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Abstract

We strengthen the volume inequalities for L,, zonoids of even istropic measures and for
their duals due to Ball, Barthe and Lutwak, Yang, Zhang. The p = oo case yields a stability
version of the reverse isoperimetric inequality for centrally symmetric bodies.

1 Introduction

According to the isoperimetric inequality, a Euclidean ball has smallest surface area among con-
vex bodies (compact convex sets with non-empty interiors) of given volume in Euclidean space
R™ with scalar product (-, -) and norm || - ||, and that Euclidean balls are the only minimizers.
Let B" be the Euclidean unit ball centred at the origin. Denoting by S(K) the surface area and
by V(K) the volume of a convex body K in R", the isoperimetric inequality can be expressed
by the inequality

(B _ S(E)"

V(Br)»—1 = V(K)»1’
where equality holds if and only if K is a Euclidean ball. Since surface area and volume are
continuous functionals (with respect to the Hausdorff metric) and the extremal bodies of the
inequality (1) are precisely the Euclidean balls, the following question arises naturally. Assume
that a convex body K in R" satisfies
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for some € > 0. Does it follow that K is e-close to a Euclidean ball? An answer to this question
requires that the distance dist(K’) of K from a Euclidean ball is measured in a suitable way. For
instance, the distance function dist(+) should have the same scaling and motion invariance as the
isoperimetric problem. The problem can also be stated in the following form. Let again K be a
convex body in R™ and assume that dist(/') > ¢ for some € > 0. Does it follow that

S(K)" S(B™)"
W > (1+ f<€))V(T)"_1’



where f : [0,00) — [0,00) is a continuous and increasing function with f(0) = 0? In other
words, is it true that
S(K)" S(B")"
V(K V(B
with an explicitly given function f? Any such inequality provides a strengthening of the classical
isoperimetric inequality and is called a stability version of (1).

Although results of this type can be traced back to the work of Minkowski and Bonnesen,
a systematic exploration is much more recent. Introductory surveys on geometric stability re-
sults were given by H. Groemer [26, 27], an up-to-date coverage of various aspects (including
applications) of the topic is provided throughout R. Schneider’s book [44]. More specifically, sta-
bility results for the isoperimetric problem (based on the Hausdorff distance) have been found,
for instance, by Groemer and Schneider [28]. As a recent breakthrough, N. Fusco, F. Maggi,
A. Pratelli [23] obtained an optimal stability version of the isoperimetric inequality in terms of
the volume difference, and A. Figalli, F. Maggi, A. Pratelli [21, 22] even extended the result to
the Brunn-Minkowski inequality.

Since the reverse isoperimetric inequality and a strofnger form of it for general convex bodies
are discussed in K.J. Boroczky, D. Hug [13], in this paper we concentrate on centrally symmetric
convex bodies. The ratio S(K)"/V (K)"! is unbounded from above if K ranges over all cen-
trally symmetric convex bodies. In fact, simple examples show that /' can have arbitrarily small
volume while its surface area is equal to a prescribed positive value. In order to avoid this type of
situation, it is a well known strategy (see, for instance, F. Behrend [10]) is to consider the affine
invariant quantity

> (14 f(dist(K)))

ir(K) = inf {% D GL(n)}

where GL(n) is the group of non-singular linear transformations of R”. The infimum is attained
and the unique minimizer can be characterized, as shown by C. M. Petty [43] (see also A. Gi-
annopoulos, M. Papadimitrakis [24]). In fact, X minimizes the isoperimetric ratio within its
affine equivalence class if and only if the suitably normalized area measure of K is isotropic (as
defined below). As a simple consequence, cubes minimize the isoperimetric ratio within the class
of parallelotopes. Since the new functional ‘ir’ is affine invariant and upper semi-continuous, it
attains its maximum on the space of convex bodies. In the Euclidean plane, the method of
F. Behrend [10] yields that ir(K) < ir(WW?) with equality if and only if K is a parallelogram;
here W™ denotes a cube circumscribed about B". An extension of such a result to higher di-
mensions turned out to be a formidable problem which resisted its solution until K.M. Ball [1, 2]
established reverse forms of the isoperimetric inequality. To state one of his main results, note
that S(W™) = n2" = nV (W™).

Theorem A (K.M. Ball) For any centrally symmetric convex body K in R", there exists some
¢ € GL(n) such that

It was proved by F. Barthe [6] that equality holds in Theorem A only if K is a parallelotope.
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The first objective of this paper is to establish a stability version of the reverse isoperimetric
inequality for centrally symmetric convex bodies. Following [21, 22, 23], we define an affine
invariant distance of origin symmetric convex bodies K and M based on the volume difference.
For this, let « = V(K)~™'/", 3 = V(M)~'/", and then define

Syl (K, M) := min {V (®(aK)A(BM)) : & € SL(n)}

where AAB is the symmetric difference of the sets A and B, and SL(n) is the group of linear
transformations of R" of determinant one. We observe that d,(+, -) induces a metric on the linear
equivalence classes of convex bodies.

A crucial tool in geometric analysis, and in particular in the proof of the reverse isoperimetric
inequality by K.M. Ball, is the John ellipsoid of a convex body K in R". This is the unique
ellipsoid of maximal volume contained in /', which is origin symmetric if K is origin symmetric.
Obviously, there is an affine image of /K, whose John ellipsoid is the Euclidean unit ball B".
Below (see (2)), we list some properties of the John ellipsoid. For thorough discussions of the
properties of the John ellipsoid, and of convex bodies in general, see K.M. Ball [4], PM. Gruber
[29] or R. Schneider [44].

Theorem 1.1 Let K be an origin symmetric convex body in R", n > 3, whose John ellipsoid is
a Euclidean ball, and let € € [0, 1). If dyo1 (K, W™) > ¢, then

S(K)" 3y S
vy = 0T e

3
where v = n=“"" for some absolute constant ¢ > (.

The stability order (the exponent 3 of ¢) in Theorem 1.1 close to be optimal, but most prob-
ably it is not optimal. Considering a convex body K which is obtained from " by cutting off
simplices of height ¢ at the vertices of /", one can see that the exponent of € must be at least 1
in Theorem 1.1.

Another affine invariant distance between convex bodies is the Banach-Mazur distance
dpm (K, M) of origin symmetric convex bodies K and M, which is defined by

(K, M) :=Inmin{A > 1: K C ®(M) C AK) for & € GL(n)}.
Again, dppm(+,-) induces a metric on the linear equivalence classes of convex bodies. It is not

1
difficult to see that d,; < 2n2dgy (see say [13]). In the reverse direction, we have dpy; < 7y or,
where v depends on the dimension n (see [12, Section 5]), and the exponent % cannot be replaced
by anything larger than n%l as can be seen from the example of a ball from which a cap is cut

off.

Theorem 1.2 Let K be an origin symmetric convex body in R", n > 3, whose John ellipsoid is

an Euclidean ball, and let € € [0, 1). If Spm (K, W™) > ¢, then
S(K)" S(wmyr

kWA S IV ek A

v = )y

where v = n—en’ for some absolute constant ¢ > 0.
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The stability order (the exponent n of ) in Theorem 1.2 is close to be optimal, but most
probably it is not optimal. Considering a convex body K which is obtained from W™ by cutting
off simplices of height  at the vertices of 11", one can see that the exponent of € must be at least
n — 1 in Theorem 1.2.

In the planar case case, modifying the argument of F. Behrend [10] leads to stability results
of optimal order.

Theorem 1.3 Let K be an origin symmetric convex body in R? whose John ellipsoid is an Eu-
clidean dics, and let € € [0,1). If 0y01(K, W?) > ¢ or dpy (K, W?) > ¢, then

As mentioned before, the proof of the reverse isoperimetric inequality by K.M. Ball [1, 2]
is based on a volume estimate for convex bodies whose John ellipsoid is the unit ball B". Let
S™~1 denote the Euclidean unit sphere. According to a classical theorem of F. John [33] (see also
K.M. Ball [4]), B" is the ellipsoid of maximal volume in an origin symmetric convex body K if
and only if B" C K and there exist ®uy, ..., du; € S""'NIK and ¢y, . .., c; > 0 such that

k

=1

where Id,, denotes the n x n identity matrix and 0K is the boundary of K.
Following A. Giannopoulos, M. Papadimitrakis [24] and E. Lutwak, D. Yang, G. Zhang [42],
let us call an even Borel measure ;. on the unit sphere S~ isotropic if

/ u®@udp(u) =1d,.
Sn—1
In this case, equating traces of both sides we obtain that
w(S™ Y =n. 3)

Let us recall that if v € R", then the support function hy of a convex compact set K in R"
satisfies
hg(v) = max{({v,z) : ©x € K}.

For any isotropic measure x on S™ ! and p > 1, we define the L,-zonoid Z, (1) associated to x
by

a0 = [ ol dutw)

which is a zonoid in the classical sense if p = 1. In addition, let

Zoo(p) :== lim Z,(u) = convsupp u,

p—o0



and for 1 < p < oo, let Z;(u) be the polar of Z, (). In particular,

z = {eers [l <1} forpz1,
Z: () = {xeR": (x,u) <1foru € supp pu},

and hence Z,(p) = B" for any isotropic measure .
It follows from D.R. Lewis [37] (see also E. Lutwak, D. Yang and G. Zhang [40, 41]) that any
n-dimensional subspace of L,, is isometric to || - || zs(,) for some isotropic measure  on St

where )
o= ([ NP auto)

We call a measure v on S”~! a cross measure if there is an orthonormal basis w1, . . . , u, of
R™ such that

]

suppv = {£us,..., Tu,},

and v({u;}) = v({—u;}) = 1/2 fori = 1,...,n, and hence v is even and isotropic. We fix a
cross measure v, on S"~!. We note that if p € [1, 0o, and ['(+) is Euler’s Gamma function, then

L(1+5)r(1+%)

~ ifp>1
V(Zyo)) = 4 TS
4 if p = o0.
In addition,
ra+i) |
n——2—  ifp>1
* ra+* —
V(Z; () = )
2" if p = o0.

