
FIRST STEPS IN LOCAL ALGEBRA

These are notes for the beginning of a second course in commutative
algebra taught at Central European University in 2010. The course
continued with the homological theory (Cohen-Macaulay rings, regular
rings, Koszul complexes etc.) All rings are assumed to be commutative
with unit and all modules unitary.

1. Completions

Definition 1.1. Let A be a ring, and I ⊂ A an ideal. The completion
of A with respect to I is

Â := {(an) ⊂
∞∏

n=1

(A/In) : an = an+1 mod In for all n }.

This is again a ring with the obvious operations. There is a natural

map A → Â given by a 7→ (a mod In); if it is an isomorphism, we say
that A is complete with respect to I.

The associated graded ring is

gr
•
(A) :=

∞⊕

n=0

In/In+1.

Here I0 := A, and ring operations are again defined in the obvious way.

Recall that a graded ring is a ring R together with a family of additive

subgroups Rn for each n ≥ 0 such that RnRm ⊂ Rn+m and R =
⊕

n

Rn.

Example 1.2. The basic example is that of the polynomial ring A =

k[x1, . . . , xn], k a field, and I = (x1, . . . , xn). Then Â is the formal
power series ring k[[x1, . . . , xn]] and gr

•
(A) = A.

Observe that we get the same result if instead of A we start with the
localization AI = k[x1, . . . , xn](x1,...,xn). One of the main goals of these
notes is to show that all regular local rings containing a field behave in
a similar way.

Completion is a special case of the inverse limit construction in cat-
egory theory. Recall that an inverse system of groups (rings, mod-
ules, etc.) indexed by N together with its natural ordering is given
by a group (ring, module...) Gi for each n ≥ 0 and a morphism
φn : Gn+1 → Gn for each n > 0. The inverse limit of the system
is defined by

lim
←

Gn := {(gn) ⊂
∞∏

n=1

Gn : gn = φn(gn+1) for all n }.

1
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Important inverse systems of modules over a fixed ring A are given by
chains of submodules M0 ⊃ M1 ⊃ M2 ⊃ . . . of a fixed A-module M .
The modules in the inverse system are the quotients M/Mn and the
maps the natural projections. We call the inverse limit the completion

of M with respect to the chain (Mn) and denote it by M̂ . For instance,

we may take Mn := InM for an ideal I ⊂ A; in this case we call M̂ the

I-adic completion of M. The case M = A gives back the completion Â
defined above.

There are natural surjective projections pn : M̂ → M/Mn for each n;

set M̂n := ker(pn). The pn induce isomorphisms M̂/M̂n ∼= M/Mn, so

that the completion of M̂ with respect to the chain (M̂n) is isomorphic

to M̂ .
The next observation shows that we have a certain freedom in choos-

ing the inverse system defining a completion.

Proposition 1.3. Let M be an A-module, and M0 ⊃ M1 ⊃ M2 ⊃ . . . ,
N0 ⊃ N1 ⊃ N2 ⊃ . . . two chains of submodules such that for each Mn

there exists Nm with Nm ⊂ Mn and conversely, for each Nn there
exists Mm with Mm ⊂ Nn. Then there is a canonical isomorphism

lim
←

M/Mn ∼= lim
←

M/Nn.

Proof. In the special case when the Mn can be identified with a sub-
sequence of the Mn there is a natural map lim

←

M/Mn → lim
←

M/Nn

given by restriction to subsequences which is plainly an isomorphism.
In the general case we can find strictly increasing maps α, β : N → N

such that for each Mn we have Nα(n) ⊂ Mn and for each Nn we have
Mα(n) ⊂ Nn. There are natural maps lim

←

M/Nα(n) → lim
←

M/Mn and

lim
←

M/Mβ(n) → lim
←

M/Nn induced by the natural projections. Com-

posing with the isomorphisms constructed in the special case we get
maps lim

←

M/Nn → lim
←

M/Mn and lim
←

M/Mn → lim
←

M/Nn which

are plainly inverse to each other.

Remark 1.4. In the above situation we may equip M with a topology
in which declare the Mn to be a basis of open neighbourhoods of 0.
In the case Mn = InM this is called the I-adic topology. A sequence
(mn) ⊂ M is a Cauchy sequence for this topology if mi −mj ∈ Mn for
i, j larger than an index N depending on n; it converges to m ∈ M if
m − mi ∈ Mn for i, j larger than an index N depending on n. In the

completion M̂ every Cauchy sequence is convergent.
The condition of the above proposition says that the topologies gen-

erated by the submodules Mn and Nn are equivalent. Thus the com-
pletion depends only on the topology of the module.

