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Introduction.  In this paper, we shall present the Hamilton-Perelman theoy of
Ricci ow. Based on it, we shall give the rst written account of a complete proof
of the Poincae conjecture and the geometrization conjectire of Thurston. While
the complete work is an accumulated e orts of many geometricanalysts, the major
contributors are unquestionably Hamilton and Perelman.

An important problem in di erential geometry is to nd a cano nical metric on
a given manifold. In turn, the existence of a canonical metr¢ often has profound
topological implications. A good example is the classical niformization theorem in
two dimensions which, on one hand, provides a complete topogical classi cation for
compact surfaces, and on the other hand shows that every conggt surface has a
canonical geometric structure: a metric of constant curvatire.

How to formulate and generalize this two-dimensional resulto three and higher
dimensional manifolds has been one of the most important anathallenging topics in
modern mathematics. In 1977, W. Thurston [122], based on id&s about Riemann sur-
faces, Haken's work and Mostow's rigidity theorem, etc, fomulated a geometrization
conjecture for three-manifolds which, roughly speaking, g&tes that every compact ori-
entable three-manifold has a canonical decomposition intpieces, each of which admits
a canonical geometric structure. In particular, Thurston's conjecture contains, as a
special case, the Poincae conjecture: A closed three-mafold with trivial fundamen-
tal group is necessarily homeomorphic to the 3-spher&®. In the past thirty years,
many mathematicians have contributed to the understanding of this conjecture of
Thurston. While Thurston's theory is based on beautiful combination of techniques
from geometry and topology, there has been a powerful devefmment of geometric
analysis in the past thirty years, lead by S.-T. Yau, R. Scho@, C. Taubes, K. Uhlen-
beck, and S. Donaldson, on the construction of canonical g@aetric structures based
on nonlinear PDEs (see, e.g., Yau's survey papers [129, 130]Such canonical geo-
metric structures include Kahler-Einstein metrics, constant scalar curvature metrics,
and self-dual metrics, among others. However, the most impant contribution for
geometric analysis on three-manifolds is due to Hamilton.

In 1982, Hamilton [58] introduced the Ricci ow

@9 _
@t

to study compact three-manifolds with positive Ricci curvature. The Ricci ow, which
evolves a Riemannian metric by its Ricci curvature, is a natual analogue of the heat
equation for metrics. As a consequence, the curvature tenss evolve by a system of
di usion equations which tends to distribute the curvature uniformly over the mani-
fold. Hence, one expects that the initial metric should be improved and evolve into a
canonical metric, thereby leading to a better understandirg of the topology of the un-
derlying manifold. In the celebrated paper [58], Hamilton siowed that on a compact
three-manifold with an initial metric having positive Ricc i curvature, the Ricci ow
converges, after rescaling to keep constant volume, to a mst of positive constant
sectional curvature, proving the manifold is di eomorphic to the three-sphereS® or a
quotient of the three-sphereS® by a linear group of isometries. Shortly after, Yau sug-
gested that the Ricci ow should be the best way to prove the stucture theorem for
general three-manifolds. In the past two decades, Hamiltorproved many important
and remarkable theorems for the Ricci ow, and laid the foundation for the program
to approach the Poincae conjecture and Thurston's geometization conjecture via the
Ricci ow.

2R;



168 H.-D. CAO AND X.-P. ZHU

The basic idea of Hamilton's program can be brie y describedas follows. For any
given compact three-manifold, one endows it with an arbitrary (but can be suitably
normalized by scaling) initial Riemannian metric on the manifold and then studies
the behavior of the solution to the Ricci ow. If the Ricci ow develops singularities,
then one tries to nd out the structures of singularities so that one can perform
(geometric) surgery by cutting o the singularities, and th en continue the Ricci ow
after the surgery. If the Ricci ow develops singularities again, one repeats the process
of performing surgery and continuing the Ricci ow. If one can prove there are only a
nite number of surgeries during any nite time interval and if the long-time behavior
of solutions of the Ricci ow with surgery is well understood, then one would recognize
the topological structure of the initial manifold.

Thus Hamilton's program, when carried out successfully, wil give a proof of the
Poincae conjecture and Thurston's geometrization conjecture. However, there were
obstacles, most notably the veri cation of the so called \Little Loop Lemma" con-
jectured by Hamilton [63] (see also [17]) which is a certaindcal injectivity radius
estimate, and the veri cation of the discreteness of surgey times. In the fall of 2002
and the spring of 2003, Perelman [103, 104] brought in freshew ideas to gure out
important steps to overcome the main obstacles that remaind in the program of
Hamilton. (Indeed, in page 3 of [103], Perelman said \the impementation of Hamil-
ton program would imply the geometrization conjecture for dosed three-manifolds”
and \In this paper we carry out some details of Hamilton program”.) Perelman's
breakthrough on the Ricci ow excited the entire mathematics community. His work
has since been examined to see whether the proof of the Poineaconjecture and
geometrization program, based on the combination of Hamilon's fundamental ideas
and Perelman's new ideas, holds together. The present papeagrew out of such an
e ort.

Now we describe the three main parts of Hamilton's program inmore detail.

(i) Determine the structures of singularities

Given any compact three-manifold M with an arbitrary Riemannian metric, one
evolves the metric by the Ricci ow. Then, as Hamilton showedin [58], the solution
g(t) to the Ricci ow exists for a short time and is unique (also see Theorem 1.2.1). In
fact, Hamilton [58] showed that the solution g(t) will exist on a maximal time interval
[0;T), where eitherT = 1 ,0r0<T < 1 and the curvature becomes unbounded
ast tends to T. We call such a solutiong(t) a maximal solution of the Ricci ow. If
T < 1 and the curvature becomes unbounded as tends to T, we say the maximal
solution develops singularities ag tends to T and T is the singular time.

In the early 1990s, Hamilton systematically developed metbds to understand the
structure of singularities. In [61], based on suggestion byrau, he proved the funda-
mental Li-Yau [82] type di erential Harnack estimate (the L i-Yau-Hamilton estimate)
for the Ricci ow with nonnegative curvature operator in all dimensions. With the
help of Shi's interior derivative estimate [114], he [62] emblished a compactness the-
orem for smooth solutions to the Ricci ow with uniformly bou nded curvatures and
uniformly bounded injectivity radii at the marked points. B y imposing an injectivity
radius condition, he rescaled the solution to show that eachsingularity is asymptotic
to one of the three types of singularity models [63]. In [63] k discovered (also inde-
pendently by Ivey [73]) an amazing curvature pinching estimate for the Ricci ow on
three-manifolds. This pinching estimate implies that any three-dimensional singular-
ity model must have nonnegative curvature. Thus in dimensia three, one only needs
to obtain a complete classi cation for nonnegatively curved singularity models.
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For Type | singularities in dimension three, Hamilton [63] established an isoperi-
metric ratio estimate to verify the injectivity radius cond ition and obtained spherical
or necklike structures for any Type | singularity model. Based on the Li-Yau-Hamilton
estimate, he showed that any Type Il singularity model with nonnegative curvature
is either a steady Ricci soliton with positive sectional cuwvature or the product of
the so called cigar soliton with the real line [66]. (Characerization for nonnegatively
curved Type Ill models was obtained in [30].) Furthermore, he developed a dimension
reduction argument to understand the geometry of steady Rici solitons [63]. In the
three-dimensional case, he showed that each steady Riccilgon with positive curva-
ture has some necklike structure. Hence Hamilton had basidly obtained a canonical
neighborhood structure at points where the curvature is conparable to the maximal
curvature for solutions to the three-dimensional Ricci ow.

However two obstacles remained: (a) the veri cation of the mposed injectivity
radius condition in general; and (b) the possibility of forming a singularity modelled
on the product of the cigar soliton with a real line which could not be removed by
surgery. The recent spectacular work of Perelman [103] renved these obstacles by
establishing a local injectivity radius estimate, which is valid for the Ricci ow on
compact manifolds in all dimensions. More precisely, Per@han proved two versions
of \no local collapsing” property (Theorem 3.3.3 and Theorem 3.3.2), one with an
entropy functional he introduced in [103], which is monotore under the Ricci ow,
and the other with a space-time distance function obtained ly path integral, analogous
to what Li-Yau did in [82], which gives rise to a monotone volume-type (called reduced
volume by Perelman) estimate. By combining Perelman's no lgal collapsing theorem
19 (Theorem 3.3.3) with the injectivity radius estimate of Cheng-Li-Yau (Theorem
4.2.2), one immediately obtains the desired injectivity radius estimate, or the Little
Loop Lemma (Theorem 4.2.4) conjectured by Hamilton.

Furthermore, Perelman [103] developed a re ned rescalingrgument (by consider-
ing local limits and weak limits in Alexandrov spaces) for shgularities of the Ricci ow
on three-manifolds to obtain a uniform and global version ofthe canonical neighbor-
hood structure theorem. We would like to point out that our pr oof of the singularity
structure theorem (Theorem 7.1.1) is di erent from that of P erelman in two aspects:
(1) we avoid using his crucial estimate in Claim 2 in Section 2.1 of [103]; (2) we give
a new approach to extend the limit backward in time to an ancient solution. These
di erences are due to the di culties in understanding Perel man's arguments at these
points.

(i) Geometric surgeries and the discreteness of surgery ti mes

After obtaining the canonical neighborhoods (consisting ® spherical, necklike and
caplike regions) for the singularities, one would like to peform geometric surgery and
then continue the Ricci ow. In [64], Hamilton initiated suc h a surgery procedure
for the Ricci ow on four-manifolds with positive isotropic curvature and presented
a concrete method for performing the geometric surgery. Hisurgery procedures can
be roughly described as follows: cutting the neck-like regins, gluing back caps, and
removing the spherical regions. As will be seen in Section 3 of this paper, Hamilton's
geometric surgery method also works for the Ricci ow on compct orientable three-
manifolds.

Now an important challenge is to prevent surgery times from &cumulating and
make sure one performs only a nite number of surgeries on e&c nite time interval.
The problem is that, when one performs the surgeries with a gien accuracy at each
surgery time, it is possible that the errors may add up to a cetain amount which
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could cause the surgery times to accumulate. To prevent thifrom happening, as
time goes on, successive surgeries must be performed withcireasing accuracy. In
[104], Perelman introduced some brilliant ideas which allev one to nd \ ne" necks,
glue \ ne" caps, and use rescaling to prove that the surgery imes are discrete.

When using the rescaling argument for surgically modi ed sdutions of the Ricci
ow, one encounters the di culty of how to apply Hamilton's ¢ ompactness theorem
(Theorem 4.1.5), which works only for smooth solutions. Theidea to overcome this
di culty consists of two parts. The rst part, due to Perelma n [104], is to choose the
cuto radius in neck-like regions small enough to push the sugical regions far away
in space. The second part, due to the authors and Chen-Zhu [34is to show that the
surgically modi ed solutions are smooth on some uniform (snall) time intervals (on
compact subsets) so that Hamilton's compactness theorem castill be applied. To do
so, we establish three time-extension results (see Step 2 the proof of Proposition
7.4.1.). Perhaps, this second part is more crucial. Withoutit, Shi's interior derivative
estimate (Theorem 1.4.2) may not applicable, and hence oneannot be certain that
Hamilton's compactness theorem holds when only having the niform C° bound on
curvatures. We remark that in our proof of this second part, as can be seen in the
proof of Proposition 7.4.1, we require a deep comprehensioof the prolongation of
the gluing \ ne" caps for which we will use the recent uniqueness theorem of Bing-
Long Chen and the second author [33] for solutions of the Ridcow on noncompact
manifolds.

Once surgeries are known to be discrete in time, one can congik the classi ca-
tion, started by Schoen-Yau [109, 110], for compact orienthle three-manifolds with
positive scalar curvature. More importantly, for simply connected three-manifolds, if
one can show that solutions to the Ricci ow with surgery becane extinct in nite
time, then the Poincae conjecture would follow. Such a nite extinction time re-
sult was proposed by Perelman [105], and a proof also appeaits Colding-Minicozzi
[42]. Thus, the combination of Theorem 7.4.3 (i) and the nite extinction time result
provides a complete proof to the Poincae conjecture.

(iii) The long-time behavior of surgically modi ed solutio ns.

To approach the structure theorem for general three-maniftds, one still needs
to analyze the long-time behavior of surgically modi ed soltions to the Ricci ow.
In [65], Hamilton studied the long time behavior of the Ricci ow on compact three-
manifolds for a special class of (smooth) solutions, the saatled nonsingular solutions.
These are the solutions that, after rescaling to keep consta volume, have (uniformly)
bounded curvature for all time. Hamilton [65] proved that any three-dimensional non-
singular solution either collapses or subsequently convees to a metric of constant
curvature on the compact manifold or, at large time, admits a thick-thin decompo-
sition where the thick part consists of a nite number of hyperbolic pieces and the
thin part collapses. Moreover, by adapting Schoen-Yau's miimal surface arguments
in [110] and using a result of Meeks-Yau [86], Hamilton showe that the boundary
of hyperbolic pieces are incompressible tori. Consequemntlwhen combined with the
collapsing results of Cheeger-Gromov [24, 25], this show$at any nonsingular solu-
tion to the Ricci ow is geometrizable in the sense of Thurstan [122]. Even though
the nonsingular assumption seems very restrictive and ther are few conditions known
so far which can guarantee a solution to be nonsingular, nevtheless the ideas and
arguments of Hamilton's work [65] are extremely important.

In [104], Perelman modi ed Hamilton's arguments to analyze the long-time be-
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havior of arbitrary smooth solutions to the Ricci ow and sol utions with surgery to
the Ricci ow in dimension three. Perelman also argued that the proof of Thurston's
geometrization conjecture could be based on a thick-thin deomposition, but he could
only show the thin part will only have a (local) lower bound on the sectional cur-
vature. For the thick part, based on the Li-Yau-Hamilton estimate, Perelman [104]
established a crucial elliptic type estimate, which allowel him to conclude that the
thick part consists of hyperbolic pieces. For the thin part, he announced in [104]
a new collapsing result which states that if a three-manifotl collapses with (local)
lower bound on the sectional curvature, then it is a graph marifold. Assuming this
new collapsing result, Perelman [104] claimed that the solibns to the Ricci ow
with surgery have the same long-time behavior as nonsingutasolutions in Hamilton's
work, a conclusion which would imply a proof of Thurston's geometrization conjec-
ture. Although the proof of this new collapsing result promised by Perelman in [104]
is still not available in literature, Shioya-Yamaguchi [118] has published a proof of the
collapsing result in the special case when the manifold is oked. In the last section
of this paper (see Theorem 7.7.1), we will provide a proof of fiurston's geometriza-
tion conjecture by only using Shioya-Yamaguchi's collapsig result. In particular, this
gives another proof of the Poincae conjecture.

We would like to point out that Perelman [104] did not quite give an explicit
statement of the thick-thin decomposition for surgical soutions. When we were trying
to write down an explicit statement, we needed to add a restrction on the relation
between the accuracy parametet’ and the collapsing parameterw. Nevertheless, we
are still able to obtain a weaker version of the thick-thin decomposition (Theorem
7.6.3) that is su cient to deduce the geometrization result.

In this paper, we shall give complete and detailed proofs of Wwat we outlined
above, especially of Perelman's work in his second paper [4Pin which many key
ideas of the proofs are sketched or outlined but complete deils of the proofs are
often missing. As we pointed out before, we have to substitu¢ several key arguments
of Perelman by new approaches based on our study, because wer& unable to com-
prehend these original arguments of Perelman which are esstal to the completion
of the geometrization program.

Our paper is aimed at both graduate students and researcheraho want to learn
Hamilton's Ricci ow and to understand the Hamilton-Perelm an theory and its appli-
cation to the geometrization of three-manifolds. For this purpose, we have made the
paper to be essentially self-contained so that the proof oftie geometrization is acces-
sible to those who are familiar with basics of Riemannian gemetry and elliptic and
parabolic partial di erential equations. The reader may n d some original papers,
particularly those of Hamilton's on the Ricci ow, before th e appearance of Perel-
man's preprints in the book \Collected Papers on Ricci Flow" [17]. For introductory
materials to the Hamilton-Perelman theory of Ricci ow, we also refer the reader to
the recent book by B. Chow and D. Knopf [39] and the forthcomirg book by B. Chow,
P. Lu and L. Ni [41]. We remark that there have also appeared seeral sets of notes
on Perelman's work, including the one written by B. Kleiner and J. Lott [78], which
cover part of the materials that are needed for the geometriation program. There
also have appeared several survey articles by Cao-Chow [16Ylilnor [91], Anderson
[4] and Morgan [95] for the geometrization of three-manifadls via the Ricci ow.

We are very grateful to Professor S.-T. Yau, who suggested u® write this paper
based on our notes, for introducing us to the wonderland of tle Ricci ow. His
vision and strong belief in the Ricci ow encouraged us to pesevere. We also thank
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him for his many suggestions and constant encouragement. Whout him, it would
be impossible for us to nish this paper. We are enormously idebted to Professor
Richard Hamilton for creating the Ricci ow and developing t he entire program to
approach the geometrization of three-manifolds. His work a the Ricci ow and other
geometric ows has in uenced on virtually everyone in the eld. The rst author
especially would like to thank Professor Hamilton for teaching him so much about the
subject over the past twenty years, and for his constant encoragement and friendship.

We are indebted to Dr. Bing-Long Chen, who contributed a gred deal in the
process of writing this paper. We bene ted a lot from constart discussions with him
on the subjects of geometric ows and geometric analysis. Halso contributed many
ideas in various proofs in the paper. We would like to thank Ms Huiling Gu, a Ph.D
student of the second author, for spending many months of goig through the entire
paper and checking the proofs. Without both of them, it would take much longer
time for us to nish this paper.

The rst author would like to express his gratitude to the Joh n Simon Guggen-
heim Memorial Foundation, the National Science Foundation (grants DMS-0354621
and DMS-0506084), and the Outstanding Overseas Young Schai Fund of Chinese
National Science Foundation for their support for the reseach in this paper. He also
would like to thank Tsinghua University in Beijing for its ho spitality and support
while he was working there. The second author wishes to thankis wife, Danlin Liu,
for her understanding and support over all these years. The econd author is also
indebted to the National Science Foundation of China for thesupport in his work on
geometric ows, some of which has been incorporated in this aper. The last part of
the work in this paper was done and the material in Chapter 3, Ghapter 6 and Chap-
ter 7 was presented while the second author was visiting the Brvard Mathematics
Department in the fall semester of 2005 and the early spring emester of 2006. He
wants to especially thank Professor Shing-Tung Yau, Profesor Cli Taubes and Pro-
fessor Daniel W. Stroock for the enlightening comments and mcouragement during
the lectures. Also he gratefully acknowledges the hospitétly and the nancial support
of Harvard University.

1. Evolution Equations. In this chapter, we introduce Hamilton's Ricci ow
and derive evolution equations of curvatures. The short time existence and uniqueness
theorem of the Ricci ow on a compact manifold is proved in Setion 1.2. In Section
1.4, we prove Shi's local derivative estimate, which plays aimportant role in the Ricci
ow. Perelman's two functionals and their monotonicity pro perties are discussed in
Section 1.5.

1.1. The Ricci Flow. Let M be ann-dimensional complete Riemannian man-
ifold with the Riemannian metric g; . The Levi-Civita connection is given by the
Christo el symbols

k_luw @y @g Qg
i = 359 Tt =
2 @k @x @%
whereg’ is the inverse ofg; . The summation convention of summing over repeated

indices is used here and throughout the book. The Riemanniarturvature tensor is
given by

; ,
« @i @, b«

p.
Ril = @x @kt ®i i
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We lower the index to the third position, so that
R = G RY)

The curvature tensor Rjyq  is anti-symmetric in the pairs i; j and k; | and symmetric
in their interchange:

Riwk = Rjk = Rjk = Ruj :
Also the rst Bianchi identity holds
(1.1.1) Riw + Rjii + Rij =0:
The Ricci tensor is the contraction
Rik = ¢ Riu ;
and the scalar curvature is
R=¢'Rj:

We denote the covariant derivative of a vector eld v = VI @—@; by

_@v_
riv = ox" bV
and of a 1-form by
@
rivi = @—i i Vit

These de nitions extend uniquely to tensors so as to presem the product rule and
contractions. For the exchange of two covariant derivatives, we have

(1.1.2) rir jVI rjr iVI = R!jk Vk;
(1.1.3) FirjVk T jr iVk = Riji @™ Vm;

and similar formulas for more complicated tensors. The seaa Bianchi identity is
given by

(1.1.4) rmRijw + 7 iRjm + 1 jRmiw =0:
For any tensor T = T]-ik we de ne its length by
iTii?= g1 d™ g T Top
and we de ne its Laplacian by
jik = g™r pr quikv

the trace of the second iterated covariant derivatives. Sinlar de nitions hold for more
general tensors.
The Ricci ow of Hamilton [58] is the evolution equation

@9 _

(1.1.5) ot

2R;
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for a family of Riemannian metrics g; (t) on M. It is a nonlinear system of second
order partial di erential equations on metrics.

In order to get a feel for the Ricci ow (1.1.5) we rst present some examples of
speci ¢ solutions.

(1) Einstein metrics

A Riemannian metric g; is called Einstein if
Rij = gj

for some constant . A smooth manifold M with an Einstein metric is called an
Einstein manifold

If the initial metric is Ricci at, so that R; = 0, then clearly the metric does
not change under (1.1.5). Hence any Ricci at metric is a statonary solution of the
Ricci ow. This happens, for example, on a at torus or on any K 3-surface with a
Calabi-Yau metric.

If the initial metric is Einstein with positive scalar curva ture, then the metric
will shrink under the Ricci ow by a time-dependent factor. | ndeed, since the initial
metric is Einstein, we have

Rij (x;0)= gj (x;0); 8x2M
and some > 0. Let
g (Gt) = 2(t)g; (x; 0):
From the de nition of the Ricci tensor, one sees that
Rij (x;t) = Rj (x;0) = g (x;0):
Thus the equation (1.1.5) corresponds to

@ 2(t)g; (% 0)) _

at = 2gj (x0):
This gives the ODE
d
(1.1.6) P
whose solution is given by
20)=1 2t

Thus the evolving metric g; (x; t) shrinks homothetically to a pointast! T =1=2 .
Note that ast! T, the scalar curvature becomes in nite like 1=(T t).

By contrast, if the initial metric is an Einstein metric of ne gative scalar curvature,
the metric will expand homothetically for all times. Indeed if

Rj(x;0)= g (x0)
with > 0 and

g (x;t) = 2(t)g; (x; 0):
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Then (t) satis es the ODE

d
(1.1.7) =
with the solution
2)=1+2

Hence the evolving metricg; (x;t) = 2(t)g; (x; 0) exists and expands homothetically
for all times, and the curvature will fall back to zero like 1=t. Note that now the
evolving metric g; (x;t) only goes back in time to 1=2 , when the metric explodes
out of a single point in a \big bang".

(2) Ricci Solitons

We will call a solution to an evolution equation which moves wnder a one-
parameter subgroup of the symmetry group of the equation asteady soliton . The
symmetry group of the Ricci ow contains the full di eomorph ism group. Thus a
solution to the Ricci ow (1.1.5) which moves by a one-parameer group of di eomor-
phisms' ; is called asteady Ricci soliton

If ' ¢ is a one-parameter group of di eomorphisms generated by a \&or eld V
on M, then the Ricci soliton is given by

(1.1.8) gj (1) =" gj (x0)

which implies that the Ricci term  2Ric on the RHS of (1.1.5) is equal to the Lie
derivative Ly g of the evolving metric g. In particular, the initial metric g (x; 0)
satis es the following steady Ricci soliton equation

(1.1.9) 2Ry + gir jVK+ ger VK =0:

If the vector eld V is the gradient of a function f then the soliton is called asteady
gradient Ricci soliton . Thus

(1.1.10) Rj +rirjf =0; or Ric+r ?f =0;

is the steady gradient Ricci soliton equation.

Conversely, it is clear that a metric g; satisfying (1.1.10) generates a steady
gradient Ricci soliton g; (t) given by (1.1.8). For this reason we also often call such
a metric g; a steady gradient Ricci soliton and do not necessarily distiguish it with
the solution g; (t) it generates.

More generally, we can consider a solution to the Ricci ow (11.5) which moves
by di eomorphisms and also shrinks or expands by a (time-degndent) factor at the
same time. Such a solution is called a homotheticallyshrinking or homothetically
expanding Ricci soliton . The equation for a homothetic Ricci soliton is

(1.1.11) Rij +ger jVE+ger Ve 2gy =0;
or for a homothetic gradient Ricci soliton,
(1.1.12) Rj +rirf gj =0;

where is the homothetic constant. For > 0 the soliton is shrinking, for < 0 it
is expanding. The case = 0 is a steady Ricci soliton, the caseV =0 (or f being
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a constant function) is an Einstein metric. Thus Ricci solitons can be considered
as natural extensions of Einstein metrics. In fact, the folbwing result states that

there are no nontrivial gradient steady or expanding Ricci ®litons on any compact

manifold.

We remark that if the underlying manifold M is a complex manifold and the
initial metric is Kahler, then it is well known (see, e.g., [62, 11]) that the solution
metric to the Ricci ow (1.1.5) remains Kahler. For this rea son, the Ricci ow on
a Kahler manifold is called the Kahler-Ricci ow . A (steady, or shrinking, or
expanding) Ricci soliton to the Kahler-Ricci ow is called a (steady, or shrinking ,
or expanding repectively) Kahler-Ricci soliton

Proposition 1.1.1.  On a compact n-dimensional manifoldM , a gradient steady
or expanding Ricci soliton is necessarily an Einstein metre.

Proof. We shall only prove the steady case and leave the expanding sa as an
exercise. Our argument here follows that of Hamilton [63].
Let g; be a complete steady gradient Ricci soliton on a manifoloV so that

Rj +rir;f =0:
Taking the trace, we get
(1.1.13) R+ f =0:
Also, taking the covariant derivatives of the Ricci soliton equation, we have
rirjrwf rojriref =rjRik r iRi:

On the other hand, by using the commutating formula (1.1.3), we otain

rarrf rojrir f = Ry rf:
Thus

riRk r jRik + Rjw rif =0:

Taking the trace onj and k, and using the contracted second Bianchi identity

(1.1.14) r jRij = %I’ iR;

we get

riR ZRiJijZOZ

Then

riGr fji2+ R)=2r jf(rir;f + Rj)=0:
Therefore
(1.1.15) R+jr fj?=cC

for some constantC.
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Taking the di erence of (1.1.13) and (1.1.15), we get

(1.1.16) f jr fi2= C:
We claim C =0 when M is compact. Indeed, this follows either from
A VA
(1.1.17) 0= (efdv= ( f jr fj?e fdv;
M M

or from considering (1.1.16) at both the maximum point and minimum point of f .
Then, by integrating (1.1.16) we obtain
z
jr fj2dv =0:
M

Thereforef is a constant andg; is Ricci at. O

Remark 1.1.2. By contrast, there do exist nontrivial compact gradient shrinking
Ricci solitons (see Koiso [80], Cao [13] and Wang-Zhu [127]. ) Also, there exist
complete noncompact steady gradient Ricci solitons that ae not Ricci at. In two
dimensions Hamilton [60] wrote down the rst such example onR?, called the cigar
soliton , where the metric is given by

dx? + dy?

(1.1.18) ds? = e

and the vector eld is radial, given by V = @=@r (X@=@% y@=@YyThis

metric has positive curvature and is asymptotic to a cylinde of nite circumference

2 at 1 . Higher dimensional examples were found by Robert Bryant [0] on R" in

the Riemannian case, and by the rst author [13] onC" in the Kahler case. These
examples are complete, rotationally symmetric, of positie curvature and found by
solving certain nonlinear ODE (system). Noncompact expandéhg solitons were also
constructed by the rst author [13]. More recently, Feldman, llmanen and Knopf
[46] constructed new examples of noncompact shrinking andxpanding Kahler-Ricci

solitons.

1.2. Short-time Existence and Uniqueness. In this section we establish the
short-time existence and uniqueness result for the Ricci ev (1.1.5) on a compactn-
dimensional manifold M . We will see that the Ricci ow is a system of second order
nonlinear weakly parabolic partial di erential equations. In fact, the degeneracy of
the system is caused by the di eomorphism group oM which acts as the gauge group
of the Ricci ow. For any di eomorphism ' of M, we have Ric( (g)) ="' (Ric(qg)).
Thus, if g(t) is a solution to the Ricci ow (1.1.5), sois "' (g(t)).

Because the Ricci ow (1.1.5) is only weakly parabolic, eventhe existence and
uniqueness result on a compact manifold does not follow frorstandard PDE theory.
The short-time existence and uniqueness result in the compa case is rst proved by
Hamilton [58] using the Nash-Moser implicit function theorem. Shortly after Denis
De Turck [43] gave a much simpler proof using the gauge xing dea which we will
present here.