The crucial statement leading to the reverse isoperimetric inequality is the case about Z* (1) of
the following.

Theorem B If i is an even isotropic measure on S™ ! and p € [1, 00|, then
> V(Zy(vn)) 4)
VI(Zy(n) < VI(Zy(v)). (5)
Assuming p # 2, equality holds if and only if |1 is a cross measure.

Theorem B is the work of K.M. Ball [2] and F. Barthe [6] if p is discrete, and their method
was extended to any even isotropic p by E. Lutwak, D. Yang, and G. Zhang [40]. The measures
on S™! which have an isotropic linear image are characterized by K.J. Béroczky, E. Lutwak,
D. Yang and G. Zhang [14], building on work of E.A. Carlen, and D. Cordero-Erausquin [16],
J. Bennett, A. Carbery, M. Christ and T. Tao [11] and B. Klartag [36]. We note that isotropic mea-
sures on R" play a central role in the KLS conjecture by R. Kannan, L. Lovédsz and M. Simonovits
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[34]; see, for instance, F. Barthe and D. Cordero-Erausquin [8], O. Guedon and E. Milman [32]
and B. Klartag [35].

To state a stability version of Theorem B, a natural notion of distance between two isotropic
measures 4 and v is the Wasserstein distance (also called the Kantorovich-Monge-Rubinstein
distance) Sy (1, v). To define it, we write Z(v, w) to denote the angle non-zero vectors v and
w; that is, the geodesic distance of the unit vectors ||v||~'v and ||w||~*w on the unit sphere. Let
Lip, (S™!) denote the family of Lipschitz functions; namely, f : S"! — Ris in Lip, (S™!) if
1f () = f)ll < £(x,y) for z,y € S"~'. Then

ow(p,v) = max{ fdu— fdv: fe Lipl(S”_l)} .
Sn—l Sn—l

What we actually need in this paper is the Wasserstein distance of an isotropic measure p from
the closest cross measure. Therefore in the case of two isotropic measures p and v, we define

dwo(u, v) = min {dw(u, ®.v) : & € O(n)}
where @, v denotes the pushforward of v by @ : §"~1 — Sn—1,

Theorem 1.4 Let ;1 be an even isotropic measure on S"', n > 2, let ¢ € [0,1), and let p €
[1, 00] with p # 2. If dwo (p, vn) > € > 0, then

=
N
*
=
IN
—
|
2
(@)
N
=~
N
=

cn

where v = n~"" min{|p — 2|2, 1} for an absolute constant ¢ > 0.

To state a another stability version of Theorem B in the case of p = oo, we define the

“spherical” Hausdorff distance of compact sets X, Y C S"~! by the formula

O (X,Y) := min {max min Z(z, y), max min A(x,y)} .

rzeX yeY yeY zeX

In addition, let
dpo(X,Y) :=min{og(X,®Y): € O(n)}.

We note that if dxo(supp p,suppr,) < 1/(7n?) for an even isotropic measure y, then
dwol(p, vn) < 2ndy (supp i, supp v,) according to Corollary 6.2. Therefore Theorem 1.4 yields
the following in the case p = oo.

Corollary 1.5 If i1 is an even isotropic measure, and o (supp p, supp v,,) > € > 0, then
V(Zo(p) = (1+ Vgg)v(Zw(Vn))
V(Zo(m) < 1=V (Z5 ()

where v = n-en’ for an absolute constant ¢ > 0.
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We note that the proof of Theorem B is based on the rank one case of the geometric
Brascamp-Lieb inequality. An essential tool in our approach is the proof provided by F. Barthe
[5, 6], which is based on mass transportation. Therefore, it is instructive to review the argument
from [5], which is done in Section 2. At the end of that section, we outline the arguments leading
to Theorem 1.1, Theorem 1.2 and Theorem 1.4 and roughly describe the structure of the paper.
We also indicate in Section 2 what stability result can be expected concerning the Brascamp-
Lieb inequality (see Conjecture 2.1). Along the way to prove our main statements, we also es-
tablish some some properties of any (not only even) isotropc measures in Section 5 that might be
useful in other applications, as well.

Let us point out that the corresponding question in the non-symmetric setting is wide open.
For a centered isotropic measure 1 on S™~1, and for p € [1,00), we define the non-symmetric
L,-zonoid Z,(u) by

b @) = [ max{o, (.Y du(w)

Zo(y) = {IER”: [gnlmax{0,<x,u>}pdu(u)§1}.

This notion (for any discrete measure on S™~!, not only isotropic ones), occurs in M. Webern-
dorfer [45] in connection with reverse versions of the Blaschke-Santal6 inequality.

Conjecture 1.6 If 11 is a centered isotropic measure on S"~* and p € [1,00), moreover v is the
isotropic measure on S™' such that supp v consists of the vertices of a regular simplex, then

V(Zy() > V(Zp(v)) (6)
VI(Z,(n) < VI(Z,(v)). (7)

= p

If ;1 is a centered isotropic measure on S~ !, then Z, (1) = conv supp p. In particular, if
p = o0, then (7) was proved by K.M. Ball in [2] for discrete u, (6) was proved by F. Barthe in
[6] again for discrete p, and the the case of general centered isotropic ;o was handled E. Lutwak,
D. Yang and G. Zhang [42].

2 A brief review of the Brascamp-Lieb and the reverse
Brascamp-Lieb inequality

The rank one geometric Brascamp-Lieb inequality (8), identified by K.M. Ball [1] as an essential
case of the rank one Brascamp-Lieb inequality, due to H.J. Brascamp, E.H. Lieb [15], and the
reverse form (9), due to F. Barthe [5, 6], read as follows. If u,...,u, € S™ ! are distinct unit
vectors and ¢y, . . ., ¢ > 0 satisfy

k

Z C;U; ® U; = Idn,

=1



and fi, ..., fi are non-negative measurable functions on R, then

k k

/ani(<x,ui>)cidl’ < H(/Rf) and ®)

i=1 %

k k Cj
sup fi(0) % dx > (/ fi) . ©)
/R" 93:2,’5:1 ciOiu; E ( ) R

i=1

In (9), we always assume that 0, ..., 0, € R. Here, naturally, 64, ..., 0 is unique if £ = n and
Uy, . . ., U, form an orthonormal basis.

According to F. Barthe [6], if equality holds in (8) or in (9) and none of the functions f;
is identically zero or a scaled version of a Gaussian, then there is an origin symmetric regular
crosspolytope in R" such that u;, ..., u; lie among its vertices. Conversely, equality holds in
(8) and (9) if either each f; is a scaled version of the same centered Gaussian, or if & = n and
Uy, . . ., U, form an orthonormal basis.

A thorough discussion of the rank one Brascamp-Lieb inequality can be found in E. Carlen,
D. Cordero-Erausquin [16]. The higher rank case, due to E.H. Lieb [38], is reproved and further
explored by F. Barthe [6] (including a discussion of the equality case), and is again carefully anal-
ysed by J. Bennett, T. Carbery, M. Christ, T. Tao [11]. In particular, see F. Barthe, D. Cordero-
Erausquin, M. Ledoux, B. Maurey [9] for an enlightening review of the relevant literature and an
approach via Markov semigroups in a quite general framework.

F. Barthe [5, 6] provides concise proofs of (8) and (9) based on mass transportation (see also
K.M. Ball [4] for (8) ). We sketch the main ideas of this approach, since this will be the starting
point of subsequent refinements.

We assume that each f; is a positive continuous probability density both for (8) and (9), and
let g(t) = ™ be the Gaussian density. For i = 1, ..., k, we consider the transportation map

T; : R — R satisfying
t Ti(t)
/ fi(s)ds :/ g(s)ds.

It is easy to see that 7; is bijective, differentiable and
fit) = g(Ti(t)) - T(t),  teR. (10)

To these transportation maps, we associate the transformation © : R” — R"™ with

O(z) = Zc,T,((uZ,x)) Uy, reR",

=1

which satisfies i
dO(z) = Z T ((ug, ) u; @ u;.
i=1

In this case, dO is positive definite and © : R™ — R" is injective (see [5, 6]). We will need the
following two estimates due to K.M. Ball [1] (see also [6] for a simpler proof of (i)).
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(i) For any tq,...,t; > 0, we have

k k
i=1 =1

(i) If z = Y2 | c;fu; for 6y, ..., 0 € R, then
k
27 <> et (11)
=1

Therefore, using first (10), then (i) with ¢; = T} ({u;, z)), and later the definition of © and (ii),
the following argument leads to the Brascamp-Lieb inequality (8).

k

/anZ-(<ui,x>)ci dx < /R (Hg(:/;(wi,@))%) (Hﬂ’((ui,@)”) dzx (12)

k
< / (H eﬂCiTi((“i,l‘>)2> det (Z Clﬂ/(<uz,$>)uz ® uz) dz (13)
R™ \i=1 i=1

< / e IO@I et (dO () da

< / e mllvl? dy = 1.

Finally, the Brascamp-Lieb inequality (8) for arbitrary non-negative integrable functions f; fol-
lows by scaling.
For the reverse Brascamp-Lieb inequality (9), we consider the inverse .S; of 7}, and hence

[ awas= [ i(t) (s ds

g(t) = fi(S:(1)) - Si(t),  teR (14)
In addition,
k
d¥(z) = Z S ((ug, ) u; @ uy
i=1

holds for the diffeomorphism ¥ : R™ — R"™ with

k
U(x) = ZCZSZ(WZ,x)) Ui, r € R".

=1



In particular, dV is positive definite and ¥ : R” — R" is injective (see [5, 6]). Therefore (i) and
(14) lead to

/ sup Hfl cvdx>/n<()sup Hf )det (d¥(y)) dy

Z —p cifiug =1 :Zf:1 cifiu; j=1

/ (H fi(Si({us,y > det (Z eiSi((ug, y)) ug ®Ui> dy

(15)

k
/ (Hfz (G )> <H5£(<ui,y>>%‘> dy  (16)
= /Rn <H9(<uz,y>)6> dy = /n e~ II” gy = 1.