We conclude this section with a seemingly obvious fact.
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Proposition 1.5. Let A be a local ring with maximal ideal M . The

M-adic completion Â is a local ring with maximal ideal M̂ , the kernel

of the natural projection Â → A/M .

Proof. Given m ∈ M̂ , the element 1 + m is a unit in Â. Indeed, the
series 1−m+m2−m3 +m4 + . . . is an inverse for 1+m and converges

in Â (its ‘tails’ give an element in the inverse limit).

By definition Â/M̂ ∼= A/M is a field, so M̂ is a maximal ideal.

Now given m ∈ M̂ and a maximal ideal M ′ ⊂ Â, we have m ∈ M ′.

Indeed, otherwise (m,M ′) = Â so there exist a ∈ Â and b ∈ M ′ with
am + b = 1, but this contradicts the fact proven above that 1 − am is

a unit. So M̂ ⊂ M ′, whence M̂ = M ′.

Remark 1.6. The above proof shows that more generally if A is any

ring and Â its completion with respect to an ideal I ⊂ A, then Î :=

ker(Â → A/I) is contained in all maximal ideals of Â, i.e. in its
Jacobson radical.

2. The exactness property of completion

In this section the base ring A will always be Noetherian. The main
result is:

Proposition 2.1. Let

0 → M1 → M2 → M3 → 0

be an exact sequence of finitely generated A-modules, with A a Noe-
therian ring. Then for an ideal I ⊂ A the natural sequence of I-adic
completions

0 → M̂1 → M̂2 → M̂3 → 0

is exact.

Corollary 2.2. We have canonical isomorphisms Â/Î ∼= A/I and

În/În+1 ∼= In/In+1 for all n > 0. In other words, gr
•
(A) ∼= gr

•
(Â).

Proof. Apply the proposition with M1 = In+1, M2 = In (also for n = 0,
where I0 = A).

Corollary 2.3. If J = (a1, . . . , an) ⊂ A is any ideal, then its I-adic

completion as an A-module satisfies Ĵ ∼= JÂ.

Proof. Consider the exact sequence

An φ
→ A → A/J → 0

where φ(t1, . . . tn) := Σ aiti. Applying the proposition gives the exact
sequence

Ân
bφ
→ Â → Â/Ĵ → 0
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so that Ĵ = Im (φ̂). But φ̂ is given by φ(t̂1, . . . t̂n) := Σ(xi − ai)t̂i (or in

other words φ̂ = φ ⊗ id bA), so Im (φ̂) = JÂ.

The next corollary shows that complete Noetherian rings are close
to power series rings.

Corollary 2.4. Let A be a Noetherian ring, I = (a1, . . . , an) an ideal

of A. Then the I-adic completion Â satisfies

Â ∼= A[[x1, . . . , xn]]/(x1 − a1, . . . xn − an).

Proof. Consider the polynomial ring B := A[x1, . . . , xn] and define an
A-homomorphism B → A by sending xi to ai. It is surjective with
kernel J := (x1 − a1, . . . , xn − an), and the ideal (x1, . . . , xn) ⊂ B
maps onto I in A. Applying Proposition 2.1 to the (x1, . . . , xn)-adic
completion of

0 → J → B → A → 0

shows Â ∼= B̂/Ĵ . By Corollary 2.3 we have Ĵ ∼= JB̂, so it remains to

observe that B̂ ∼= A[[x1, . . . , xn]].

Example 2.5. Take A = Z, I = (p). The completion Zp := lim
←

Z/pnZ

is the ring of p-adic integers; by the corollary it is isomorphic to
Z[[x]]/(x − p). The latter may actually be taken as a quick, albeit
unorthodox, definition of p-adic integers.

The proof of Proposition 2.1 will be given in two steps.

Step 1: We prove the exactness of the sequence of inverse limits

0 → lim
←

M1/(I
nM2 ∩ M1) → lim

←

M2/I
nM2 → lim

←

M3/I
nM3 → 0.

Step 2: We prove that for each m > 0 there exists n > 0 with

InM2 ∩ M1 ⊂ ImM1.

Since obviously ImM1 ⊂ ImM2 ∩ M1, Step 2 implies that the con-
dition of Proposition 1.3 is satisfied and therefore the completion of
M1 with respect to the chain (InM2 ∩ M1) is isomorphic the I-adic
completion of M1. Therefore the proposition will follow from Step 1.

Step 1 is a consequence of the following completely general lemma:

Lemma 2.6. Let (G1
n), (G2

n) and (G3
n) be inverse systems of groups

such that there are commutative diagrams with exact rows

1 −−−→ G1
n+1 −−−→ G2

n+1 −−−→ G3
n+1 −−−→ 1

yφ1
n

yφ2
n

yφ3
n

1 −−−→ G1
n −−−→ G2

n −−−→ G3
n −−−→ 1
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for each n > 0. If moreover the maps φ1
n are surjective for all n, then

the induced sequence

1 → lim
←

G1
n → lim

←

G2
n → lim

←

G3
n → 1

of inverse limits is exact.