In the noncompact case, the short-time existence was estaBhed by Shi [114] in
1989, but the uniqueness result has been proved only very rently by Bing-Long Chen
and the second author. These results will be presented at thend of this section.
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Let M be a compactn-dimensional Riemannian manifold. The Ricci ow equation
is a second order nonlinear partial di erential system

@
(1.2.1) @b~ E (g );
for a family of Riemannian metrics g; ( ;t) on M, where
E(gi)= 2Rj
= 2 _@K _@ k 4k p k p
@k ij @k kj kp ij ip kj
- @ «w@ @ « @ . e @
- @X g @kgkl @k g @kgjl + @kg" @kglj
205 0 20 0

The linearization of this system is

@ _
ﬁ = DE (gj )i
where g; is the variation in g; and DE is the derivative of E given by

@i @ @ei @i
g = o i j
DE(Gi)8i = 9" Giex @r@% @@k @ ek
+ (lower order terms).

We now compute the symbol ofDE . This is to take the highest order derivatives and
replace@@x— by the Fourier transform variable ;. The symbol of the linear di erential
operator DE (g; ) in the direction =( 1;:::; n)is

DE (gi)( )& = d“(ijou + « 18 i k8 i kG

To see what the symbol does, we can always assume has length 1 and choose
coordinates at a point such that

8
< gij |
=(1;0;:::;0)
Then
(DE (gi )( (&) =8 + i1ju(Gut +8n)
161 j16uis
ie.,

[DE (g )( )(gj)]11 =82+ +Hn;
[DE (gj )( )(®j )ik =0; if ké1;
[DE (g )( )gi)lu =8a; If k61;161:
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In particular

0 1

0 0
(9‘.j)=%: Lo :§

0 0

are zero eigenvectors of the symbol.

The presence of the zero eigenvalue shows that the system camot be strictly
parabolic. Therefore, instead of considering the system (2.1) (or the Ricci ow
equation (1.1.5)) we will follow a trick of De Turck[43] to consider a modi ed evolution
equation, which turns out to be strictly parabolic, so that we can apply the standard
theory of parabolic equations.

Supposed; (x;t) is a solution of the Ricci ow (1.1.5),and ' : M ! M is a
family of di eomorphisms of M. Let

gj (1) =" 6 (xt)

be the pull-back metrics. We now want to nd the evolution equation for the metrics
gj (X;1).
Denote by

in local coordinates. Then

@y @y

(1.2.2) gj (xt) = @x @kg (y:t);

and
@ n- @ @@y :
@@y @, .n. @ @ @y

:@@@9 (y;t) @k ot @g (y;t)
@y @ @y .
"exex et ¢ UV

Let us choose a normal coordinaté x' g around a xed point p2 M such that %’F =0
at p. Since

@ = n.e @ @y,
@9 (y!t)_ ZIQ (yvt)+ @y @ty
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we have in the normal coordinate,

ggij (x1t)
@y @y e @YQ@Y@ @y
2axex” UV Grex @y ot
s o B Dy i o D Dy iy
s @ @@ @, @ @ @k
= Rkt Grexey @ @k @t @y
. @ @ @k
@x @t @y
- ey @YOQY@ @y, @ @Y@*
= RiO* Grex @y @i @k @i@yY
, @ @ok @ 0 e @@ ok
@x ete@y% @t@x @y * @t@x @y -

The second term on the RHS gives, in the normal coordinate,

@veyey@ _Qy@y@y Q@ O%Qk

@k @k @t @y @x @k @t '@y @y @y

@Qy@y @ @ @ @y@y @ @%
" @x @@y @ ' ex @@y @y *
@y @x @y . @y @x @y
@teyey @x T eteyey @x

@ @ @k @y @ @k
etex @y ¥ etex @y %

So we get

@, (x
(1.2.3) @9.1 (x;t)

— R (x - @y @5% @y e

- 2RIJ (X,t)+ ri @t@y +r j @t@yg'k
If we de ne y(x;t) = ' {(x) by the equations

8
ok
y (x,0) = x

] k
and V; = gk d' ( ,k| Ojl ), we get the following evolution equation for the pull-back
metric

< g (xt)= 2R (Gt + 1V + TV
(1.2.5) .
gj (x0) =95 (x);
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ok
where aij (x) is the initial metric and ;, is the connection of the initial metric.

Lemma 1.2.1. The modied evolution equation (1:2:5) is a strictly parabolic
system.

Proof. The RHS of the equation (1.2.5) is given by

2Rij(X;t)+riVj+eri
@ @g @ g @9+@ Qg

“ex Tex ex Y ex @ex ex
g @ 1l @8, Q@4 @
*uay 39 @1 @x @k
o @ 1y @9 Q@ @

+ (lower order terms)

W @ga @gjl @i + @gij
@%@k @k@% @k@% O@Xx@%

=9

" }gpq @ + @9y @dpq
2 @x@ @kx@R @%@k
+ }gpq @gpi " @gqi @gpq‘
2 @k@% @kx@R @@k
+ (lower order terms)
= g¢ @@;%k + (lower order terms):

Thus its symbol is (g4 « 1)8; . Hence the equation in (1.2.5) is strictly parabolic.O

Now since the equation (1.2.5) is strictly parabolic and themanifold M is compact,
it follows from the standard theory of parabolic equations (see for example [81]) that
(1.2.5) has a solution for a short time. From the solution of (1.2.5) we can obtain
a solution of the Ricci ow from (1.2.4) and (1.2.2). This shows existence. Now we
argue the unigueness of the solution. Since

_ @y@y@k, , @% @y

I~ @x @k @y @y @K@

the initial value problem (1.2.4) can be written as

8
2@y g @1 C°ley.t @rey
(1.2.6) § ere © ©
Ty (%0)=x

This is clearly a strictly parabolic system. For any two solutions giﬁl) (;t)and giﬁz) (;0)
of the Ricci ow (1.1.5) with the same initial data, we can solve the initial value
problem (1.2.6) (or equivalently, (1.2.4)) to get two families ' El) and ' Ez) of dif-

feomorphisms of M. Thus we get two solutions, gigl)( 1) = ('Y gigl)( :t) and

gigz)( D) =(" 52)) giﬁz)( ; 1), to the modi ed evolution equation (1.2.5) with the same
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initial metric. The uniqueness result for the strictly para bolic equation (1.2.5) implies

that giﬁl) = gi(jz). Then by equation (1.2.4) and the standard uniqueness restibf ODE

systems, the corresponding solutions fl) and' fz) of (1.2.4) (or equivalently (1.2.6))
must agree. Consequently the metricsgi%“ and g-‘-z) must agree also. Thus we have

ij
proved the following result.

Theorem 1.2.2 ( Hamilton [58], De Turck [43]). Let (M; gj (X)) be a compact
Riemannian manifold. Then there exists a constantT > 0 such that the initial value
problem

8
2 8gi ()= 2Rj (1)

>
" i (% 0) = gj (X)
has a unique smooth solutiorg; (x;t) on M [O; T).

The case of a noncompact manifold is much more complicated a&hinvolves a
huge amount of techniques from the theory of partial di erential equations. Here we
will only state the existence and uniqueness results and ref the reader to the cited
references for the proofs.

The following existence result was obtained by Shi [114] in is thesis published in
1989.

Theorem 1.2.3 ( Shi [114). Let (M; gj (x)) be a complete noncompact Rie-
mannian manifold of dimension n with bounded curvature. Then there exists a con-
stant T > 0 such that the initial value problem

8
2 8gi ()= 2Rj (1)

>
" i (% 0) = gj (X)
has a smooth solutiong; (x;t) on M [0; T] with uniformly bounded curvature.

The Ricci ow is a heat type equation. It is well-known that th e uniqueness of a
heat equation on a complete noncompact manifold is not alway held if there are no
further restrictions on the growth of the solutions. For example, the heat equation
on Euclidean space with zero initial data has a nontrivial sdution which grows faster
than exp(ajxj?) for any a > 0 whenevert > 0. This implies that even for the standard
linear heat equation on Euclidean space, in order to ensurehe uniqgueness one can only
allow the solution to grow at most as exp(Cjxj?) for some constantC > 0. Note that

on a Kahler manifold, the Ricci curvature is given by R = @Z@@ logdet(g ).
So the reasonable growth rate for the uniqueness of the Riccow to hold is that the
solution has bounded curvature. Thus the following uniqueress result of Bing-Long

Chen and the second author [33] is essentially the best one eéope for.

Theorem 1.2.4 ( Chen-Zhu [33). Let (M; ¢; ) be a complete noncompact Rie-
mannian manifold of dimension n with bounded curvature. Letg; (x;t) and g; (X;t)
be two solutions, de ned onM  [0; T], to the Ricci ow (1:1:5) with ¢; as initial
data and with bounded curvatures. Therg; (x;t) g (x;t) onM  [0; T].
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1.3. Evolution of Curvatures. The Ricci ow is an evolution equation on
the metric. The evolution for the metric implies a nonlinear heat equation for the
Riemannian curvature tensor R which we will now derive.

Proposition 1.3.1 ( Hamilton [58]). Under the Ricci ow (1:1:5); the curvature
tensor satis es the evolution equation

= Rju +2(Bju  Bijk  Bijk + Bij )
9" (Rpiki Rai + Ripi Rgj + Rijpi Rak + Rijkp Rar)

@{?ijkl

where Bju = g” g%Rpigj Rikss @and  is the Laplacian with respect to the evolving
metric.

At this point, we compute

@p_1l1m @ @ @ @ @ Qo
et 729 @x @ Tex @ ax o

= %ghm(fj( 2Rm)+ ri( 2Rm) r m( 2Ry));

on_ @ @, @ @, .

@t ijl @X @t il @X @t il ’

@ @ @gk

@{?ijkl = Onk @EUI + @Ri’jﬁ :
Combining these identities we get

@

@![?ijkl = Onk %f 0" (rj( 2Rm)+r1( 2Rim) 1 m( 2Ry))]

208 Rin)+ 11 Rin) 1ol 2Ry

2Rnk RY)

=rirkRy r ir Rk r jrgRiy+rjr R
Riip 0°"Rak  Rikp " 'Rqi 2Rjp gP9Rqk

rirkR“ r iI'|Rjk r ,—rkRi|+r,-r|Rik
9" (Rijp Rqi + Ripi Raw):

Here we have used the exchanging formula (1.1.3).
Now it remains to check the following identity, which is analogous to the Simoris
identity in extrinsic geometry,

(1.3.1) Ri +2(Bijw  Bjk  Bijk + Biki )
=rirgRy r ir Rx r jrgRy +rr Ry
+ 0"(Rpj R + Ripu Rgj):

Indeed, from the second Bianchi identity (1.1.4), we have

Ri = 0™ pr gRi
= 0™r pr iRgw  9°r or Ry :
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Let us examine the rst term on the RHS. By using the exchangirng formula (1.1.3)
and the rst Bianchi identity (1.1.1), we have

g™ or iRg 9% i1 pRqk

= ¢”99™" (Rpigm Rnji + Rpijm Rgnki + Rpikm Rgjni + Rpim Rgjkn )
Rim 9™ Rk + 0°99™ Rpimj (Rgkin + Rgink )

+ 0°99™ Rpikm Rajni + 9”49™" Rpim Ragjkn

Rim 0™ Rnjk By + Biik  Biki + Bilk ;

while using the contracted second Bianchi identity

(1.3.2) gpqr qujkI =T kR“ r |Rjk;

we have
gpqr ir qujkI =Trir kRj| r ir |Rjkl

Thus

9" pr iRy

=rirgRy r ir Rk  (Bju  Bik  Bijk + B )+ "Ry Ryi:
Therefore we obtain
Riji
g”r or iRgw  9™r pr j R
rir kR r ir IRk (Bju  Bik  Bijx + Bigi )+ 0°'Rpjn Ry

r ir«kRi +rir Rk +(Bjiw  Bjik Bjik + Bjki ) "Ry Rg;

rir kRj| r ir |Rjk rgr kRi +r ir 1 Rik

+ 0" (Rpiw Rqi + Ripki Rgj)  2(Biw Bijik  Bijk + Bikji )
as desired, where in the last step we used the symmetries
(1.3.3) Bix = Buij = Bjik :

Corollary 1.3.2. The Ricci curvature satis es the evolution equation

@
@{?ik = Rk +20”" g%®Rpigk Rrs  20P9Rpi Rgk:

Proof.

@ | @ @ .
@{?ik = @![?ijm + @9" Rijk

d'[ Riw +2(Bijw  Bik  Bijk + Bij )
0P (Rpjk Rgi + Ripw Rgj + Rijpi Rgk + Rijkp Rq1)]
0 @
gP @gpq 9" Rij

= Rk +2¢' (Bin 2Bk )+ 29" g®Rpigk Rrs
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We claim that ¢" (Bjw  2Bjjk ) = 0. Indeed by using the rst Bianchi identity,
we have

¢ Biw = ¢' 0" 0% Rpigi Rkl
= gjl g™ gqupqij Rirski
= gjl g™ gqs(Rpiqj Rypigi )(Rrksl Ryisk )
=2¢" (Bju  Bik )

as desired.
Thus we obtain
@R- = Rk +2d¢”" g®Rpigk R 29”9 Rpi Rek:
@t ik = ik g g pigk Rrs g pi Rk
a
Corollary 1.3.3. The scalar curvature satis es the evolution equation
@R o
- = + :
at R + 2jRic]j
Proof.
@R ik @B( i @Eh k
= = + p =F1Na R:
= gik ( Rk +2d* gqupiqk Rys ngqui qu) + 2 RpgRik gip qu
= R+2jRicj%:
a

To simplify the evolution equations of curvatures, we will represent the curvature
tensors in an orthonormal frame and evolve the frame so thattiremains orthonor-
mal. More precisely, let us pick an abstract vector bundleV over M isomorphic
to the tangent bundle TM. Locally, the frame F = fFy;:::;F5;:::;Fhg of V is
given by Fa = Fi & with the isomorphism fF}g. ChoosefFjg at t = 0 such that

gfé = ¢' Rk Fy:

the pull back metric on V
hap = G F;Flj,

remains constant in time. In the following we will use indices a; b;:::on a tensor to
denote its components in the evolving orthonormal frame. Inthis frame we have the



186 H.-D. CAO AND X.-P. ZHU

following:
Rabed = F;th, FEFIR
b= FeZe LK (FD=(F) Y
riva= @—@kv% aye

rpV& = Fir V&

where ﬁ] is the metric connection of the vector bundleV with the metric hy,. Indeed,
by direct computations,

@f

riFIJa: @k"'Ftl)( ]ik chz ib
@t i o @F
= @; +Fy b F ch—@;-)( + W F°Fy
=0;

rihap = 1 i(gj FiF))=0:

So
raVb = FiFlr Vi
and
Rabed = I 1T 1Rabed
= gij rir jRabcd
= o' FXFRFFQr ir j Rigmn
In an orthonormal frame F = fFy;:::;Fa;:::;Fng, the evolution equations of
curvature tensors become
@ _
(1-3-4) @Pabcd = Rabcd + 2( Babcd Babdc Badbc + Bacbd)
@
(1.3.5) @Pab = Rap +2RacbdRed
@ -
1.3.6 —R = R+2jRic
(1.3.6) ol JRicj

where Bancd = Raebf Reed -

Equation (1.3.4) is a reaction-di usion equation. We can understand the
guadratic terms of this equation better if we think of the curvature tensor Rapcg
as a symmetric bilinear form on the two-forms 2(V) given by the formula

Rm(; )= Rabed" ab cd; for 2 Z(V):

A two-form ' 2 2(V) can be regarded as an element of the Lie algebrao(n)
(i.e. the skew-symmetric matrix (' ab)n n), Where the metric on 2(V) is given by

Hy i1="a ab
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and the Lie bracket is given by

[ Jao="ac be ac' be:

Choose an orthonormal basis of ?(V)

= f 1..... L n(nz )
where' = f' 0. The Lie bracket is given by
[ 1=Cc "5
where C =C =H ;' ];' i arethe Lie structure constants.

187

Write Rabed = M ' ' o4- We now claim that the rst part of the quadratic

terms in (1.3.4) is given by
(1.3.7) 2Babcd  Babac) =M M "0 4
Indeed, by the rst Bianchi identity,

Babcd Babde = Raebf Reed Raebf Rdect
Raebf ( Rcefd  Rcfde )
Raebf Redef -

On the other hand,

Raebf Redet = ( Rabfe  Rafeb )Redef
= Rabef Redet Rafeb Redet
= Rabef Redet Rafbe Rede

which implies Raept Reger = %Rabef Rcgdef . Thus we obtain

2(Babcd  Babde) = Rabef Redet = M M ' o4

We next consider the last part of the quadratic terms:

2(Bachd  Badbc)
= 2(Raect Roed  Raed Rbect )
=2(M Tt oM T e M g M )
=2[M (' et C ") M "¢ M "'yg
=2M "4M "4C ' 4
But
M "4gM "4C "y
M M C "gl ' atC "l
M MC ", qg+M M C C

M

ab cd

M M C Iablcfld""(c C M M )Iablcd
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which implies
] 1 1l 1 L} L} .
M ch d‘C ab:E(C C MM )ab cd*
Then we have

(1.3.8) 2Bacbd Badc)=(C C M M ) G cd-

Therefore, combining (1.3.7) and (1.3.8), we can reformulte the curvature evo-
lution equation (1.3.4) as follows.

Proposition 1.3.4 ( Hamilton [59]). Let Rapca = M ' ' 4: Then under the
Ricci ow (1:1:5); M  satis es the evolution equation
@M _
@t
whereM? = M M is the operator square andv® = (C C M M )isthe
Lie algebra square.

(1.3.9) M +M2 +M7*

Let us now consider the operatorM * in dimensions 3 and 4 in more detail.
In dimension 3, let! ;;! »;! 3 be a positively oriented orthonormal basis for one-
forms. Then

'l:pi!ll\!z; -2:p§!2/\!3; -3:p§!3/\!1
form an orthonormal basis for two-forms 2. Write * = f' ,,g; =1;2;3; as
0 o 1 0 1
0 TZ 0 0O O p0
' P35 . ' 2 .
(W=© 2 0o & (=80 g 2K
0 0 O© 0 2 0
0 pil
0 0 <~
(W=@9 0 0K
-~ 0 0
then
0 p_ 10 1 0 10 p_ 1
0 720 00 9 00 p0 0 720
P 3 3 P
[ 7= 8 2 oog%opo_ 2K Bo 9_7255%372 0 oK
0 00 O0-£ O 0 20 0 00
0 1
00 2
= @00 0A
100
Y2,
=5 %
p=
SoC!Z = {' 1;' 2];' 31 = -2, in particular
( »,
c - -2 if 6 6 ;

0; otherwise
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Hence the matrix M# = (M # ) is just the adjoint matrix of M =(M ).
(1.3.10) M#* =detM 'M 1

In dimension 4, we can use the Hodge star operator to decompeshe space of
two-forms 2 as

2_ 2 2
+
where 2 (resp. ?)is the eigenspace of the star operator with eigenvalue +1 @sp.
1). Let ! ;! ;1 3;!1 4 be a positively oriented orthonormal basis for one-forms. A
basis for 2 is then given by
B A P e D PR e VR PR N BTN TN PN S

while a basis for 2 is given by

I a1, 2=

13 LV =1 |

.2/\'

1_ .
=1 N t3.

-2 N

. 3 -
I =17

4

In particular, f' ;' 2;'3; 1. 2. 3g forms an orthonormal basis for the space of
two-forms 2. By using this basis we obtain a block decomposition of the crvature
operator matrix M as

A B

M:(M )= tB C

Here A;B and C are 3 3 matrices with A and C being symmetric. Then we can
write each element of the basis as a skew-symmetric 4 4 matrix and compute as
above to get

A*  B*

(1.3.11) M*=(M*)=2 (ou e

where A# ;B# ;C* are the adjoint of 3 3 submatrices as before.
For later applications in Chapter 5, we now give some computtions for the entries
of the matrices A, C and B as follows. First for the matrices A and C, we have

A1 = Rm(" %' 1) = Ri212 + Raass + 2R1o3s
Az = Rm(' %' ) = Riz13 + Razaz + 2R13s2

Aszs = Rm(' ;" 3) = Ryg1a + Rosoz + 2Rua23
and

Cuu=Rm( % %)= Rp2+ Rasas 2Rz
Ca2 = Rm( % 2)= Rigiz+ Rapaz  2Riza

Cs3= RM( % 3)= Rusa+ Razos  2Riazs:
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By the Bianchi identity
R1234 + Ri3a2 + R1423 = 0;
so we have
1
trA = trC = =R:
2
Next for the entries of the matrix B, we have

Buu=Rm( % )= Rizz Ras
B2 = Rm(' % 2)= Riziz Raa

Bss= Rm(' %, °)= Ruw  Raszs
and
Biz= Rm(''; ?)= Riziz+ Rasiz Rizsz  Rassz  etc.
Thus the entries of B can be written as

1

B = E(Rn"‘ R2>  Ras  Rus)
1

By = E(Ru*' Rszs Ras  R2)

1
Bas = §(R11+ Rsas Rz Raz3)

and
Bio = Ry Rjy4 etc.

If we choose the framef! 1;! 5;! 3;! 40 so that the Ricci tensor is diagonal, then the
matrix B is also diagonal. In particular, the matrix B is identically zero when the
four-manifold is Einstein.

1.4. Derivative Estimates. In the previous section we have seen that the cur-
vatures satisfy nonlinear heat equations with quadratic gowth terms. The parabolic
nature will give us a bound on the derivatives of the curvatures at any timet> 0 in
terms of a bound of the curvatures.

We begin with the global version of the derivative estimates

Theorem 1.4.1 ( Shi [114). There exist constantsCy,, m = 1;2;:::; such that
if the curvature of a complete solution to Ricci ow is boundel by

Rj j M
up to time t with 0<t Mi then the covariant derivative of the curvature is bounded

by

. . p-
Ir Rijw |  CiM="t
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and the m™ covariant derivative of the curvature is bounded by
ir mRijk| i Cn M=tz :
Here the norms are taken with respect to the evolving metric.

Proof. We shall only give the proof for the compact case. The noncomgct case
can be deduced from the next local derivative estimate theagm. Let us denote the
curvature tensor by Rm and denote by A B any tensor product of two tensorsA
and B when we do not need the precise expression. We have from Progiton 1.3.1
that

@, _ :
(1.4.1) @{?m = Rm+ Rm Rm:
Since
@ ; 1 @g @ @
ak=3¢ et et ' e
=r Rm;
it follows that
(1.4.2) @@{r Rm)=( r Rm)+ Rm (r Rm):

Thus
@@{ijz jRmj2  2jr Rmj2 + CjrRmj3;
g{r Rmj?2  jr Rmj? 2jr 2Rmj?+ CjRmj jr Rmj?;
for some constantC depending only on the dimensionn.
Let A> 0 be a constant (to be determined) and set
F = tjr Rmj? + AjRmj?:
We compute

@F . 2 @. 2 @_ .
@t jr Rmj© + t@{r Rmj“ + A@{ij

( tir Rmj2 + AjRmj?) + jr Rmj?(1 + tCjRmj 2A)+ CAjRmj°:
Taking A C+1; we get

@F
‘@t

for some constantC depending only on the dimensionn. We then obtain

F+CM?3

F F@O)+CM3%t (A+CM?Z
and then

jr Rmj> (A + C)M?2=t:
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The general case follows in the same way. If we have bounds
ir “Rmj CcM=t%;
we know from (1.4.1) and (1.4.2) that

@. 2 ok 2 ikl i2 CMm3
= + .
@{r Rmj jr “Rmj 2r Rmj T
and
3
@@j[r KITRmj2  jr “TRmj?  2ir ¥2Rmj2+ CMjr "' Rmj2 + —Ct:kl\fll ;
Let Ax > 0 be a constant (to be determined) and set
Fk - tk+2 jr k+1 RmJZ + Aktk+l jr kijZ:
Then
@ k+1 ;. k+1 i2 k+2 @ k+1 i2
—Fk =(k+2)t"*jr Rmj* + t“7* —Jr Rm
ar ( ) j @ j
+ Ar(k + 1) tjr “Rmj? + A, t<*? @@j[r KRmij?
(k +2)tk+ljr k+1 RmJZ
3
+ tk+2 jr k+1 ijZ 2jr k+2 ij2+ CMjr k+1 ijZ + ?kl\:ll

+ A (k + 1) tjr *Rmj?

CM3

+ At jr K\Rmj?  2r "1 Rmj? + X

Fk + Cks1 M 2
for some positive constantCy.1 , by choosingAg large enough. This implies that
Cks1 M |

k+1
2

jir ¥*1 Rmj

O

The above derivative estimate is a somewhat standard Berngtin estimate in
PDEs. By using a cuto argument, we will derive the following local version, which
is called Shi's derivative estimate . The following proof is adapted from Hamilton
[63].

Theorem 1.4.2 ( Shi[114). There exist positive constants;Cy;k =1;2;:::; de-
pending only on the dimension with the following property. 8ppose that the curvature
of a solution to the Ricci ow is bounded

jRmj M; on U 0; —

JrRmMj M

where U is an open set of the manifold. Assume that the closed baly(p;r), centered

at p of radius r with respect to the metric att = 0, is contained in U and the time

t =M. Then we can estimate the covariant derivatives of the curvtare at (p;t) by
1

ir RMEIOP CM? T4 DM
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and the k™ covariant derivative of the curvature at (p;t) by

jir “"Rm(p;1)j> CxM?2 1.1

k
& Pt M

Proof. Without loss of generality, we may assumg = P M and the exponential
map at p at time t = 0 is injective on the ball of radius r (by passing to a local cover
if necessary, and pulling back the local solution of the Rict ow to the ball of radius
r in the tangent space atp at time t = 0).

Recall

@@{ijz jRmj2  2jr Rmj2 + CjrRmj3;
g{r Rmj?  jr Rmj? 2jr 2Rmj?+ CjRmj jr RmjZ:
De ne
S =(BM 2+ jRmj?)jr Rmj?

where B is a positive constant to be determined. By choosingd  C2?=4 and using
the Cauchy inequality, we have

@@ts S 2BM?jr °Rmj®> 2jr Rmj*
+ CMjr Rmj? jr 2Rmj+ CBM 3jr Rmj?
S jr Rmj*+ CB2M*®
SZ 2png 6
S :
CERETERAL

If we take
F = b(BM 2 + jRmj2)jr Rmj?=M* = bS=M*;
andb minf1=(B +1)?;1=CB?g, we get

@F
@t

We now want to choose a cuto function ' with the support in the ball Bq(p;r)
such that at t =0,

(1.4.3) F F2+MZ2

"(p)=1, 0 ' Arn
and

R A R

r
for some positive constant A depending only on the dimension. Indeed, letg :
(1 ;+1)! [0;+1 ) be asmooth, nonnegative function satisfying

L u2( 3:3);

g(u) = 0; outside ( 1;1):
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Set

where s is the geodesic distance function fronp with respect to the metric at t = 0.
Then

1 S
= - — 2sr s
rg r

and hence
r'j 2Ci:
Also,
1 S2 1 1, s? 1, ¢°
2 00 2 0 0 2
r == — —=4sr s r s+ — — 2rsrs+ - —  2sr “s:
r r2 r2 rd 2 rd

Thus, by using the standard Hessian comparison,

L, GG,
ity S s 7
G4 &0 Py
r S
Cs.

-
Here C;; C, and C3 are positive constants depending only on the dimension.

Now extend' to U [0; ] by letting ' to be zero outsideBo(p; r) and indepen-
dent of time. Introduce the barrier function

P—a2
+

(1.4.4) H = w+%+M
which is de ned and smooth on the setf'> 0g (0;T].

As the metric evolves, we will still have 0 ' Ar (since' is independent of
time t); but jr ' j2 and' jr 2' j may increase. By continuity it will be a while before
they double.

Claim 1. Aslong as

we have
@H 2 2
—> H H*+M*~
@t

Indeed, by the de nition of H, we have

P2,
H2Z> —(124-‘.14”) A + ti2+ M 2;

@H_ 1,

@t t2
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and
H=(12+4pﬁ)A2 iz
—(2+4Pmaz O 2
(12 + 47 7)A2 M

_ 12+aPmpat,
e

Therefore,

Claim 2. If the constant > 0 is small enobggm compared tdb, B and A, then
we have the following property: aslongas = M,t =M andF H, we will
have

it "> 2A% and 'jr 2 j 2AZ%

Indeed, by considering the evolution ofr ' , we have

@ ,_ @_ .