Again, the Reverse Brascamp-Lieb inequality (9) for arbitrary non-negative integrable functions
fi follows by scaling.

We observe that (i) shows that the optimal constant in the geometric Brascamp-Lieb inequal-
ity is 1. The stability version of (i) (with v; = \/c;u;), Lemma 3.1, is an essential tool in proving
a stability version of the Brascamp-Lieb inequality leading to Theorem 1.4.

Let us briefly discuss how K.M. Ball [1] and F. Barthe [6] used the Brascamp-Lieb inequality
and its reverse form to prove the discrete version of Theorem B. In this section, we write j to

denote the isotropic measure on S"~! whose support is {u, ..., us}, and p(u;) = c;, and we
assume that y is an even measure. For ¢ = 1,..., &, we consider the probability densities (see
(25)
1 P
filt) = s e "
2I(1 + ;)

ifpe[l,00),and f; = %1[_1,1] if p = oo, where

1 ifte[-1,1],
Loy (t) = { 0 otherwise.

We will frequently use the following observation due to K. Ball [2]. If K is an orgin symmetric
convex body in R™ with associated norm || - || ¢, then

1 ’
__ b e
V(K) = D) /R e Il dg (17)

where if x € R”, then
|||k := min{\ > 0: x € AK}.
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In particular, if p € [1, 00), then

VI(Zy (1) = ﬁ/n exp <—Zci’<$,ui>’p) dx

p

_ %/nﬁﬂ(@,um@ de (18)

p

. 2”F<1 l>nH(/ )Ci_M’ 19)

=1 F<1+ p>

and if p = oo, then using f; = 1_; ;j, we have

V(23 () = 2" /nzlifz(<xaui>)ci dx < 2”}i (/R f) = 2"

Equality in (19) leads to equality in the Brascamp-Lieb inequality, and hence £ = 2n and
uq, . .., u form the vertices of a regular crosspolytope in R".
For the lower bound on the volume of the L, zonotopes, let us recall that % + ]% =1, and if

p € [1,00), then let us consider the auxiliary origin symmetric convex body

k k

i=1 i=1

We drop the reference to p if it does not cause misunderstanding. In particular,

k 7
Nz|lag, = (m Z]icnf Zci|9i|p> -

= i=1 Ccitiuq i=1
In addition, let
k
i=1
We claim that if p € [1, oo], then

My(p) C Zp+ (). (20)

Let 2 € M,(u), and hence z = S| ¢if;u; where S ¢;]6;]7 < 1if p € [1,00), and |6;] < 1
fori =1,...,kifp=o0. Ifp € (1,00), then it follows from the Holder inequality that for any
v € R”, we have

1

(z,v) = Zcﬂi(ui,v) < (qu@-l”) <Z ci|<ui,v>|p*> < hz.(v).

=1
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If p =1, then

i=1,...,k

k
(x,v) = Zci91~<ui,v> < max |(u;,v)| = hy (v).
i=1
In addition, if p = oo, then
k k
(w,0) = ebifus,v) < eil(ui,v)| = hz, (v).
i=1 i=1

Now if p € [1, 00), then we deduce from (20) and the reverse Brascamp-Lieb inequality (9)
that

1
V(Ze ) = VOG0 = mrrss [ ew (Slell,) do
p
2" (14 )" b
= —r A(6:)% d 21
F(1+ %) /Rn J»’Z?u})cz@zuz];]l:f( ) ' D
2"D(1 4 Lyn K «  2"T(1+1)m
> - p7 ) = P 22
= Tt H</f> Tz 22

Finally, if p = oo, then f; = %1[_171}, and

k k

VI(Zi(p) =2 V(Moo(p) = 2”/R sup  [[ i) de =2 ]] </}R fi)q = 2"

" x=) i cifiui j=1 i=1

Equality in (22) leads to equality in the Reverse Brascamp-Lieb inequality, and hence k = 2n
and uq, . . ., u form the vertices of a regular crosspolytope in R™.

The main idea to have a stability version of (19) and (22) is to have a stronger version of
(13) and (16), respectively, based on the stronger version Lemma 3.1 of (i). In order to apply the
estimate of Lemma 3.1, we need some basic bounds on the derivatives of the transportation maps
involved proved in Section 4. The technical Sections 5 and 6 also serve as preparation for the
proof of the core statement Proposition 7.2 providing the stabiliy version of (13). The argument
for the estimate strenghtening (16) is similar, and is reviewed in Section 9. The stability versions
of the Reverse Isoperimetric Inequality in the origin symmetric case are proved in Section 8.

The methods of this paper are very specific for our particular choice of the functions f;, and
no method is known to the authors that could lead to a stability version of the Brascamp-Lieb
inequality (8) or of its reverse form (9) in general. However, the proof of Theorem 1.4 indicates
the following conjecture.

Conjecture 2.1 If f is an even probability density function on R with variance 1, g(t) =

_ 42 . . . . . . . —
\/%Tr e~/ is the standard normal distribution, and i is an even isotropic measure on S™ !
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supported at uy, . .., up € S"V with u({u;}) = c;, then

k

/]R l_l[f(<x7ul>)cZ dr < exp (_7 min{17 Hf - ng}a ) 5WO(M>VH)Q) )

"i=1
k
/]R sup [0 dr > exp(ymin{1, | f — gll}* - Swolp, va)®)

n k .
x=) i1 cifiu; =1

where v > 0 depends on n, and o > 0 is an absolute constant.

3 Stability versions of some observations

(23)

(24)

To obtain a stability version of Theorem B, we need a stability version of the Brascamp-Lieb
inequality and its reverse form in the special cases we use. For example, we estimate the deriva-
tives of the corresponding transportation map in Section 4, we will use the following strengthened

form of (i) from [13].

Lemma 3.1 Letk >n+ 1, ty,...,t > 0, and let vy, ... v, € R" satisfy Zle v; ® v; = 1d,,.

Then
k k
det (Z ti’UZ‘ X Ui> 2 0* H t§vi’vi>,
=1 i=1

where

g =14 S det] )? fy oty 2
= — etlvi,, ..., v - — ,
2 1 n t()

to = Z tiy - by, detfvg,, v, 7

1<i1<..<in<k
In order to estimate #* from below, we use the following observation from [13].

Claim 3.2 Ifa,b,x > 0, then

(a2 _ b2)2

(ZECL— 1>2+ ($b— 1)2 > m

4 The transportation maps

We note that for p > 1, we have

» 2 [~ 1
/eltl dt = _/ e=Ssv ds = 2(1 + 2).
R P Jo P

13
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Thus for p € [1, 0o|, we consider the density functions

1
ST 1y
m@ﬁz{Q””ﬂ

%1[_1,1] ifp = OQ.

e " ifp e [1,00);

g2

In particular, g is the Gaussian density function 7="/“e~*". In addition, we define the trans-
portation maps ¢,,1, : R — R forp € [1,00), 9o : (—1,1) = Rand ¢, : R — (—1,1)

1/2

by
t ep(t)
[ aas = [T s 6)
Pp(t) t
/ op(s)ds = / 02(s) ds. 27

Here ¢, and 1), are odd and inverses of each other.

In the following, we use that
5—32§10g(1+s)§sif52—%, (28)
and the following properties of the I' function.
(i) log I'(t) is strictly convex for ¢ > 0;
(i) D(1) =T(2) = 1;
() T(1+55) <T(1+3) = /7/2;
(iv) I'(¢) > 0.8856 for t > 0.

We deduce from (i)-(iv) that the density functions involved satisfy

1
% < o,(s) < 3 0.8856 forp € [1,00] and s € [0, 1]. (29)
We note that ¢/0.8856 < 3.1. Therefore (29) and (10) yield that
1
371 < @, (s), ¢ (s) < 3.1 forp € [1,00] and s € [0, 35]. (30)

The following simple estimate will have crucial role in the proofs of Lemma 4.2 and
Lemma 4.3.

Lemma 4.1 Forp € (1,3)\{2} and v > 0, let f(t) = vt — pt?~'.
(a)Ifp € (1,2), f(r) <O0forT € (0,1] andt € (0,7/2], then

fy < PP=DRD)

24-p
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(b)Ifp € (2,3), f(1) > 0forT € (0,1] and t € (0,7/2], then

ft) > PE= D02

Remark Naturally, the bound could be linear in ¢ with a factor depending on v, but this way the
only influence of v is on the value of 7. We only use Lemma 4.1 when 1.5 < p <23 andt > c
for a positive absolute constant ¢ anyway.