Proof. Left exactness of the sequence is immediate from the definition
of the inverse limit. For surjectivity on the right we have to show that
every sequence (g3

n) ∈ lim
←

G3
n is the image of a sequence (g3

n) ∈ lim
←

G3
n.

We use induction on n. We pick g2
0 mapping to g3

0 and assume that
g2

n has been constructed. We lift g3
n+1 to g2

n+1 ∈ G2
n+1 arbitrarily. The

quotient φ2
n(g2

n+1)(g
2
n)−1 maps to 1 in G3

n+1, hence it comes from some
g1

n ∈ G1
n. As φ1

n is surjective, we find g1
n+1 ∈ G1

n mapping to g1
n. Then

(g1
n+1)

−1g2
n+1 still maps to g3

n+1 in G3
n+1 but moreover it maps to g2

n in
G2

n.

We prove Step 2 in a more precise form:

Proposition 2.7. (Artin–Rees lemma) Let A be a Noetherian ring,
I ⊂ A an ideal and M a finitely generated module. Given a submodule
M1 ⊂ M , there exists k > 0 such that

InM ∩ M1 = In−k(IkM ∩ M1)

for all n > k.

Proof. Consider the infinite direct sums

BI(A) :=
∞⊕

n=0

In, BI(M) :=
∞⊕

n=0

InM.

Then BI(M) is a graded module over the graded ring BI(A), which
means that In(IkM) ⊂ In+kM for all n, k ≥ 0. A system of generators
of M over A also generates BI(M) over BI(A), so BI(M) is a finitely
generated BI(A)-module. Moreover, a finite system of generators of I
generates BI(A) as an A-algebra, so BI(A) is Noetherian by the Hilbert
basis theorem.

Now B1 :=
∞⊕

n=0

(InM ∩ M1) is a BI(A)-submodule of BI(M), hence

finitely generated because BI(A) is Noetherian. So there is k > 0
such that all generators are contained in the direct sum of the IjM ∩
M1 with j ≤ k. By decomposing the generators m1, . . . ,mr in their
homogeneous components we may assume that for each 1 ≤ j ≤ r
there exists 0 ≤ α(j) ≤ k such that mj ∈ Iα(j)M ∩ M1. Then given
m ∈ InM ∩ M1 for n > k, we may write

m =
r∑

j=1

i
n−α(j)
j mj =

r∑

j=1

in−k
j (i

k−α(j)
j mj)
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for some i1, . . . , ir ∈ I. But i
k−α(j)
j mj ∈ IkM ∩ M1 for all j, so we

conclude m ∈ In−k(IkM ∩ M1), as required.

The Artin–Rees lemma has another important consequence:

Corollary 2.8. (Krull intersection theorem) If A is a Noetherian local
ring with maximal ideal M , then

∞⋂

n=1

Mn = (0).

Proof. Write N for the intersection on the left hand side. As N is an
ideal, we have MN ⊂ N . On the other hand, applying the Artin–Rees
lemma to N ⊂ A gives a k for which

N = Mk+1 ∩ N = M(Mk ∩ N) ⊂ MN.

Thus MN = N , so N = (0) by Nakayama’s lemma.

Corollary 2.9. If A is a Noetherian local ring with maximal ideal M ,

the natural map A → Â is injective.

Proof. The kernel is
∞⋂

n=1

Mn.

3. Power series rings

In this section we establish some basic properties of power series
rings.

Proposition 3.1. Let A be a Noetherian ring. Then the formal power
series ring A[[x]] is also Noetherian.

Proof. This is similar to the proof of the Hilbert basis theorem. Write Ir

for the ideal in A generated by the leading coefficients ar of power series
of the form arx

r + ar+1x
r+1 + . . . contained in I. Then I0 ⊂ I1 ⊂ I2 ⊂

. . . is an ascending chain, so there is n for which In = In+1 = In+2 = ...
Choose finite sets of generators mij for the ideals Ij with j ≤ n and
power series sij ∈ I with leading coefficient mij ∈ Ij. Given a power
series s = arx + ar+1x

r+1 + . . . in I, we express it as an A[[x]]-linear
combination of the sij. If r ≤ n, we find bi ∈ A such that ar = Σ bimir,
so after subtracting finitely many A-linear combinations of the sij we
may assume r > n. But then ar = Σ br

i min for some br
i ∈ A and

therefore s − Σ br
i x

r−nsin begins with a term ar+1x
r+1. Therefore

s =
∑

i

(
∞∑

r=n+1

br
i x

r−n

)
sin

where the coefficient in parentheses is an element of A[[x]].
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Corollary 3.2. If A is Noetherian, the power series ring A[[x1, . . . , xn]]
is Noetherian. In particular, this holds for the ring k[[x1, . . . , xn]] over
a field k.