@{‘a = @{Farl )
= Fir | %t +r1 'R [FX
= Rapr v’

which implies
@ . L
Gl 2 CMjr"j?%
and then
jr j2 AZeCMt 2A2.

providedt =M with log 2=C.
By considering the evolution ofr ?' , we have

@ @

Girare)= @{F;Ft‘;r it
_© ElE] @ : « @
@t *" @kekx o

@ . .
lalop @t +Racrbrc +Rbcrarc

+(rcRap r aRpe I bpRac)r ¢
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which implies

@. 21 - . - 21 . P Vot
(1.4.5) @{r i CjRmj jr <" j+ Cjr Rmj jr 'j:
By assumption F  H, we have

M2 (12 +4P m)A2

1
: 2 . —N/ -
(1.4.6) jr Rmj bB — + T for t =M:
Thus by noting ' independent oft and'  Ar, we get from (1.4.5) and (1.4.6) that
@. . a2 . Lo2u r
—("ir “' CM ‘'ijr “"j+1+ =
at rb r = P
which implies
Z, ;
rFg €M (Cr ¥ iso +CM 1+ po dt
h i°
"Mt AZ+ CM (t + 2rIO t)
2A2
provided r :p M,andt =M with small enough. Therefore we have obtained
Claim 2.
The combination of Claim 1 and Claim 2 gives us
@H 2 2
= > +
ot H H M
aslongasr = M; t =M andF H. And (1.4.3) tells us
@F 2 2
- + :
ot F F°+ M
Then the standard maximum principle immediately gives the estimate
jr Rmj> CM? LRy on f'> 0g 0'—|'
v 2 t 1 M [l

which implies the rst order derivative estimate.
The higher order derivative estimates can be obtained in thesame way by induc-
tion. Suppose we have the bounds

. . 1 1
Jr kRmJ2 CkM2 m"‘ t_k+ Mk

As before, by (1.4.1) and (1.4.2), we have

@' k 2 ok 2 e k+1 2 3 1 1 k .
@{r Rmj ir “Rmj%  2jr “***Rmj*+ CM r?+t_k+M :

and
—@'r K1RmjZ  jr **1Rmj2  2jr 2 Rmj?
et

1 1

e k+l 2 3 k+1
+ CMijr Rmj-+ CM r2(Tl)+tle+M
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Here and in the following we denote byC various positive constants depending only
on C¢ and the dimension.

De ne

1 1 . P .
Sc= BxM? r7+t—k+|\/|k +jr "Rmj% jr *** Rmj?

where By is a positive constant to be determined. By choosingB large enough and
Cauchy inequality, we have

gtsk dor jir “"Rmj?  2jr ¥ Rmj?
1 1 . .
+CM3 rW+t_k+Mk ir k+lRmJ2
1

L e MK+ kRmp?

2
+ BkM rﬂ"’ tk

jir “*Rmj2  2jr *2Rmj?+ CMjr ¥ Rmj?

1 1

3 k+1
+ CM [k ket Tt M

S +8jr KRmj jr ¥*1 Rmj? jr **2 Rmj K jr ** Rmj?

tk+1
2ir k+1 Rm'4 + CM 3'r k+1 Rm'Z 1 + 1 + M k
] J J J PR
i k+2 2 2 1 1 k ok 2
2r Rmjc BxM rW+ t_k+ M*® +jr *"Rmj

. . 1 1 . .
+ CMjr ¥ Rmj? BM? r7+t—k+|\/|k + jr “Rmj?

1 1 k+1
r2(k+1) + tk+1 +M

1 1 : .
BkM? Tttt MK+ jr Rmj?

+ CM?3

L, 1, g

Sc jr “'Rmjt+ CBEM® o+

1

2k+1
r2(2k+1) + t2k+1 + M

+ CBM?®

1

2k+1
r2(2k+1) + t2k+1 + M

Sc jr “*'Rmj*+ CBZM?®

Sk
(B+1)2M* Lo+ L+ Mk?

1 1 2k+1
r 2(2k+1) + t2k+1 M

+ CBZM?®
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Letu=1=r2+1=t+ M and setFy = bS=u¥. Then

@k FZ 201 5y k+1
—_— F + bCB;M + kF
@t K B(By +1)2M AUk kv kU
FZ
F k + b(C + 2k?)(By + 1) 2M “uk*?:

20(By + 1) 2M 4uk
By choosingb  1=(2(C + 2k?)(Bk + 1) °M %), we get

@k 1 5. 2
=" J— + :
@t Fk uk Fk u
Introduce
Hy :5(k+1)(2(k+1)+1+ pﬁ)AZ' 2(k+1) 4 Lt (k+1) 4 Mk+1;
whereL  k +2. Then by using Claim 1 and Claim 2, we have

OR - (keLt 2,

@t

He 200 +1)22(k+1)+1+ Pijas 2k

and
HZ> 25K+ 1)2@(k+ 1)+ 1+ D mAS 40D 42 2ked) 4 g2k
These imply
@H 1 2 k+2
= > - + :
@t Hk uk Hk u

Then the maximum principle immediately gives the estimate

Fx Hy:
In particular,
b 2 1 1 ke k+l 2
u—kBkM rﬂ"’ t_k+M jI’ * ij

Sk+1) 2(k+1)+1+ "i AZ KD 4 ¢ (D) 4 kel
So by the de nition of u and the choosing ofb, we obtain the desired estimate

1 1
e k+1 2 2 k+1
jr Rmj Ck+a1 M 200D + oot + M

Therefore we have completed the proof of the theoremll
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1.5. Variational Structure and Dynamic Property. In this section, we in-
troduce two functionals of Perelman [103],F and W, and discuss their relations with
the Ricci ow. It was not known whether the Ricci ow is a gradi ent ow until Perel-
man [103] showed that the Ricci ow is, in a certain sense, thegradient ow of the
functional F. If we consider the Ricci ow as a dynamical system on the spae of Rie-
mannian metrics, then these two functionals are of Lyapunowype for this dynamical
system. Obviously, Ricci at metrics are xed points of the d ynamical system. When
we consider the space of Riemannian metrics modulo di eomgrhism and scaling,
xed points of the Ricci ow dynamical system correspond to steady, or shrinking, or
expanding Ricci solitons. The following concept correspods to a periodic orbit.

Definition 1.5.1. A metric g; (t) evolving by the Ricci ow is called a breather
if for some t; <t and > O the metrics g (t1) and g; (t2) dier only by a
di eomorphism; thecase =1; < 1; > 1 correspond tosteady, shrinking and
expanding breathers , respectively.

Clearly, (steady, shrinking or expanding) Ricci solitons ae trivial breathers
for which the metrics g; (t1) and g; (t2) di er only by di eomorphism and scaling for
every pair t; and t,.

We always assumeM is a compact n-dimensional manifold in this section. Let
us rst consider the functional

z
(1.5.1) F(gi;f)= (R+jrfj®e "dv
M

of Perelman [103] de ned on the space of Riemannian metricand smooth functions
on M. HereR is the scalar curvature ofg; .

Lemma 1.5.2 (Perelman [103). If g; = v; and f = h are variations of g;
and f respectively, then the rst variation of F is given by

Z h
F(vij ;h) = Vi (Rj +rirjf)+
M

i
h @2 f jr fi?+R) e "dv

wherev = g/ vj .



200 H.-D. CAO AND X.-P. ZHU

Proof. In any normal coordinates at a xed point, we have

@ @
Ri =g 1) gxl D
@ 1

= Bk 2ghm (FjVim + 7 1Vim T mVj)
1
@—@?( Eghm (FiVim + 1 Vim I mVi) ;
1 .
Rj = @—@i 5g'm (rjVim +11Vim I mV)
@ 1
@K Eg'm (riVim 7 Vim T mVi)
1@ i i i 1@
== . + H X = .
2@X[r ity ooyl 2@X[r vl;
R= (d'Ry)
= viRy +d' Ry
1@ i i i 1 @ |
vi Ry + 5@(“ Wi+ oroiy 5@“ Iv]
= v Rj| +rir v V.
Thus
(1.5.2) R(vij)=  v+rirjvi VvjRj:

The rst variation of the functional F(g; ;f)is

z
(1.5.3) (R+jr fj%)e fdv
ZM
= [R(vj)+ (¢'r ifrf)le "av
§ h L,
+(R+jr fj?) hede+ef§dV

Z
= V+ Tl vV RijVij vijrifrjf
M
+2hrf;rhi+(R+jrfj2)% h e fdv:
On the other hand,
z Z
(rierij vijrifrjf)ede: (rifr,-vij vijrifrjf)efdv
M

= (rirjf)vijefdv;
z # z

2hrf;r hie fdv= 2 h fe fdv+2 jr fj?he fdv;
M M M
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and
Z Z

( ve fdv= hrf; r vie fdv
M z M z
= v fe fdv jr fj?ve fdv:
M M
Plugging these identities into (1.5.3) the rst variation f ormula follows. O

Now let us study the functional F when the metric evolves under the Ricci ow
and the function evolves by a backward heat equation.

Proposition 1.5.3 ( Perelman [103]. Let g; (t) and f (t) evolve according to the
coupled ow

(o
T Ry
@f _ i
&= f+jrfjiz R
Then
Z

SR it m=2 Ry +rr e fav
M

R
and , e fdV is constant. In particular F(g; (t);f (t)) is nondecreasing in time and

the monotonicity is strict unless we are on a steady gradiensoliton.

Proof. Under the coupled ow and using the rst variation formula in Lemma
1.5.2, we have

d .
aFZ(gij (t);f (1)
= ( 2R )(Rj +rir;f)
M
1 of

Z
= [RjRy +rirf)+( fjr £D@ f jr fi2+R)e "dv:
M

jr fi?+R) e fdv

Now
Z

( fjr i@ f jr fj)e fdv
Mz

= roifri@ f jr fj®e fdv

ZM

= r qf@r(ririf) 2Ryrf 2hrfirirfi)e fdv

Mz

= 2 [(rifrfr grf)rgrf Ryrifrf hr frr fir if]ede
ZM

=2 irirfi2+ Ryrifr;fle fdv;
M
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and
Z

( f jr fj®>)Re fdv
Mz
= r ifr Re fdv
4 z

=2 ririjijede 2 rifrijijede:

M M

Here we have used the contracted second Bianchi identity. Tarefore we obtain

d :
aFZ(gij (t): (1)

= [2Rij(Rij+rirjf)+2(rir,-f)(rir,-f+Rij)]ede
4

=2 jRij +rirjfj2efdv:
M

remains to show
detg; dx evolves under the Ricci ow by

@._ Q@b _———0
(1.5.4) @gv = @f detg; )dx
.1l e )
=5 @tlog(detgu) dv
-1l @,
= E(g @Pu ydv
= RdV:
Hence
@ _ ¢ @f
(1.5.5) ot e'dv =e at R dv
=( f jr fjde fdv
= (e Hdv:
It then follows that
q z Y4
— efdv= (e MHdv=o0:
This nishes the proof of the proposition. O
Next we de ne the associated energy
z
(1.5.6) (gj)=inf  F(gy;f)jf 2Cct(m); efdv=1
M

R
v € fdV is a constant. Note that the volume elementdV =

If we setu = e =2, then the functional F can be expressed in terms ofi as

z
F = (Ru®+4jr uj’)dv;
M
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R
and the constraint , e fdV =1 becomes M u?dVv = 1. Therefore (gj ) is just the

rst eigenvalue of the operator 4 + R. Let up > 0 be a rst eigenfunction of the
operator 4 + R satisfying
4 ug+ Rup = (gj)uo:
The fo = 2logug is a minimizer:
(9i ) = F(gij:fo):
Note that f satis es the equation
(1.5.7) 2 fot+irfo2 R=  (gj):
Observe that the evolution equation

@f _
@t

can be rewritten as the following linear equation

f+ijrfji2 R

—{e Y= (efH+ReEe"):

Thus we can always solve the evolution equation fof backwards igtime. Suppose
att = to, the inmum  (g; ) is achieved by some functionfo with |, e fodv = 1.
We solve the backward heat equation

( o
&= f+jrfi2 R
fit=t, = fo

to obtain a solution f (t) for t  to which satises ,, e fdV = 1. It then follows from

Proposition 1.5.3 that

M

(gi (1) F (g (1):;f (1) F (g (to);f (to)) = (g (to)):
Also note (g ) is invariant under di eomorphism. Thus we have proved

Corollary 1.5.4.
(i) (g (t)) is nondecreasing along the Ricci ow and the monotonicity isstrict

unless we are on a steady gradient soliton;
(i) A steady breather is necessarily a steady gradient soliton.
To deal with the expanding case we consider a scale invariantersion

(G)= (g)V7(g):

HereV = Vol(g; ) denotes the volume ofM with respect to the metric g; .
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Corollary 1.5.5.

(i) (g ) is nondecreasing along the Ricci ow whenever it is nonposive; more-
over, the monotonicity is strict unless we are on a gradient gpanding soliton;
(i) An expanding breather is necessarily an expanding gradierstoliton.

Proof. Let fo be a minimizer of (g; (t)) at t = to and solve the backward heat
equation

@f _ e
i ot f+jrfj R
to obtain f (t), t to, with ,, e F(¥dV =1. We compute the derivative (understood
in the barrier sense) att = to,
d
o (gij (1)
d 2
G (F @ :F ) V(g (1)
Z

:an ZjRij +rirjfj2efdv

Moz z
2 2 n . .2 f
+ =V ( R)dv (R+jr fj9)e 'dv
n ; M M1 ,
:ZV"; Rij+rir,-f H(R'F f)gij e fdv
1Z ) 1 z 1Z
+ = (R+ f)%e fdv+ = (R+jr fjde fdv = RdV ;
n m n M Vo

where we have used the formula (1.5.4) in the computation oflV=dt
Suppose (gj (to)) O, then the last term on the RHS is given by,

1 z 1Z
= (R+jr fj? e "dv) v  Rav
MZ ZM
= (R+jr fj%e fdv (R+jr fjde fdv
M M
1 2 2
= = (R+ f)e fdv
n wm
Thus at t = to,
d
(1.5.8) g (@ ©)
z
v jRj +rirf %(R+ f)gjj’e "dv
M
1 Z Z 2!
+ = (R+ f)%e fdv (R+ f)e fdv 0
n M M

by the Cauchy-Schwarz inequality. Thus we have proved statment (i).
We note that on an expanding breather on {1;t>] with g j (t1) and g; (t2) dier
only by a di eomorphism for some > 1, it would necessary have
dv

ot > 0; for somet 2 [ty;to]:
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On the other hand, for everyt,
z
d

1
a'OQV =V, Rdv  (gj (1))

by the de nition of  (g; (t)). It follows that on an expanding breather on [ty;t2],

(g5 (D)= (g (V7 (g (1) <0
for somet 2 [t1;t2]. Then by using statement (i), it implies

(g (t) < (gj (t2))

unless we are on an expanding gradient soliton. We also notdait (g; (t)) is invariant
under di eomorphism and scaling which implies

(gi (t)) = (g (t2)):
Therefore the breather must be an expanding gradient solita. O

In particular part (ii) of Corollaries 1.5.4 and 1.5.5 imply that all compact steady
or expanding Ricci solitons are gradient ones. Combining tfs fact with Proposition
(1.1.1), we immediately get

Proposition 1.5.6. On a compact manifold, a steady or expanding breather is
necessarily an Einstein metric.

In order to handle the shrinking case, we introduce the folleving important func-
tional, also due to Perelman [103],

Z
(15.9) W(gi;f; )= [(R+jrf)+f n)@d ) ze'dv
M

where g is a Riemannian metric, f is a smooth function onM, and is a positive
scale parameter. Clearly the functionalW is invariant under simultaneous scaling of

and g; (or equivalently the parabolic scaling), and invariant under di eomorphism.
Namely, for any positive number a and any di eomorphism '

(1.5.10) W@ gj;' fia )= W(gj:f, )

Similar to Lemma 1.5.2, we have the following rst variation formula for W.

Lemma 1.5.7 (Perelman [103]. If vj = g5; h= f; and = , then
WéVij h; )
= Vi Ry +rirf Zigij 4 ) %e'av
'z % n
+ = h — [(R+2 f jr f®+f n 1)4¢ ) %?e fdv
Mo 2 2
z
+ R+jrfj2 — (@4 ) ze fdv:
M 2

Here v = ¢! vj as before,
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Proof. Arguing as in the proof of Lemma 1.5.2, the rst variation of t he functional
W can be computed as follows,

Wévij hy )

[(R+jrfi))+ ( v+rirjvy Ryvy vyrifrf
M
+2hrf;r hi)+ hj(4 ) ze fdv
Z h

+ ((R+jrfi5)+f n)
Z M
[ (R+jr fj)+hj@4 ) %e "dv

NI S

+ [ ViR +ririf)+ (v 20)( f jr fil@ ) %e fav
VA i

+ ((R+jrfj)+f n) -+

n
2

1 n
= vi Ry +rirgt oo (4 ) Te fav

ZM
v n A
oz g [Rrf
+f n+2 (f jr fj9]@¢ ) %e fdv
z h n \) n i n
+ R+jrfi? — + h —+— (4 ) ze fdv
Zz M 2 2 2
1 ;
= vi Ry +rargf g (40) Feldv
Nk \) n
+ - h — [(R+2 f jr f+f n 1)@ ) ze fdv
M 2 2
+ R+jr fi2 L @4 ) %efdv:
M 2

The following result is analogous to Proposition 1.5.3.

Proposition 1.5.8.  If g; (t);f (t) and (t) evolve according to the system

8
@f _ N n .
g@t_ f+r fj R+2—,
@ _ ..
: @t_ 1
then we have the identity
z 2

d 1 n
W O = 2 Ry +ririf g (4 ) feldv
M

R " . . . .
and , (4 ) -e fdV is constant. In particular W (g (t);f (t); (1)) is nondecreasing
in time and the monotonicity is strict unless we are on a shrirking gradient soliton.
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Proof. Using Lemma 1.5.7, we have

d
(1.5.11) aW(gij (t);f(1); (1)
Z
= 2Rij Rij+rir,-f igij (4 ) "?efdv
2
vz
+ (fjr fPAIR+2 f jr fj)+f](4 ) %e "dv
ZM
R+jrfi2 — @4 ) %efadv
M 2

R
Here we have used the fact that \, ( f jr fj?)e fdv =0:
The second term on the RHS of (1.5.11) is
Z

(fjr £ (R+2 f jr f5)+f]@4 ) ze fdv
M
z

= (fij fPHe f jrfiH@ ) ze fdv
4 z
jir fji2(4 ) %e fdv+ (r if)riR)@& ) ze fdv
ZM M
= (r if)ri@ f jr fi9)@4 ) ze'dv
Vi Z
f(4 ) zefdv 2 rifrjRj(4 ) ze "dv
MZ M
= 2 (rif)ri f hr frirfi)d ) ze fdv
2

+2 [(ririf)R; r ifrfR;]4 ) %e fdv

ZM
+2 ig“— (ririf)@ ) %ze fdv
M2
= 2 [(I’ifl’jf r ir,-f)rirjf Rijrifrjf
M

rzirjfrifrjf](4 ) ze fdv
+2 [(ririf)R; r ifrfR;]4 ) %e fdv
ZM
+2 Zigij (ririf)@ ) %ze fdv
7 M
=2 (rirjf) rirjf +Ry Zigij (4 ) ze 'dv:
M
Also the third term on the RHS of (1.5.11) is
Z
R+jr fj2 21 4 ) %efadv

21 4 ) %efdv
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Therefore, by combining the above identities, we obtain
d z 12
W@ (i (0 (1) =2 Ry +ririf g (4 ) %e'dv:
M

Finally, by using the computations in (1.5.5) and the evolution equations of f
and , we have

@ no _ n @ n s
@t(4 ) ze 'dV =(4 ) : @{ dv) + Z—e dv
= @4 ) F(eNHdv:
Hence
dZ 4
T M(4 ) tefdv= (4 ) ? ) (e "av=o:
O
Now we set
1 Z
(1.5.12) (gi; )=inf W(gi:f; )jf2Ct(M);———— efdv=1
: : 4 )2y
and
1 Z
(gj)=inf W(g;f; )jf2CtMm); > o;W efdv=1

Note that if we let u= e =2, then the functional W can be expressed as
z

W(gj;f; )= M[(Ru2+4jr uj?) u?logu® nu?l(4 ) zdv

and the constraint RM (4 ) ze fdV = 1 becomes RM u?(4 ) zdVv = 1: Thus
(gj ; ) corresponds to the best constant of a logarithmic Sobolevriequality. Since
the nonquadratic term is subcritical (in view of Sobolev exmnent), it is rather
straightforward to show that
Y4 Y4
inf [ (4jr uj®+ Ru?) u?logu® nu?j(4 ) zdv  u’@4 ) zdv=1
M M

is achieved by some nonnegative functioru 2 H(M) which satis es the Euler-
Lagrange equation
( 4 u+Ru) 2ulogu nu= (gj; u

One can further show that u is positive (see [108]). Then the standard regularity
theory of elliptic PDEs shows that u is smooth. We refer the reader to Rothaus [108]
for more details. It follows that (g;; ) is achieved by a minimizerf satisfying the
nonlinear equation

(1.5.13) @ f jr fE+R)+f n= (g; )
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Corollary 1.5.9.

(i) (gj (t); t)is nondecreasing along the Ricci ow; moveover, the monotoic-
ity is strict unless we are on a shrinking gradient soliton;

(i) A shrinking breather is necessarily a shrinking gradient soliton.

Proof. Fix any time to, let fo be a minimizer of (g (to); to): Note that the
backward heat equation

@f _ o n
@t f+jrfj© R+ >
is equivalent to the linear equation
@ nofy o f 2o fy.
@{(4 ) ze )= (4 ) 7e )+ R(4 ) 7e’):

Thus we can sfglve the backward heat equation of with fji-¢, = fo to obtain
f(t), t to, with , (4 ) ze "Mdv = 1: It then follows from Proposition 1.5.8
that

(g5 (); ) W (g (t);F(t); 1)
W (gj (to);f (to);  to)
= (gj (to);  to)
fort tp and the second inequality is strict unless we are on a shrinkig gradient
soliton. This proves statement (i).
Consider a shrinking breather on {1;t>] with g (t1) and g; (t2) dier only by
a di eomorphism for some < 1: Recall that the functional W is invariant under

simultaneous scaling of and g; and invariant under di eomorphism. Then for
> 0 to be determined,

(gi (ta);  t))= (g4 (t); ( t)= (g(tz); ( ta))
and by the monotonicity of (g (t); t);
(gi (t1);  ta) (g (t2);  t2):
Now take > 0 such that

( t)= to;

This shows the equality holds in the monotonicity of (g; (t); t): So the shrinking
breather must be a shrinking gradient soliton. O

Finally, we remark that Hamilton, llmanen and the rst autho r [18] have obtained
the second variation formulas for both -energy and -energy. We refer the reader to
their paper [18] for more details and related stability quegions.



210 H.-D. CAO AND X.-P. ZHU

2. Maximum Principle and Li-Yau-Hamilton Inequalities. The maxi-
mum principle is a fundamental tool in the study of parabolic equations in general. In
this chapter, we present various maximum principles for tersors developed by Hamil-
ton in the Ricci ow. As an immediate consequence, the Ricci ow preserves the
nonnegativity of the curvature operator. We also present the two crucial estimates
in the Ricci ow: the Hamilton-lvey curvature pinching esti mate (when dimension
n = 3), and the Li-Yau-Hamilton estimate from which one obtain s the Harnack in-
equality for the evolved scalar curvature via a Li-Yau path integral. Finally, we
describe Perelman's Li-Yau type estimate for solutions to he conjugate heat equa-
tion and show how Li-Yau type path integral leads to a space-ime distance function
(i.e., what Perelman called the reduced distance).

2.1. Preserving Positive Curvature. Let M be an n-dimensional complete
manifold. Consider a family of smooth metricsg; (t) evolving by the Ricci ow with
uniformly bounded curvature for t 2 [0; T] with T < +1 . Denote by di(x;y) the
distance between two pointsx;y 2 M with respect to the metric g; (t).

Lemma 2.1.1. There exists a smooth functionf on M such thatf 1 every-
where, f (x) ! +1 asdo(x;xg)! +1 (for some xed xg2 M);

ir figyy C and jr *fjg @y C
on M [0; T] for some positive constantC.

Proof. Let ' (v) be a smooth function on R" which is nonnegative, rotation-
ly symmetric and has compact support in a small ball centeed at the origin with
R (V)dv=1.

For eachx 2 M, set

z

f(x)= . " (V)(do(Xo; €xpx (V) + 1) dv;

where the integral is taken over the tangent spacelyM at x which we have identi ed
with R". If the size of the support of ' (v) is small compared to the maximum
curvature, then it is well known that this de nes a smooth function f on M with
f(x)! +1 asdp(x;xo)! +1,while the bounds on the rst and second covariant
derivatives of f with respect to the metric g; ( ; 0) follow from the Hessian comparison
theorem. Thus it remains to show these bounds hold with respet to the evolving

metric g; (t). .
We compute, using the framef F,r if g introduced in Section 1.3,
@ @ i
—r of = =(Firif)=R f:
al® @Ear.) abl b
Hence

jr fj Cp e“2;
where Cy; C, are some positive constants depending only on the dimensiorAlso

_@ FiEl @f i k @
@t * " @k@x " @x
= Racl bf c¢f + Rpcl al ¢f +(r ¢cRan I aRpe ' bRac)r cf:

@@{r ar of ) =
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Then by Shi's derivative estimate (Theorem 1.4.1), we have
@. 2¢ 2¢.. Cs
—jr “f Csjr “fj+ p=;
@{ J 3l J P—t
which implies

Z,

it 2y o+ Fle & d
0

r #fg, @ €

for some positive constantsC3; depending only on the dimension and the curvature
bound. O
We now use the weak maximum principle to derive the following

Proposition 2.1.2. If the scalar curvature R of the solution g; (t);0 t T,
to the Ricci ow is nonnegative at t =0, then it remains soon0 t T.

Proof. Let f be the function constructed in Lemma 2.1.1 and recall

@R

o R + 2jRicj?:
For any small constant” > 0 and large constantA > 0, we have
@ At @R At
—(R+"eMf)= — + "Ae™f
@$ e™f) at e
= ( R+ "e™f)+2jRicj? + "e” (Af f)
> ( R+ "e”'f)

by choosingA large enough.
We claim that

R+"eMf>0 on M [OT]:
Suppose not, then there exist a rst time to > 0 and a point xo 2 M such that

(R+ "™ f)(xoito) = 0;
r (R+ "e™f)(xo;tg) =0;
( R+ "e™f)(xo;to) O

and g{R+"eAtf)(x0;to) o:
Then
0 @@ER+"eAtf)(xo;t0)> ( R+ "e™f)(xoito) O;

which is a contradiction. So we have proved that
R+"eMf>0 on M [OT]:
Letting " ! 0, we get

R O on M [O;T]:
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This nishes the proof of the proposition. O

Next we derive a maximum principle of Hamilton for tensors. Let M be a complete
manifold with a metric g = fg; g, V a vector bundle overM with a metric h=fh g
and a connectionr = f ; g compatible with h, and supposeh is xed but g and r
may vary smoothly with time t. Let ( V) be the vector space ofC! sections ofV.
The Laplacian acting on a section 2 (V) is de ned by

=glrir:
Let M be a symmetric bilinear form onV. We say M OifM v v 0 for
all vectorsv = fv g. AssumeN = P(M ;h )isapolynomialin M formed by

contracting products of M with itself using the metric h = fh g. Assume that the
tensor M is uniformly bounded in space-time and letg; evolve by the Ricci ow
with bounded curvature.

Lemma 2.1.3. Suppose thaton0 t T,

@

ot
where u'(t) is a time-dependent vector eld onM with uniform bound and N =
P(M ;h ) satises

= M +UuriM +N

N vv 0O whenever M v =0:

If M Oatt=0, thenitremainssoon0 t T.

Proof. Set
M =M +"eMfh

where A > 0 is a suitably large constant (to be chosen later) andf is the function
constructed in Lemma 2.1.1.

We claimthat M > O0onM [O; T]for every" > 0. If not, then for some" > 0,
there will be a rst time tg > 0 whereM  acquires a null vectorv of unit length
at some pointxg 2 M. At ( Xo; to),

N vv N vv N vv
C"e™of (Xo);

whereN* = P(M ;h ), and C is a positive constant (depending on the bound of
M, but independent of A).

Let us extendv to a local vector eld in a neighborhood of xo by parallel trans-
lating v along geodesics (with respect to the metriay; (to)) emanating radially out
of Xo, with v independent oft. Then, at (Xo;to), we have

@@{M vv) O

r(M vv)=0;
and (M vv) O
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But

@ _ @ n At .
0 @{I\?r vv)—@{M v v +"e™f); |
=( M vv) ("eM)+ur; (M vv)
u'r i (eMf)+ N v v o+ "Aefof (x)

CeMof (xo) + "AeAtof (xg) > 0

when A is chosen su ciently large. This is a contradiction. O

By applying Lemma 2.1.3 to the evolution equation

@y
@t
of the curvature operatorM , we immediately obtain the following important result.

= M +M2+M#

Proposition 2.1.4 ( Hamilton [59]). Nonnegativity of the curvature operator
M  is preserved by the Ricci ow.