Proof: Let p € (1,2). Since f(t) = vt — pt?~! is convex on [0, 7] and non-positive at ¢ = 0 and
t = 7, the Taylor formula yields that if t € (0, 7/2], then there exist 7, € (0,¢) and 7 € (¢, 2t)
such that

0 2 U0+ 70 =3 (F0 = P+ 37 @E+ 0+ 7O+ 57 ()
17 (m) + [ (72)

te.
2 2

1
2

= SO+
We deduce from f7(7;) = —p(p—1)(p—2)77> > p(p—1)(2—p)(2t)?=3, i = 1, 2, the estimate

ft) < —%p(p )2 = p) (2t = _plp —2{1)_(}72 —p) =y

If p € (2,3), then f(t) = vt — ptP~! is concave on [0, 7], and the analogous argument yields
(b). O

Lemma 4.2 Let p € [1,00]\{2}. Fort € (0, 1), we have

» 2_p .
wp"(t) < ——m ot ifpell2);

9 p_2 . .
(1) > T2 ipe 23]

w0, (1) > 0.2t ifpe (3,

Proof: Let ¢ = ¢,,. We have ¢(0) = 0 as ¢ is odd. Therefore p(t) > 0if t > 0.
Let p € [1,00)\{2}. For ¢t > 0, differentiating (26) yields the formula

et _ e~/ (1)
(1 +7)  20(1+3)’

and hence
—pl'(1+ 1)
Ty o 1)
[(1+1)

2

e = 2 W) (1) + e P 7 (1),

15



In particular,

J(t) = ig_éi Lol (1)

@) = et (t) —pt' e (). (32)
Case 1 and Case 2 below use the value

t, = (p/2)7> forp € [1,00)\{2}. (33)

To estimate ¢, for for p € (2, 4], we deduce from the repeated application of (28) that

log(2/p) p_ @p 29 22

ty=exp| ——Z | >exp| L—L— | =exp >1+ .
V4 2 2
p—2 p p p

Here differentiation shows that 2

;22” has its minimum at p = 2, thus evaluating at p = 2 yields

forp € (2,4]. (34)

If p € [1,2), then p — 2 < 0, and hence (28) yields that

2—p
t, = exp (105(%/5)) > exp (Zﬁ) = exp (_—1) > é forp € [1,2). (35)

p
Moreover Case 1 and Case 3 apply the fact that
for givent € (0,1/e), pt?~! is a decreasing function of p > 1. (36)

Case11f1 <p<2andt € (0,2L), then " (t) < —2L - ¢
In this case, ¢’(0) < 1by (31), (i) and (ii). Since ¢’ is continuous, there exists largest s, € (0, 0o]

such that ¢/(¢) < 1if 0 < t < s,. Thus if ¢ € (0, s,), then p(¢) < ¢, and in turn (32) yields that

P (t) = 2p(0)¢/(t) — pt'™ ) (8) < (2t — pt" )/ ().

It follows from 1 < p < 2 that t*~! is concave, and hence 2t — ptP~* < 0 if ¢ € [0,1,] (see
(33)). In particular, ¢'(¢) is monotone decreasing on (0, min{s,, ¢,}), which in turn implies that
sp > t,. We deduce from (30) and (35) that

2t — ptr1
7 t < &
7 (1) 31

The rest of the argument in Case 1 splits into two subcases. Firstlet 1.5 < p < 2. We deduce
from (37) and Lemma 4.1 (a) that

ift € (0,1). (37)

@7 (t) < —

PP =12 =p) 12-p) 2—p _ )
31.2i0 0 S T3yigms Tyt ift€(0,5). (38
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If 1 < p < 1.5, then when estimating the right hand side of (37) for given ¢ € (0, ), we

may assume that p = 1.5 according to (36). In other words, (38) yields thatif 1 < p < 1.5 and

t € (0, 5), then

() < 2t — ptP~! L 2= 1.5¢0° o 215 R .
4 31— 31— 24 'TTTR
Case2If2 <p<23andt € (0,1), then ¢”(t) > 52 - 13

In this case, ¢'(0) > 1 by (31), (i) and (iii). Since ¢’ is continuous, there exists largest s, € (0, oo]
such that ¢/(¢t) > 1if 0 < t < s,. Thus if ¢ € (0, s,), then (¢) > ¢, and in turn (32) yields that

@ (t) = (20(t)¢' (1) — pt* )/ () > (2t — pt?~ 1) (1).

It follows from p > 2 that t*~! is convex, and hence 2t — pt*~! > 0if ¢t € [0,,] (see (33)). In
particular, ¢'(¢) is monotone increasing on (0, min{s,, ¢, }), which in turn implies that s, > ¢,,.
We deduce from (34) that

- 1. (39)

Q7 (t) > 2t —pt?~" ift € (0,3). (40)

We deduce from (40) and Lemma 4.1 (b) that

plp—1)(p—2) Sl s 2(2-p) A 2-p /13
24-p 22 2

Case31fp >23andt € (0,3), then ¢ (t) > 0.2 - '3

In this case, ¢'(0) > +/7/2 by (31), (i), (ii) and (iii). Since ¢’ is continuous, there exists largest

sp € (0, 1] such that ¢'(t) > /7/2if 0 < t < s,. Thus if t € (0, s,], then (t) > (/7/2) - t,

and in turn (32) yields that

" (t) > ift € (0, 7). 41)

_ m _ s
£(0) = et 1) — ) (0) > (Tt —ppr 1) YT,
It follows from (36) that pt?~! < 2.3t13if 0 < t < s,(< i), and hence
o (1) > (gt - 2.3t1-3) : \/7% ift € (0,s,). 42)

Here f(1) < 0 for f(t) = Tt — 2.3t"%, thus s, = 1, and hence Lemma 4.1 (b) yields that

2)-2.3-1.3-0.3
o (t) > (Vr/2) o7 1> 0241 ift e (0,4). (43)

Case4If p =ocandt > 0, then " (t) > ¢
We deduce from differentiating (26) that

o'ty = T (1 + g) e — \/TE eso(t)Q; a4
P () = 20(t)¢ (1) )

17



As ¢(t) > 0 for t > 0, we have ¢’ (t) > 0 by (45), and hence ¢'(t) is monotone increasing for
t > 0. Therefore ¢'(t) > ¢'(0) = \/m/2 by (44), which in turn yields by again (45) that

3
O (t) 22(@) t>t fort>0.

Combining the estimates of Cases 1-4 yields the estimates of Lemma 4.2 for ”. O

Lemma 4.3 Let p € [1,00]\{2}. Fort € (0, 1), we have

710

2
B0 > Tt ifpe [1L2)

9 p_2 . .
Y (1) < —T'tls ifp € (2,3];

1.3

@ij”(t) < BETE ipr(?),OO]

Proof: Let 1) = 1,. We have 1/(0) = 0 as ¢ is odd. Therefore ¢(¢) > 0if ¢ > 0. Turning to ",
we only sketch the main steps. In this case, differentiating (27) yields the formulas

T
vt = rﬁi ;ew)p - (46)
Y(t) = (pp(t)P () — 26)0'(¢). (47)

Case11f1 <p<2andt € (0,5), theny”(t) > &2 -¢
If p € [1,2), then ¢/'(0) > 1 by (i), (ii) and (iii), and argument similar to the one in Case 1 in
Lemma 4.2 yields

() > (pe(t)P () — 2009/ (1) > ptPt =2t ift € (0,1). (48)

If moreover 1.5 < p < 2, then we deduce from (48) and Lemma 4.1 (a) that

oy L P=1)2=p) . F2-p) 2—p .
(t) > Sics 1P 1>4T-t>T-t ift € (0, ). (49)
If 1 < p < 1.5, then when estimating the right hand side of (48) for given ¢ € ( =), W
may assume that p = 1.5 according to (36). In other words, (49) yields thatif 1 < p < 1.5 and
t € (0, ), then
2—1.5 2 —
(1) > 2 —pt" 22— 1500 2 T2t > 16p -t. (50)

Case2If2 <p<23andte€ (0,31), theny)”(t) < 252 . 13
If p € (2,2.3], then ¥/ (0) < 1 by (i), (ii) and (iii), and argument similar to the one in Case 2 in
Lemma 4.2 yields

ptP~t — 2t

U7 (0) = (o0 ) — 200 (0) <~ — 200/ < ~T <0 ifte (0,4),

18



We deduce from Lemma 4.1 (b) that

» pp—1)(p—2) p—1 2(p—2) 13 P—2 43 . 1

Case31Ifp >2.3andt € (0, %) then ¢ (t) < —t!3 /11

In this case, ¢'(0) < 2/y/7 by (i), (ii) and (iii). There exists a maximal s,, € (0, %] such that if
t € (0,sp), then ¢/(t) < 2/y/m. Thus if t € (0, s,], then ¢(t) < (2/4/7) - t, and in turn (47)
yields that

() = (U7 (8) — 200 (8) < ((%)pt - 2t) (). 52

Givent € (0, 3],

d 2 \? 1 2t
— log {(—) ptp_l} =—+log— <0 forp € (2,00)),
o NG p e = p € (2,00))

and hence (52) yields that if ¢ € (0, s,], then

9 \ 23 9 1\ 23
"(t) = P () =20 () < | [ —= | 2.3t"F =2t | Y'(t) = f(t) | —= ‘(t
w(0) = (o)~ /() — 200 ((ﬁ) v =10 (=) v
(53)
where 03
ft) =23t -2 (g) t.
Here f(3) <0, thus s, = 1, and Lemma 4.1 (b) yields that
2.3-1.3-0.3
ft) < — < =027t ift € (0, %)
We conclude from (30) and (53) that
, (%)*2-027-t% a3
P (t) < — VT 31 <-17 ift € (0, 15)-
Case41Ifp=ocoandt € (0,55), then ¥’ () < —55 - ¢
We deduce from differentiating (27) that if ¢ > 0, then
1 2 2 >
P'(t) = e == (54)
I'(1+3) N
Pr(t) = —20(t). (55)

We conclude from (30) that ¢ (t) < —2 for ¢ € (0, 37).
Combining the estimates of Cases 1-4 yields the estimates of Lemma 4.3 for ¢)”. O
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5 Basic estimates on isotropic measures

The main result of this section is Lemma 5.4, which shows that for any istropic measure
poon S™1 there exist Xi,...,X, C S"! such that u(X;) > 7,4 = 1,...,n and
| det[wy, . .., wy]|| > 72 for positive 71, 72 depending only on 7.

For some o € (0, 7] and v € S™1, we consider the closed and open spherical caps

Qv,a) = {ueS" ' (u,v) >cosa}

Qv,a) = {ueS"': (u,v) > cosa}.

Claim 5.1 If u is an isotropic measure on S™™ ', v € S ! and o € (0, %) satisfies cos o <

1/y/n, then
o <S~2(v, oz)) + 1 <§(—v, a)) > 1 —ncos® a.

Proof: Let X = {u € S"': |{u,v)| < cos a}. Since y is isotropic, we have (X)) < n, and

= )= [ dut) = | e () )+ [ tw o) dutw

X

< u <§(v, a) U Q(—v, oz)) +ncos?a. O

The next claim follows from a standard argument but we are not aware of any reference. The
trivial Borel measure is the one where each set is of measure zero.

