1951), 68.

T. Ericson, V. Zinoviev: Codes on Euclidean spheres. North-Holland,
2001.

G. Fejes Toth: Packing and covering. In: E. J. Goodman, J. ORourke
CRC Handbook on Discrete and Computational Geometry, CRC Press,
2004.

L. Fejes T6th: On the densest packing of spherical caps. Amer. Math.
Monthly, 56 (1949), 330-331.

L. Fejes Té6th: On the volume of a polyhedron in non-Euclidean spaces.
Publ. Math. Debrecen 4 (1956), 256-261.

L. Fejes Téth: Regular Figures. Pergamon Press, Oxford, 1964.

L. Fejes Téth: Lagerungen in der Ebene, auf der Kugel und im Raum.
Springer, Berlin, 1972.

H.W.E. Jung: Uber die kleineste Kugel die eine raumliche Figur ein-
schliesst. J. Reine ang. Math., 123 (1901), 241-257.

P. McMullen, E. Schulte: Abstract Regular Polytopes. Cambridge Uni-
versity Press. 2002.

O. Musin: The kissing number in four dimensions. Annals of Mathe-
matics, 168 (2008), 1-32.

R.A. Rankin: The closest packing of spherical caps in n dimensions.
Proc. Glasgow Math. Assoc., 2 (1955), 139-144.

33



[22] C.A. Rogers: Packing and Covering. Cambridge Univ. Press, Cam-
bridge, 1964.

[23] T. Szele: Solution to Problem 35, II. (Hungarian). Mat. Lapok, 3
(1952), 95.

34