In the Kahler case, the nonnegativity of the holomorpic bisectional curvature is
preserved under the Kahler-Ricci ow. This result is proved by Bando [5] for complex
dimension n = 3 and by Mok [92] for general dimensionn when the manifold is
compact, and by Shi [115] when the manifold is noncompact.

Proposition 2.1.5. Under the Kahler-Ricci ow if the initial metric has posi-
tive (nonnegative holomorphic bisectional curvature then the evolved metri@lso has
positive (nonnegative holomorphic bisectional curvature.

2.2. Strong Maximum Principle. Let be a bounded, connected open set
of a completen-dimensional manifold M , and let g; (x;t) be a smooth solution to the
Ricci ow on [0; T]. Consider a vector bundleV over with a xed metric h

(independent of time), and a connectionr = f ; g which is compatible with h  and
may vary with time t. Let ( V) be the vector space ofC! sections ofV over . The
Laplacian acting on a section 2 ( V) is de ned by

=gl (xt)rir:

Consider a family of smooth symmetric bilinear formsM  evolving by

@ _ . ST
(2.2.1) @![\/I = M +N ; on 0TI,
whereN = P(M ;h )is a polynomial in M  formed by contracting products

of M with itself using the metric h  and satis es
N 0; whenever M 0:

The following result, due to Hamilton [59], shows that the sdution of (2.2.1) satis es
a strong maximum principle.

Theorem 2.2.1 ( Hamilton's strong maximum principle). Let M be a smooth
solution of the equation(2:2:1). SupposeM Oon [0; T]. Then there exists a
positive constant0 < T such that on (0; ), the rank of M is constant, and



214 H.-D. CAO AND X.-P. ZHU

the null space ofM s invariant under parallel translation and invariant in ti me
and also lies in the null space oN

Proof. Set

| = mg\xf rank of M (x; 0)g:
X

Then we can nd a nonnegative smooth function (x), which is positive somewhere
and has compact support in , so that at every point x 2

nyl+1
M (x;0)v; v, (X)
i=1

for any (n | +1) orthogonal unit vectors fvy;:::;vy 1+1 g at X.
Let us evolve (x) by the heat equation

@
@t
with the Dirichlet condition jg = O to get a smooth function (x;t) de ned on

[0; T]. By the standard strong maximum principle, we know that (x;t) is positive
everywhere in for all t 2 (0;T].

For every " > 0, we claim that at every point (x;t) 2 [0; T], there holds

nxl+l
M (xt)v, v, +"e > (xt)
i=1

for any (n | +1) orthogonal unit vectors fvy;:::;v, 141 g at x.
We argue by contradiction. Suppose not, then for somé > 0, there will be a rst
time to > 0 and some 0 | + 1) orthogonal unit vectors fvi;:::;vy |+1 g at some

point Xo 2 so that

nxl+l
M (Xoito)v; v + "€' = (Xo;to)
i=1

orthogonal unit vectors in the neighborhood. Then, at (Xo;to), we have

!

nyl+1 ’

o M vy +"e 0;
et .,
nyl+1

and M vv, +"e o:
i=1



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 215

But, since N 0 by our assumption, we have
I
nl+1 ’
0 @@t M vv, +"e!
i=1
nyl+1
= (M +N )yv +"e
i=1
nxl+1
(M vv)+ e
i=1
nxl+1
= (M vy +"t )+ e
i=1
"et > 0:
This is a contradiction. Thus by letting " ! 0, we prove that
nyl+1

M (xt)v; v (x;t)
i=1

for any (n | + 1) orthogonal unit vectors fvy;:::;vy s1gatx2 and t2][0;T].
HenceM has at least rankl everywhere in the open set forallt 2 (0; T]. Therefore
we can nd a positive constant ( T) such that the rank M is constant over
;).
Next we proceed to analyze the null space oM . Let v be any smooth section
of Vinthe nullof M onO<t< . Then

_ @
0—@{M vV V)
@ @v
= 2M oM v =Y
ol VARY, v Gt
= @@It\/l vV V
and
0O=( M vv)
=(M Wwv +4¢"r M v
+2M grev rv +2M v v
=(M v +4¢"r M vrv +2M ¢rv v

By noting that
O=r(M v)=(r(M v +M ryv
and using the evolution equation (2.2.1), we get

N vv +2M ¢¥rwv r v =0:
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SinceM 0 and N 0, we must have
v2null(N ) and r;v2null(M ); forall i

The rst inclusion shows that null (M ) null (N ); and the second inclusion
shows that null (M ) is invariant under parallel translation.
To see null M ) is also invariant in time, we rst note that

v=ri(riv)2null (M )
and then
¢reM ryv =dr M rv) M v o=0:

Thus we have

0O=( M v)
=( M v +2¢rkM v + M v
=( M v,
and hence
_ @
O—@{M V)
(M +N v +M %"t
_ Qv
-V et
This shows that
@v. _
@thuII(M );

so the null space ofM s invariant in time. O

We now apply Hamilton's strong maximum principle to the evolution equation of
the curvature operator M . Recall

@M
@t

whereM” =C Cc M M . Suppose we have a solution to the Ricci ow with
nonnegative curvature operator. Then by Theorem 2.2.1, thenull space of the cur-
vature operator M of the solution has constant rank and is invariant in time and
under parallel translation over some time interval 0<t< . Moreover the null space
of M must also lie in the null space ofM * .

Denote by (n k)therankof M onO<t< . LetusdiagonalizeM so that
M  =0if kandM > 0if >k . Then we haveM# =0 also for k from
the evolution equation of M . Since

= M +M2+M#

o=M*¥ =C C M M ;
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it follows that

C =t ;[v;vi
=0; |if k and ; >k

This says that the image of M is a Lie subalgebra (in fact it is the subalgebra of
the restricted holonomy group by using the Ambrose-Singer blonomy theorem [3]).
This proves the following result.

Theorem 2.2.2 ( Hamilton [59]). Suppose the curvature operatoM  of the
initial metric is nonnegative. Then, under the Ricci ow, fo r some interval 0 <t <
the image ofM is a Lie subalgebra oso(n) which has constant rank and is invariant
under parallel translation and invariant in time.

2.3. Advanced Maximum Principle for Tensors. In this section we present
Hamilton's advanced maximum principle for tensors which g@eralizes Lemma 2.1.3
and shows how a tensor evolving by a nonlinear heat equation ay be controlled by
a system of ODEs. An important application of the advanced maimum principle is
the Hamilton-lvey curvature pinching estimate for the Ricci ow on three-manifolds
given in the next section. More applications will be given inChapter 5.

Let M be a complete manifold equipped with a one-parameter familyof Rie-
mannian metrics g; (t), 0 t T, with T<+1. LetV ! M be a vector bundle
with a time-independent bundle metric hy, and (V) be the vector space ofC?!
sections ofV. Let

re: (V)! (V TM);, t2]0;T]

be a smooth family of time-dependent connections compatild with hgp, i.e.
(r )ihap = (r t)@@xl_hab =0;

for any local coordinatef@—%; .1 -2 g The Laplacian  acting on a section 2
(V) is de ned by

¢ =g oet)(r Oilr o)

For the application to the Ricci ow, we will always assume that the metrics g; ( ;t)
evolve by the Ricci ow. Since M may be noncompact, we assume that, for the sake
of simplicity, the curvature of g; (t) is uniformly bounded on M [0; T].

Let N : V [0;T]! V be a ber preserving map, i.e.,, N(x; ;t ) is a time-
dependent vector eld de ned on the bundle V and tangent to the bers. We assume
that N (x; ;t ) is continuous in x;t and satis es

INGG 15t) N(X 25t)] Cej1 2
forall x 2 M, t2 [0;T]andj 1j B;j 2j B, whereCg is a positive constant
depending only onB. Then we can form the nonlinear heat equation

(PDE) gt )= ¢ G+ ul(r i () + NG (6t);t)

whereu' = u'(t) is a time-dependent vector eld on M which is uniformly bounded
onM [0;T]. Let K be a closed subset of. One important question is under what
conditions will solutions of the PDE which start in K remain in K. To answer this
guestion, Hamilton [59] imposed the following two conditions onK :
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(H1) K is invariant under parallel translation de ned by the connection r ; for
eacht 2 [0; T];

(H2) in each ber V, the setKy = V, \ K is closed and convex.
Then one can judge the behavior of the PDE by comparing to thatof the following
ODE
d x
dt

(ODE) = N(X «;t)

for y = «(t) in each ber V.

Theorem 2.3.1 ( Hamilton's advanced maximum principle [59). Let K be a
closed subset oV satisfying the hypothesis(H1) and (H2). Suppose that for any
X 2 M and any initial time to 2 [0; T), any solution (t) of the (ODE) which starts
in Ky at to will remain in K for all later times. Then for any initial time to 2 [0; T)
the solution (x;t) of the (PDE) will remain in K for all later times provided (x;t)
starts in K at time to and (x;t) is uniformly bounded with respect to the bundle
metric hyp on M [to; T].

We remark that Lemma 2.1.3 is a special case of the above theem whereV is
given by a symmetric tensor product of a vector bundle andK corresponds to the
convex set consisting of all nonnegative symmetric bilineaforms. We also remark
that Hamilton [59] established the above theorem for a genel evolving metric g; (x;t)
which does not necessarily satisfy the Ricci ow.

Before proving Theorem 2.3.1, we need to establish three lemas. Let' : [a;b]!

R be a Lipschitz function. We consider %(t) at t 2 [a;b) in the sense of limsup of
the forward di erence quotients, i.e.,

?j—'t(t) = Iir:!sg{p ) O hr: | (t):

Lemma 2.3.2. Suppose' :[a;b! R is Lipschitz continuous and suppose for
some constantC < +1 ,

%' (t) C'(t); whenever '(t) 0 on [a;b);
and "(a) O
Then' (t) O0on[a;h.
Proof. By replacing' by e ©!' , we may assume
%' (t) O; whenever '(t) O on [a;b);
and "(a) O

For arbitrary " > 0, we shall show' (t) "(t a) on [a;b. Clearly we may assume
' (a) =0. Since

lim sup M

0;
ht O+ h

there must be some intervala t< onwhich' (t) "(t a).
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Leta t<c be the largestinterval with ¢ bsuchthat' (t) "(t a)on]a;c).
Then by continuity ' (t) "(t a) on the closed interval [a; c]. We claim that c= b.
Suppose not, then we can nd > Osuchthat' (t) "(t a)on][a;c+ ]since

lim sup m

0:
ht o* h

This contradicts the choice of the largest interval [a; c). Therefore, since" > 0 can be
arbitrary small, we have proved' (t) 0Oon[a;b. O

The second lemma below is a general principle on the derivate of a sup-function
which will bridge solutions between ODEs and PDEs. LetX be a complete smooth
manifold and Y be a compact subset ofX. Let (x;t) be a smooth function on
X [a;b andlet' (t) =supf (y;t)jy 2 Yg. Then itis clear that ' (t) is Lipschitz
continuous. We have the following useful estimate on its dewative.

Lemma 2.3.3.

d, @ .. - gy o
m (t) sup @t(y,t)JyZY satises (y;t)=" (1)

Proof. Choose a sequence of timefstj g decreasing tot for which

im W) O d ),
!t t] t dt

Since Y is compact, we can choosg; 2 Y with ' (t;) = (y;j;tj). By passing to
a subsequence, we can assumg ! y for somey 2 Y. By continuity, we have
"(t)=(y;t). It follows that  (y;;t) (y;t), and then

) M st) o (s
@ .
= ot ;) (4 1)
for sometj 2 [t;t;] by the mean value theorem. Thus we have

) @
Pt

lim
Gt t]

@ ...

This proves the result. O

We remark that the above two lemmas are somewhat standard féts in the theory
of PDEs and we have implicitly used them in the previous secttns when we apply
the maximum principle. The third lemma gives a characterizaion of when a system
of ODEs preserve closed convex sets in Euclidean space. LEt R" be a closed
convex subset. We de ne thetangent cone T Z to the closed convex setZ at a
point ' 2 @Zas the smallest closed convex cone with vertex at which contains Z.

Lemma 2.3.4. Let U R" be an open setandZ U be a closed convex subset.
Consider the ODE
(2.3.1) d =N(;t)
. . dt - 1
whereN : U [0;T]! R" is continuous and Lipschitz in' . Then the following two
statements are equivalent.
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(i) For any initial time to 2 [0; T], any solution of the ODE (2:3:1) which starts
in Z at to will remain in Z for all later times;
(i) " +NGt)2T Zforall' 2 @Zandt 2 [O;T).

Proof. We say that a linear function | on R" is a support function for Z
at' 2 @Zand write | 2 S Z if jlj =1 and I(") I( ) forall 2 Z. Then
"+N(G;t)2T Zifandonlyif IIN(;t)) Oforalll2 S Z. Suppose(N(;t )) >0
for some' 2 @Zand somel 2 S Z: Then

dvoy & C e |
g (=1 g =INGE) >0

sol(" ) is strictly increasing and the solution ' (t) of the ODE (2.3.1) cannot remain

in Z.

To see the converse, rst note that we may assume is compact. This is because
we can modify the vector eld N (';t ) by multiplying a cuto function which is every-
where nonnegative, equals one on a large ball and equals zevo the complement of
a larger ball. The paths of solutions of the ODE are unchangednside the rst large
ball, so we can intersectZ with the second ball to make Z convex and compact. If
there were a counterexample before the modi cation there wald still be one after as
we chose the rst ball large enough.

Let s(' ) be the distance from' to Z in R". Clearly s(' )=0if ' 2 Z. Then

s(' ) =supfl(’ )j 2@Zand 12 S Zg:

The sup is taken over a compact subset oR" R". Hence by Lemma 2.3.3
%s(' ) supfI(N(5t))j 2@ZI12SZ and s(")=I( )g:

It is clear that the sup on the RHS of the above inequality can ke takeen only when

is the unique closest pointinZ to ' and | is the linear function of length one with
gradient in the direction of ' . SinceN (';t ) is Lipschitz in ' and continuous in
t, we have

iNC;t) NGt G

for some constantC and all' and in the compact setZ.
By hypothesis (ii),

IIN(;t)) O
and for the unique , the closest pointinZ to ',
N EE !
Thus
d CinGoys ey NGy |0 2 @2)
—s(') sup
dt 12S2Z; and s()=1( )

Cs('):
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Sinces(' ) = 0to start at tg, it follows from Lemma 2.3.2 that s(" ) =0 for t 2 [to; T].
This proves the lemma.l

We are now ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. Since the solution (x;t) of the (PDE) is uniformly
bounded with respect to the bundle metrich,, on M [tg; T] by hypothesis, we may
assume thatK is contained in a tubular neighborhoodV (r) of the zero section inV
whose intersection with each ber V is a ball of radiusr around the origin measured
by the bundle metric hy, for some larger > 0.

Recall that g; (;t);t 2 [0; T], is a smooth solution to the Ricci ow with uniformly
bounded curvature onM  [0; T]. From Lemma 2.1.1, we have a smooth functiorf
such that f 1 everywhere,f(x) ! +1 asdo(X;Xxg)! +1 for some xed point
Xo 2 M, and the rst and second covariant derivatives with respect to the metrics
g (;t) are uniformly bounded onM  [0; T]. Using the metric hap in each ber Vi
and writing j' j for the distance between' 2 Vs and 2 V, we set

s(t) = sup finffj (x;t) ji 2Kyx=K\ Wg eAtf(x)g
x2M

where is an arbitrarily small positive number and A is a positive constant to be
determined. We rewrite the function s(t) as

s(ty=supfl( (x;t) ) eMf(x)jx2M; 2 @K andl2 S K,g:

By the construction of the function f , we see that the sup is taken in a compact subset
ofM VvV V forallt. Then by Lemma 2.3.3,

(2.3.2) % sup @@1[( (xit) )  Aef(x)

where the sup is over allx 2 M; 2 @K and| 2 S K4 such that
IC(qt) ) eMf(x)= s(t);

in particular we havej (x;t) j=1( (x;t) ), where is the unique closest point
in Ky to (x;t), and | is the linear function of length one on the ber Vi with gradient
in the direction of to (x;t). We compute at these §; ;1 ),

@, ..
(2.3.3) @It( (x;t) ) AeMf(x)

@ (x;t)
@t
=10 ¢ OGO+ U est)(r i )+ NG (xt);t)  AeAtf (x):

= | AeAf (x)

By the assumption and Lemma 2.3.4 we have + N(x; ;t) 2 T K. Hence, for those
(% ;1), I(N(x; ;t)) 0 and then
(2.3.4) I(N(x; (x;t);1)

IINGG S E))+ NG (t)it) N(x; )

Cj (xt) j=C(s(t)+ e f(x)
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for some positive constantC by the assumption that N (x; ;t ) is Lipschitzin and the
fact that the sup is taken on a compact set. Thus the combinaton of (2.3.2){(2.3.4)
gives

@35 B0 ey e g )+ CsO+ (C AT ()
for thosex 2 M; 2 @K and |2 S Ky such that I( (x;t) ) efAtf(x) = s(tb).
Next we estimate the rst two terms of (2.3.5). As we extend a vector in a bundle
from a point x by parallel translation along geodesics emanating radiail out of x, we
will get a smooth section of the bundle in some small neighbdrood of x such that all
the symmetrized covariant derivatives at x are zero. Now let us extend 2 V, and
I 2 V, in this manner. Clearly, we continue to havejlj( ) = 1. Since K is invariant
under parallel translations, we continue to have () 2 @Kand I() as a support
function for K at (). Therefore

ICGY () M) s)

in the neighborhood. It follows that the function I( (;t) ()) e”'f() has a local
maximum at X, so at x

roid( (xt)y ) eMfx)=0;
and (I (xt) ) eMf(x) O

Hence atx

I(r i (1) e (r)if (x)=0;
and I( ¢ (x;t)) e fx) O

Therefore by combining with (2.3.5), we have

25 Cs+ (F+ U OT0+H(C AN (et
Cs(t)

for A> 0 large enough, sincd (x) 1 and the rst and second covariant derivatives
of f are uniformly bounded onM  [0;T]. So by applying Lemma 2.3.2 and the
arbitrariness of , we have completed the proof of Theorem 2.3.10

Finally, we would like to state a useful generalization of Theorem 2.3.1 by Chow
and Lu in [40] which allows the setK to depend on time. One can consult the paper
[40] for the proof.

Theorem 2.3.5 ( Chow and Lu [40). Let K(t) V,t2][0;T] be closed subsets
which satisfy the following hypotheses
(H3) K (t) is invariant under parallel translation de ned by the connection r  for
eacht 2 [0; T];
(H4) in each ber Vy, the setK,(t) = K(t)\ Vi is nonempty, closed and convex
for eacht 2 [0; T];

(H5) the space-time track (@K1t) f tg) is a closed subset o/ [0;T].
t2[0;T]
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Suppose that, for anyx 2 M and any initial time to 2 [0; T), and for any solution

x(t) of the (ODE) which starts in K(tg), the solution (t) will remain in K,(t)
for all later times. Then for any initial time tg 2 [0; T) the solution (x;t) of the
(PDE) will remain in K (t) for all later times if (x;t) starts in K(tp) at time tg
and the solution (x;t) is uniformly bounded with respect to the bundle metridy, on
M [to;T].

2.4. Hamilton-lvey Curvature Pinching Estimate. The Hamilton-lvey
curvature pinching estimate roughly says that if a solution to the Ricci ow on a
three-manifold becomes singular (i.e., the curvature goeso in nity) as time t ap-
proaches the maximal time T, then the most negative sectional curvature will be
small compared to the most positive sectional curvature. Ths pinching estimate
plays a crucial role in analyzing the formation of singularties in the Ricci ow on
three-manifolds.

Consider a complete solution to the Ricci ow

@
@l = R

on a complete three-manifold with bounded curvature in spae for each timet 0.
Recall from Section 1.3 that the evolution equation of the cuvature operator M is
given by

®

{\A = M +M2+M#

where M 2 is the operator square

(2.4.1)

Q|

MZ =M M
andM* s the Lie algebraso(n) square

M¥=C C M M

In dimensionn = 3, we know that M* is the adjoint matrix of M . If we diagonalize
M with eigenvalues so that
0 1
M )=@ A

then M2 and M* are also diagonal, with

o, 1 0 1

(M?)= @ 2 A and M* )= @ A -
2

Thus the ODE corresponding to PDE (2.4.1) for M (in the space of 3 3
matrices) is given by the following system

:

d - 24

(2.4.2) d ;

= 2+

Sla
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Let P be the principal bundle of the manifold and form the associaéd bundle
V =P s E,whereG = 0(3) and E is the vector space of symmetric bilinear forms
on so(3). The curvature operator M is a smooth section ofV = P g E. According
to Theorem 2.3.1, any closed convex set of curvature operatamatrices M which
is O(3)-invariant (and hence invariant under parallel translation) and preserved by
ODE (2.4.2) is also preserved by the Ricci ow.

We are now ready to state and prove theHamilton-Ivey pinching estimate

Theorem 2.4.1 ( Hamilton [63], Ivey [73]). Suppose we have a solution to the
Ricci ow on a three-manifold which is complete with boundedcurvature for each
t 0. Assume att =0 the eigenvalues of the curvature operator at each
point are bounded below by 1. The scalar curvatureR = + + s their sum.
Then at all points and all timest 0 we have the pinching estimate

R ( Mog( ) 3]
whenever < 0.
Proof. Consider the function
y=f(x)= x(logx 3)

denedon € x< +1. Itis easy to check thatf is increasing and convex with
range €€ y< +1.Letf !(y)= x be the inverse function, which is also increasing
but concave and satis es

1
(2.4.3) lim Lt} =0
y!1 Yy
Consider also the setK of matricesM  de ned by the inequalities
8
< + + 3;

(2.4.4) K :
+f 1+ + ) O

By Theorem 2.3.1 and the assumptions in Theorem 2.4.1 at = 0, we only need
to check that the set K de ned above is closed, convex and preserved by the ODE
(2.4.2).

Clearly K is closed becausé ! is continuous. + + is justthe trace function
of 3 3 matrices which is a linear function. Hence the rst inequaity in (2.4.4) de nes
a linear half-space, which is convex. The function is the least eigenvalue function,
which is concave. Also note thatf ! is concave. Thus the second inequality in (2.4.4)
de nes a convex set as well. Therefore we proved is closed and convex.

Under the ODE (2.4.2)

d

— + )= %+ 2+ 2+ o+ 4
dt

=0+ e+ ()
0

Thus the rst inequality in (2.4.4) is preserved by the ODE.
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The second inequality in (2.4.4) can be written as

+ o+ f( ); whenever e

which becomes
(2.4.5) + ( log( ) 2] whenever e’:
To show the inequality is preserved we only need to look at paits on the boundary of
theset. If +f 1( + + )=0then = f ( + + ) e sincef 1(y) €.
Hence the RHS of (2.4.5) is nonnegative. We thus have 0 because . But
may have either sign. We split our consideration into two cags:

Case (i): 0.

We need to verify

d d dC )
a*‘a (log( ) 1)—dt

when + =( llog( ) 2]. Solving for

og( ) 2= —
¢ )
and substituting above, we must show
24+ 24 T 1 ( 2 )

which is equivalent to
(2+ A )+ (+ +( N+ )P o
Since ; and ( ) are all nonnegative we are done in the rst case.

Casel(ii): < 0.
We need to verify

d d d
& Loy ) A

when =( )+( )[log( ) 2]. Solving for

()
lo 2= ————
a( ) )
and substituting above, we need to show
2, : ()yq ( 2
) ( )

or
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which reduces to

2000+ C 2+C 20 )+C ) 2 )+ ()

or equivalently
(2 C)+C P )  n+C 3P+ )P o

Since > ( )+( )> Oand ( ) ( ) Owe arealso done in the second
case.

Therefore the proof is completed.O

2.5. Li-Yau-Hamilton Estimates. In [82], Li-Yau developed a fundamental
gradient estimate, now called Li-Yau estimate, for positive solutions to the heat equa-
tion on a complete Riemannian manifold with nonnegative Rici curvature. They
used it to derive the Harnack inequality for such solutions ly path integration. Then
based on the suggestion of Yau, Hamilton [60] developed a sitar estimate for the
scalar curvature of solutions to the Ricci ow on a Riemann suface with positive
curvature, and later obtained a matrix version of the Li-Yau estimate for solutions to
the Ricci ow with positive curvature operator in all dimens ions. This matrix version
of the Li-Yau estimate is the Li-Yau-Hamilton estimate , which we will present
in this section. The Li-Yau-Hamilton estimate plays a central role in the analysis
of formation of singularities and the application of the Ricci ow to three-manifold
topology.

We have seen that in the Ricci ow the curvature tensor satis es a nonlinear
heat equation, and the nonnegativity of the curvature operaor is preserved by the
Ricci ow. Roughly speaking the Li-Yau-Hamilton estimate says the nonnegativity
of a certain combination of the derivatives of the curvature up to second order is also
preserved by the Ricci ow.

Let us begin by describing the Li-Yau estimate for positive ®lutions to the heat
equation on a complete Riemannian manifold with honnegatie Ricci curvature.

Theorem 2.5.1 ( Li-Yau [82]). Let (M;g; ) be ann-dimensional complete Rie-
mannian manifold with nonnegative Ricci curvature. Let u(x;t) be any positive solu-
tion to the heat equation

%l:= u on M [0;1):
Then we have
i yi2
(2.5.1) @Qu rw , "y, o on M (©1):
@t u 2t

We remark that one can in fact prove the following quadratic version that for any
vector eld V' on M,
@u P |
—+2ru V+ujvVji“+ —u O
@t VI %
If we take the optimal vector eld V = r u=u, we recover the inequality (2.5.1).
Now we consider the Ricci ow on a Riemann surface. Since in dhension two
the Ricci curvature is given by

(2.5.2)

1
Rj = éRgij ;
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the Ricci ow (1.1.5) becomes

@g :
Now let g (x;t) be a complete solution of the Ricci ow (2.5.3) on a Riemann
surfaceM and 0 t< T . Then the scalar curvature R(x;t) evolves by the semilinear
equation

QR:4R+ R?

@t
onM [0;T). Suppose the scalar curvature of the initial metric is bourded, nonneg-
ative everywhere and positive somewhere. Then it follows f'm Proposition 2.1.2 that
the scalar curvature R(x;t) of the evolving metric remains nonnegative. Moreover,
from the standard strong maximum principle (which works in each local coordinate
neighborhood), the scalar curvature is positive everywheg fort > 0. In [60], Hamilton
obtained the following Li-Yau estimate for the scalar curvature R(x;t).

Theorem 2.5.2 ( Hamilton [60]). Let g; (x;t) be a complete solution of the Ricci
ow on a surface M. Assume the scalar curvature of the initial metric is boundd,
nonnegative everywhere and positive somewhere. Then theakr curvature R(x;t)
satis es the Li-Yau estimate

@R jr Rj?

(2.5.4) o R

+ R 0:
t

Proof. By the above discussion, we knowR(x;t) > 0 for t > 0. If we set
L =log R(x;t) for t> O;
then
@
ar

1 2
— +
S(AR+R?)
4L+jr Lj2+ R

and (2.5.4) is equivalent to

@L . o, 1 1
= Li*+ = =4L+R+ = 0O
@t I J t t
Following Li-Yau [82] in the linear heat equation case, we caosider the quantity
@L.
255 = — Lif=4L+R:
(2.5.5) Q=" U
Then by a direct computation,
@Q_ @
@L @R
=4 — +RAL+ —
@t @t

4Q+2rL r Q+2jr 2Lj?+2R(4 L)+ R?
4 Q+2rL rQ+ Q%
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So we get
@ 1 1 1 1 1
— + = + = 4+ + = 4+ - + =
@tQ t 4 Q t 2rbr Q t Q t Q t

Hence by a similar maximum principle argument as in the proofof Lemma 2.1.3, we
obtain

1
+> 0
Q+: O

This proves the theorem. O

As an immediate consequence, we obtain the following Harn&dnequality for the
scalar curvature R by taking the Li-Yau type path integral as in [82].