Claim 5.2 If p is a non-trivial measure on S" ', v € S" 1 and 0 < 8 < a < 5, then there
exists a w € Q(v, «), such that

p (v, ) N Q(w, B)) > p(Q(v, ) -
Proof: We define the measure ji(X) = u(X N Q(v, «)) for Borel sets X C S"~!. Let v be the

Haar probability measure on SO(n), and hence if X C S7~1is a Borel set and u € S™ !, then

,anl (X)

v({g € SO(n): gue X} = o (50
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We deduce that

p(Qr,0) - D _ sy B Q0 6)

Hnil(Snfl)

:/ / L) (gu) dv(g) di(u)
sn=1.JS0(n)

= / / Logw,p) (gu) dii(u) dv(g)
SO(n) J sn—1

_ /S Qg "0, B)) dv(g)

O(n)

= [ wea)n 9o ) dvlg)
SO(n)
Therefore there exists some wy € S™ ! such that

w1 (v, a) N Q(wo, B)) = i (Lwo, ) = 1 (v, @) -

Finally, let w € (v, ) be the closest point to wy, and hence
Qv, @) N Q(wo, B) C Qv, @) N Q(w, B).
To conclude the proof, we use that H,,_1(Q(v, 8)) > k,_1sin" ' 3, H,1(S" 1) = nk,, and

Rn—1 1

.
NKkn V2t

Claim 5.3 Ifby,...,b, € S"!, and ||s;|| < |det[by,...,b,]|/4n for s; e R" andi = 1,...,n,
then
| det[by + s1,..., b, + sp)| > |det]by, ..., by]]/2.

Proof: Let D = | det[by, ..., b,]|/4n. Since any rq, ..., r, € R" satisfies
|detlry,...,rm)] < ]l - el

we deduce from the linearity of the determinant and €' < 1 + 2¢ for t € (0, 1) that
n n ‘
det|b coyby F 8|l > | detlby, .. 00| — .| D"

et sl 2 Jdeti =32 ()

= dnD—-(1+D)"+1
4nD —e"P + 1

v

v

dnD —2nD > 2nD = |det[by, ..., b,]|/2. O
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Lemma 5.4 If 11 is an isotropic measure on S™~', then there exist vy,...,v, € S such
that pu(Qv;, 8)) > p" for i = 1,...,n, and if w; € Qu;,B) for i = 1,...,n, then
| det[wy, ..., wy]| > 2nB3, where 3 = 2= (=172,

1

Proof: Let o, € (0, g) satisfy cos oy, = . First, we construct v;, p; € S™ by induction on

2
1 =1,...,nin a way such that
p(Qvi, B)) = B (56)
p(Qpi, an)) = 3/8; (57)
vi € Qpi an); (58)
(piyvj) = 0 forl <j<i<n. (59)

Let p € S"~!. According to Claim 5.1, we can choose p; € {p, —p} such that

1—ncos’a,, 3

pOprsan) > =2

Thus Claim 5.2 yields the existence of a v; € Q(p1, v,) satisfying (56).

If ¢ > 2, and v;, p; are known for j = 1,...,7 — 1, then we choose p] € S™~1 satisfying
(59). Again, Claim 5.1 provides p; € {p,, —p,} satisfying (57). In addition, the v; € Q(p;, )
satisfying (56) is provided by Claim 5.2.

We deduce from (58) that if i = 2,...,n, then (p;,v;) > ﬁﬁ, which fact, combined with
(59), yields that X
dist (vy, aff {vq,...,v;21}) > N

In particular,
|det[vy, ..., v,)| > 27D~ (=D/2 —ypp, (60)

Next let w; € Q(v;, f) fori = 1,...,n, and hence ||s;|| < 5 fors; = w; —v;andi = 1,... n.
Therefore Claim 5.3 implies the lemma. O

The following Lemma 5.5 uses the notation of Lemma 5.4.

Lemma 5.5 For an isotropic measure j1on S™ 1, letvy, ..., v, € S" ! be as in Lemma 5.4. For
i=1,...,nandn € (0, (), we have

(i) either there exists q; € Q)(v;, B) such that

n

(v, B) N Qgi,m)) = f—n;

(ii) or there exist V1, Uy C Q(v;, B) such that
5" ,

p(¥y) = G forj=1.2

N

vn

|lay — as]| > fora; € Vi and ay € Vs,
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Proof: If there exists ¢; € Q(v;, #) such that u({g;}) > ’i—z, then (i) is satisfied. Therefore we
assume that

n({q}) < f—; forall ¢ € Q(v;, B8). (61)

We choose on orthonormal basis wq, ..., w,_; for v,f. It follows from (61) that there exist
—1<s;<tj<lforj=1,...,n— 1such that

n

p (o € B) o) < 5,)) < < prlfr € Qi 6) - (wa) < 5,))

p({r € Qv f) : (w,x) > 1;}) < f—; < p({z € Qv ) : (w,2) = 1;}).

If there exists j € {1,...,n—1} such that t; —s; > n/+/n, then we define ¥, = {x € Q(v;, f) :
(w,z) <s;}and ¥y = {x € Qv;, 5) : (w,x) > t;}, which satisfy (ii).

Finally, we assume that t; — s; < n/y/nforj=1,...,n — 1. Let ¢; € Q(v;, 3) be such that
(i,wj) = (sj+1t;)/2for j=1,...,n— 1, and let

U={zreQu,p):s; <(vj,x)<t;, j=1,...,n—1}
On the one hand,
u(W) > p(Qvi, f)) = 2n - — > —-.

On the other hand, ||z — (¢;|v;})|| < n/2 for x € W|vi. Since (u,v;) > 1/2 for u € Q(v;, B), we
deduce that ¥ C €2(g;, n). In turn, we conlude (i). O

6 Even isotropic measures and the cross measure

As a consequence of Claim 5.1, we estimate the Wasserstein distance.

Lemma 6.1 If 1 is an even isotropic measure, and v is a cross measure on S™* with supp v =
{+wy,...,+w,}, and for some § € [0, =%] and w € [0, 1), we have

9 777,2

p (5"_1\ U(Q(wi, 0) + Q(—w, 5))) <w,

then

Swp,v) < 2n6 + 2mn’w.
Proof: We write —w; = w;,,, fori =1,... n. Since Q (wi, 5= 5) is disjoint from Q(w, §) for
1 # 7, it follows from Claim 5.1 that for each i = 1,...,n, we have

p(Qw;, ) UQ(—w;, d)) > p (SNl (wi, g — 5) uQ (—wi,g — 5)) —w
> 1—nsin?6 —w>1-—né* —w.
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Since p(S™!) = nand pis even, ifi = 1,...,2n, then

1+ n26% 4+ nw

H(Qw;,6)) < .

(n—(n—-1)(1-né*-w)) <

DN | —

For f € Lip,(S™!), we may assume that f(w;) = 0, and hence |f(u)| < 7 foru € S™1.
Therefore

i [ i < 50 ( / ) fm) dute) + / )t - ! %‘”‘))

=1

—I—/ f(u) dp(u)
Sn=1\(U22 Q(w;,0))

1 252 252
< 2n <5-W+W~W) + 7w < 2nd + 2n’w.

We deduce the following estimate for the Wasserstein distance.

Corollary 6.2 If i is an even isotropic measure, and v is a cross measure on S™ ', and
S (supp p, suppv) < 1/(7n?), then

ow (11, v) < 2ndp (supp p, supp v).

Finally, we consider the stability of the optimal symmetric coverings by 2n congruent spheri-
cal caps where symmetric covering stands for an arrangement invariant under the antipodal map.
It is a well-known conjecture that in an optimal covering of S"~! by 2n congruent spherical caps,
the spherical centers of the caps are vertices of a regular crosspolytope (see say L. Fejes Toth
[20]). This conjecture has been verified by L. Fejes T6th [20] if n < 3, and by L. Dalla, D. G
Larman, P. Mani-Levitska, C. Zong [17] if n = 4. However, the case when the 2n congruent
spherical caps are symmetric (see Lemma 6.3 (i)) should be known, but we could not find any
reference if n > 5.

Lemma 6.3 Letn > 2, lett € (0, ﬁ), and letuy, ..., u, € S" ..

(i) If there exist i < j such that |{u;, u;)| > sint, then there exists u € S"' such that

1 t )
|<umu>| S%—WfOI’Z:l,...,n.

(ii) If [(u;, uj)| < sint forall i < j, then there exists a cross measure v such that

Sp(supp v, {Fuy, ..., £u,}) < 4" 2\/(n — 1) - ¢.
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Proof: First we assume that |(uy,us)| > sint. We construct sequences ay, ...,a, > 0 and

wy, ..., w, €S" ! such that w; € lin{uy, ..., u;}, and possibly after exchanging some of u; by
—u;, we have

(wi,u;) =a; fori=1,... ., nandj=1,...,3
More precisely, let wy = u, and if ¢ = 2,...,n and w;_; is known, then we choose the di-
rection of u; in a way such that (u;, w;_1) < 0. This algorithm determines as, ..., a, > 0 and
wi, ..., w, € 8" 1, and we prove that

1 t
<’LUi,Uj> =aq; < % — W fori = 2,...,nandj = 1,,2 (62)
To verify (62), we use the elementary fact that if o is a vertex of a triangle, two sides meeting
at o are of length a and b, and enclose an angle ~, then the distance of o from the line of the third
side is

_ absin y . 63)
\a?+ b? — 2abcosy
In addition, we use that if f(a) = T fora e (0,s) and s > 0, then
1 1
"(a) = > . 64
/() (1+a?)32 " (1+ s2)3/2 ©4)

We start with case i = 2. We have Z(u1,ug) > 5 + ¢, and let wy = (u1 + u2)/||u1 + ua|.
Therefore (63) yields that

cost 1 1

1 sint 1 t
Wa, Up) = (Wa, U — < — ([l - — ]| < = - ——.
(w2, ) = (wa, ua) < V2 + 2sint \/§ V1+4sint V2 ( 4 ) V2 82

Next assume that 2 < ¢ < n, and (62) holds. We apply (63) to the triangle [0, a;w;, u;41]. Since
(uir1,w;) < 0, we deduce from (64) with s = \iﬁ that

— = i) < - — = - :
1+ a2 fla) < f(s) 4312(1+ s2)32 i+ 1 4> +1)%2
Finally, (62) yields (1) with u = w,,.

iy <

For (ii), let vy, ..., v, be an orthonormal base of R" such that v; € lin{uy,...,u;} and
(vi,uj) > 0fori=1,...,n,and hence v; = u;. We verify that
Lo, u;) <4723 /(i—1)! -t fori=2,. (65)
by inductionon ¢ = 2, ..., n.