Combining with Corollary 2.4 we also get:

Corollary 3.3. If A is a Noetherian ring, any completion Â of A by
an ideal is Noetherian.

The next property is more difficulty to prove.

Theorem 3.4. If k is a field, the power series ring k[[x1, . . . , xn]] is a
UFD.

The result is easy for n = 1: the ring k[[x]] is a principal ideal ring,
and in fact all ideals are of the form (xm) for some m (i.e. k[[x]] is a
discrete valuation ring). Indeed, a power series Σ aix

i with a0 6= 0 is
always a unit (we may assume a0 = 1, and then 1 − h + h2 − h3 + . . .
is an inverse for 1 + h), and therefore every power series is xm times a
unit for some m ≥ 0.

For the proof in the case n > 1, we write

k[[x1, . . . , xn]] = k[[x1, . . . , xn−1]][[xn]].

Here A = k[[x1, . . . , xn−1]] is a complete local ring with respect to its
maximal ideal (x1, . . . , xn−1). The key property is:

Proposition 3.5. (‘Euclidean division’) Let A be a Noetherian com-
plete local ring with maximal ideal M , and let f = Σaix

i ∈ A[[x]] \
MA[[x]]. Write n for the smallest index i for which ai /∈ M . Then for
every g ∈ A[[x]] we find q ∈ A[[x]] and r ∈ A[x] such that deg r < n
and

g = qf + r.

Moreover the q and r with this property are unique.

The following elegant proof of the proposition was stolen from lecture
notes by Hochster. It is based on the following lemma.

Lemma 3.6. Let A be a Noetherian complete local ring with maximal
ideal M , and N an A-module such that

⋂

j

M jN = 0.

Assume there exist n1, . . . , nr ∈ N whose images generate the A/M-
vector space N/MN . Then the ni generate the A-module N .

Proof. By assumption,

N = An1 + . . . Anr + MN,(1)

whence

M jN = M jn1 + · · · + M jnr + M j+1N(2)
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for all j ≥ 0. Given an element n ∈ N , we may write it as a sum

n =

(
j∑

i=0

ai1

)
n1 + · · · +

(
j∑

i=0

air

)
nr + pj+1(3)

where ail ∈ M iN for all i, l and pj+1 ∈ M j+1N . This is easily proven
by induction on j: for j = 0 it follows from (1) and once it is proven for
j − 1, we get it for j by applying (2) to pj. The coefficients in brackets
converge to elements a1, . . . , ar ∈ A. For all j ≥ 0 we have

n − (a1n1 + . . . arnr) = pj+1 −

(
∞∑

i=j+1

ai1

)
n1 − · · · −

(
∞∑

i=j+1

air

)
nr

by (3). Here the right hand side is in M j+1N and this holds for all j,
so n − (a1n1 + . . . arnr) = 0 by assumption.

Proof of Proposition 3.5. Apply the lemma with N = A[[x]]/(f). The
ring A[[x]] is Noetherian by Proposition 3.1, and it is local with maxi-
mal ideal (M,x) (because every element of A[[x]]\(M,x) has an inverse
by a similar argument as above). Thus the intersection of the powers of
(M,x) is trivial by the Krull intersection theorem, and therefore so is
the intersection of the powers M jA[[x]]. Passing to the quotient N we
see that the assumption of the lemma is satisfied. Set k := A/M and
write f̄ for the image of f in A[[x]]/MA[[x]] = k[[x]]. We have f̄ = xnū
where ū is a unit. Hence k[[x]]/(f̄) ∼= k[[x]]/(xn) and is generated as
a k-vector space by 1, x, . . . , xn−1. But then by the lemma A[[x]]/(f)
is generated as an A-module by 1, x, . . . , xn−1 which means exactly the
existence of an Euclidean division g = qf + r as in the proposition for
all g ∈ A[[x]]. It is enough to prove uniqueness for g = 0 where it is
obvious.

Corollary 3.7. (Weierstrass Preparation Theorem) For f as above
there exists a unique decomposition

f = pu

where u is a unit in A[[x]] and p = xn + bn−1x
n−1 + · · · + b0 is a

polynomial with bi ∈ M .

The polynomials p with the property of the corollary are called
Weierstrass polynomials.