Corollary 2.5.3 ( Hamilton [60]). Let g; (x;t) be a complete solution of the
Ricci ow on a surface with bounded and nonnegative scalar awature. Then for any
points X1;X2 2 M, and 0<t; <t,, we have

t N2
R(X2;t2) ée dig (X1:x2)?=4(t2 tl)R(Xl;tl)Z

Proof. Take the geodesic path (), 2 [ti;tz]; from x; to x, at time t; with
constant velocity d;, (X1; X2)=(t2 t1): Consider the space-time path ( )=( (); ),
2 [t1;t2]. We compute

R(Xz;tg) _ z t2 d

M AL L  )d
R(x1;t1) i, d )
21 @R d
= = =%rR — d
w R @ d |
th @L L-z 1 d 2 4
L @ I Ye oy 79 :

gi ()

Then by Theorem 2.5.2 and the fact that the metric is shrinking (since the scalar
curvature is nonnegative), we have
I
Z H
R(X2;t2) 1 1d 2

log —2:-2) - - = d
SRexut) o ad .,
~log 11 di, (X1;%2)?
to 4ty tq)

After exponentiating above, we obtain the desired Harnack nequality. O

To prove a similar inequality as (2.5.4) for the scalar curvaure of solutions to the
Ricci ow in higher dimensions is not so simple. First of all, we will need to require
nonnegativity of the curvature operator (which we know is preserved under the Ricci
ow). Secondly, one does not get inequality (2.5.4) directl, but rather indirectly as
the trace of certain matrix estimate. The key ingredient in formulating this matrix
version is to derive some identities from the soliton solutbns and prove an elliptic
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inequality based on these quantities. Hamilton found such ageneral principle which
was based on the idea of Li-Yau [82] when an identity is checkkon the heat kernel
before an inequality was found. To illustrate this point, let us rst examine the heat
equation case. Consider the heat kernel

u(x;t) = (4 t) "2el xi’=4t

for the standard heat equation onR" which can be considered as an expanding soliton
solution.
Di erentiating the function u, we get

(2.5.6) rju= u);—’;[ or rju+uV; =0;

where

Di erentiating (2.5.6), we have

(2.5.7) rirju+ruy + =0:

u
P
To make the expression in (2.5.7) symmetric ini;j , we multiply V; to (2.5.6) and add
to (2.5.7) and obtain

(2.5.8) rirjU+riUVj+rjUVi+uViVj+%ij:O:
Taking the trace in (2.5.8) and using the equation@u=@ u, we arrive at
@u

Y L LI
@t+2r u V+ujvjc+ 2tu—O,
which shows that the Li-Yau inequality (2.5.1) becomes an egality on our expanding
soliton solution u! Moreover, we even have the matrix identity (2.5.8).

Based on the above observation and using a similar process,arhilton found a
matrix quantity, which vanishes on expanding gradient Ricd solitons and is honneg-
ative for any solution to the Ricci ow with honnegative curv ature operator. Now we
describe the process of nding the Li-Yau-Hamilton quadratic for the Ricci ow in
arbitrary dimension.

Consider a homothetically expanding gradient solitong, we have

1
(2.5.9) Rap + Egab =1 aVh

in the orthonormal frame coordinate chosen as in Section 1.3Here \, = r ,f for
some functionf . Di erentiating (2.5.9) and commuting give the rst order r elations

(2.5.10) r aRbC r bRac =T ar ch r br aVc
Rabca Vu;

and di erentiating again, we get

-

a(RbcdeVe)
aRbcdeVe + Rbcder aVe

Ial bRed ' al cRpg =

1
—

1
—

1
aRbedeVe + RaeRbcde + ERbcda:
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We further take the trace of this on a and bto get
Reg T af eRas RecRucte * 5Rea 1 aRaceVe =0
and then by commuting the derivatives and second Bianchi idatity,
Res 7 of R+ 2ReaieRae  ReoRie+ 5Rea (1 eReg 1 gRee)Ve = 0:

Let us de ne

Mab = Rap %f al bR+ 2RacbdRed  RacRbe + 2—1tRab;

Pabc = I aRbc ' bRac!
Then
(2.5.11) Mab + PcbaVe = 0;
We rewrite (2.5.10) as

Pabc = Rabcd Vad
and then
(2.5.12) PeabVe + RacbdVeVg = 0:
Adding (2.5.11) and (2.5.12) we have
Map + (Pcab + Peba) Ve + RacbaVeVa = 0

and then

MapWaWyp + ( Peap + Pcpa) WaWpVe + RachdWaVeWpVg = 0
If we write

Uap = :—ZL(VaWb VWwWa) = VAW,

then the above identity can be rearranged as
(2.5.13) Q = MapWaWyp + 2PapcUapWe + RapedUapUeg =0

This is the Li-Yau-Hamilton quadratic we look for. Note that the proof of the Li-
Yau-Hamilton estimate below does not depend on the existeres of such an expanding
gradient Ricci soliton. It is only used as inspiration.

Now we are ready to state the remarkablelLi-Yau-Hamilton estimate for the
Ricci ow.

Theorem 2.5.4 ( Hamilton [61]). Let g; (x;t) be a complete solution with bounded
curvature to the Ricci ow on a manifold M for t in some time interval (0;T) and
suppose the curvature operator ofj; (x;t) is nonnegative. Then for any one-formW,
and any two-form Uy, we have

M abWaWb +2 F)abc Uach + Rabcd Uab Ucd 0
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onM (O;T).

The proof of this theorem requires some rather intense caldations. Here we only
give a sketch of the proof. For more details, we refer the reasr to Hamilton's original
paper [61].

Sketch of the Proof. Let g (x;t) be the complete solution with bounded and
nonnegative curvature operator. Recall that in the orthonormal frame coordinate
system, the curvatures evolve by

8
% @@tRabcd = Rabcd +2(Bapcd Babdc  Badbe + Bachd);
§ @@tRab =  Rap + 2RacbdRed;

SR = R+2jRicj?;

where Baped = Raebt Reed -
By a long but straightforward computation from these evolution equations, one
can get

@
@t Pabc =2 Radbe F)dec +2 Radce dee +2 Rbdcepade 2Rder dRabce
and
@ Map =2R Mce +2R P P
@t ab = achd M cd cd(r ¢Pdab + 1 ¢Pdba)
1
+2PacdPbcd  4PacdPode + 2RedRceRadbe 2 Rab:

Now consider
Q = MapWaWp + 2PapcUapWe + RancdUapUcd:

At a point where

@ _ . -n-
(2.5.14) —_ Wa - _Wa, —_— Uab - O,

@
and

1 1

(2.5.15) r aWp=0; 1 Uy = E(Rabwc RacWp) + E(gabwc OacWh);
we have

@
(2.5.16) @t Q = 2RachdM cdWaWp  2Pacd PhacWaWp
+8 Radce deeUach +4 Raecf Rbed‘ UabUcd

+ (PabcWe + RabedUcd)(PabeWe + Rapef Uet ):
For simplicity we assume the manifold is compact and the curature operator is

strictly positive. (For the general case we shall mess the fonula up a bit to sneak in
the term eA'f , as done in Lemma 2.1.3). Suppose not; then there will be a rstime
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when the quantity Q is zero, and a point where this happens, and a choice &f and

W giving the null eigenvectors. We can extendU and W any way we like in space
and time and still have Q 0, up to the critical time. In particular we can make the

rst derivatives in space and time to be anything we like, so we can extend rst in

space to make (2.5.15) hold at that point. And then, knowing W, and Ug,, we
can extend in time to make (2.5.14) hold at that point and that moment. Thus we
have (2.5.16) at the point.

In the RHS of (2.5.16) the quadratic term

(Pachc + Rabed Ucd)(PabeWe + Rabef Uer )

is clearly nonnegative. By similar argument as in the proof é Lemma 2.1.3, to get a
contradiction we only need to show the remaining part in the RHS of (2.5.16) is also
nonnegative.

A nonnegative quadratic form can always be written as a sum ofquares of lin-
ear forms. This is equivalent to diagonalizing a symmetric natrix and writing each
nonnegative eigenvalue as a square. Write

X nn 1
0= (XWat YS<Uwm)% 1 k n+ N 5 )
k
This makes
X ) X )
Mab: xaxby Pabc— Yach
k k
and
Rabed = Yakacla

It is then easy to compute

2Racbd M chaWb 2Pacd Pbdc\NaWb +8 Radce deeUabWe
+4 Raecf Rbed'UabUcd

X X '
=2 YE Y Xyl wawy
k |
X X
2 YEXK Yo XL Wawy
k

X X
+8 Yalij Ycke Ydlbxé Uach
k

X X
+4 Yake Ycl; YbIeYc} Uab Ucd
X k |
= (YatXeWa  YacX¢Wa o 2Y8 YpoUan)?
k;l
0:

This says that the remaining part in the RHS of (2.5.16) is al® nonnegative. There-
fore we have completed the sketch of the proofl
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By taking Uy = %(VawtJ V,W,) and tracing over W,, we immediately get

Corollary 2.5.5 (  Hamilton [61]). For any one-form V, we have

@R, R

In particular by taking V 0, we see that the functiontR (x;t) is pointwise
nondecreasing in time. By combining this property with the local derivative estimate
of curvature, we have the following elliptic type estimate.

Corollary 2.5.6. Suppose we have a solution to the Ricci ow fot > 0 which
is complete with bounded curvature, and has nonnegative cuature operator. Suppose
also that at some timet > 0 we have the scalar curvatureR M for some constant
M in the ball of radius r around some pointp. Then for k = 1;2;:::, the k™ order
derivatives of the curvature atp at the time t satisfy a bound

. . 1 1
r kRm(p;t)J2 CkM? rﬂ"’ t_k+ MK

for some constantCy depending only on the dimension andk.

Proof. SincetR is nondecreasing in time, we get a boundR  2M in the given
region for times betweent=2 andt. The nonnegative curvature hypothesis tells us the
metric is shrinking. So we can apply the local derivative esimate in Theorem 1.4.2
to deduce the result.O

By a similar argument as in Corollary 2.5.3, one readily has he following Harnack
inequality.

Corollary 2.5.7. Let gj (x;t) be a complete solution of the Ricci ow on a
manifold with bounded and nonnegative curvature operatorand let x1;x2 2 M; 0<
t; <t,: Then the following inequality holds

t )22
R(X2;t2) ée diy (X1:x2)?=2(t2 t1) R(x1;t1):

In the above discussion, we assumed that the solution to the Rci ow exists on
0 t<T, and we derived the Li-Yau-Hamilton estimate with terms 1=t in it. When
the solution happens to beancient , i.e., dened on 1 <t < T , Hamilton [61]
found an interesting and simple procedure for getting rid ofthem. Suppose we have
a solutionon <t<T we can replacet by t in the Li-Yau-Hamilton estimate.
Ifwelet ! 1 | then the expression E(t ) ! 0 and disappears! In particular
the trace Li-Yau-Hamilton estimate in Corollary 2.5.5 becomes

@R

(2.5.17) ot 2 R Vat2RaValy O

By taking V =0, we see that %Ff 0. Thus, we have the following

Corollary 2.5.8 ( Hamilton [61]). Let g; (x;t) be a complete ancient solution
of the Ricci owon M (1 ;T) with bounded and nonnegative curvature operator,
then the scalar curvatureR(x;t) is pointwise nondecreasing in timet.
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Corollary 2.5.8 will be very useful later on when we study anéent -solutions in
Chapter 6, especially combined with Shi's derivative estinate.

We end this section by stating the Li-Yau-Hamilton estimate for the Kahler-Ricci
ow, due to the rst author [12], under the weaker curvature a ssumption of nonneg-
ative holomorphic bisectional curvature. Note that the following Li-Yau-Hamilton
estimate in the Kahler case is really a Li-Yau-Hamilton estimate for the Ricci tensor
of the evolving metric, so not only can we derive an estimate o the scalar curva-
ture, which is the trace of the Ricci curvature, similar to Corollary 2.5.5 but also an
estimate on the determinant of the Ricci curvature as well.

Theorem 2.5.9 ( Cao [12). Let g (x;t) be a complete solution to the Kahler-
Ricci ow on a complex manifold M with bounded curvature and nonnegtive bisectional
curvature and0 t<T . For any point x 2 M and any vectorV in the holomorphic
tangent spaceT,i°M , let

1
Q=@@{?+RR+rRV+rRV+R VV+YR

Then we have
Q ww 0

forall x2 M, V;W 2 TE°M, and t> 0.

Corollary 2.5.10 ( Cao [12). Under the assumptions of Theorem2:5:9; we
have
(i) the scalar curvature R satis es the estimate

@R jr R}

@t R

+E 0;
t

and
(i) assuming R > 0, the determinant = det(R )=det(g ) of the Ricci
curvature satis es the estimate

L
@ iy, n
ot n t
forall x2 M andt> 0.
2.6. Perelman's Estimate for Conjugate Heat Equations. In [103] Perel-

man obtained a Li-Yau type estimate for fundamental solutions of the conjugate heat
equation, which is a backward heat equation, when the metricevolves by the Ricci
ow. In this section we shall describe how to get this estimat along the same line as in
the previous section. More importantly, we shall show how tte Li-Yau path integral,
when applied to Perelman's Li-Yau type estimate, leads to animportant space-time
distance function introduced by Perelman [103]. We learnedrom Hamilton [67] this
idea of looking at Perelman's Li-Yau estimate.

We saw in the previous section that the Li-Yau quantity and th e Li-Yau-Hamilton
guantity vanish on expanding solutions. Note that when we casider a backward heat
equation, shrinking solitons can be viewed as expanding b&ward in time. So we
start by looking at shrinking gradient Ricci solitons.
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Suppose we have a shrinking gradient Ricci solitorg; with potential function f
on manifold M and 1 <t< O sothat, for = t,

(2.6.1) Rij +rr if Zigij =0:
Then, by taking the trace, we have

(2.6.2) R+ f =0:

n
2
Also, by similar calculations as in deriving (1.1.15), we gé

r

(2.6.3) R+ jr fj2 =C

where C is a constant which we can set to be zero.
Moreover, observe

@f
@t
becausef evolves in time with the rate of change given by the Lie derivaive in the
direction of r f generating the one-parameter family of di eomorphisms.
Combining (2.6.2) with (2.6.4), we seef satis es the backward heat equation

(2.6.4) =jr fj?

@f _ N n.
(2.6.5) @t f+jrfj© R+ >
or equivalently
(2.6.6) %fz fjr fj2+R 21:

Recall the Li-Yau-Hamilton quadratic is a certain combination of the second order
space derivative (or rst order time derivative), rst orde r space derivatives and zero
orders. Multiplying (2.6.2) by a factor of 2 and subtracting (2.6.3) yields

2 f jr f+Rr+3 =g

valid for our potential function f of the shrinking gradient Ricci soliton. The quantity
on the LHS of the above identity is precisely the Li-Yau-Hamiton type quadratic
found by Perelman [103].

Note that a function f satis es the backward heat equation (2.6.6) if and only if
the function

u=@4 ) zef
satis es the so calledconjugate heat equation
@u
@

Lemma 2.6.1 (Perelman [103]. Let g; (x;t), 0 t<T , be a complete solution
to the Ricci ow on an n-dimensional manifold M and letu = (4 ) Ze f be a
solution to the conjugate equation(2:6:7) with =T t. Set

(2.6.7) u, u+ Ru=0:

f n

H=2 f jr fj?+R+
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and
v= Hu= (R+2 f jr fi)+f nu

Then we have

H 1 12
%: H 2rf rH —H 2Rij+rirjf 2_gij
and
@v 1 2_
@2 v Rv 2u Rj +rirjf 2—gij
Proof. By direct computations, we have
@ @ Lo n
—H=—= 24f jr fj*+ R+
@f , @f .
=24 — 2R fii 2 rfr — +2Ric(r f;r f
@ I} I} @ ( )
@ 1@ f n
+ —R+ ——f
@ @ 2 o
=24 4f jr fj?+R > 4R ;i +2Ric(r f;r f)
D E
2 rfr 4f jr fj2+R g- 4 R 2Ry 2
1 . o n f n,
+ = 4f jr fjI°+R > >

rH=r 24f jr fj2+R+f

=2r (4f) 2hrr if;rifi+r R+ }r f;

aH=4 24f j fP+R+ "

=24(41) 4 (r T2+ 4R+ tar,
and

2rH rf=2mr (4f) 2hrr if;rifi+rR+Erf;rfi

=2[ker (4f);r fi 2 fifji+ hrRyr fi]l+ gjr fj2:
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Thus we get

@ 1
—H 4 H+2rf rH+ —H
@

AR ;fy i +2Ric(r f;r f) 2jRjj? 4 (r fj2)+2hr(4f);r fi

2 2 n
+ —4f+ -R 5732

N T n . R
ZJRijJ2+injJ2+ F+2I’R“,f”| — _4f

1 2
2Ry +rirgt g

and
@@4 +R v= @@4 + R (Hu)
= @@4 (H) u 2hr(H);r ui
- @@4 (H) 2hr(H)rfi u
@H

1
= — 4 H+2rf rH+ -H u
@

1 2
= 2u Rij+rir,-f 2_gij

Note that, since f satis es the equation (2.6.6), we can rewriteH as

(2.6.8) H= 2%f+ irfjiz R+ L.

Then, by Lemma 2.6.1, we have

@ - . 2 17
@(H)—( H) 2rf r(H) 2 Ric+r“f 2—g

So by the maximum principle, we nd max( H ) is nonincreasing as increasing.
When u is chosen to be a fundamental solution to (2.6.7), one can shwo that

lim, o H 0 and henceH OonM forall 2 (0;T] (see, for example, [99]).
Since this fact is not used in later chapters and will be only $ed in the rest of the sec-
tion to introduce a space-time distance via Li-Yau path integral, we omit the details

of the proof.

Once we have Perelman's Li-Yau type estimateH 0, we can apply the Li-Yau
path integral as in [82] to estimate the above solutionu (i.e., a heat kernel estimate
for the conjugate heat equation, see also the earlier work o€heeger-Yau [28]). Let
p;g2 M be two points and ( ); 2 [0; ]; be a curve joiningp and g, with  (0) = p
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and ( )= g. Then along the space-time path (( ); ), 2 [0; ], we have

L300y =2 %f+rf () + et
P~ gt yrart () +PR

p_ . P_
T T f Ot RETONG ()
"R+ ()

where we have used the fact thatH 0 and the expression forH in (2.6.8).
Integrating the above inequality from =0to = , we obtain

2r@)  PTRILOR ()

or
1
f(a; ) = L(C )
where
z p
(2.6.9) LO. T(R+j_()jg, ()d:
Denote by
(2.6.10) I(q; ), inf Ep:)L—_ L();
where theinf is taken over all space curves ( );0 , joining p and g. The

space-time distance functionl(q; ) obtained by the above Li-Yau path integral ar-
gument is rst introduced by Perelman in [103] and is what Perelman calls reduced
distance. Since Perelman pointed out in page 19 of [103] thaian even closer refer-
ence is [82], where they use “length’, associated to a linegarabolic equation, which
is pretty much the same as in our case", it is natural to call I(q; ) the Li-Yau-
Perelman distance . See Chapter 3 for much more detailed discussions.

Finally, we conclude this section by relating the quantity H (or v) and the W-
functional of Perelman de ned in (1.5.9). Observe thatv happens to be the integrand
of the W -functional,

Z
W(g; (t);f; )= vdv:
M
Hence, whenM is compact,
Y4
d @
—W = —v+ Rv dV
d v @
Y4 12
= 2 Ric +r ?f —g udV
M 2
0;

or equivalently,

d z 1 2

W@ @:f () M= 2 Ry +rirf =g (4 ) Fe'dv;
M

which is the same as stated in Proposition 1.5.8.
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3. Perelman's Reduced Volume. In Section 1.5 we introduced the F-
functional and the W-functional of Perelman and proved their monotonicity prop-
erties under the Ricci ow. In the last section of the previous chapter we have de ned
the Li-Yau-Perelman distance. The main purpose of this chager is to use the Li-Yau-
Perelman distance to de ne the Perelman's reduced volume, Wich was introduced by
Perelman in [103], and prove the monotonicity property of the reduced volume under
the Ricci ow. This nhew monotonicity formula is more useful for local considerations,
especially when we consider the formation of singularitiesn Chapter 6 and work on
the Ricci ow with surgery in Chapter 7. As rst applications we will present two no
local collapsing theorems of Perelman [103] in this chapterMore applications can be
found in Chapter 6 and 7.

3.1. Riemannian Formalism in Potentially In nite Dimensio ns. In Sec-
tion 2.6, from an analytic view point, we saw how the Li-Yau path integral of Perel-
man's estimate for fundamental solutions to the conjugate keat equation leads to the
Li-Yau-Perelman distance. In this section we present, froma geometric view point,
another motivation why one is lead to the consideration of the Li-Yau-Perelman dis-
tance function, as well as a reduced volume concept. Interéiagly enough, the Li-
Yau-Hamilton quadratic introduced in Section 2.5 appears a@ain in this geometric
consideration.

We consider the Ricci ow

@@gij = 2R

on a manifold M where we assume thatg; (;t) are complete and have uniformly
bounded curvatures.
Recall from Section 2.5 that the Li-Yau-Hamilton quadratic introduced in [61] is

Q= Mj WiW; + 2Py Uy Wi + Rjju Uj Uy
where

1 1
Mj = Rj Sh i iR+2Rikj Ru Rk Rk + ERij ;
Pik =r iRk r jRi

and U; is any two-form and W; is any 1-form. Here and throughout this chapter we
do not always bother to raise indices; repeated indices is st hand for contraction
with respect to the metric.

In [63], Hamilton predicted that the Li-Yau-Hamilton quadr atic is some sort of jet
extension of positive curvature operator on some larger sg. Such an interpretation
of the Li-Yau-Hamilton quadratic as a curvature operator on the spaceM R* was
found by Chow and Chu [38] where a potentially degenerate Rimannian metric on
M R* was constructed. The degenerate Riemannian metric oM R* is the limit
of the following two-parameter family of Riemannian metrics

N
2(t+ )

on: (6Gt) = g(xt) + (R(x;t) + )dt?

asN tends to innity and  tends to zero, whereg(x;t) is the solution of the Ricci
owon M andt2 R*.
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To avoid the degeneracy, Perelman [103] considers the maoid M = M SV R*
with the following metric:

G = G

g =9
N

9”0022—+R;

8 =fo =80 =0;

where i;j are coordinate indices onM ; ; are coordinate indices onSV ; and the
coordinate on R* has indexo. Let = T t for some xed constant T. Then g;
will evolve with by the backward Ricci ow @@gij =2R; . The metricg onSV is
a metric with constant sectional curvature ﬁ

We remark that the metric g on SV is chosen so that the product metric
(gi; & )onM SN evolves by the Ricci ow, while the component g, is just the

scalar curvature of (g ; ¢ ). Thus the metric gdenedon M =M SV R*is
exactly a \regularization" of Chow-Chu's degenerate metric onM  R*.

Proposition 3.1.1. The components of the curvature tensor of the metricy
coincide (modulo N 1) with the components of the Li-Yau-Hamilton quadratic.

Proof. By de nition, the Christo el symbols of the metric ~g are given by the
following list:

~k = k.
ij ij o
=0 and ~; =0;
k=0 and ~, =0;
=Ry and P = &°Rj;
- 1, @ o _ 1o @
K égk' @(R and ~0 = §g°°@(R,
@ =0; 75 =0 and ~, =0;
~ 1 ~
o = o and ° = ég"og ;
“=0 and ~9 =0;
- 1 N
o0 = Egoo 532 % =R

Fix a point (p;s; )2 M SY R* and choose normal coordinates aroung 2 M
and normal coordinates arounds 2 SN such that Ij (p) =0 and (s) = 0 for all

i;j;k and ; ; . We compute the curvature tensorRm of the metric g at the point
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as follows:

1
Rijg = Riw + 76§ 7o ™% = Riw + O N

Rik =0;
1 1
Rij =0 and R :~:<0~0 ~ko ~io = _goog gkIR" =0 — ;
2 N
Ri =0;
@ @ K ~ K ~ 1
Riko = @(Rjk @Rik+ K o ]!<0 o= Pjk +O N
1 @ @ K —0 ko o~k ~
Rioko = E@X@kR @(Ril glk)"' :i) go (l;j Jio (l;o i?)
1 @ 1 1
= ErirkR @Rik+2RikR|k Z—Rik Rj Rk + O N
1
:Mik+o(ﬁ);
Rijo =0 and Rijo =0;
1
Rio = o =0 N and R, =0;
Rioo =0;
R, =0;
1 o o 1
Roo = 22 *t o go o o =0 N '
1
R =0 —
N

Thus the components of the curvature tensor of the metricg~coincide (modulo
N 1) with the components of the Li-Yau-Hamilton quadratic. O

The following observation due to Perelman [103] gives an imprtant motivation
to de ne Perelman's reduced volume.

Corollary 3.1.2. All components of the Ricci tensor of g are zero (modulo
N 1.

Proof. From the list of the components of the curvature tensor ofg-given above,
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we have
Ry =¢“Rju +9 Rij + 8 Rigo
1 1 1
= Rj > 9 8°0 Rj +9°° M;j Z—Rij +0 N
N 1
= R“ z—gooRij + O N
1
=0 — :
N
Ri =¢'Riki +9 R +8°Ripo =0;
Rio = gkl Rika + 8 Rio +'gooRiooo
1
= g/Pw +O N
R =gk|RkI +'g R +gooRoo
1
=0 — :
N

Ro =gk|RkoI +9 Ry +'gooRooo =0;
Fzoo:'gkl Rokol +9 Roo +'gooRoooo

K My +0 Ni +o0 X

Sinceg® is of orderN !, we see that the norm of the Ricci tensor is given by
jRicjg = O

This proves the result. O

We now use the Ricci- atness of the metricg-to interpret the Bishop-Gromov rel-
ative volume comparison theorem which will motivate anothe monotonicity formula
for the Ricci ow. The argument in the following will not be ri gorous. However it
gives an intuitive picture of what one may expect. Consider ametric ball in ( NT; &)
centered at some point p;s;0) 2 Nr. Note that the metric of the sphere SN at =0
degenerates and it shrinks to a point. Then the shortest geoelsic ( ) between (p; s;0)
and an arbitrary point ( q;s; ) 2 M is always orthogonal to theSY bre. The length
of () can be computed as

S
’ NirR +j (O, d
. 2 1Og, )
P— 1 z p
= N+ p— T T(R+]()jG)d +ON Z):
0

Thus a shortest geodesic should minimize
z p
L()= . “(R+j_()jg, )d:
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et L(qg; ) denote the BOEponding minimum. We claim that a metric sphere
Sy ( 2N )in N of radius 2N centered at (p;s;0) is O(N l)-closeéo the hyper-
surfacef = g. Indeed, if (x;s% (x)) lies on the metric sphere Sy, ( 2N ), then
the distance between k;s% (x)) and (p;s;0) is

p

N =" N (x) + B%L(x; (x)+ O N 2

which can be written as

P— p-— 1
() = ol (0)+ O(N %)= O(N Y
This shows that the metric sphere S,W(p 2N ) is O(N 1)-close to the hypersurface
f = g. Note that the metric g on SV has constant sectional curvatureﬁ. Thus
Vol S, P 2N
zZ Z
dVyg AV (X)
ZM SN
= ((x))ZVol(SN)dWy
M 2 |
N p— 1 2
(2N)= !y S b6 () + O(N %) dWu
M 2N
z P 1 N
(@N)Z ! T ool )+ oN Y dVi;
M 2N

where ! \ is the volume of.the standard N -dimensional sphere. Now the volume of
Euclidean sphere of radius 2N in R"*N*1 s

N

VOl (Sga v -1 (pZN N=CN )=l nin:
Thus we have
vol (s, (" 2N )
Vol (Speenet (2N )

Z
const N 2 () Zexp Epl—_L(X; ) dVw:
M

Since the Ricci curvature of Nt is zero (moduloN 1), the Bishop-Gromov volume
comparison theorem then suggests that the integral
z

V)= @) Fen pel(c ) dw;
M

which we will call Perelman's reduced volume , should be nonincreasing in . A
rigorous proof of this monotonicity property will be given in the next section. One
should note the analog of reduced volume with the heat kerne&nd there is a parallel
calculation for the heat kernel of the Shredinger equationin the paper of Li-Yau [82].

3.2. Comparison Theorems for Perelman's Reduced Volume. In this
section we will write the Ricci ow in the backward version
@
@Y%~ 2R;



244 H.-D. CAO AND X.-P. ZHU

on a manifold M with = (t) satisfying d =dt = 1 (in practice we often take

= to t for some xed time tg). We always assume that eitherM is compact or
gj ( ) are complete and have uniformly bounded curvature. To each(smooth) space
curve (),0< ; 2,in M, we de ne its L-length as

z

2

LO)= PTRCO: )+ IO ()

1

Let X( )= _( ), and let Y( ) be any (smooth) vector eld along ( ). First of
all, we compute the rst variation formula for L-length.

Lemma 3.2.1 (First variation formula ).
p £ p 1
y(L)y=2" mX;Yij 2+ T YirR 2r xX 4Ric(;X) =X d

1

whereh; i denotes the inner product with respect to the metriag; ( ).

