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Abstract. There is a uniquely defined random graph model with indepen-
dent adjacencies in which the degree sequence is a sufficient statistic. The model
was recently discovered independently by several authors. Here we join to the sta-
tistical investigation of the model, proving that if the degree sequence is in the
interior of the polytope defined by the Erd&s—Gallai conditions, then a unique
maximum likelihood estimate exists.

1. Introduction

In a version of Albert—Barabasi random graphs [10] the adjacencies are
independent with probabilities

K
Ptu = \/ﬁ7

where k is a positive parameter. Observing that the right hand side is a
product, the generalization is straightforward with a slight modification. We
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supplant the probabilities with odds:

Pt
(1) T = Qy,
1- Pt “
where a4, ...,ar are arbitrary positive parameters assigned to the vertices

of the graph. The probability of a graph G is thus

T
(2) P(Gsa) = C(a) [] o
t=1

where d; denotes the degree of vertex t and

t—1

Ui,

T
tl;[ 1+ Oztozu
P(G}; ) depends on the observed graph G through the degree sequence only,
thus the degree sequence is a sufficient statistic.

A simple random model like this ought to have a history. We refer to [3]
where the origin and basic properties of the model are delineated. There the
parametrization 3 = log ay is used and the random graph is called 5-model,
what we also adapt here. The S-model is investigated also in [1] and [2].

The structure of the paper is the following. In the next section, we prove
our main results regarding maximum likelihood estimation in the G-model.
Theorem 2.1 is very close to Theorem 1.4 and Theorem 2.9 is very close
to Theorem 1.5 of [3]. However, our proofs appear to be more natural and
simpler. The novelty of our Theorem 2.9 is that there is no need for a priori
assuming the existence of the ML estimate, since in Theorem 2.8 we settle
a conjecture of Diaconis et al. [3] about when the ML estimate exists. An
extended discussion of our results is given in [8]. Statistical inference on
discrete structures is developed in [6] and for random permutations in [5].

2. Maximum likelihood estimation in the S-model

Throughout the paper, T'= 3 will be a fixed integer, and we will deal
with simple undirected graphs on the vertex set {1,...,T}. The edge set of
a graph G is denoted by FE(G). A random graph will formally stand for an

arbitrary probability distribution on the set of all 2(3) graphs.
It is well-known (see [7] and [11]) that a sequence {d;, 1 =t < T} of
nonnegative integers is the degree sequence of a graph if and only if Z;le dy
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is even, and the following Erdés—Gallai conditions hold:

k T
(3) Zdw(t)ék(k_l)“‘ Z min(k:,dw(u)), k=1,....,T -1
t=1 u=k+1

for any permutation m(1),...,n(T) of integers 1,...,T. How about the ex-
pected degree sequence of a random graph? To this end, let £;, denote the
indicator of the edge between vertices u and t. Of course, e, = €, and
ett = 0. Moreover, let p;, = P(et,, = 1) be the probability of an edge be-
tween v and t. Then the expected degree of vertex t is Ay = zle Dt If we
write both p¢, and A; as vectors, we obtain the concise notation A = Sp,
where S : R(g) — RT is a linear transformation.

THEOREM 2.1. There ezists a random graph with vertex set {1,...,T}
such that the expected degree of vertex t is Ay, if and only if Ay =0 and

T
(4) ZAﬂ.(t)gk(k—l)—I— Z min(k‘,Aﬂ(u)), k=1,...,T -1
t=1 u=k-+1

hold true for any permutation 7w(1),...,n(T) of integers 1,...,T.

PROOF. In one direction, let k be a fixed integer as in (4) and define
k
Os =D Dr(t)n(s): 1=s=T.
t=1

The left hand side of (4) equals 3.7_, o,. For s < k we have that oy <k —1
and for s > k we have o5 < k and o5 = Ay (). Thus Ay satisfies (4).

In the other direction, let us denote the set of T'-dimensional vectors with
nonnegative coordinates satisfying (4) by Dp. The expected degree sequence
A of a random graph is the convex combination of the degree sequences
satisfying the Erd6s—Gallai conditions (3). Let us denote this set by Rp.
The conditions (3) can be rewritten as a set of linear inequalities, namely

k T
dey Sk(k =1+ Y (Auk+ (1= A)dr(w)
t=1 u=k+1
must hold for all k, all permutations 7, and all sequences (Ag11,...,A7)

€ {0,1}" %, This shows that the conditions remain valid after taking con-
vex combinations, thus Ry € Dr. We want to determine all maximal faces
of Ry. These are determined by inequalities a’ A < b,, where a € RT is a
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suitable vector, and b, a corresponding constant. For any a, we get for the
supporting hyperplane

T
alA = Z(ItAt = Zptu(at +ay) < Z (ar + aw) = ba.

t=1 u<t a:+a, >0

Clearly, b, can be attained, and is attained by exactly the points A = Sp
with

(5) pw=1ifar+ay, >0, pp = 01if ar + ay <0, py, € [0,1] otherwise.