Proof. Apply the proposition to g = xn:

xn = qf + r

with deg r < n. As ai ∈ M for i < n, the coefficients of r must lie in M ,
and so xn − r is a Weierstrass polynomial. Looking at the coefficient of
xn on both sides we obtain 1 = c0an + m where c0 = q(0) and m ∈ M .
It follows that c0 is a unit in A and hence q is a unit in A[[x]] (same
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argument as above). Thus f = q−1(xn − r) is a decomposition of the
required shape.

For uniqueness, let f = pu be a decomposition and write p = xn − r.
Then xn = u−1f + r is a result of Euclidean division of xn by f , so we
conclude by the uniqueness statement of the proposition.

Proof of Theorem 3.4. For simplicity we treat only the case of infinite
k. Under this assumption for each f ∈ k[[x1, . . . , xn]] we may find
an invertible linear transformation of coordinates after which we have
f(0, . . . , 0, xn) 6= 0, or in other words f ∈ A[[xn]] \ MA[[xn]], where
A = k[[x1, . . . , xn−1]] and M = (x1, . . . xn).

As the ring is Noetherian, we have a decomposition f = f1 . . . fr

where the fi are irreducible so it is enough to prove uniqueness up to
multiplication by units. To begin with, we must have fi(0, . . . , 0, xn) 6= 0
for all i and therefore we may apply the Weierstrass Preparation The-
orem to each fi: fi = piui with some Weierstrass polynomials pi and
units ui. We also have a Weierstrass decomposition f = pu. By the
uniqueness of Weierstrass decompositions we must have p = p1 . . . pr.
On the other hand, the ring A[xn] is a UFD because A is a UFD by
induction on n, and then so is the polynomial ring A[xn]. Therefore
there is a factorization into irreducibles p = q1 . . . qs in A[xn]. But the
pi are irreducible in A[[xn]] because the fi are. Therefore they are ir-
reducible in A[xn], so by unique factorization in A[xn] we have r = s
and the pi differ from the qi only by units in A[xn]. Therefore the fi

equal the qi up to units in A[[xn]].

4. Regular local rings

Recall that the (Krull) dimension of a ring A is the maximal length
of strictly increasing chains of prime ideals P1 ⊂ P2 ⊂ · · · ⊂ Pr of A.
A Noetherian local integral domain R of finite dimension d is regular
if its maximal ideal can be generated by d elements. (In fact, the
property that R is an integral domain is a consequence of the other
assumptions.)

If M is the maximal ideal of the local ring A, then M/M2 is a vector
space over the residue field κ := A/M and by Nakayama’s lemma a
system of elements m1, . . . ,mn generate the ideal M if and only if
their images generate the κ-vector space M/M2. Thus A is regular of
dimension d if and only if dim κM/M2 = d.

For a regular local ring a minimal system of generators of M is called
a system of parameters. This name is explained by the following partial
case of Cohen’s structure theorem.

Theorem 4.1. Let A be a complete Noetherian local ring that contains
a subfield k mapping isomorphically onto its residue field. Then A is a
quotient of some power series ring k[[x1, . . . , xd]].

If moreover A is regular of dimension d, then A ∼= k[[x1, . . . , xd]].
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Remarks 4.2.

1. All the assumptions are satisfied by the completion of the local
ring of a smooth point on an algebraic variety over an algebraically
closed field.

2. We shall see later that the assumptions are satisfied for any com-
plete regular local ring containing a field.

3. The ring k[[x1, . . . , xd]] is indeed regular, for its maximal ideal
can be generated by d elements and it has dimension d, being a
completion of the polynomial ring k[x1, . . . , xd] (see the discussion
after the proof of Theorem 4.1).

Lemma 4.3. Let φ : A → B be a homomorphism of complete local
rings such that φ(Mn

A) ⊂ Mn
B for all n ≥ 1, where MA (resp. MB) is

the maximal ideal of A (resp. B).
If the induced homomorphism gr

•
(A) → gr

•
(B) is injective (resp.

surjective), then so is φ.

Proof. Consider the commutative diagram

0 −−−→ Mn
A/Mn+1

A −−−→ A/Mn+1
A −−−→ A/Mn

A −−−→ 0

gr
n
(φ)
y φn+1

y φn

y

0 −−−→ Mn
B/Mn+1

B −−−→ B/Mn+1
B −−−→ B/Mn

B −−−→ 0

The injectivity of grn(φ) shows the injectivity of φn for all n by in-
duction on n, whence also the injectivity of φ. For surjectivity, given

(bn) ∈ B = B̂ with bn ∈ B/Mn
B, we have to find an ∈ A/Mn

A with
φn(an) = bn and an+1 mod Mn

A = an. We do this by induction on n: by
surjectivity of grn(φ) and the diagram the surjectivity of φn implies that
of φn+1, so we may lift bn+1 to an+1 ∈ A/Mn+1

A . This an+1 may not map
to an in A/Mn

A but the difference lies in ker(φn). Again by surjectivity
of grn(φ) and the diagram the map ker(φn+1) → ker(φn) is surjective,
and we may therefore modify an+1 by an element of ker(φn+1).