Proof. By direct computations,
Y4

2
W)= P RiYi 420K r X i)d
Zl
2p . .
= (hr R;Yi+2hX;r x Yi)d
lep q
= a hrR;Yi+2d—hX;Yi 2hrx X;Yi  4Ric(X;Y) d
1
p— - z 2p— . 1
=2 hXYij 2+ Y;rR 2rxX 4Ric(;X) =X d:

1

O

A smooth curve () in M is called an L-geodesic if it satis es the following
L-geodesic equation

(3.2.1) rx X :—2er+ zix +2Ric(X; )=0:

Given any two points p;g2 M and , > 1 > 0, there always exists anL-shortest
curve (or shortest L-geodesic) ( ): [ 1; 2] ! M connecting p to g which satig es
the above L-geodesic equation. Multiplying the L-geodesic equation (3.2.1) by
we get

p P- p
rx( _X):TrR 2 "Ric(X;) on [1; 2]
or equivalently
p_
di(p‘X)z TR oRicCX: ) on [1:

Thus if a continuous curve, de ned on [0p 2], satis es the L-geodesic equation on
every subinterval 0 < ; 2, then " 71X (1) has alimitas ;! 0". This
allows us to extend the de nition of the L-length to include the case ; = 0 for
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all those (C?Jntinuous) curves :[0; 2]! M which are smooth on (Q ,] and have
limits Ilirr?)+ ~ (). Clearly, there still exists an L-shortest curve ( ):[0; 2]! M

connecting arbitrary two points p;q 2 M and satisfying the L-geodesic equation
(3.2.1) on (0; 2] Moreoder, for any vectorv 2 T,M, we can nd an L-geodesic ( )
starting at p with Ilirrg)+ T ()=w

From now on, we X a point p2 M and set ; = 0. The L-distance function
on the space-timeM R* is denoted byL (qg; ) and de ned to be the L-length of the
L-shortest curve ( ) connecting p and q with 0

Consider a shortestL-geodesic :[0; ]! M connectingpto g. In the computa-
tions below we pretend that L -shortest geodesics betweep and q are unique for all
pairs (q; ); if this is not the case, the inequalities that we obtain are still valid, by
a standard barrier argument, when understood in the sense ddfistributions (see, for
example, [112]).

The rst variation formula in Lemma 3.2.1 implies that

Dp_ E
ryl(g; )= 2 X()Y()

Thus
. P .
rL(g; )=2 X ()
and
(3.2.2) jr Li2=4 jXj?= 4R +4 (R+Xj?):

We also compute

d . :
(3.2.3) LCC) )= —LC())i= hr LXi
=P TR xip) 20X
-2" R p_(R + X j?):
To evaluate R + jX j2, we compute by using (3.2.1),

d N
SRCON D+ IXOR, ()
=R + hrR;Xi+2hr x X;X i +2Ric(X;X )

=R + TR+2hRIXi 2RICOGX)  S(R+ X[

QX) IR+ iX);
where
QX)= R R 2hr R; X'i +2Ric(X; X))

is the trace Li-Yau-Hamilton quadratic in Corollary 2.5.5. Hence

TORe X =5 R+XP FQX)

NI = NI

Tecomi= e
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Therefore,
(3:2.9) R+ X)) = Sl ) K
where

z
(3.2.5) K = Z2Q(X)d:

0
Combining (3.2.2) with (3.2.3), we obtain

L 2 4

(3.2.6) jrLjc= 4R+ p=L p=K
and
(3.2.7) L :Zp_R ZiL + }K:

Next we compute the second variation of anL -geodesic.

Lemma 3.2.2 ( Second variation formulg). For any L-geodesic , we have
p z p
Z(L)y=2""hryY;Xijy+ T[2ir x Yj2+2HR(Y; X)Y; Xi
0

+ryr yR+2r xRic(Y;Y) 4r yRic(Y;X)]d:

Proof. We compute
Z
ZLy=vY p_(Y(R)+2hryx;Xi)d
0
z P
TY(YR) +2hryr ¢ X; X i +2jr yXj2)d

ZO
Py (Y(R) +2hr yr x Y:Xi +2jr x Yj2)d
0

and

2h|’yr xY;Xi
=2hr xr yY;Xi +2hR(Y; X)Y; Xi

:ZdithY;Xi 4Ric(r vY;X) 2hryY;r x Xi

2 dier;X 2hr xr vyY; Xi  +2HR(Y; X)Y; Xi
=2d£her;Xi 4Ric(r vY;X) 2hryY;r x Xi

2 Y'YI(@(r iRy + 1Ry T |Rij))@—%;x +2MR(Y; X)Y; Xi

=2d£her;Xi 4Ric(r vY;X) 2hryY;r x Xi 4r yRic(X;Y)
+2r x Ric(Y;Y)+2MR(Y; X)Y; Xi;
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where we have used the computation

@@ § =g iRy + R TRy ):
Thus by using the L-geodesic equation (3.2.1), we get

2(L) = p_Y(Y(R))+2dithY;Xi ARIC(r v Y;X)
0

2hr vy Yir x Xi  4r yRic(X;Y)+2r x Ric(Y;Y)

+2MR(Y:; X)Y: Xi+2jr x Yj? d
Z
_ P-4

d—her;Xi + Bl—_hl'yY;Xi d

%7

v PoveYR) b oy YR 4 yRic(X:Y)
+2?xRic(Y;Y)+%rR(Y;X)Y;Xi +2jr x Yj?]d
=2P Thry ViXijg+ P TI2ir x Yi2 4 2ER(Y; X)X
+rvryR 4I’yRiC::(X;Y)+2rxRiC(Y;Y)]dZ
O

We now use the above second variation formula to estimate thédessian of the
L -distance function.
Let ():[0; 1! M be anL-shortest curve connectingp and g so that the
L -distance function L = L(q; ) is given by the L-length of . We x a vector Y at
= with jYjg, () =1, and extend Y along the L-shortest geodesic on [0; | by
solving the following ODE

(3.2.8) r<Y = Ric(Y;)+ ZiY:

This is similar to the usual parallel translation and multip lication with proportional
parameter. Indeed, supposef Yi;:::;Yng is an orthonormal basis at =  (with
respect to the metric g; ( )) and extend this basis along theL -shortest geodesic by
solving the above ODE (3.2.8). Then

dith;in =2Ric(Yi;Yj)+ hrx Y, Yji+ hyi;r xYji

= }th;in
for all i;j . Hence,

(3.2.9) hi( )Y ()i= —j

Proposition 3.2.3. Given any unit vector Y at any point 2 M with =
consider an L-shortest geodesic connecting p to q and extendY along by solving
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the ODE (3:2:8). Then the Hessian of thelL -distance function L on M with =
satis es

z

p p

Hess (Y;Y) pl—_ 2 Ric(Y:Y) Q(X;Y)d

in the sense of distributions, where

QX;Y)=r1 yryR 2mMR(Y;X)Y;Xi 4r xRic(Y;Y)+4r yRic(Y;X)
2Ric (Y;Y)+2jRic(Y;)j? }Ric(Y;Y)

is the Li-Yau-Hamilton quadratic. Moreover the equality hdds if and only if the vector
eld Y(); 2]0; ],is an L-Jacobian eld (i.e., Y is the derivative of a variation
of by L-geodesics.

Proof. As said before, we pretend that the shortestL -geodesics betweem and
g are unique so thatL(q; ) is smooth. Otherwise, the inequality is still valid, by a
standard barrier argument, when understood in the sense of idtributions (see, for
example, [112]).

Recall that r L(q; ) = 2p_x . Then hrvY;r Li= 2p_hr vY; Xi: We compute
by using Lemma 3.2.2, (3.2.8) and (3.2.9),

Hess (Y;Y) = Y(Y(L))( ) hr yY;r Li()
Z$(L) 2p_thY;Xi()

P—2ir % Y2+ 2MR(Y:X)Y:Xi + 1 yr ¢R
0

+2r x Ric(Y;Y) 4r yRic(Y;X)]d

z D 1 2

= T2  Ric(Y;)+ 2—Y +2R(Y; X)Y;Xi+r yr yR
0

+2r x Ric(Y;Y) 4r yRic(Y;X) d

z
P Ric(v)2 ZRic(Y;Y)+ 2i+2hR(Y;X)Y;Xi

0

+ryr yR+2r xRic(Y;Y) 4r yRic(Y;X) d:
Since

diRic(Y;Y) =Ric (Y;Y)+ r xRic(Y;Y)+2Ric(r xY;Y)

=Ric (Y;Y)+ r xRic(Y;Y) 2jRic(Y;)j?+ ERic(Y;Y);
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we have

HesZQ(Y;Y)
P~ gRic (v )7 ZRic(Y;Y)+ 2i+2rR(Y;X)Y;Xi
0

+ryryR 4(r yRic)(X;Y) ZdERic(Y;Y) 2Ric (Y;Y)

+4jRic(Y;)j? ERic(Y;Y) +4r x Ric(Y;Y) d

z z
- zp‘diRic(Y;Y)+ PLRIC(Y:Y) d + zi pd
0 0
z
o P aREGX)YXi 41 yr yR+ IRiC(Y:Y)

0
£A(r RIC(Y:Y) 1 yRic(X:Y))+2Ric (Y:Y) 2Ric(Y:)}? d
1 z
= 2" TRic(Y:v) Pom:y)d:
0

This proves the inequality.
As usual, the quadratic form

Z
[(V;V) = p_[2jr x ViZ+2R(V:X)V:Xi+r yr yR
0

+2r x Ric(V;V) 4r yRic(V;X)]d;

for any vector eld V along , is called the index form. Since is shortest, the
standard Dirichlet principle for 1(V;V) implies that the equality holds if and only if
the vector eld Y is the derivative of a variation of by L-geodesicsO

Corollary 3.2.4. We have

L oL Pr ok

in the sense of distribution. Moreover, the equality holdsfiand only if we are on a
gradient shrinking soliton with

1 1
Rij +§p:rier= 2—gij2

(3.2.8), with hY;( );Y;( )i = - on [0, ]. Taking Y = Y; in Proposition 3.2.3 and
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summing overi, we get

o Z

(3.2.10) Lo PR P20 x:v)d
71

N L P= _ ox)d

oL PRIk

Moreover, by Proposition 3.2.3, the equality in (3.2.10) hdds everywhere if and only
if for each (q; ) and any shortest L-geodesic on [0; ] connecting p and g, and for

any unit vector Y at = , the extended vector eld Y( ) along by the ODE (3.2.8)
must be anlL-Jacobian eld. When Y;( );i =1;:::;n areL-Jacobian elds along ,
we have
d
g MY

—2R|C(Y.,YJ)+ hrx Yi;Yji + hYi;r xYji

=2Ric(Yi;Yj)+ ry, 5fé)L:rL Yp o+ Yiiry, EéltrL
=2Ric(Yi; Y;) + pl—_Hess(Yi;Yj)
and then by (3.2.9),
. 1 1
2Ric(Yi;Y;)+ p=Hess (Yi;Y;)= — j;, at =

Therefore the equality in (3.2.10) holds everywhere if and aly if we are on a gradient
shrinking soliton with

1 1
Rij +—|9—2 =rirjL= 2—gij2

In summary, from (3.2.6), (3.2. 7) and Corollary 3.2.4, we hae

E%L F+ 5
E jr Li= 4R + s&2L pEK;
PR K.

in the sense of distributions.
Now the Li-Yau-Perelman distance I = 1(q; ) is de ned by

o )= L(g; )=2" "

We thus have the following
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Lemma 3.2.5. For the Li-Yau-Perelman distance I1(g; ) de ned above, we have

@I: I 1

(3.2.11) @ —-+R+ WK;
I 1
L2 = .
(3.2.12) jrijc= R+ - —/K
n 1
(3.2.13) I R+ 5 5 K;

in the sense of distributions. Moreover, the equality in (32.13) holds if and only if
we are on a gradient shrinking soliton.

As the rst consequence, we derive the following upper boundon the minimum
of I(; ) for every which will be useful in proving the no local collapsing theoem in
the next section.

Corollary 3.2.6. Let g; ( ), 0, be a family of metrics evolving by the Ricci
ow @gij =2R; on a compactn-dimensional manifold M. Fix a point pin M and
let I(q; ) be the Li-Yau-Perelman distance from(p;0). Then for all ,

minfl(q; )j q2 Mg %:

Proof. Let
L(a; )=41(a; ):
Then, it follows from (3.2.11) and (3.2.13) that

@] 2K

— =4 R + —;

@ P=
and

L 4R +2n %ﬁ_:

Hence

Q@

—+ L 2n:

@

Thus, by a standard maximum principle argument, minfL(q; ) 2n jg2 Mgis
nonincreasing and therefore mifiL(q; )j q2 Mg 2n .0O

As another consequence of Lemma 3.2.5, we obtain

@l

n
+jr 1j? + — O
@ I+jrlj© R > 0

or equivalently

@@ + R (4 ) zexp( 1) O
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If M is compact, we de ne Perelman's reduced volume by
z
V()= M(4 ) 2 exp( I(g; ))aV (q);

where dV denotes the volume element with respect to the metricg; ( ). Note that
Perelman's reduced volume resembles the expression in Hien's monotonicity for-
mula for the mean curvature ow [72]. It follows, from the above computation, that

q Z
g, @) e i@ ) (@
Z
@@«4 ) Zexp( I(a; )+ R@ ) zexp( I(g; ) dV (q)
ZM
. 4 ) Texp( I(g; ))av ()
=0:

This says that if M is compact, then Perelman's reduced volumé& ( ) is nonincreasing
in ; moreover, the monotonicity is strict unless we are on a gragknt shrinking soliton.

In order to de ne and to obtain the monotonicity of Perelman’ s reduced volume
for a complete noncompact manifold, we need to formulate thenonotonicity of Perel-
man's reduced volume in a local version. This local versiorsi very important and will
play a crucial role in the analysis of the Ricci ow with surgery in Chapter 7.

We de ne the L-exponential map (with parameter YLexp(): T,M! M
as follows: for anyX 2 ToM, we set

Lexp ()= ()

where () is the L-geodesic, starting atp and having X as the limit of P " () as
I 0". The associated Jacobian of thel -exponential map is calledL-Jacobian .
We denote byJ () the L-Jacobian ofL exp( ): ToM ! M. We can now deduce an
estimate for the L-Jacobian as follows.
Let g=Lexps( )and (), 2 [0; ], be the shortestL-geodesic connecting
andgwith © _()! X as ! 0". Forany vectorv 2 T,M, we consider the family
of L-geodesics:

S():Lexp(x+sv)( ); 0 ; 32( ; ):
The associated variation vector eld V( ), 0 , iIs an L-Jacobian eld with
V(@)=0and V( )=(Lexpc()) (V).
Let vi;:::; vy ben linearly independent vectors inT,M . Then
Vi()=(Lexpc () (vi); =120

are n L-Jacobian elds along (), 2 [0; ]. The L-JacobianJ ( ) is given by

J(O)=iM()™ N Va(O)igy ()T N Vil
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Now for xed b2 (0; ), we can choose linearly independent vectorsy;:::;v, 2
TpM such that v (b); Vj (b)ig; ) = j - We compute
d
—J32
d
= 2 )@ W AN AN A N . A A H
A A 1 roxV ViV Vilg, ()
j=1
2 )<1 H\/ N N i . AN N . N N i .
+j\/l’\—’\vnj2 1 RIC(VJ',) Vhi V1 angij().
j=1
At =D
d oo - 2 X S ; . .
g ) b= RN (hr x ViiViig, (n +Ric(Vj;Vj)):
j=1
Thus,
d X . .
d—|09~] (b= (hrxVj;Vjig, i +Ric(V;;V}))
j=1
!
X 1
= rv =P=rL ;i +Ric(Vj; V)
i=1 2 b g (b)

0

1 X
5p—B@ Hess (Vi;V,)A + R
j=1

1
- L+ R:
b

Therefore, in view of Corollary 3.2.4, we obtain the followng estimate for L -Jacobian:

n 1

(3.2.14) dilog\]() > mK on [ ]

On the other hand, by the de nition of the Li-Yau-Perelman di stance and (3.2.4), we
have

d 1 1 d
(3.2.15) d—l( )= 2—| + Ep:d—L
_ 1 1 p- y 2
= 2—I+§p—_( (R+ jXj?)
1
= =K

Here and in the following we denote byl( ) = I( ( ); ). Now the combination of
(3.2.14) and (3.2.15) implies the following important Jacobian comparison theo-
rem of Perelman [103].

Theorem 3.2.7 ( Perelman's Jacobian comparison theorem Let g; ( ) be a
family of complete solutions to the Ricci ow @@gij = 2Rj on a manifold M with
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bounded curvature. Let :[0; ]! M be a shortestL-geodesic starting from a xed
point p. Then Perelman's reduced volume element

4 ) Fexp( 1()I()

is nonincreasing in  along

We now show how to integrate Perelman's reduced volume elemg¢over ToM to
deduce the following monotonicity result of Perelman [103]

Theorem 3.2.8 ( Monotonicity of Perelman's reduced volumg. Let g; be a
family of complete metrics evolving by the Ricci ow @gij = 2R; on a manifold M
with bounded curvature. Fix a pointp in M and let I(q; ) be the reduced distance
from (p;0). Then

(i) Perelman's reduced volume

Z

V()= M(4 ) Zexp( 1(g; ))dV (q)

is nite and nonincreasing in ;
(i) the monotonicity is strict unless we are on a gradient shrinking soliton.

Pﬁoof. For any v 2 T,M we can nd an L-geodesic ( ), starting at p, with
Ilirr& ~ ()= v. Recall that ( ) satis es the L-geodesic equation

1 1 .
ry_() Er R+ 2—_( )+2Ric(_( ); )=0:
Multiplying this equation by P ~, we get

dﬂ(p‘) %p_r R+2Ric(" " () )=o0:

Since the curvature of the metric g; ( ) is bounded, it follows from Shi's derivative
estimate (Theorem 1.4.1) that jr Rj is also bounded for small > 0. Thus by inte-
grating (3.2.16), we have

(3.2.16)

(3.2.17) Py Vi ¢ gvi+)

for small enough and for some positive constanC depending only the curvature
bound.

The L-JacobianJ ( ) is given by
J(O)=M()"™ N Va(O)ig (H)aVi™ ™ V]
By (3.2.17), we see that

p_d o
d_L eXPy+sv)( ) (V+sv) C (jvi+ jvij+1)
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for small enough and alls2 ( ; ) (for some > 0 small)andi =1;:::;n. This
implies that

so we deduce that

(3.2.18) lim zJ()=1:

Meanwhile, by using (3.2.17), we have

1 z p
I()= b= , “(R+j_()iHd
lj vjiz as ! 0O
Thus
(3.2.19) 1(0) = jvj?:
Combining (3.2.18) and (3.2.19) with Theorem 3.2.7, we get
Z
V()= (4 ) Texp( I(q; )aV ()
ZM
4 ) Texp( 10 )3 ()i =odv
TpM z

=@ ) = exp(j vji°)dv
er
< +1:

This proves that Perelman's reduced volume is always nite aad hence well de ned.
Now the monotonicity assertion in (i) follows directly from Theorem 3.2.7.

For the assertion (ii), we note that the equality in (3.2.13) holds everywhere
when the monotonicity of Perelman's reduced volume is not gtict. Therefore we have
completed the proof of the theorem.O

3.3. No Local Collapsing Theorem |I. In this section we apply the
monotonicity of Perelman's reduced volume in Theorem 3.2.80 prove Perelman's
no local collapsing theorem | , which is extremely important not only because it
gives a local injectivity radius estimate in terms of local airvature bound but also it
will survive the surgeries in Chapter 7.

Definition 3.3.1. Let , r be two positive constants and letg; (t);0 t<T;
be a solution to the Ricci ow on an n-dimensional manifold M . We call the solution
gj (t) -noncollapsed at (xo;to) 2 M [0; T) on the scaler if it satis es the following
property: whenever

Rmj(x;t) r 2
for all x 2 By, (Xo;r) and t 2 [ty r?;tp], we have

V ok, (Bt, (Xo0; 1)) rn:
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Here B¢, (Xo;r) is the geodesic ball centered ako 2 M and of radiusr with respect
to the metric gj (to).

Now we are ready to state theno local collapsing theorem | of Perelman
[103].

Theorem 3.3.2 ( No local collapsing theorem ). Given any metric g; on an
n-dimensional compact manifold M . Let g; (t) be the solution to the Ricci ow on
[0;T), with T < +1 , starting at g; . Then there exist positive constants and ¢ such
that for any to 2 [0; T) and any point xo 2 M, the solution g; (t) is -noncollapsed
at (xo;tp) on all scales less than g.

Proof. We argue by contradiction. Suppose that there are sequencex 2 M,
t 2[0;T) and rg ! 0 such that

(3.3.1) jRmj(x;t) . ?
for x 2 Bx = By, (p;rk) and ty  r2  t  ty, but
(3.3.2) k=1, Vok (BT ! 0 ask!1l

Without loss of generality, we may assume thatt, ! T ask! +1.
Let (t)=1tx t,p=pk and
z
V()= @) Texp( (@ Ndve  (a);

wherel(q; ) is the Li-Yau-Perelman distance with respecttop = py.

Stepl. We rst want to show that for k large enough,
Vi( k1) 2

For any v 2 T,M we can nd an L-geodesic ( ) starting at p with Ii||”nop ()

= v. Recall that ( ) satises the equation (3.2.16). It follows from assumption

(3.3.1) and Shi's local derivative estimate (Theorem 1.4.2that jr Rj has a bound in

the order of 1=rg for t 2 [t  «rZ;t]. Thus by integrating (3.2.16) we see that for
kI'2 satisfying the property that ( ) 2 Bx as long as < , there holds

(3.3.3) P=() vi cuvi+n

where C is some positive constant depending only on the dimension. &te we have
implicitly used the fact that the metric g; (t) is equivalent for x 2 By and t 2 [t

kI2;tc]. In fact since % = 2Rj andjRmj r,2onByx [tk rZ;t], we have
(3.3.4) e 2rgi (Gte) g (xt) € kg (%t);
forx 2By andt2 [t «r;tkl.

Supposev 2 T,M with jvj % K %. Let kr2 sych that () 2 By as long as
< ,where is the L-geodesic starting atp with Ii||”nO ~ ()= v. Then, by (3.3.3)
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and (3.3.4), for k large enough,

z
e (P () i (g 1
° z
L g
2k, P=
. iP-
k
lg:
This shows that for k large enough,
(3.3.5) Lexpgy 3 o2y kr2) By = By, (Pk;Tx):

We now estimate the integral of Vi ( ¢r2) as follows,

(3.3.6) 7
Vi krg) = @ k) Fexp( 1(a; krf)dVy, ,.2(0)
Z
= 4 «rd) Texp( I(q; «rE)dVi, ,r2(0)
Leprj vj %klzzzg(kr'%)
+ 4 «rd) Zexp( 1(g; «rR)dV, ,r2(0):

MnLexp ;1= («r2)
ivi 7y g

We observe that for eachq 2 By,

z

2
KTk

_ L. 3
L@ D)= PSR+jjHd  cmri(wdi= c) in

257

hencel(q; «kr2) C(n) g: Thus, the rst term on the RHS of (3.3.6) can be esti-

mated by
z

(3.3.7) 4 «rd) Texp( 1(a; kr)dVe, r2(9)

L ex - W r2
pfj vj 1 kl Zg( k)

€k (4 wrd) Texp( I(q; krd)dvi, (9)
Bk

K@) T &M E o (r, "Voly, (Bk)

= gt CM kg ) % sz

where we have also used (3.3.5) and (3.3.4).

Meanwhile, by using (3.2.18), (3.2.19) and the Jacobian Comarison Theorem
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3.2.7, the second term on the RHS of (3.3.6) can be estimatedsdollows

Z
(3.3.8) @ «rd) Zexp( 1(a; «rD)dVy, ,2(0)
M nL expf» ‘ 1 («rd)
A
@ ) Zexp( 1( )JI()j=-odv
fivj>%k%g 7
=@4 ) % exp(j vj?)dv
vt 2g
5.
ku

for k su ciently large. Combining (3.3.6)-(3.3.8), we nish the proof of Step 1.

Step2. We next want to show
z

Vi(t) = (4 ty) 2 . exp( 1(9;%))dVo(q) > C°

for all k, where C%is some positive constant independent ok.
It su ces to show the Li-Yau-Perelman distance I( ;ty) is uniformly bounded from
above onM . By Corollary 3.2.6 we know that the minimum of I( ; ) does not exceed
5 for each > 0. Choosegc 2 M such that the minimum of I( ; ti T7) is attained at
k- We now construct a path :[0;tx]! M connecting px to any given point g2 M
as follows: the rst half path  jj., 1 connectspy to g so that
Zy 1
| gt 5 = G—— PR+
2 2 ty T? 0

NI S

and the second half path jj, Tt is a shortest geodesic connectingy to g with
respect to the initial metric g; (0). Then, forany q2 M ",

1
I(g; t) = Ept:L(q;tk)
K

Z,. 1+ Z
1 W 7 t p_ L
P + (R+j_()j*d
k (; tk ZT? |
1 T W p_ . .
randi (R+j_()i*d
k ti T?
C

for some constantC > 0, since all geometric quantities ing; are uniformly bounded
whent 2 [0; 5] (or equivalently, 2 [tx  %;ti]).
Combining Step 1 with Step 2, and using the monotonicity of Vi ( ), we get

CO< Vi(t) Vi(kr2) 271 0
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ask ! 1 . This gives the desired contradiction. Therefore we have pved the
theorem. O

The above no local collapsing theorem | says that ifRmj r 2 on the parabolic
ball f(x;t) j di,(X;Xo) rnto r? t tog, then the volume of the geodesic
ball By, (Xo;r) (with respect to the metric g (to)) is bounded from below by r ".
In [103], Perelman used the monotonicity of the W -functional (de ned by (1.5.9))
to obtain a stronger version of the no local collapsing theoem, where the curvature
bound assumption on the parabolic ball is replaced by that onthe geodesic ball
Bt,(Xo;r). The following result, called no local collapsing theorem | 9 gives a
further extension where the bound on the curvature tensor isreplaced by the bound
on the scalar curvature only. We now follow a clever argumentoy Bing-Long Chen.

Theorem 3.3.3 ( No local collapsing theorem ). SupposeM is a compact Rie-
mannian manifold, and g; (t), 0 t<T < +1 ,is a solution to the Ricci ow. Then
there exists a positive constant depending only the initial metric and T such that
for any (xo;tg) 2 M (O;T) if

R(X;to) r 2, 8x2 By, (Xo;r)
with O<r P T, then we have

Vol (B, (Xo;r)) "™

Proof. We will prove the assertion
()a Voli, (Bt, (x0;8) a”

forall0 <a r. Recall that
Z
(gi; )=inf W(g;:f; ) (4 ) *efdv=1
M
Set

o=0inf2T (gj 0); )> 1

By Corollary 1.5.9, we have

(3.3.9) (g (to);B) (g (0);to+ b)

0
forO<b r2 LetO< 1 be a positive smooth function onR where (s) =1 for
iS] % i 9%= 20 everywhere, and (s) is very close to zero forjsj 1. Dene a

function f on M by

4r2) e ®=¢gc4r2) % dh, (X; X0) ;
r
: R 5 :
where the constantc is chosen so that |, (4 r 2y e Td\, = 1. Then it follows from

(3.3.9) that
z

(3.3.10) W(gj (to)ifir?) = [r(r fi?+R)+f nj4r?) ze "dy,
M

0-
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Note that 7
n dr, (X
1= (@r?) tec H&Xd 4
ZM
4r?) Ze °dv,
Bty (X0:5)
=4 r? %e °Vol,, By, xo;i2
By combining with (3.3.10) and the scalar curvature bound, we have
( 0)2 c 2y 3
c log e “4r°) zd, +(n 1+ o

M
2(20+e Y)e “(@r ?) Vol (B, (xo;r))+(n 1+ o
Voly, (Bt, (Xo;T))
Vol ¢, (B, (Xo; 5))

where we used the fact that (s) is very close to zero forjsj 1. Note also that
z z

220+e 1) +(n 1)+ o

2 e S(4r?) zdv, (4r?) ze fdv, =1:
Bty (Xoir) M

Let us set

NI -
>

= min %exp( 220+e H)3 "+(n 1)+ o);
where | is the volume of the unit ball in R". Then we obtain
Voly, (B, (Xo; 1)) %e°(4 r?)%

%(4 )Zexp( 2(20+e 13 "+(n 1)+ o) r"

rn

provided Voli, (B, (X0;5)) 3 "V 0ok, (Bt,(Xo; 1))
Note that the above argument also works for any smaller radisa r. Thus we
have proved the following assertion:

(3.3.11) Vol, (B¢, (X0;a) a”

whenevera 2 (0;r] and Voly,(Bt,(Xo0; %)) 3 "Voly, (Bt,(Xo; a)).
Now we argue by contradiction to prove the assertion (), for any a 2 (0;r].
Suppose (), fails for somea 2 (0;r]. Then by (3.3.11) we have

a
Vol to(Bto(Xo;E)) < 3 "Vol, (B, (Xo0; )

<3 "a"
an
< a’.
2
This says that ( )z would also fail. By induction, we deduce that
a an
Voli, B, Xo; > < > forall k 1:

This is a contradiction sincekllim Voli, Bi, Xo;ac = #¢ "= .0
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3.4. No Local Collapsing Theorem IlI. By inspecting the arguments in the
previous section, one can see that if the injectivity radiusof the initial metric is
uniformly bounded from below, then the no local collapsing heorem | also holds for
complete solutions with bounded curvature on a complete nooompact manifold. In
this section we will use a cut-o argument to extend the no loal collapsing theorem
to any complete solution with bounded curvature. In some sese, the second no local
collapsing theorem gives a good relative estimate of the vaime element for the Ricci
ow.