We claim that the maximal faces of Ry have normal vectors with a; €
{—1,0,4+1}. Indeed, for any vector a, let ¢ =sgn(a). Observe that if A
is on the supporting hyperplane with normal vector a, i.e. a’ A = b, then in
view of (5), it is also on the supporting hyperplane with normal vector ¢, i.e.
¢ A = b,. This proves our claim. Moreover, the inequalities a” A < b,, with
a; € {—1,0,1} are evidently equivalent with the Erdés—Gallai conditions (4),
finishing the proof. [

REMARK 2.2. Theorem 2.1 is not new. First it was published by M. Ko-
ren (see Theorem 1 in [9]). Our proof is more straightforward and simpler.

In the [-model, according to (2), the conditional distribution of the
graph, given that its degree sequence is d = {d1,...,dr}, is the uniform dis-
tribution on the set of all graphs with this degree sequence, for any degree
sequence d. The converse also holds.

THEOREM 2.3. Suppose that for a random graph with independent adja-
cencies 0 < 1y, = lf“"t < 00. If, for any degree sequence d, the conditional

distribution of the graph, given that its degree sequence is d, is the uniform
distribution, then the random graph belongs to the B-model.

PROOF. For T < 3, the theorem trivially holds. If T'=4, let d =
(2,...,2), this is an interior point of Rp. Suppose that the distribution
of a random graph, conditioned on its degree sequence being d, is uniform.
This implies that for all graphs G with degree sequence d,

II ru=s

(tu)eE(G)

for some constant x > 0. It is easily seen that for any four distinct vertices
u, t, v, w, there exists a realization G of d = (2,...,2) such that (ut), (vw)
€ E(G) but (wv), (tw) ¢ E(G). Then we can make a swap showing that
TutTow = TuwTtw. Lhis in turn implies that the definition

TutTuv

Oy, =
Tty
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does not depend on the choice of ¢, v, and with this definition 7, = ay0.
O

REMARK 2.4. We conjecture that Theorem 2.3 holds for any individual
degree sequence in the interior of Dyp.

Now we turn to maximum likelihood estimation in the S-model. Suppose
we observe the graph G, and we want to maximize the likelihood P(G;a).
We will show in several steps that if the degree sequence of G lies in the
interior of Dp, then a unique maximum likelihood estimate exists, and we
give a simple iteration converging to this maximum likelihood estimate.

To start out, the likelihood equations are given by

d
ilogP(G;Oz):—t— $:0, 1=st=T.
(90@ (e utt 1+ Ol Ol

THEOREM 2.5. Let A = {Ay,...,Ar} be an interior point of Dr. Then,
the likelihood equations

Ay,
6 —— =N, 1ZtET
() q;l—}—atau ¢ - =

have a solution.

PrROOF. In the $-model, the lefthand side of (6) is just >, ptu, i-e.
the expected degree of vertex t. We shall maximize the entropy

(7) H(p) = - Z (pt,u 1ngt,u + (1 - pt,u) IOg (1 - pt,u))
1Su<t<T

of an arbitrary random graph with independent adjacencies, fixing the ex-
pected degrees of the vertices, in other words we require

(8) > pu=20,  1StST

uF#t
Since A lies in the interior of Dy, there exists a solution of (8) such that
0 < pry <1 holds true for all 1 Su <t =<T. On the other hand on the
boundary of the cube C = [0, 1]@), at least one of the probabilities p;,, is
equal to either 0 or 1, where the (one-sided) partial derivative %%H (p)

of the entropy equals oo while the corresponding term —(ps,logpy
+ (1= pru)log (1 —pey)) turns from a positive number to zero. Thus the
maximum of H(p), given (8) is in the interior of Dr.
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Let us denote the Lagrangian multipliers with §; and set
~ T
H(p) = H(p) + Zﬂt(ZPt,u - At)-
t=1 u#t
At the maximum place, the partial derivatives

0H(p) _
apt,u 1- pt,u

should be zero. It means that p;, has the form (1). O

The likelihood equations are

at:dt<z

uF#t

1

-1
17> , 15t T.
o e

Let REC be the T dimensional space with positive coordinates. For any «,
let ¢ : RTL — Ri be defined by

o) ol =a(T ) isisr

u#au “+ oy

The solutions of the likelihood equation are the fixed points of the map ¢.
Starting from any o9, we can run the iteration a1 = go(a(")), hoping
to converge to the maximum likelihood estimate.