Proof of Theorem 4.1. Let t1, . . . , td be a system of generators for the
maximal ideal M of A. There is a unique k-algebra homomorphism
λ : k[[x1, . . . , xd]] → A sending xi to ti. Indeed, for all n there is a
unique homomorphism λ : k[[x1, . . . , xd]]/(x1, . . . , xd)

n → A/Mn send-
ing the image of xi to that of ti; as A is complete, these assemble to
a homomorphism λ as required. As A/M ∼= k and the fi generate M ,
the induced map gr

•
(λ) is surjective, so λ is surjective by the lemma.

If moreover A is regular, we may choose d = dim A. As moreover A
is then an integral domain, the kernel of λ is a prime ideal, so since A
and k[[x1, . . . , xd]] are both of dimension d, we must have ker(λ) = 0.

We can use the theorem to expand elements of regular local rings
in power series. To do so, we use first the fact, to be proven later in
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the course, that A is regular if and only if Â is. By Corollary 2.9 the

natural map embeds A in Â, so the theorem implies:

Corollary 4.4. Given a regular local ring A of dimension d containing
a field k mapping onto its residue field there is an injective homomor-
phism A →֒ k[[x1, . . . , xn]]. It is determined by the choice of a regular
system of parameters t1, . . . , td in A. In other words, each element of
A has a ‘power series expansion’ in the ti.

Remark 4.5. For d = 1 there is an easy direct proof of the corollary.
In this case A is a discrete valuation ring, i.e. the maximal ideal M is
principal. Fix a generator t of M and pick a ∈ A. Set a0 := a mod M
and b0 = a−a0. Then b0 = b1t with a unique b1 ∈ A and we set a1 := b1

mod M . Continuing the process we get a = a0 + a1t + . . . ant
n + bn

with bn ∈ Mn for each n, whence the required map A 7→ k[[t]]; it is
injective by the Krull intersection theorem.

For general d the obvious generalization of the above procedure still
yields some power series expansion of a but it is not a priori clear
that one gets a well-defined map A → k[[t1, . . . , td]] for a system of
parameters t1, . . . , td.

5. Unique factorization

Our aim is to prove:

Proposition 5.1. Let A be a Noetherian local ring. If Â is a UFD,
then so is A.

Combinied with Theorem 4.1 and Theorem 3.4 this will imply:

Corollary 5.2. If A is a regular local ring containing a subfield map-
ping isomorphically onto its residue field, then A is a UFD.

Remark 5.3. Theorem 7.2 below will allow us to replace the condition
‘A contains a subfield mapping isomorphically onto its residue field’ by
‘A contains a field’. This is the traditional way to prove that regular
local rings ‘coming from geometry’ are UFD’s. In fact, Auslander and
Buchsbaum proved by homological methods that every regular local
ring is a UFD.

For the proof of the proposition we first need:

Lemma 5.4. If A is a Noetherian local ring and J ⊂ A is an ideal,

then JÂ ∩ A = J .

Proof. Given a ∈ JÂ ∩ A and n > 0, we find j ∈ J and mn ∈ M̂n

with a = j + mn using the isomorphism Â/M̂n ∼= A/Mn. The same

isomorphism shows that M̂n∩A = Mn, so mn = a−j ∈ Mn. Therefore
a is contained in the intersection of the ideals J+Mn for all n. Applying
the Krull intersection theorem to A/J we see that this implies a ∈ J ,

so we have proven JÂ ∩ A ⊂ J . The reverse inclusion is obvious.
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Proof of Proposition 5.1. As A is Noetherian, it will suffice to prove
the following: if a | bc and a, b have no common factors, then a | c.
(This implies that all irreducible elements in A are prime.) For this it
is enough to prove two things:

1. If a | b in Â, then a | b in A.
2. If a, b have no common factors in A, they have no common factors

in Â.

To prove (1), it suffices to note that a | b in Â means b ∈ aÂ, but

aÂ ∩ A = aA by the lemma, and we are done.