We rst need the following useful lemma which contains two asertions. The rst
one is a parabolic version of the Laplacian comparison the@m (where the curvature
sign restriction in the ordinary Laplacian comparison is esentially removed in the
Ricci ow). The second one is a generalization of a result of ldmilton (Theorem 17.2
in [63]), where it was derived by an integral version of BonnéMyers' theorem.

Lemma 3.4.1 (Perelman [103]. Let g; (x;t) be a solution to the Ricci ow on
an n-dimensional manifold M and denote byd; (x; X¢) the distance betweerx and xq
with respect to the metric g; (t).

(i) Suppose Ric(;tp) (n 1)K on By,(Xo;ro) for some xo 2 M and some

positive constants K andrg. Then the distance function d(x;t) = d;(x;Xo)
satis es, at t = tp and outside B¢, (Xo; o), the di erential inequality:

@
af

S
(i) Suppose Ric(;tp) (n 1)K on Bt (Xo;ro) Bi,(X1;r0) for some xo; X1 2
M and some positive constants K and. Then, at t = to,

d (n 1) gKr0+r0l

d 2
gidi(xoixa) 200 1) §Kr0+ro1

Proof. Let : [0;d(x;tp)] ! M be a shortest normal geodesic fromxg to x
with respect to the metric g; (to). As usual, we may assume thatx and Xo are
not conjugate to each other in the metric g; (to), otherwise we can understand the

di erential inequality in the barrier sense. Let X = (0) and let fX;e;:::;e, 19 be
an orthonormal basis of Ty,M . Extend this basis parallel along to form a parallel
orthonormal basisf X (s); ei(s);:::;en 1(S)g along

for example [112])

X 12 dext o)
dh, (X; X0) = (%% ROGX XX 4)ds
iz1 O
(in Proposition 3.2.3 we actually did this for the more complicated L -distance func-
tion).
De ne vector elds Y;; i=1;:::;n 1, along as follows:

e(s); if s2[0ro;

Yi(s) = e(s); if s2 [ro;d(x;to)]:
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which have the same value as the corresponding Jacobian efdX;(s) at the two end

points of . Then by using the standard index comparison theorem (see foexample
[22]) we have

X 1Z d(xito)
dr, (X; X0) = (%2 ROXGX XX 0))ds
izt O
X 1Z d(xto)
(%2 ROGYi X Yi)ds
i=1
z ro 1 z d(x;t o)
= —(n 1 s?Ric(X;X ))ds+ ( Ric(X;X))ds
o_ fo ro
Z Z fo (n 1) 52
= Ric(X; X )+ —+ 1 — Ric(X;X) ds
r r
Z 0 0 0

Ric(X;X )+(n 1) gKro+ rot

On the other hand,
@Z d(xto) d
@,

= Ric (X; X )ds:

dt(x Xo) = gj X' Xlids
Hence we obtain the desired di erential inequality.

(ii) The proof is divided into three cases.

Case(1): di,(Xo;X1) 2ro.

De ne vector elds Y;; i=1;:::5;n 1, along as follows:
% ri  (S); if s2[0;rq];
Yi(s) = _e&l(s); if s2 [ro;d(x1;to)];

:

Then by the second variation formula, we have

d(X1 Io) S

e(s);, if s2[d(x1;to) ro;d(xs;to)l:

X 12 d(xi:to) X 12 d(xsito)
R(X; Yi; X;Y)ds jYij%ds;
iz O =1 ©

which implies

z ro g2 Z d(x;ito) ro
r—zRic(X;X )ds + Ric (X; X )ds
0 0 fo
Z d(x1;to) 2
' d(xq;t . 2 1
+ M Ric (X; X )ds (n ):
d(x1;to) ro o o
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Thus

o (xoixa)

ro 32
1 25 Ric(X;X )ds
z° K 4
d(x1;to) ,  d0ajto) s Ric (X; X )ds 2(n 1)
d(x15to) Tro fo | !

2(n 1) gKro+ ot

Case(2): P2— di,(Xo;X1) 2ro.
3
In this case, letting r; = Plz—T and applying case (1) withrq replaced byrq; we
3
get

d 2
a(dt(xo;xl)) 2(n 1) éKr1+r11

2
2n 1) ZKro+ryt

3
n )
Case(3): di,(Xo;X1) min pZZ—I;ZrO .
In this case, ’
Z d(xs1to)

Ric(X;X )ds (n 1)Kq2—_:(n 1)p6_K;
2K
3

0

and
r—
2(n 1) gKro+ rpt (n 1) 3§2K:
This proves the lemma.l
The following result, called the no local collapsing theorem Il |, was obtained

by Perelman in [103].

Theorem 3.4.2 ( No local collapsing theorem 1). For any A > 0 there exists
= (A) > 0 with the following property: if g; (t) is a complete solution to the Ricci
owon 0 t r3 with bounded curvature and satifying

jRmj(x;t) ro? onBo(Xo;ro) [0;r2]
and
Vol o(Bo(Xo;fo)) A 'rg;

then gj (t) is -noncollapsed on all scales less thany at every point (x;r3) with
drg(x;xo) Arg.
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Proof. From the evolution equation of the Ricci ow, we know that the metrics
gj (;t) are equivalent to each other onBo(Xo;ro) [0;r3]. Thus, without loss of
generality, we may assume that the curvature of the solutionis uniformly bounded
for all t 2 [0;r3] and all points in B(Xo;ro). Fix a point (x;rg) 2 M f r3g. By
scaling we may assumagy = 1. We may also assumed;(x;xg) = A. Let p = X,

=1 t, and consider Perelman's reduced volume

Z
v()= () Texp( I(q; ))dvi  (9);

where
1 z p
I(g; ) =inf = T(R+j_AHd oo ]! M
0

with (0)=p; ()=q

is the Li-Yau-Perelman distance. We argue by contradiction Suppose for some &
r< 1 we have

jRmj(y;t) 1 ?

whenevery 2 By(x;r)and1 r? t 1,but =r Vol 1(Bl(x;r))nl is very small.
Then arguing as in the proof of the no local collapsing theorm | (Theorem 3.3.2), we
see that Perelman's reduced volume

n

v(r?) 27

On the other hand, from the monotonicity of Perelman's reducd volume we have
Z

4) % y exp( 1(g;1))dVo(a) = V(1)  V(r?):

Thus once we bound the functionl(q;1) over Bo(xo; 1) from above, we will get the
desired contradiction and will prove the theorem.

For any q 2 Bo(Xo; 1), exactly as in the proof of the no local collapsing theorem
|, we choose a path :[0;1]! M with (0)=x (1)= g (3)=y2 By(Xo; )
and ()2B:1 (xo;1)for 2 [3;1] such that

r

L( j[o;%]) =2

NI =

1
l ylz - L yi

NI

R
Now L ( j[%;l]) = ;p_(R( (31 Y+« )jsij a ))d is bounded from above by

a uniform constant since all geometric quantities ing; are uniformly bounded on
f(y;t) jt 2 [0;1=2];y 2 Bi(xo;1)g (wheret 2 [0;1=2] is equivalent to 2 [1=2;1]).
Thus all we need is to estimate the minimum ofl( ; %), or equivalently L(; %) =
431(; %), in the ball B 1 (Xo; ).

Recall that L satis es the di erential inequality

(3.4.1) @+ L 2n:

@
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We will use this in a maximum principle argument. Let us de ne
h(y;t)= (d(y;t) At 1)) (L(y;1 t)+2n+1)

whered(y;t) = di(y;Xo), and is a function of one variable, equalto 1 on (1 ; %),
and rapidly increasing to in nity on ( ;) in such a way that:

( 0)2 00

(3.4.2) 2 (2A +100n) ° C(A)

for some constantC(A) < +1 . The existence of such a function can be justi ed
0 .. .
as follows: putv = —, then the condition (3.4.2) for can be written as

3?2 V0 (2A+100n)v C(A)

which can be solved forv.
Since the scalar curvatureR evolves by

@@la . -2 2 2
== R+2jR R+ —R?:
@t 2JR¢] n '’

we can apply the maximum principle as in Chapter 2 to deduce

R(x:1) % for t 2 (0;1] and x 2 M:

Thusfor =1 t2[0;3],
z
L )=2"" PR+
ZO
2p_ p— n
A 21 )
pP— p-
2 ( n)d
0
> 2n:
That is
(3.4.3) L(;1 t)+2n+1 1; fort2 %;1

Clearly 572“'\[/11 h(y; 3) is achieved by somey 2 B (xo; 15) and

(3.4.4) minh(y;1) h(x;1)=2n+1:
y2™M
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We compute

gt h= gt (L1 D+2n+1)
+ @@t L(y;1 t) 2hr;rL(y;1 t)i
- o @@t d 2A % d? (L+2n+1)
+ @@ L 2hr;rLi
0 @@t d 2a 0 (L+2n+1)
2n  2hr ;r Li

by using (3.4.1). At a minimizing point of h we have

roo_ rL )
T (L+2n+1)°
Hence
C_ 0 (9?
2hr ;rLi=2 (L+2n+1)=2 ——(L +2n+1):

Then at the minimizing point of h, we compute

@ o @ 00
at h at d 2A (L+2n+1)
2
2n +2(0)(L+2n+1)
0 @ 00
ot d 2A (L+2n+1)

2
2nh+2Q(L +2n+1)

for t 2 [3;1] and
h O
Let us denote by hmi, (t) = TZI?/I h(y;t). By applying Lemma 3.4.1(i) to the set where
96 0, we further obtain

2
%hmin (L+2n+1) 9 10n 2A) °°+2Q 2nh min

@2n+ C(A)hmin; for t2 [%; 1]

This implies that hpin (t) cannot decrease too fast. By combining (3.4.3) and (3.4.4)
we get the required estimate for the minimumL( ; %) in the ball B%(xo; 1—10).
Therefore we have completed the proof of the theoremld
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4. Formation of Singularities. Let g; (x;t) be a solution to the Ricci ow on
M  [0;T) and suppose [QT), T 1 , is the maximal time interval. If T < +1 ,
then the short time existence theorem tells us the curvatureof the solution becomes
unbounded ast ! T. We then say the solution develops a singularity ast! T.
As in the minimal surface theory and harmonic map theory, oneusually tries to
understand the structure of a singularity of the Ricci ow by rescaling the solution
(or blow up) to obtain a sequence of solutions to the Ricci owwith uniformly bounded
curvature on compact subsets and looking at its limit.

The main purpose of this chapter is to establish a convergerec theorem for a
sequence of solutions to the Ricci ow with uniform bounded arvature on compact
subsets and to use the convergence theorem to give a rough sk cation for singular-
ities of solutions to the Ricci ow. Further studies on the structures of singularities
of the Ricci ow will be given in Chapter 6 and 7.

4.1. Cheeger Type Compactness.  We begin with the concept of C}. conver-
gence of tensors on a given manifoldM . Let T; be a sequence of tensors ol . We
say that T; converges to a tensor T in the CL_ topology if we can nd a covering
f(Us;'s)g, 's : Us ! R", of C! coordinate charts so that for every compact set
K M, the components of T; converge in the C! topology to the components of
T in the intersections of K with these coordinate charts, considered as functions on
's(Us) R". Consider a Riemannian manifold M;g). A marking on M is a choice
of a point p2 M which we call the origin . We will refer to such a triple (M; g; p) as

a marked Riemannian manifold

Definition 4.1.1. Let (Mg;ok;px) be a sequence of marked complete Rie-
mannian manifolds, with metrics g and marked pointspx 2 M. Let B(pk;sk) Mk
denote the geodesic ball centered apx 2 M and of radiussy (0O <sx +1). We
say a sequence of marked geodesic ballB (px;sk); gk;px) With s ! s1 (1 +1)
converges in the Cl. topology to a marked (maybe noncomplete) manifold
(B1 ;01 ;p1 ), which is an open geodesic ball centered ap; 2 B; and of radius
s; with respect to the metric g; , if we can nd a sequence of exhausting open sets
Uk in By containing p; and a sequence of di eomorphismg of the setsUyx in B3
to open setsVi in B(pk;sk) Mg mapping p; to px such that the pull-back metrics

g = (fx) ok converge inC! topology to g; on every compact subset oB; .

We remark that this concept of CL_-convergence of a sequence of marked mani-

folds (M«;gk; pk) is not the same as that of C}.-convergence of metric tensors on a
given manifold, even when we are considering the sequence Rfemannian metric g
on the same spaceM . This is because one can have a sequence of di eomorphisms
fx : M 1 M such that (fx) gk converges inCl. topology while gy itself does not
converge.

There have been a lot of work in Riemannian geometry on the corergence of
a sequence of compact manifolds with bounded curvature, diaeter and injectivity
radius (see for example Gromov [53], Peters [106], and Greerand Wu [51]). The
following theorem, which is a slight generalization of Hamiton's convergence theorem
[62], modi es these results in three aspects: the rst one ido allow noncompact limits
and then to avoid any diameter bound; the second one is to avdihaving to assume a
uniform lower bound for the injectivity radius over the whol e manifold, a hypothesis
which is much harder to satisfy in applications; the last oneis to avoid a uniform
curvature bound over the whole manifold so that we can take adcal limit.

Theorem 4.1.2 ( Hamilton [62]). Let (My; ok; px) be a sequence of marked
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complete Riemannian manifolds of dimensiom. Consider a sequence of geodesic balls
B(pk;sk) Mg ofradiussy (0 <syx 1 ), with sg¢! s;( 1 ), around the base
point px of My in the metric gx. Suppose
(a) for every radius r < s; and every integerl 0 there exists a constant
B , independent ofk, and positive integerk(r;1) < +1 such that ask

k(r; 1), the curvature tensorsRm(gx) of the metrics g« and their Ith_covariant
derivatives satisfy the bounds

ir 'Rm(a)j B

on the ballsB (pk;r) of radius r around py in the metrics gx; and
(b) there exists a constant > 0 independent ofk such that the injectivity radii
inj (My; pk) of My at px in the metric g« satisfy the bound

inj (Mg px)

Then there exists a subsequence of the marked geodesic balls
(B(p«; Sk); Ok: pk) which converges to a marked geodesic ball
(B(p1;s1);01 ;p1 ) in Cl. topology. Moreover the limit is complete
ifs; =+ 1.

Proof. In [62] and Theorem 16.1 of [63], Hamilton proved this convegence the-
orem for the cases; =+ 1 . In the following we only need to modify Hamilton's
argument to prove the remaining case of; < +1 . Suppose we are given a sequence
of geodesic balls B (pk;sk); gk;px) (Mk;ok;p«), with s ! s (< +1), satisfying
the assumptions of Theorem 4.1.2. We will split the proof inb three steps.

Stepl: Picking the subsequence.

By the local injectivity radius estimate (4.2.2) in Corollary 4.2.3 of the next
section, we can nd a positive decreasingC! function (r), 0 r<s , independent
of k such that

1

(4.1.1) (r) < ﬁ)(sl r);
1

0 .
(4.1.2) 0 (r) 1000
and a sequence of positive constants, ! 0 so that the injectivity radius at any point
X 2 B(p«;sk) with rg = d(X;pk) <S1 "k is bounded from below by
(4.1.3) inj(My;x) 500 (rg(x));

wherer(x) = d(X; pk) is the distance fromx to px in the metric gx of M. We de ne

~Hr)= (r+20 (r)); Nr)=~(r+20~r)):

By (4.1.2) we know that both ~(r) and <(r) are nonincreasing positive functions on
[0;s1).

In eachB (pk; s1 ) we choose inductively a sequence of points, for =0;1;2;:::
in the following way. First we let xoli= px. Oncex, arechosenfor =0;1;2;:::; ,we
pick x, ** closest topx so thatr, ** = ry(x,**) is as small as possible, subject to the

requirement that the open ball B(x, ™ ;= *!) around x,** of radius = ** is disjoint
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from the balls B(x, ;=) for =0;12;:::; , whereJ = Xr,) and r, = ri(Xy).
In particular, the open balls B(x,;5); =0;1;2;:::, are all disjoint. We claim the
balls B(x, ;2%) coverB(px;s1 ") and moreover foranyr,0<r<s ; ", wecan
nd (r) independent ofk such that for k large enough, the geodesic ballB (x, ; 25,)
for (r) cover the ball B (pk;r).

To see this, letx 2 B(pk;s1 "k) and let r(x) be the distance fromx to px and
let == Hr(x)). Consider those with r, r(x)<si: "x. Then

Now the given point x must lie in one of the ballsB (x, ; 25). If not, we could choose

the next point in the sequence ofx, to be x instead, for since= + = 235 the ball
B (x; ® would miss B(x, ; 5. ) with r,  r(x). But this is a contradiction. Moreover
foranyr, 0<r<s i "k, using the curvature bound and the injectivity radius

bound, each ballB (x, ; 5 ) with r,  r has volume at least (r)= where (r) > Ois
some constant depending o but independent of k. Now these balls are all disjoint
and contained in the ball B (pg; (r + s1 )=2). On the other hand, for large enoughk,
we can estimate the volume of this ball from above, again usig the curvature bound,
by a positive function of r that is independent of k. Thus there is ak%r) > 0 such
that for each k  kqr), there holds

(4.1.4) #f jr. rg (n

for some positive constant (r) depending only onr, and the geodesic ball$ (x, ; 25,)
for (r) cover the ball B (pk;r).
By the way, since

1, =

1
+ k

“k
1 ~ 1.
+2 3

Ne Ty

and by (4.1.1)

we get by induction

r 49 1,1
kK B0k 50" |
4_9 ro + i 1+ 4_9+ + 4_9 ' S
50 k' 50 50 50 !
49
1 % Sy -
So for each , with (r) (r<si), there holds
!
49
(4.1.5) Mo 1 5 S1

for all k. And by passing to a subsequence (using a diagonalization gament) we
may assume thatr, converges to some for each . Then = (respectively ~; )
converges to= = Jr ) (respectively ~ =~(r ); = (r)).
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Hence for all we can nd k( ) such that

1 ~
2« F
1 1
§~ “k 2"‘" and E K 2
wheneverk k(). Thusforall , 5 and = are comparable wherk is large enough

so we can work with balls of a uniform size, and the same is truéor v and ~ , and

cand . LetB, = B(x;4%),then = 2= andB(x,;2%5) B(x;4=)= B,.
So for everyr if we let k(r) = maxfk( ) j (r)g then whenk  k(r), the balls
B, for (r) cover the ball B(px;r) as well. Suppose thatB, and B, meet for

k k()andk Kk( ), and supposer, r,. Then, by the triangle inequality, we
must have

e T +4= +4= 1 +8= <r, +16~:
This then implies
= = Xr,) = ~(r, +20~(r,)) < ~ry) = ~
and hence
= 4~

Therefore B,  B(x,;36~) wheneverB, and B, meetandk maxfk( ); k( )g:
Next we de ne the balls B, = B(x,;5%) and B, = B(x,; = =2). Note that B
are disjoint since B,  B(x,; ). SinceB, B,, the balls B, cover B(p;r) for
(r) as before. IfB, and B, meetfork k( )andk Kk( )andr, r,,then
by the triangle inequality we get

re r,+10= <r, +20~;

and hence

again. Similarly,
w=~(n)= (e +20 () < ()= «:
This makes
~ 4
Now any point in B, has distance at most
5= +5= +5= 45~

from x,, soB,  B(x,;45~). Likewise, wheneverB, and B, meet fork k()
andk k( ), any point in the larger ball B(x,;45~) has distance at most

= +5%= +45~ 205
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from x, and henceB(x,;45~) B(x,;205 ). Now we dene B, = B(x,;45~)
and B, = B(x,;205 ). Then the above discussion says that wheneveB, and B,
meet fork k( )and k k( ), we have

(4.1.6) B, By and B, By:
Note that B, is still a nice embedded ball since, by (4.1.3), 205 410, <
inj (Mic; x,.):

We claim there exist positive numbersN (r) and k°{r) such that for any given
with r <r,ask k%r), there holds
(4.1.7) #f B\ B, 6 g N(r):

Indeed, if B, meetsB, then there is a positivek®} ) such thatask k°Q ),

r, ry+105
r+20 (r)

1
r+ 5(51 r;
where we used (4.1.2) in the third inequality. Set
kr) = max fk°C );kAr) j (Ng

and
1
N(r) = r+ g(sl r)

Then by combining with (4.1.4), these give the desired estimte (4.1.7)

Next we observe that by passing to another subsequence we cayjuarantee that
forany pair and we can nd anumberk(; )suchthatif k k(; )then either
B, always meetsB, or it never does.

Hence by setting

k(ry=max k(; );k( )ik( );k®r) ] (r) and

1
+ o .
r+gle o
we have shown the following results: for every <s 4, if kK k(r), we have
(i) the ball B(pk;r) in M is covered by the ballsB, for (r),
(i) whenever B, and B, meet for (r), we have

B, By and B, By;

(iii) for each (r), there no more than N (r) balls ever meetB, , and

(iv) for any (r) and any , either B, meetsB, for all k k(r) or none for
all k  k(r).
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Now we letE ;E , E ,and E be the balls of radii 4= ;5= ;45~, and 205
around the origin in Euclidean spaceR". At each point x, 2 B(px;sk) we de ne
coordinate chartsH, : E ! B, as the composition of a linear isometry ofR" to
the tangent spaceTyx, Mk with the exponential map expy, at x. We also get maps

H,:E ! B,andH, :E ! B, inthe same way. Note that (4.1.3) implies that
these maps are all well de ned. We denote byg, (and g, and g, ) the pull-backs of
the metric g« by H, (and H, and H,). We also consider the coordinate transition
functionsJ, :E ! E andJ, :E ! E denedby

Jo =(H) H, and J, =(H,) *H,:

Clearly J, J, = 1. Moreover], is anisometry fromg, to g, andJ, fromg, to

Ok -
Now for each xed , the metrics g, are in geodesic coordinates and have their
curvatures and their covariant derivatives uniformly bounded.

Claim 1. By passing to another subsequence we can guarantee that foaeh
(and indeed all by diagonalization) the metrics g, (or g, or g, ) converge uniformly

with their derivatives to a smooth metric g (org org )onE (or E or E ) which
is also in geodesic coordinates.

Look now at any pair ;  for which the balls B, and B, always meet for large
k, and thus the mapsJ, (andJ, andJ, andJ, ) are always de ned for largek.

Claim 2. The isometriesJ, (andJ, andJ, andJ, ) always have a conver-
gent subsequence.

So by passing to another subsequence we may assude ! J (and J, !
J andJ, ! J andJ, ! J ). Thelimtmaps J :E ! E and
J :E ! E areisometries in the limit metricsg and g . Moreover

J J =1n

We are now done picking subsequences, except we still owe theader the proofs of
Claim 1 and Claim 2.

Step 2: Finding local di eomorphisms which are approximate isometries.

Take the subsequenceB (pk; Sk); Gk; px) chosen in Step 1 above. We claim that
for everyr < s; and every (1; 2;:::; p), and for all k and | su ciently large in

in the sense that
j'r Fur Fiu 1j< 4

and

wherer PFy is the p" covariant derivative of Fy;.
The idea (following Peters [106] or Greene and Wu [51]) of pnang the claim is
todenethe map F,. = H, (H,) (orF. =H, (H,) % resp.) fromB, to B.
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(or B, to B-, resp.) fork and * large compared to so as to be the identity map
onE (or E , resp.) in the coordinate chartsH, and H. (or H, and H. , resp.),
and then to de ne Fy on a neighborhood ofB (pg;r) for k;~  k(r) be averaging
the maps F,. for (r+ %(sl r)). To describe the averaging process o,

with (r) we only need to consider thoseB, which meet B, ; there are never
more than N (r) of them and each (r+ %(sl r)), and they are the same fork
and ~ whenk;” k(r). The averaging process is de ned by takingFy: (x) to be the
center of mass of theF,. (x) for x 2 B, averaging over those where B, meetsB,

using weights | (x) de ned by a partition of unity. The center of mass of the points

y = F (x) with weights is de ned to be the point y such that

X
exp,V =y and vV =0:

When the points y are all close and the weights  satisfy 0 1 then there
will be a unique solutiony close toy which depends smoothly on they and the
(see [51] for the details). The pointy is found by the inverse function theorem, which
also provides bounds on all the derivatives ofy as a function of they and the

SinceB, B, andB. B.,themapF, = H, (H,) ! can be represented
in local coordinates by the map

P :E ! E
de ned by

Po =3 J
SinceJ, ! J ask!1l andJ. ! J as !1 andJ J =1, wesee
that the maps P,. ! | ask; !1 for each choice of and . The weights , are

de ned in the following way. We pick for each a smooth function which equals
1onE and equals O outsideE . We then transfer to a function |, on My by

the coordinate mapH, (i.e. | = (H,) 1. Then let
- X
K~ kK k

as usual. In the coordinate chartE the function | looks like the composition of
J, with . Call this function

kK = Iy
Thenask!1l ; , ! where
= J
In the coordinate chart E the function | looks like
- X
k = ok k

and | ! ask!1l where
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Since the setsB\k cover B(px;r), it follows that P K 1 on this set and by
combining with (4.1.5) and (4.1.7) there is no problem boundng all these functions
and their derivatives. There is a small problem in that we wart to guarantee that the
averaged map still takespy to p-. This is true at least for the map FQ . Therefore it
will su ce to guarantee that |, =0 in a neighborhood of pc if 6 0. This happens
if the same is true for | . If not, we can always replace , by = =(1 l%) « Which
still leaves = 1 , or ? 1 everywhere, and this is su cient to make W 3
everywhere.

Now in the local coordinate E we are averaging mapsP,. which converge to
the identity with respect to weights |, which converge. It follows that the averaged
map converges to the identity in these coordinates. Thud-, can be made to be an

j'r Fe rFe 1j< 1

still need to check that Fy is a di eomorphism on a neighborhood ofB (py; ).

This, however, follows quickly enough from the fact that we dso get a mapF
on a slightly larger ball B (p-;r% which contains the image of F,: on B(py;r) if we
take r= (1+ 4)r, and F also satis es the above estimates. Alsd~ and Fy x
the markings, so the compositionFy Fy satis es the same sort of estimates and
xes the origin py.

Since the mapsP,. and P, converge to the identity as k; " tend to in nity,
F« Fr must be very close to the identity onB (px; r). It follows that Fy: is invertible.
This nishes the proof of the claim and the Step 2.

Step 3: Constructing the limit geodesic ball (B1 ;g1 ;p1 ).

We now know the geodesic ballsB (px; Sk); Gk; px) are nearly isometric for large
k. We are now going to construct the limit B; . For a sequence of positive numbers

when we choose(r; ) large in comparison and nd the maps Fy;; y:k(r;., ) constructed
above on neighborhoods 0B (px(r;);j), in My(,) into My, ., ) the image always lies
in B(Pk(r;., ):rj+1) and the composition of Fy(r; )ik (r;.x ) With Fiqr; .y yik(rj.. ) @nd

of i(rj),say i(r;)=1=jforl i j. Now we simplify the notation by writing M;j
in place of My(,y and Fj in place of Fx( yk (., )- Then

FiiB(pr)! B(pj+1irj+r)
is a di eomorphism map from B (p;;rj) into B(pj+1;rj+1 ), and the composition

Fs 1 Fi :B(pj:j)! B(ps:s)

We now construct the limit B; as a topological space by identifying the balls
B (pj; rj ) with each other using the homeomorphismsF; . Given any two points x and
y in By, we havex 2 B(p;;rj) andy 2 B(ps;rs) for somej ands. If j s then
x 2 B(ps;rs) also, by identi cation. A setin Bi is open if and only if it intersects
eachB(p;;rj) in an open set. Then choosing disjoint neighborhoods ok and y in
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B (ps;rs) gives disjoint neighborhoods ofx and y in B; . Thus B; is a Hausdor
space.

Any smooth chart on B(p; ; rj) also gives a smooth chart orB (ps;rs) forall s>j .
The union of all such charts gives a smooth atlas orB; . It is fairly easy to see the
metrics g on B(p;;r;), converge to a smooth metricg; on By uniformly together
with all derivatives on compact sets. For since theFs ; F; are very good
approximate isometries, theg; are very close to each other, and hence form a Cauchy
sequence (together with their derivatives, in the sense thathe covariant derivatives
of g with respect to gs are very small whenj and s are both large). One checks in
the usual way that such a Cauchy sequence converges.