If i = 2, then readily Z(vy, ug) < t. If (65) holds for some i with 2 < ¢ < n, then

Z(Uiy1,v5) — ‘ < ‘4 Uit1, Uj) )+4 wj,vj) < 2-472/(i — 1) - ¢t
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forj =1,...,4. In other words, (u;11,v;) < 2-42,/(i — 1)! -t for j = 1,...,4, which in turn
yields that '
sin Z(Ui+1,vi+1) = ||UZ’+1|U,L-L+1|| <2- 41_2\/5 - L.

In turn, we conclude (w41, viy1) < 47Vl - . O
Lemma 6.3 yields the following statement with factor 4n%/2 - 472, /(n — 1)! < 4™n/.

Corollary 6.4 Letn > 2, lett € (0, --+), and let uy, . .., u, € S L If

7 4nn)

Q (u,arccos (% _ t)) A {tun, .. duy) £ 0

for any u € S"Y, then then there exists a cross measure v such that

dp(supp v, {tus, ..., tu,}) <4"n!-t.

Remark The condition is equivalent saying that {2 (iui, arccos (\/Lﬁ — t)) 1 =1,...,ncover
Sl

7 The volume of Z;;
Claim 7.1 For u,ug € S™ with (u,ug) > 0, we have V(Z,,.,) > Kn/240™ where
— 1 1 ||u — wo|
= = A1 B™: > — > — — > %
wo {y €0 (y,u) > 30 and (y,ug) > 30 and (y,u — ug) > 130

Proof: Let «y be the half of the angle of u and ug, and hence v € (0, §]. The set

1 1
Zo = €0.1B": > — > —
0 {y (v, u) 2 550 (y,u0) 2 30}
contains a ball of radius » with center Hoﬁr—;;” (u 4 ug) provided that

1
(0.1 =r)cosy > 35+ 7.
Since cosy > 1/ V2, we may choose

0.1 (+v/2/30) L
T A 60°

Therefore =, ,, contains a ball of radius /4 > 1/240. O
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Proposition 7.2 If p € [1,00)\{2}, p is an even discrete istropic measure on S"~1, and
V(Zy(1) = (1= )V(Zy(1)
for e € (0,1), then there exists a cross measure v on S™* such that
ow (p,v) < ne" max{|p — 2|_TZ, 1} . e/?
for some absolute constant ¢ > (.
Proof: What we actually prove is that if » > 0 is small enough, then either
V(Zy(1) < (1= n=" min{(p — 2% 1} - )V (2} (v2)). (66)
or there exists a cross measure v satisfying
Sw (s v) < 0 (67)
for some absolute constant ¢ > 0.

Let supp p = {@1,..., Uz}, and let &; = p({w;}). For ¢g = min{¢; : ¢ = 1,...,k} and

i=1,....k wedefine m; = min{m € Z: m > land ¢;/m < ¢y}, and let k = S . We

consider € : {1,...,k} — {1,...,k} such that #£~1(i) = m; fori = 1, ..., k, and define

u; = Ug;) and ¢; = Eg(i)/mé(i)

fori = 1,...,k. The system (uy,...,u,¢1,...,cx) is even (i.e. origin symmetric) in the
following sense: Any u € S™! occurs as u; exactly as many times as —u, and if u; = —u;, then
C; = Cj.

In particular, Zle ciu; @ u; = 1Id,, and Zle ¢; = n, and for any Borel X C S"!, we have

wx)=> .

u; €EX
The reason for the renormalization is that
00/2<Ci§60 fOfizl,...,k. (68)

In addition, let ¢ = ¢, as defined in (26), let g(t) = e~ andfori=1,...,k, let

1 »
filt) = o e
200(1 + 17)
We define the map © : R” — R" by

k

O(y) = Z cip((y, wi)) - wi,

=1
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and hence the differential of © is

k
dO(y) = > e ((y,us)) - u; @ us (69)

=1

where dO(y) is positive definite, and © is injective from R™ to R”. It follows from first applying
(18), then (12) that

2"T(1 i
V(Zy(n) < I‘((1—++/ (Hg (Ui, ><ng/((uz,x>)cz> dx

=1

Ty N
— 11(1—+%)/n exp <—7Tizlcz‘§0(<ui71‘>) ) (Zchp((ui,x)) ) dz.(70)

For each fixed y € R", we estimate the product of the two terms in (70) after the integral
sign. To estimate the first term in (70), we apply (11) with 6; = o({y,w;)), i = 1,...,k, and
hence the definition of © yields

exp( > el 2) < elowr @

To estimate the second term, we apply Lemma 3.1 with v; = \/¢; - u; and t; = ¢'({y, u;)) at
each y € R", and write #*(y) and ty(y) to denote the corresponding #* > 1 and ¢,. In particular,
if {i1,...,i,} C{1,...,k}and y € R", then we set

/ .
N(il, c. ,Zn7y) =Cjy -Gy det[uil, c. ,Uin]z <\/§0 (<y’u“>)

Therefore for

1
O =1+5 > R.iny), (72)

1<i1<..<in<k

Lemma 3.1 says
[T# ((y.wi))e dy < 67(y) ™" det dO(y). (73)

We conclude from (71) and (73) that

2'T(14 1)"
V(Zy(w) < 3

P w (=1 —7[0(y)|?
S Tas %) /ﬂ 0*(y) e det dO(y) dy. (74)

To provide a lower bound for *(y), we use the estimates of (30) yielding
1
37 < ¢'(s) <3.1and ¢(s) < 1 forp € [1,00] and s € [0, 57 (75)
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We consider the vy, ..., v, € S™ provided by Lemma 5.4 such that

(v, B)) > B fori=1,...,n; (76)
| detwy,...,w,|]| > 2nf forw; € Qv;,B)andi=1,...,n; (77)
ﬁ _ 27(n+1)n7(n+1)/2. (78)

The remaining discussion is split into three cases, where the first two correspond to the two
cases in Lemma 5.5.

Case 1 There exist [ € {1,...,n} and ¥y, ¥y C Q(v;, B) such that

n

B .
p(v;) > ™ forj =1,2
lay — as| > % for a; € ¥, and ay € V.
In this case, we prove
n 1\n
2'T(1+ ;)

fiez) 7 = min{(p — 2)°, 1} - °) (79)

V(Z,(n) <

p

for some absolute constant ¢ > 0.
We may assume that [ = n. For j = 1, 2, let

Hj:{ie{]_,...,k’}I U; G\I/j}
Possibly after interchanging the roles of W, and W5, we may assume that #I1; < #I1,, and let
7 : II; — II, be injective. (80)

Given u;, € Q(v;, 8) forj = 1,...,n—1and u;, € ¥y, we have have u,(;,) € Vs, and (68) and
(77) yield

2
Ciy+vnerCip o detfug, oo g ]

n

} > An?B%c, ..., - (€, /2). (81)

Ciy evv Ciny o Cr(iny detwgy, oo, s U )]?
In addition, 8 < 7 /4 yields that if u;, € ¥y, then
(Wi, , Ur(iny) > 0.
According to Claim 7.1, we have V(Z,.,,) > k,/240" for u,ug € S™ ! with (u,uy) > 0

where

1
S = 0.1B": (y,u) > — and (y, up) > —

1 —
and (y, u — ug) > M}
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In particular, if y € =, .., ,,then

7(in)’

<ya uin>7 <y7 u'r(in)> <

1-

87
Ui

A ‘ — e ) > _

<y7uln> <y7uT(2n)> < y Wiy, uT(’Ln)> = 120\/ﬁ

35, 0.1], then

— 1.3 — .
) T > B ifpe 1)
0.2(H)" > 270 ifp>3

Next ¢ is continuous, and Lemma 4.2 says that if ¢ € |

(82)

Therefore

|p—2]

212120
Wﬂ%wﬁ%wﬂ@mmMﬂ>{ v
29120\/5 n > 219\/5 n

n > ﬂ}n if p e [1,3)\2;
if p > 3.