To prove (2) we assume a = da′, b = db′ in Â with a non-unit d,
and prove that a, b have a common factor in A. In any case we have
ab′ = ba′ and we may assume a′, b′ have no common factor. Using

the Krull intersection theorem in Â we find n such that a′ /∈ M̂n; we
may assume n is minimal. As in the lemma, write a′ = an + mn,

b′ = bn + pn with an, bn ∈ A, mn, pn ∈ M̂n; here an /∈ M̂n. Now

abn − ban ∈ (a, b)M̂n ∩ A = (a, b)Mn by the lemma, so abn − ban =
atn + bsn with sn, tn ∈ Mn. Therefore a(bn − tn) = b(an + sn) and also
a′(bn − tn) = b′(an + sn) as A is a domain and ab′ = ba′. As a′ and
b′ have no common factor, a′ must divide an + sn. But neither a′ nor

an + sn are in M̂n; on the other hand, a′ ∈ M̂n−1 by assumption. This

can only happen if a′ and an + sn differ by a unit: (an + sn)Â = a′Â.

In particular, an + sn divides a in Â, hence also in A by (1). Their
quotient must be a non-unit h because a and a′ differ by a non-unit

in Â. But the equation a(bn − tn) = b(an + sn) implies h(bn − tn) = b
(again since A is a domain) and we have found a nontrivial common
factor of a and b.

The above proof, which is pure juggling, is due to Mumford. One
can also give a more conceptual proof using some nontrivial theorems
of commutative algebra.

6. Hensel’s lemma

The crudest form of Hensel’s lemma is:

Proposition 6.1. Let A be a complete local ring with maximal ideal M
and residue field k. Let f ∈ A[T ] be a polynomial, and write f̄ for the
image of f in k[T ]. Assume that ā ∈ k satisfies f̄(ā) = 0 but f̄ ′(ā) 6= 0.
Then there exists a ∈ A reducing to ā modulo M with f(a) = 0.

As A is complete with respect to M , it suffices to construct for each
n ≥ 0 elements an ∈ A/Mn satisfying a1 = ā, f(an) = 0 and an

mapping to an−1 in A/Mn−1. Then it suffices to apply the following
statement with B = A and I = Mn−1/Mn:
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Proposition 6.2. Let B be a ring, I ⊂ B an ideal satisfying I2 = 0,
and f ∈ B[T ] a polynomial. If b ∈ B is such that f(b) ∈ I but f ′(b) is
a unit in B, there exists c ∈ B with f(c) = 0 and c ≡ b mod I.

We prove this in a more general form:

Proposition 6.3. Let B be a ring, I ⊂ B an ideal satisfying I2 = 0.
Assume moreover given a commutative diagram

S
λ̄

−−−→ B/I
x x

R
µ

−−−→ B

(4)

where S = R[T ]/(f) with some f ∈ R[T ], and write t for the image of
T in S. If there is a lifting b of λ̄(t) to B such that f ′(b) is a unit in
B, then λ̄ lifts to a map λ : S → B making the diagram commute.

Here by abuse of notation we have denoted by f ′ the derivative of
the image of f in B[T ] via µ.

To get the previous proposition, we apply this with R = B, µ = idB

and λ̄ the map B[T ]/(f) → B/I induced by sending T to b, and then
set c := λ(T ).

Proof. Lift λ̄(t) to b ∈ B as postulated. To define λ, we have to find h ∈
I such that f(b+h) = 0, for then T 7→ b+h determines λ uniquely. The
Taylor formula with difference h is of the shape f(b+h) = f(b)+f ′(b)h
because I2 = 0 and h ∈ I. But f ′(b) is a unit in B, and therefore the
equation 0 = f(b) + f ′(b)h can be solved in h.

Remarks 6.4.

1. In fact, the above proof shows that that the lifting λ is unique
(because so is h).

2. The property of the above proposition (sometimes called the in-
finitesimal lifting property) was used by Grothendieck to define
smoothness in algebraic geometry. He defined an R-algebra S to
be formally smooth (resp. formally étale) if for any diagram of
the shape (4) where I ⊂ B is an ideal with I2 = 0 there exists a
lifting (resp. a unique lifting) λ : S → B of λ̄ making the diagram
commute.

The proposition thus says in particular that R-algebras of the
form S = R[T ]/(f) with (f, f ′) = (1) are formally étale (because
in this case the image of f ′ is a unit in S). There is a more
or less straightforward generalization for R-algebras of the form
S = R[T1, . . . , Tn]/(f1, . . . , fn) where the Jacobian determinant of
the fi maps to a unit in S; they are also formally étale. If S =
R[T1, . . . , Tn]/(f1, . . . , fm) with m ≤ n such the maximal minors
of the Jacobian give units in S, then S is formally smooth. This
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is the algebraic version of the Jacobian criterion of smoothness in
geometry.