THEOREM 2.6. For any x,y € ]RI define

Iy Yi
10 r,yY) =max [ max —, max — |.
(10) o(z,y) <1<t<Tyt, 1<t<Txt>

Then for x # vy

(11) o(e(e(@)),e(e()) < o(z,y).

We shall need the following lemma.

LEMMA 2.7. For any integer n > 1 and arbitrary positive numbers
ai,...,an and by, ..., b, we have
ai+---+ap a;

12 0 = —.
(12) bit ..+ b, = 1o b,

Equality holds true if and only if the ratios §* have the same value.
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PRroOOF. Let k > 0 be such that a; < kb; hold true for i = 1,...,n. Then
the left hand side of (12) can not be larger than s and the only way to
equality is a; = kb; for all i. O

PROOF OF THEOREM 2.6. Let us denote o(x,y) by k. Let us fix ¢ and
apply Lemma 2.7 for n =T, a; = (y; " + w) oy = (27! + ) -1

-1 -1 1
_|_
(13) gpt(x) _ Zu#t (yu yt) — é max xzil + Tt ]
@t(y) Zu;ét (.’El_bl + fEt) uFt Yu + Yt
Applying Lemma 2.7 again we get that
(14) max ﬁ < maxmax (yu xt) < k.
uFl yu + Yt uFl Ty Yt

Interchanging x and y, we see that o(p(x),¢(y)) < o(x,y). Equality in (14)
can hold only if xt =k and % =k at least for one u # t. But then the

equality in (13) can be valid only if ¥+ =k for all u#t. Thus a neces-

sary condition for Q((,O(QO(:L’)),QO(QO(:U))) =k would be that max 24%) = g

e (y)
and min Z‘gg = 1/k. But this cannot happen, because the first one implies

% = k for all but one ¢, while the second implies g—: = 1/k for all but one ¢.

THEOREM 2.8. If the degree sequence of the graph G lies in the interior
of Dr, then there exists a unique parameter vector (aq,. .., ar) satisfying (6),
which is also the unique mazimizer of the likelihood function (2).

PrOOF. If the degree sequence is in the interior of D then we first show
that there is indeed at least one maximum of the likelihood function

P(Gia)=PGip)= J[ pu ] (O—pea),
(t,u)eE(Q) (t,u)€E(GQ)

where p is calculated from « via (1). Indeed, by Theorem 2.5 we can
parametrize the S-model with the expected degree sequences A = Sp. Sup-
pose now that A approaches the boundary of Dp. By continuity, it suffices
to show that if p* is such that A* = Sp* is on the boundary of Dy, then
P(G;p*) = 0. Denote the degree sequence of G by d*. Since A* is on the

boundary, there are real numbers (xg, x1,...,z7) such that
T
o + Z xydy 2 0
t=1
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for all degree sequences d € Dy, and

T T
E,p- (xo + thdt> =29+ thAf =0.

t=1 t=1

Since
T
To + Z Itdzﬁ > 0,
t=1
P(G; p*) must be zero.
Since the maxima satisfy (6), Theorem 2.6 ensures the uniqueness. [

THEOREM 2.9. Let ¢ be defined by (9). If d lies in the interior of Dy,
then the iteration a1 = @(a(")) starting with arbitrary % € Ri con-
verges at a geometric rate, and

oy = lim aﬁ”), t=1,...,T
n—oo

is the unique mazximum likelihood estimate.

Proor. We showed in Theorem 2.6 that ¢ is a contraction in the metric
r(z,y) = log o(x,y). Starting from any (), the sequence of iterates remains
bounded. Moreover, any limit point of the sequence is a fixed point of ¢.
But due to the contractive property, the only fixed point is the maximum
likelihood estimate guaranteed by Theorem 2.8. The geometric rate of con-
vergence follows from a standard compactness argument. [J

We remark at this point that the 8-model can naturally be studied in
the framework of exponential families. The random graphs

T
&= Pas Pal@) = CB)exp 3 0udu(@))
t=1

form an exponential family. For any A € Dy, the corresponding linear fam-
ily is given by

We can now use Section 3 of [4], in particular Theorems 3.2 and 3.3. These
ensure that the intersection £ Ncl(£) consists of a single random graph P*,
and if there exists a random graph @ in £ with full support, then P* € £. If
A is an interior point of Dp, then indeed there exists an interior point p of
the unit cube with Sp = A, which ensures that the corresponding random
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graph has full support. Thus we obtain another proof of Theorem 2.5 (and
the uniqueness of the solution is also proved). By the Pythagorean theorem
of information geometry, P* is also the unique maximum likelihood estimate,
thus proving Theorem 2.8 again.

Acknowledgement. We are thankful to the referee informing us about
Koren’s paper.
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