It follows from Claim 3.2 and ¢'(t) < 3.1 for p € [1,00)\2 and ¢ € (0,0.1] (cf. (75) that

(\/¢/(<yv uzl)) et 90/<<y7 uin71> : yv uln

to(y) 1)

\/90/(<y’ui1>)""'90/(< y Wiy 1> ) ( Y, Ur(in)
to(y)

-1 =

_|_

¢ ((y, i, ) — (@mmn»Q
2(¢'((y, ui, ) + (@huTm>)V
- min{léispn— 2)%}

v

Combining this estimate with (81) implies that if p € [1,00)\2 and u;; € Q(v;, 3) for j =

1,...,n—1,u;,, € ¥V;andy € Euinvu‘r(in)’ then

N(ity e eeyin-1,0n;Y) + N1, ..o yin_1,7(in);y) >
min{la (p - 2)2} 2

4n2526i1 v (6, /2) 555, n
If u;, € ¥y and y € R", then we define
22 o ity & =i, r(in)
0(in;y) = Pl ify €5, 1, and p € [1,3]\2;
%772 ify € 5, 74, andp > 3.
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In particular, if u;; € Q(v;,8) forj=1,...,n — 1,4, € V; and y € R", then
N(it, -y in1, 00 Y) + N1y a1, T(00),Y) = ¢y oo ciy0(ing ). (83)

Substituting (83) into (72) and later using (76) show that if y € R", then

R 1 ,
0 (Z/) > 1+§ Z Ciy * oot Cipy 'Cing<zn;y)
uz EQ('U ,B), 7=1,..., n—1
u;, €W
1 n—1 ' ﬂn(n—l)
= 1+ | [Tn@Q@.8) | D cnoliny) =1+ > civoliny).
j=1 U, €V Ui, €V
Here (n1) (n1) )
577, n— . ﬁn n— ﬁ n o,
5 ze:\p Cin 0(in; y) < 5 p(¥r) - S T <L
Ui, €Y1
and hence if y € R", then
n(n—1)
* -1 /6 ;.
0r(y) " <1-— % i, 0(in}y)- (84)
U, €V

We deduce from (74) and (84) that

V(Zy(p) <

2"T'(1 + Lyn n(n—1)
M/ 1- g Z ci, 0(in;y) | e ™0 I” det dO(y) dy

F1+32) 4

Ui, €E¥1
2"T(1 4 Ly
S el CI _
i) /ne det dO(y) dy
2”F<1 + l)n /Bn n—1) /
_ P Ci e mIOWIF et dO
S ) v

Here
/ e~IOWI et 4O (y) dy = / ol gy q
If y € 5, +(i,)» then (71), (73) and (75) yield that

k k
IOWIP > oxp (_ Zcﬁp(@,ui))?) > exp (— Zc) =e ", (85)
i=1 i=1

k k
detdO(y) > ng’((y,ui))ci dy > H3.1_Ci =31 (86)

i=1 =1

31



Therefore

2'T(1+ 5)" B V(S 46,) Anmin{(p—2%1}
L= ) e (3.1e)" ot K

V(Zy (1) € —s7——

P(l + ;) ”LLZ'nE\Ill
Since »_, oy, G, = 1(¥1) > f—;, and V (5, +,)) = kn/240" if u;, € ¥, according to
Claim 7.1, we conclude (79).

Case 2 There exists ¢; € Q(v;, 5) fori = 1,...,n such that

n

B . .
IU’(Q(QHU)) > E fori = 17"'7n7 (87)

1 (O(Q(Qi, 2n) U Q(—gi, 277))) < n—n. (88)

i=1
In this case, we prove
n 1\n
2 F(l + 5)

faaz) (777 mind =271} ) (89)

V(Z,(1) <

for some absolute constant ¢ > 0. The argument is very similar to the one in Case 1.
Any z € V¥ for

T = 5"\ <U (qi, 2n) U Q= 277)))

i=1

can be written in the form

T = Z Ai(2) ;-
i=1

Here the triangle inequality ensures that there exists some i € {1,...,n} satisfying |\;(x)| >
1/n. Thus we may reindex ¢y, . . ., ¢, in a way such that
u(0) > L for U ={z € T: [A(x)] > 1/n). (90)
n

We deduce from (77) that if x € U, then
| detlqy, ..., qn_1,z]| > |detlq, ..., qu_1,q.)/n > 20.
Therefore Claim 5.3 implies that if u;; € Q(g;,n) forj=1,...,n —1,and z € W, then
| det[qy, ..., qno1, ]| > |detlq, ..., qu-1,q)/n > B. 1)
We observe that ¥ = —W. Thus for

Iy={ie{l,....k} :u; € U},
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there exists II' C Il; with #II' = %#Hg, and a bijection 7 : II" — T \IT’ such that if € 11’ then
Uz() = —Ui-
Now let
Hl C {Z c {1,,]{} Tu; € Q<Qn777)}
be a maximal subset such that #11; < #II’. Therefore (68) and (90) yield that
Yo 92)
, 4n
€1l
and there exists an injective injective 7 : [I; — II, such that if + € II;, then
In addition, if ¢ € II;, then u; € (g, n) and u, ;) & 2(gn, 2n), therefore
[ui = uri)]| = n/2. (94)
Given u;; € Q(q;,n) forj =1,...,n — 1 and 4, € II,, we have have 7(i,) € Il,, and (68),
(77) and (91) yield

2

Ciy *vve Gy -G detug, o ]
2

Ciy * oo Ciny * Cr(iny det[wg,, oo i, U, )]

} Z 6261‘1 HEITICIR /A (Czn/Q) (95)

We deduce from (93) that Claim 7.1 applies to =,, In particular, V(Euimu7<in)) >

Kn/240", and if y € 2, riyy» then
1
<y7 uin>7 <y7 u‘r(zn)> < g;
(yui>—(yu7(,~)> (Y, u; _u'r(i)>>i>_-
o LT T M40 T 28
It follows from (82) that

' ((y, wi,)) — 80,(<3/7UT(in)>)| > 920

Since ¢'(t) < 3.1 < 22 for t € (0,0.1], if 4,, € TI;, then
(' (W, us,) — €' (Y, urin)))? - min{(p — 2)%, 1} o
2(¢' (Y wir)) + @' (Y Ur(in))))? 247

Thus combining Claim 3.2 and (95) implies that if u;, € Qv;,B)forj=1,....n—1,4, € I
and y € Euinvu-r(in)’ then

62@1 co..n ¢, min{(p — 2)2, 1}
2 ' 217 -

N(i1yeeyin-1,n;Y) + N1, ..o yin_1,7(in);y) >
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If i, € II; and y € R", then we define

o(in;y) = { 02 i 22 1 L E St
W)= Emegrn ey ez

In particular, if u;; € Q(v;, 8) forj=1,...,n — 1,4, € I, and y € R", then
N(i1y e yin-1,0n;Y) + N1, ooy in1,T(n),y) = Ciy v G 0T Y)- (96)
Substituting (96) into (72) and later using (76) show that if y € R", then

. 1 4
0 (y) > 1+ 5 Z Cip v ov v "Gy g Cing(@n;y)

i €Q(v;,B), j=1,...,n—1
in€lly

n—1
1 ‘ 5n(n—1) ‘
= 1+ (H M(Q(vj,ﬁ))> > cioliny) =1+ > cioliny).
]:1 'Lnenl lnenl
Here (n1) (n1) )
Bn n— ) /BTL n— /8 n
5 Z Cin 0(in; y) < 5 p(Wy) - o8 <1,
ZnEHI
and hence if y € R"”, then
i} 1 Bn(n—l) .
0'(y) ' <1- ; Cin 0(in; )- (97)
in 1

We deduce from (74) and (97) that
n 1\n
2"T(1 + 5)

VW) < e

/ e TIOWIP Jet dO(y) dy —

2'P(1+ )"
I1+2)

ﬁn(n—l) - .
T 2 G / olizy)e MW det dO(y) dy.

Z'n,el—II
Here
/ e 1OWI® et dO(y) dy — / el gy — 1.

and still have the estimates (85) and (86) if y € Z;, ;(;,). Therefore

2'T(1+ )" -« Y V(S ) Bmin{(p-2)%1}
T(1+2) "y (3.1e)" 248 7
p

V(Zy(n) <

lnenl

Since }; oy, ¢i, > 15 by (92), and V/(Z;,, +i,.)) = kn/240™ if i,, € I1; according to Claim 7.1,
we conclude (89).
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Case 3 There exists ¢; € Q(v;, 5) fori = 1,..., n such that

1 (U(Q(Qi> 2n) U (=g, 277))) >n—1.

i=1

In this case, we prove that there exists a cross measure v such that

ow (v, ) < n'n (98)

for some absolute constant ¢ > 0.

We observe that 1(1 — n(\/iﬁ — #)*) > pfort = 2n. Thus Claim 5.1 yields that
1

Q(u, arccos( = — 2n)) intersects Ui, €2(£q;, 2n) for any u € S"~1. In turn, we deduce that
Q (u, arccos (L - 677)) N{tq,...,+q.} #0
Vn
for any u € S 1, therefore Corollary 6.4 implies that there exists a cross measure v such that
dp(suppr, {£aq1, ..., £q.}) < 4"n!- 6n.

In particular, (98) follows from Lemma 6.1.
Finally, Cases 1, 2 and 3 cover all possible even isotropic measure y according to Lemma 5.5.
We have proved (66) in Cases 1 and 2, and (67) in Case 3. O

Proof of Theorem 1.4 in the case of Z(u): If p € (1,00)\2 and y is an even discrete isotropic
meaure on S, and dwo (p, v,) > € > 0 for e € (0, 1), then Proposition 7.2 yields that

V(Zy (1) < (1 =)V (Z5 () (99)

where v = 7~ min{|p — 2|2, 1} for an absolute constant ¢ > 0. Proposition 7.2 yields the

estimate for V' (Z(u)). However, any even isotropic measure can be weakly approximated by

even discrete isotropic measures according to F. Barthe [7], and we conclude (99), and in turn

Theorem 1.4 in the case of Z () for any even isotropic meaure 4 on 5™ and p € [1,00)\2.
Since for any isotropic measure /i, we have

lim Z; (1) = Z2 (1),

p—0o0

and the factor y in (99) is independent of p for p € (2, 00), we deduce the case p = oo, as well. O

8 The stability of the Reverse Isoperimetric Inequality in the
origin symmetric case

We may assume that the facets of W touch B¢ in the support of the reference cross measure v,.
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Lemma 8.1 If 11 is an even discrete istropic measure on S™! such that § g (supp i, supp v,) < «
for a € (0, 5-), then e W™ C Z* (n) C e*W™.