Proposition 6.3 in particular applies when R = K is a field and S = L
is a finite separable extension, by the theorem of the primitive element.
As an infinite separable algebraic extension is a union of finite separable
extensions, uniqueness of the lifting in Proposition 6.3 implies:

Corollary 6.5. Let L|K be a separable algebraic field extension. As-
sume moreover given a commutative diagram

L
λ̄

−−−→ B/I
x x

K −−−→ B

where B is a ring, I ⊂ B an ideal satisfying I2 = 0. Then λ̄ lifts to a
map λ : L → B making the diagram commute.

The same holds if instead of I2 = 0 we assume that B is complete
with respect to I.

Here the second statement reduces to the first in the same way as
Proposition 6.1 reduces to Proposition 6.2.

7. Coefficient fields

Definition 7.1. Let A be a local ring with maximal ideal M and
residue field k. A field contained in A is a coefficient field of A if
it is mapped isomorphically onto k by the natural projection A → k.

Assume moreover that A is an integral domain. We say that A
is equi-characteristic if char(A) = char(k). This holds if and only
if A contains a field. Sufficiency is obvious, and so is necessity in
positive characteristic. For necessity in characteristic 0, observe that
the subring Z ⊂ A generated by 1 must meet M trivially, and therefore
all of its elements are units in A, i.e. A contains Q.

Theorem 7.2. (Cohen) If A is an equi-characteristic complete local
ring, then A has a coefficient field.

Combining with Theorem 4.1 we obtain:

Corollary 7.3. Let A be an equi-characteristic complete Noetherian
local ring with residue field k. Then A is a quotient of some power
series ring k[[x1, . . . , xd]].

If moreover A is regular of dimension d, then A ∼= k[[x1, . . . , xd]].

Proof of Theorem 7.2 in characteristic 0. Let k′ ⊂ k be the a maximal
subfield such that the identity map of k′ lifts to a map k′ → B. By the
arguments preceding the theorem and Zorn’s lemma such a k′ exists and
contains the prime field Q. Assume k′ 6= k. If k contains an element
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x̄ transcendental over k′, then lifting x̄ to x ∈ A we see that the ring
k′[x] meets M trivially (otherwise we would have k′[x] ∩ M = (f) for
a polynomial f ∈ k′[T ] and x̄ would be algebraic over k′). Therefore
k′(x) ⊂ A and the map k′(x̄) → A sending x̄ to x lifts the identity of
k′(x̄), contradicting the maximality of k′. Hence k|k′ is an algebraic
extension, and also separable as we are in characteristic 0. Now an
application of Corollary 6.5 with L = k, K = k′ and B = A again
contradicts the maximality of k′.

Proof of Theorem 7.2 in characteristic p > 0. This case follows as
above from the following proposition applied to B = A, L = k and the
map k → A/M :

Proposition 7.4. Let B be a ring, I ⊂ B an ideal satisfying I2 = 0,
and L a field of characteristic p > 0. Then any nonzero map λ̄ : L →
B/I lifts to a map λ : L → B.

The same holds if instead of I2 = 0 we assume that B is complete
with respect to I.

Proof. Define a map λp : Lp → B as follows. Given a ∈ L, lift λ̄(a)
to b ∈ B, and set λp(a

p) := bp. This does not depend on the choice of
b because if b′ is another lifting, then b − b′ ∈ I, so that bp − (b′)p =
(b−b′)p = 0 because p ≥ 2 and I2 = 0. The map λp is the unique lifting
of λ̄|Lp to a map Lp → B, and identifies Lp with a subfield of B.1 By
Zorn’s lemma there exists a maximal subfield L′ ⊂ B containing Lp; it
is also a maximal subfield in L such that λ̄|L′ lifts to a map L′ → B.
We know that Lp ⊂ L′ and now show that L′ = L. Assume not, and
pick α ∈ L′ \L. Then αp ∈ Lp, and xp − αp is the minimal polynomial
of α over L′. Moreover, any lifting β of λ̄(α) to B satisfies βp = λp(α

p)
by uniqueness of λp. Therefore sending α to β defines an extension of
λ̄|L′ to L′(α) = L′[x]/(xp − αp), contradicting the maximality of L′.

To get the second statement, we apply the first part inductively to
B/In+1 in place of B and In/In+1 in place of I, assuming that a lifting
to B/In has already been constructed.

Remark 7.5. There is also a Cohen structure theorem for complete
local rings of mixed characteristic: if A is a complete local domain of
characteristic 0 with residue field A/M = k of characteristic p > 0,
there is a complete discrete valuation ring A0 with residue field k and
maximal ideal (p) contained in A such that M ∩A0 = (p). For k = Fp

we have A0
∼= Zp = lim

←

Z/prZ, the ring of p-adic integers; more gener-

ally, for k perfect A0 is the ring W (k) of Witt vectors associated with
k. The proof follows a similar pattern but is more involved.

1For L perfect the proof stops here.