' 3n

Proof: Let suppv, = {+ei,...,*e,}. If v € S"! satisfies Z(e;,v) < «, and hence
S (e, v)? < sin® a, then we deduce from Z(e;,v) < « and the Cauchy-Schwarz inequal-
ity that

n
(e1,v) > cos« and Z [{e;, v)| < v/n — 1sina.
=2

If 2 = (#1,...,2,) € R" and 27 = max{|z1],...,|zs|]} > A for A = (cosa —

Vvn — 1sina)™! < e?@, then
<l‘,1}> > ZE1<61,’U> — I Z |<€Z‘,'U>| > 1
=2

We deduce that Z* ((1) C AW™. However,p = > .~ ow; for o = (1++/n — Isina)™t > e
satisfies
(v,p) <o+ ovVn —lsina <1,

and hence oW" C Z% ((u). O

For the proof of Theorem 1.2 (the case of the Banach-Mazur distance), we also need the
following statement:

Lemma 8.2 If 7 € (0,1/4), and te o-symmetric convex bodies K C Z satisfy that (1 —1)W" C
Z,(1=2r)W" ¢ Kand V(Z) < V(W"), then V(K) < (1 —7")W™.

Proof: Let ey, ..., e, be the orthonormal basis of R™ such that the facets of W,, touch S™~! at
{zey,...,Ee,}. Possibly reindexing eq, . . ., e,, we may assume for some ¢ > 0, we have

tZei € 0K
=1
£y me; € Kifn; €{-1,1},i=1,...,n, and some; # 1.

i=1

Since (1 — 27)W™ ¢ K, we have t < 1 — 27. It follows that
(int K) N (ﬂo, 1" —i—tZei) —
i=1

701" +t> e, € (1-T)W"CZ
=1
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Therefore

V(K)<V(Z) -1 < (1 - ;—n) Vv, O
Proofs of Theorems 1.1 and 1.2: Let K be an origin symmetric convex body such that B" is
the maximal volume ellipsoid contained in K, and

S(K)" s

vy = 0 v o

for small € > 0. If C' is a compact convex set with B” C ', and S¢ is the surface area measure,

then h 1 S(C
viey= [ M Wasew > [ Lasoq - 2,
Sn—1 n gn—1 T n
with equality if hc(u) = 1 for each u € supp S¢. Therefore V(W") = S(W™)/nand V(K) >
S(K)/n, and hence (100) implies
V(K)>(1—-e)V(W"). (101)

Let 1 be an even discrete isotropic measure satisfying supp 4 C S™ ! N 0K provided by
John’s Theorem. In particular,

K cZ () and V(Z2 (1)) > V(K) > (1 —e)V(IW™). (102)
We deduce from Corollary 1.5 that, possibly after a suitable rotation, we may assume

3
c1n
e

Wl

07 (SUpPp i1, supp v,) < m

for an absolute constant ¢c; > 0. Applying now Lemma 8.1, we have
1 1
e W C ZF () C et W (103)

for w = n"" and an absolute constant co > 0.

To verify the estimate of Theorems 1.1 for d,,, let us write dgy, (C, M) = V(CAM) to
denote the distance of two convex compact sets according to the symmetric difference metric.
For example, (103) yields

3

1 1
5sym(Z;<M),Wn) S <6nw53 i 6—nw53> 2n S ncgn 5% . 2n

for an absolute constant c3 > 0. We note that V(K) < V(Z* (1)) < 2" by KM. Ball’s
Theorem B. Let A > 1 be such that V(AK) = 2", and hence V (AK) — V(K) < - 2" according
to (102). We conlude that

Suol (K, W) < 2776, 0 (AK, ™)
27" (0sym (MK, K) + bsym (K, Z25, (1)) + bsym (25, (1), W™))

3 1
c4n =
n" es

IN

IA
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for an absolute constant ¢4 > 0.
Let us turn to the estimate of Theorem 1.2 for dgy;. Let dpy (K, W™) > « for a € (0, 1). If

e SW" C Z8 (1) CeSW™, (104)

then dpp (K, W™) > a yields that e=5 W™ ¢ K, and hence (1 — 29" ¢ K. On the other
hand, (1 — §)W" C Z5 (), thus Lemma 8.2 yields
V(K) < <1 - 1%) V(. (105)
Finally we assume that (104) does not hold. Since (101) leads to (103), we have V(K) <
(1 —¢e)V(W™) provided ¢ = wes. In other words,

o
K)<|(|1- " 1

V) < (1= 55 ) VOV (106)

where ﬁ > n~%"" for an absolute constant c¢5 > 0. Combining (105) and (106) proves

Theorem 1.2. O

9 The case of the L, zonoids in Theorem 1.4

The proof of Theorem 1.4 for V' (Z, (1)) is analogous to the argument for V' (Z;(42)). In particular,
we may assume again that . is an even discrete istropic measure, and p € (1,00)\2. Let p* €
(1,00) be defined by - + - = 1. We prove that if € (0, 1), then either

V(Zy (1) > (1 =0~ min{(p — 2)°, 1} - )V (Zp (va)), (107)
or there exists a cross measure v satisfying

Sw(p,v) < ™ (108)

for some absolute constant ¢ > 0. Since if p € [2, 3], then p* € [2,3]and [p—2|/2 < |p* — 2| <
2|p — 2|, (107) and (108) yield Theorem 1.4 for V(Z,(x)) . B

Again, let supp o = {1y, ..., Uz}, and let ¢; = p({u,}). For ¢ = min{¢; : i = 1,... k}

andi =1,...,k, we define m; = min{m € Z : m > 1and ¢;/m < ¢y}, and letk = Zle m;.

We consider € : {1,...,k} — {1,...,k} such that #£~'(i) = m; fori = 1,..., k, and define

u; = Uegy and ¢; = Ce() /Mg

fori=1,... k.
In particular, Zle cu; ® u; = 1d,, and Zle ¢; = n, and for any Borel X C S™1, we have

ux)=> e

u; €X
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Again, we have
C0/2<Ci <cy fori=1,...,k.
In addition, let ¢) = v, as defined in (27), let g(t) = e~™ andfori=1,...,k, let
1 P
fit) = e
2F(1 + 5)

We define the map ¥ : R" — R" by

k
U(y) = eab({y,w)) - w,
=1
and hence the differential of ¥ is
k
aV(y) =3 e ((y,us)) - wi @,
=1

where d¥(y) is positive definite, and W is injective from R” to R™.
It follows from first applying (21), then (15) that

2T (1 + Lyn k
Ve G0) = Vo = e [ JECI I IO

2'T(1+ )"

= _fzirgfi/n(11fx¢“UmWXW>(Et<§:Q¢Kwﬁy»um9m>(@,

i=1
To estimate the second term, we apply Lemma 3.1 with v; = /¢; - u; and t; = 9'({y, u;)) at

each y € R”, and write #*(y) and to(y) to denote the corresponding #* > 1 and ¢,. In particular,
if {i1,...,i,} C{1,...,k} and y € R", then we set

to(y)

NG, iy) = e - e et g ]? (W«y,uh» () 1) |

Therefore for

. 1 , :
9(y):1+§ Z N(i1,...,0;Y),
1<i1<...<in <k

Lemma 3.1 and (14) lead to
2"(1 4 1)n k k
ViZr ) 2 % | ew (H fi<w<<ui,y>>>0i) (H w'<<ui,y>>0i> dy
2"T'(1 + %)”

- Sirg foro () o

2'T(1+ 3)" )
_ —f 0% (y eIyl dy.
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Now (107) and (108), and hence Theorem 1.4 for V' (Z,(u)), can be proved as (66) and (67) in
Proposition 7.2 were proved following (73).

10 Proof of Theorem 1.3

In this section, we prove Theorem 1.3, which is the 2-dimensional (sharper) version of Theo-
rems 1.1 and 1.2. The idea of our proof is essentially the one given by F. Behrend [10]. We
begin with recalling some of the details of Behrend’s argument. We write [z1, . .., x| to denote
the convex hull of the points 1, ...,z € R2 For the origin symmetric convex body K C R?
and u € R?\{o}, we write H (K, u) to denote the supporting line with exterior normal u, and
H(K,u)~ to denote the corresponding half plane containing K.

For e € [0, %), and for the planar origin symmetric convex body K satisfying

(1 —e)s2)?

ir(K) > (1 —¢)ir(W?) = O (109)
we prove that
Sl (K, W?) < 5de (110)
Spm(K,W?) < 18e. (111)
Let uy,up form the orthonomal basis of R?. We may assume that W? = [—1,1]? is a paral-

lelogram of largest area contained in K, and hence p; € 0K N H (K, p;) holds for the vertices
p1 = Uy + up and py = uy — uq of W2, It also follows that

K C ﬁH(K, ;)" = [£2u1, £2us). (112)
i=1

Let ¢; € OK N H(K,u;) for i = 1, 2. In particular, (112) yields

¢ = (1+ty,s1) wheret; € [0,1] and |s1] < 1 — ¢4,

@2 = (s2,1+1ts) wherety € [0,1] and |so] < 1 — ts.
Since K contains the parallelogram P = [+qy, +¢3|, we have

V(W?) > V(P)=2|det]q, q]| = 2[(1 +t1)(1 4+ t3) — 5159]

> 2[(14+t)(1+t) — (1 —t1)(1 —to)] = 4(t1 + t2),

and hence by ]
PR + 12 <2
2 T2
We approximate K by suitable polygons to obtain
W2cQcCcKcMc(1+t)W?, (113)
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where

M = (ﬂ H(K, j:ul-)> N (ﬂ H(K, :i:pi)> with S(M) = (1 + (v/2 — 1)t)S(W?)

i=1 i=1
Q = [Ep1,Ep2, £q1, £go] With V(Q) = (1 + 1)V (W?).
We deduce from (109) and (113) that

SOV _ S _ S(MP_ (1+ (V2= DepS(v?)?

C=9vam) S vE) SV T oV
Since 1—3 > % byt < % we have
e>1— 1+ W2-1)8)2  (3-2v2)t(1 1) . (3 —2V2)t ot (114)

1+t B 1+t 3 — 18
Therefore combining (113) and (114) leads to

Spm(K,W?) <In(1+1¢) <t <18,
and combining (113) and (114) with an elementary argument leads to
Sl (K, W?) < (1+1)* — 1 < 3t < bde.

We conclude (110) and (111), and in turn Theorem 1.3.
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