The origins p; are identi ed with each other, and hence with an origin p; in By .
Now it is the inverses of the maps identifyingB (p; ; r; ) with open subsets ofB; that
provide the di eomorphisms of (relatively compact) open sds in B; into the geodesic
balls B(p;;sj) M; such that the pull-backs of the metrics g, converge tog; . This
completes the proof of Step 3.

Now it remains to prove both Claim 1 and Claim 2 in Step 1.
Proof of Claim 1. It su ces to show the following general result:

There exists a constantc > 0 depending only on the dimension, and constants
Cq depending only on the dimension andy and boundsB; on the curvature and its
derivatives for j g where jD! Rmj B;, so that for any metric gc in geodesic
coordinates in the balljxj r c¢c= By, we have

1

§| kK O 2k
and
@ @ :
@—j@ @—kqgk Cqs

where |l is the Euclidean metric.

SupposB we are given a metrig; (x)dx' dx! in geodesic coordinates in the ball
iXj r c¢c= Bg asin Claim 1. Then by de nition every line through the origin is a

geodesic (parametrized proportional to arc length) andg; = | at the origin. Also,
the Gauss Lemma says that the metricg; is in geodesic coordinates if and only if
gj X' = I x'. Note in particular that in geodesic coordinates

jxj? = gy x'xI = 1 x'x

is unambiguously de ned. Also, in geodesic coordinates wedve Ij (0) =0, and all
the rst derivatives for gy vanish at the origin.
Introduce the symmetric tensor

1, @
Aj = Exk@g“ :
Since we havegi X = 1 x¥, we get
ngg'k =1y g =x¢ Qgik
@X ) I} ) @X
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and hence from the formula for }k
X! J!k =g Ag:

HenceAy xk = 0. Let D; be the covariant derivative with respect to the metric i -
Then

Dix¥ = 1+ Kxl = 1f+ g A
Introduce the potential function
P = jxj?=2= %gij x'x:
We can use the formulas above to compute
DiP = gj x:
Also we get
DiDjP = gj + Aj:
The de ning equation for P gives
g' DiPD;P =2P:
If we take the covariant derivative of this equation we get
g D;DxPD-P = D;P

which is equivalent to Ajk xX = 0. But if we take the covariant derivative again we
get

g“ DiD;DxPD-P + ¢ D;DxPD;D-P = D;D;P:
Now switching derivatives
DiD;DkP = D;DxD;P = DxDiD;P + Rij g™ DpP
and if we use this andD;D;P = g; + Aj and g€ D-P = x* we nd that
X*DiAj + Aj + g“ Ak A; + Ry x*x =0:

From our assumed curvature bounds we can takgRjj ] Bo. Then we get the
following estimate:

ijDkAij + Aij j Cinj j2 + CB()I‘2

on the ball jxj r for some constantC depending only on the dimension.

We now show how to use the maximum principle on such equationsFirst of all,
by a maximum principle argument, it is easy to show that if f is a function on a ball
jXj rand > O0is a constant, then

supjfj sup VL

@%
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For any tensor T = fT; ;g and any constant > O, setting f = jTj? in the above
inequality, we have

(4.1.8) supjTj supjx*DyT + T j:
Applying this to the tensor Aj we get

supjAjj C supjAjj®+ CBor?

xjor xjor

for some constant depending only on the dimension.

It is fairly elementary to see that there exist constantsc > 0 and Co < 1 such
that if Hme metric g is in geodesic coordinates withjRjie j  Bg in the ball of radius
r c= By then

jAjj  CoBor?:

Indeed, since the derivatives ofg; vanish at the origin, so doesA; . Hence the
estimate holds near the origin. But the inequality

supjAjj C supjAj j*+ CBor?

ixj r ixj r
says that jA; j avoids an interval whenc is chosen small. In fact the inequality
X CX?%+D

is equivalent to

j2CX 1 PTaco

which makesX avoid an interval if 4CD < 1. (Hence in our case we need to choose
c with 4C?c? < 1:) Then if X is on the side containing 0 we get

O
1 1 4CD
X —FF 2D
2C

This givesjAjj CoBor? with Co =2C.
We can also derive bounds on all the covariant derivatives oP in terms of bounds
on the covariant derivatives of the curvature. To simplify t he notation, we let

DqF’ZijleZ quPg

denote the " covariant derivative, and in estimating DYP we will lump all the
lower order terms into a general slush term 9 which will be a polynomial in

a ball of radius r

P 2=
iDPj r

jAjj CoBor?
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and sinceD;D;P = g; + Aj andr c:IO B, if we choosec small we can make
Ay 1=2

and we get
jD?Pj  Cy

for some constantC, depending only on the dimension.

Start with the equation g D; PD;P = 2P and apply repeated covariant deriva-
tives. Observe that we get an equation which starts out

¢' DiPDIDjP+ =0

where the omitted terms only contain derivatives DYP and lower. If we switch two

derivatives in a term D91 P or lower, we get a term which is a product of a covariant
derivative of Rm of order at most q 2 (since the two closest toP commute) and

a covariant derivative of P of order at most g 1; such a term can be lumped in
with the slush term 9. Therefore up to terms in 9 we can regard the derivatives as
commuting. Then paying attention to the derivatives in DP we get an equation

gij DiPDj Dk1 DkqP + gij Dkalij Dk2 DkqP
+gij DiDk,PDjDg,Dg, DkqP + + gij DkaqPDj D, Dkq P
= Dk1 DkqP + 4,
Recalling that D;D; P = g; + Aj we can rewrite this as
9= ¢' DiPDjDx, Dy, +(q 1)Dy, Di,P

+ ¢ Ax,DjDx, Dy,P+ +¢ Ag,DjDy, Dy, ,P:

Estimating the product of tensors in the usual way gives
X'DiDWP +(q 1)DPj AjiDIPj+ | :
Applying the inequality  supjTj supjxXDyT + T jwith T = DIP gives
(@ 1)supiDPj  sup(@AjDIPj+ | ):

Now we can makejAj 1=2 by making r c=p Bo with ¢ small; it is important here
that cis independent ofg! Then we get

(@ 2)supjDIPj 2supj 9

which is a good estimate forg 3. The term 9 is estimated inductively from the
terms D9 'P and DY 2Rm and lower. This proves that there exist constantsC, for
g 3 depending only ong and the dimension and onjD!Rmj forj q 2 such that

jDIPj C,

on the ball r c:IO Bo:

Now we turn our attention to estimating the Euclidean metric | and its covariant
derivatives with respect to g . We will need the following elementary fact: suppose
that f is a function on a ball jxj r with f (0) =0 and

, @f

i 2
X @k Cjxj
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for some constantC. Then
(4.1.9) ifi  Cjxj?

for the same constantC. As a consequence, il = fT; «gis a tensor which vanishes
at the origin and if

X'DiTj  Cjxj?

on a ball jxj r then jTj Cjxj? with the same constant C. (Simply apply the
ineqHaIity (4.1.9) to the function f = jTj. In case this is not smooth, we can use
f="|jTj2+ 2 and thenlet ! 0.)

Our application will be to the tensor Ik which gives the Euclidean metric as a
tensor in geodesic coordinates. We have

.= p P
Diljk = ijlpk ik | pi
and since
i P — 4PAA.
X j = g7 A
we get the equation
X'Diljk = g"Aplg  "Akpljq:

We already havejAjj  CoBojxj® for jxj r c:p Bo. The tensor Ijx doesn't
vanish at the origin, but the tensor

hixk = ik gk
does. We can then use
x'Dihx = gPAjphg  GAhjq  2AK:
SupposeM (s) = supjy; sjhij. Then
ix'Dihjj  2[1+ M (s)]CoBojxj?

and we get

ki 2[1+ M (9)]CoBojxj?
onjxj s. This makes

M(s) 2[1+ M(s)]CoBos?:

Then fors r c:IO By with ¢ small compared to Co we get 220Bos® 1=2 and
M (s) 4CyBos?. Thus

ik gki=jhki 4CoBojxj®
forjxj r c:IO Bo, and hence forc small enough

1
SOk ik 2Gu:
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Thus the metrics are comparable. Note that this estimate ony needsr small compared
to B and does not need any bounds on the derivatives of the curvane.

Now to obtain bounds on the covariant derivative of the Eucliden metric I with
respect to the Riemannian metricge we want to start with the equation

X'Dilie + g™ Agm I'n + g™ A lin =0
and apply g covariant derivatives Dj,  Dj,. Each time we do this we must inter-
changeD; and x'D;, and since this produces a term which helps we should look at
it closely. If we write R;; = [Dj;D;] for the commutator, this operator on tensors
involves the curvature but no derivatives. Since
Djxi = |]I + gim A]m
we can compute
[Dj;x'Di] = Dj + g™ Ajm D; + X'R;
and the term D; in the commutator helps, while Aj, can be kept small andR;; is
zero order. It follows that we get an equation of the form

O:XiDiDj1 Dj,lk + by, Dj,lk

xa
+  9"A;mDj, Dj, ,DiDj,., Djlk
h=1
+ g™ AmDj, Dj,l'n+gd™"AmDj, Djlint+ 4

where the slush term 9 is a polynomial in derivatives of |- of degree no more than
g 1 and derivatives of P of degree no more thang+2 (remember x' = g/ D; P and
Aj = DiD;P g;) and derivatives of the curvature Rm of degree no more tharg 1.
We now estimate

Dq|k‘ :ijl qulk‘g
by induction on q using (4.1.8) with = g. Noticing a total of g+2 terms contracting
Aj with a derivative of | of degreeq, we get the estimate
qsupjDicj  (a+2)supjAjsupjDlcj+supj 9:

and everything works. This proves that there exists a constat ¢ > 0 depending
only on the dimension, and constantsCy depending only on the dimension andy and
boundsB; on the curvature and its derivatives forj g whereijFij B;, so that
for any metric g¢ in geodesic coordinates in the baljxj r c¢= By the Euclidean
metric |, satis es

1
5% le  20¢

and the covariant derivatives of I« with respect to gy satisfy
iDj,  Dj,le]  Cq:

The di erence between a covariant derivative and an ordinary derivative is given
by the connection

p P
ij'pk ik | pi
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to get
1.
k — k .
i = —2| (D‘|ij Dily Dj|i‘).

k

This gives us bounds on j .

from

We then obtain bounds on the rst derivatives of g;

@ . .
=20k =% i TG ik:

@x

Always proceeding inductively on the order of the derivative, we now get bounds
on covariant derivatives of ¥ from the covariant derivatives of Ipk and bounds of

i
the ordinary derivatives of by relating the to the covariant derivatives using the

K
ij
}J‘ , and bounds on the ordinary derivatives of thegy from bounds on the ordinary

derivatives of the U . Consequently, we have estimates
1
5k Ok k

and
@ @

for similar constants Cj.
Therefore we have nished the proof of Claim 1.

Proof of Claim 2. We need to show how to estimate the derivatives of an isometry
We will prove that if y = F(x) is an isometry from a ball in Euclidean space with a
metric g; dx'dx! to a ball in Euclidean space with a metric hy dy*dy'. Then we can
bound all of the derivatives of y with respect to x in terms of bounds ong; and its
derivatives with respect to x and bound onhy and its derivatives with respect to y.
This would imply Claim 2.

Sincey = F(x) is an isometry we have the equation

hpqg—zg—z = Ok -

Using bounds g Clijk and hyq  clpg comparing to the Euclidean metric, we
easily get estimates

@y
@k
Now if we di erentiate the equation with respect to x' we get

Gy @9, @9 @y _@u @ @yajaey.

C:

Pakex@% TM@k@x@% @k @y @x@k@X
Now let

@y @y

T = M gy @x@k
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and let

_ @g ©@h @y@y @Y.

Uk = = o =170~k

@k @y @x@x@%
Then the above equation says

Tkij + Tjik = Uik :
Using the obvious symmetriesTjx = Ty and Ujx = Uy we can solve this in the
usual way to obtain

1
Tijk = E(Ujik + Uk Uik ):

We can recover the second derivatives of with respect to x from the formula

@yp - gk‘T-- @_9
@X@X M ex
Combining these gives an explicit formula giving @yP=@x@% as a function of
9' ;hpq; @g =@% @By=@Y, and @Y=@Y: This gives bounds
@yP
@y@y
and bounds on all higher derivatives follow by di erentiati ng the formula and using

induction. This completes the proof of Claim 2 and hence the poof of Theorem
4.1.2.0

C

We now want to show how to use this convergence result on soligns to the Ricci
ow. Let us rst state the de nition for the convergence of ev olving manifolds.

Definition 4.1.3. Let (Mg;ok(t); pk) be a sequence of evolving marked com-
plete Riemannian manifolds, with the evolving metrics g«(t) over a xed time in-
terval t 2 (A;], A< O , and with the marked points px 2 My. We say a
sequence of evolving markedBo(px;sk); ok (t); pk) overt 2 (A; ], where Bo(pk;Sk)
are geodesic balls of M ; gk (0)) centered at px with the radii sy ! s; ( +1), con-
verges in the CL_ topology to an evolving marked ~ (maybe noncomplete)manifold
(B1 ;01 (t);p1 ) overt 2 (A; ], where, at the time t =0, B; is a geodesic open ball
centered atp; 2 B; with the radius s; , if we can nd a sequence of exhausting open
sets Uy in By containing p1 and a sequence of di eomorphismd  of the sets Uy
in By to open setsV in B(pk;sk) Mg mapping p1 to px such that the pull-back
metrics e (t) = (fx) gk (t) converge inC! topology to g; (t) on every compact subset
of By (A ]

Now we x a time interval A <t with- 1 <A< OandO < +1.
Consider a sequence of marked evolving complete manifold®i(; gk (t); px); t 2 (A; 1,
with each g (t), k =1;2;:::; being a solution of the Ricci ow

ggk(t) = 2Ricy(t)

on Bo(pk;sk) (A; ], where Rick is the Ricci curvature tensor of gc, and Bo(px; Sk)
is the geodesic ball of M; g« (0)) centered at px with the radii s ! s; ( +1).
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Assume that for eachr < s; there are positive constantsC(r) and k(r) such
that the curvatures of gk(t) satisfy the bound

iRm(gc)j  C(r)

onBo(pk;r) (A; Jforall k Kk(r): We also assume that My; oc(t);pk), k=1;2;:::;
have a uniform injectivity radius bound at the origins px at t = 0. By Shi's derivatives
estimate (Theorem 1.4.1), the above assumption of uniform bund of the curvatures
on the geodesic ballBo(pk;r) (r <s ) implies the uniform bounds on all the deriv-
atives of the curvatures att = 0 on the geodesic ballsBo(pk;r) (r <si ). Then by
Theorem 4.1.2 we can nd a subsequence of marked evolving mdalds, still denoted
by (Mg;ok(t);pk) with t 2 (A; ], so that the geodesic balls (Bo(px;sk); 9k (0); pk)
converge in theCl . topology to a geodesic ball By (p1 ;1 );01 (0);p1 ). From now
on, we consider this subsequence of marked evolving maniftd. By De nition 4.1.1,
we have a sequence of (relatively compact) exhausting covieg f Uxg of B; (p1 ;S1 )
containing p; and a sequence of di eomorphismg of the setsUy in B1 (p1 ;S1 ) to
open setsVk in Bo(pk; sk) mapping p1 to px such that the pull-back metrics at t =0

6:0) = (1) 6©) F™ g (0); ask! +1: on By (p s ):

However, the pull-back metrics gk (t) = (fx) ok(t) are also de ned at all times A <
t (although g; (t) is not yet). We also have uniform bounds on the curvature
of the pull-back metrics & (t) and all their derivatives, by Shi's derivative estimates
(Theorem 1.4.1), on every compact subset oB1 (p; ;s1 ) (A; ]. What we claim
next is that we can nd uniform bounds on all the covariant derivatives of the e
taken with respect to the xed metric g; (0).

Lemma 4.1.4. Let (M;g) be a Riemannian manifold, K a compact subset oM ,
and gk (t) a collection of solutions to Ricci ow de ned on neighborhoals of K [; ]
with [; ] containing 0. Suppose that for eacH 0,

(@ Colg &(0) Cog; onK; for all k;

() jr '&(0)j Ci; on K; for all k;

© irkRm(s)jik C% onK [; [ forallk;
for some positive constantsC;; C% | =0;1;:::; independent ofk, where Rm(gk) are
the curvature tensors of the metricsgk (t), ~k denote covariant derivative with respect
to ex(t), j jk are the length of a tensor with respect tax (t), and j j is the length with
respect tog. Then the metrics g (t) satisfy

Co 'g &) Cogi onK [; ]
and
jr'ei Ci;onK [; 1 I=1;2:::;
for all k, where Cj; | =0;1;:::; are positive constants independent ok.
Proof. First by using the equation
@@?k = 2Ricy
and the assumption (c) we immediately get

(4.1.10) Co 'g &) Cog; on K [; ]
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for some positive constantCp independent ofk.
Next we want to bound r g. The di erence of the connection 7y of gx and the
connection of gis atensor. Taking to be xed in time, we get

@, _ @ 1 @ @ @
@{ Kk )= ot E(ik) @(gk) +@(@k) @(gk)

=260 (M0 ( 2R )+ (ry) (2R )
1

() ( 2(Ricy) )

and then by the assumption (c) and (4.1.10),

@

at ¢

Note also that at a normal coordinate of the metric g at a xed point and at the time
t=0,

) C; forall k:

@111) (7 =360 o2(@) +o26)  oa()

=260 ¢ (8) *+r (8) © (8) )
thus by the assumption (b) and (4.1.10),

ix@©) j C; forall k:
Integrating over time we deduce that
(4.1.12) 17k j C; onK [; [ forall k:

By using the assumption (c) and (4.1.10) again, we have

ggr 6) =] 2 Rt

=] 2rRice+("x ) Ricy]
C; forall k:
Hence by combining with the assumption (b) we get bounds
(4.1.13) jreki Ci; onK [
for some positive constantC; independent ofk.
Further we want to bound r 2g. Again regardingr as xed in time, we see
&)= 2r ?(Ric):
Write
r2Ricy =(r  r)(r Ricg) + re(r F)Ricy + FERicy
= ) r Rt + (- Tk) RIck) + FERIT
= Tk [(r R + rRic]
+ (gt r s Ricy)+ FERICK
=( 7w [ "k Ritk+ r¢Ricg]
+ (gt r e Rick)+ MERicy
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where we have used (4.1.11). Then by the assumption (c), (4.10), (4.1.12) and
(4.1.13) we have

@
J@{

i C+C jrur &i
=C+C jr g +(Tk ) T &
C + Cjr %gyj:
Hence by combining with the assumption (b) we get
ir2&j Cz oon K [;
for some positive constantC, independent ofk.

The bounds on the higher derivatives can be derived by the sam argument.
Therefore we have completed the proof of the lemmall

We now apply the lemma to the pull-back metrics g(t) = (fk) g(t) on
B: (p1;s1) (A;]. Since the metrics € (0) have uniform bounds on their cur-
vature and all derivatives of their curvature on every compat set of By (p1 ;S1 )
and converge to the metricg; (0) in Cl. topology, the assumptions (a) and (b) are
certainly held for every compact subsetK  Bj (p1 ;s1 ) with g= g (0). For every
compact subinterval [; ] (A; ], we have already seen from Shi's derivative esti-
mates (Theorem 1.4.1) that the assumption (c) is also held orK [; ]. Then all of
the r 'g¢ are uniformly bounded with respect to the xed metric g = g (0) on every
compact set of B; (p1 ;s1) (A; ]. By using the classical Arzela-Ascoli theorem,
we can nd a subsequence which converges uniformly togethewith all its derivatives
on every compact subset oB1 (p1 ;s1) (A; ]. The limit metric will agree with
that obtained previously at t = 0, where we know its convergence already. The limit
o (1); t2 (A; 1, is now clearly itself a solution of the Ricci ow. Thus we o btain the
following Cheeger type compactness theorem to the Ricci ow which is essentially
obtained by Hamilton in [62] and is called Hamilton's compactness theorem

Theorem 4.1.5 ( Hamilton's compactness theoren). Let (My;ak(t);pk); t 2
(A; ] with A< 0 , be a sequence of evolving marked complete Riemannian
manifolds. Consider a sequence of geodesic balBy(pk;sk) Mg of radii s (0 <
sk +1),withsc! s; ( +1), around the base pointspx in the metrics g (0).
Suppose eacly (t) is a solution to the Ricci ow on Bo(pk;sk) (A; ] . Suppose also
(i) for every radius r < s; there exist positive constantsC(r) and k(r) inde-
pendent ofk such that the curvature tensorsRm(gx) of the evolving metrics
ok (t) satisfy the bound

JRm(g)j  C(r);

on Bo(p«;r) (A; ] forall k k(r), and
(ii) there exists a constant > 0 such that the injectivity radii of My at px in the
metric g« (0) satisfy the bound

inj(Mi;p; k() > O;
forall k=1;2;:::.
Then there exists a subsequence of evolving markéBo(pk; sk); gk (t); px) overt 2
(A; 1 which converge inCl. topology to a solution(B; ;g; (t);p1 ) overt 2 (A; ]

to the Ricci ow, where, at the time t = 0, B; is a geodesic open ball centered at
p. 2 B; with the radiuss; . Moreover the limiting solution is complete ifs; =+ 1 .



286 H.-D. CAO AND X.-P. ZHU

4.2. Injectivity Radius Estimates. We will use rescaling arguments to un-
derstand the formation of singularities and long-time behaiors of the Ricci ow. In
view of the compactness property obtained in the previous sgion, on one hand one
needs to control the bounds on the curvature, and on the othethand one needs to
control the lower bounds of the injectivity radius. In appli cations we usually rescale
the solution so that the (rescaled) curvatures become unifomly bounded on compact
subsets and leave the injectivity radii of the (rescaled) stutions to be estimated in
terms of curvatures. In this section we will review a number & such injectivity ra-
dius estimates in Riemannian geometry. In the end we will corhine these injectivity
estimates with Perelman's no local collapsing theoremQto give the well-known little
loop lemma to the Ricci ow which was conjectured by Hamilton in [63].

Let M be a Riemannian manifold. Recall that theinjectivity radius  at a point
p2 M is de ned by

inj(M;p) =supfr> 0j exp, : B(O;r)( T,M)! M isinjectiveg;
and the injectivity radius of M is
inj(M) =inf finj(M;p)jp2 Mg:
We begin with a basic lemma due to Klingenberg (see for exampl| Corollary 5.7 in
Cheeger & Ebin [22]).

Klingenberg's Lemma. Let M be a complete Riemannian manifold and let
p2 M. Let Iy (p) denote the minimal length of a nontrivial geodesic loop stding
and ending at p (maybe not smooth atp). Then the injectivity radius of M at p
satis es the inequality

- . 1
inj(M;p) min  p——; zIM (p)

K max

whereK nmax denotes the supermum of the sectional curvature okl and we understand
= Kmax to be positive innity if Knax 0.

Based on this lemma and a second variation argument, Klingelmerg proved that
the injectivity radius of an even-dimensional, compact, smply conn%cted Riemannian
manifold of positive sectional curvature is bounded from béow by =" K ax. For odd-
dimensional, compact, simply connected Riemannian manifid of positive sectional
curvature, the same injectivity radius estimates was also poved by Klingenberg under
an additional assumption that the sectional curvature is strictly %—pinched (see for
example Theorem 5.9 and 5.10 in Cheeger & Ebin [22]). We alscemark that in
dimension 7, there exists a sequence of simply connected, inogeneous Einstein spaces
whose sectional curvatures are positive and uniformly bouded from above but their
injectivity radii converge to zero. (See [2].)

The next result due to Gromoll and Meyer [52] shows that for canplete, non-
compact Riemannian manifold with positive sectional curvaure, the above injectivity
radius estimate actually holds without any restriction on dimension. Since the result
and proof were not explicitly given in [52], we include a prod here.

Theorem 4.2.1 ( The Gromoll-Meyer injectivity radius estimate). Let M be a
complete, noncompact Riemannian manifold with positive sgtional curvature. Then
the injectivity radius of M satis es the following estimate

inj(M)  p—:

Kmax
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Proof. Let O be an arbitrary xecb point in M. We need to show that the
injectivity radius at O is notlessthan =" Kax. We argue by contradiction. Suppose
not, then by Klingenberg's lemma there exists a closed geodé& loop on M starting
and ending at O (may be not smooth at O).

Since M has positive sectional curvature, we know from the work of Gomoll-
Meyer [52] (see also Proposition 8.5 in Cheeger & Ebin [22])hiat there exists a
compact totally convex subsetC of M containing the geodesic loop . Among all
geodesic loops starting and ending at the same point and lyig entirely in the compact
totally convex set C there will be a shortest one. Call it o, and suppose o starts
and ends at a point we callpg.

First we claim that ¢ must be also smooth at the point ps. Indeed by the
curvature bound and implicit function theorem, there will b e a geodesic loop €lose
to o starting and ending at any point p close topy. Let p be along . Then by total
convexity of the setC, ~ also lies entirely inC. If ¢ makes an angle di erent from
at po, the rst variation formula will imply that ~ is shorter than (. This contradicts
with the choice of the geodesic loop ¢ being the shortest.

Now let L : [0;+1) ! M be a ray emanating frompy. Chooser > 0 large
enough and setq = L(r). Consider the distance betweeng and the geodesic loop .
It is clear that the distance can be realized by a geodesic connecting the point g to
a point pon .

Let X be the unit tangent vector of the geodesic loop ¢ at p. Clearly X is
orthogonal to the tangent vector of at p. We then translate the vector X along
the geodesic to get a parallel vector eld X (t); 0 t r. By using this vector
eld we can form a variation xing one endpoint g and the other on ¢ such that the
variational vector eld is (1 ﬁ—)X (t). The second variation of the arclength of this
family of curves is given by

t t

| 1 - X(1); 1 - X (t)
Zr t 2
Q@ t . @, t
I; @t 1 - X(t)’@t 1 - X(t) dt
_1 T t? @, @
= . 1 - R @tx(t),@tx(t) dt
<0

when r is su ciently large, since the sectional curvature of M is strictly positive
everywhere. This contradicts with the fact that is the shortest geodesic connecting
the point q to the shortest geodesic loop . Thus we have proved the injectivity
radius estimate. O

In contrast to the above injectivity radius estimates, the following well-known
injectivity radius estimate of Cheeger (see for example, Tlkorem 5.8 in Cheeger &
Ebin [22]) does not impose the restriction on the sign of the actional curvature.

Cheeger's Lemma. Let M be ann-dimensional compact Riemannian manifold
with the sectional curvature jKy j , the diameter d(M) D, and the volume
Vol(M) v > 0. Then, we have

injf(M) Cq(;D;v)
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for some positive constantC, (;D;v ) depending only on ;D;v and the dimension
n.

For general complete manifolds, it is possible to relate a ler injectivity radius
bound to some lower volume bound provided one localizes thestevant geometric quan-
tities appropriately. The following injectivity radius es timate, which was rst obtained
by Cheng-Li-Yau [35] for heat kernel estimates and later by Gieeger-Gromov-Taylor
[27] with a wave equation argument, is a localized version ofhe above Cheeger's
Lemma. We now present an argument adapted from Abresch and Meer [1].

Theorem 4.2.2 ( Cheng-Li-Yau [35])). Let B(Xp;4rp), 0<ro < 1, be a geodesic
ball in an n-dimensional complete Riemannian manifold(M; g) such that the sectional
curvature K of the metric g on B(xg; 4rg) satis es the bounds

K
for some const%pt_s and . Then for any positive constantr ro (we will also
requirer =(4 ) if > 0) the injectivity radius of M at xo can be bounded from
below by

Vol (B (Xo;r)) ]
Vol (B (Xg; 1))+ V"(2r)’

inj(M; X o)

where V" (2r) denotes the volume of a geodesic ball of radi’ in the n-dimensional
simply connected space forrM with constant sectional curvature .

Proof. It is well known (cf. Lemma 5.6 in Cheeger and Ebin [22]) that
- . . . 1
inj(M; X o) = min conjugate radius ofXo; §|M (Xo)

where |y (Xo) denotes the length of the shortest angntrivial) closed gedesic starting
and ending at Xxo. Since by assumptionr =@ )if > 0, the conjugate radius
of Xg is at least 4r. Thus it su ces to show

Vol (B (Xo;T)) .
Vol (B (xo;r)) + V"(2r)’

(4.2.1) Iw(Xo) 2

Now we follow the argument presented in [1]. The idea for proing this inequality,
as indicated in [1], is to compare the geometry of the balB (xq;4r) B (Xo;4ro)

M with the geometry of its lifting By Tx,(M), via the exponential map exp,,
equipped with the pull-back metric g = exp,,9. Thus exp,, : Bs ! B(Xo;4r) is a
length-preserving local di eomorphism.

where ¢ is the trivial loop. Now for each point %; there exists exactly one isometric
immersion"' ; : By ! By mapping 0 to x; and such that exp, ' i = exp, .

Without loss of generality, we may assume ; is the shortest nontrivial geodesic
loop at xo. By analyzing short homotopies, one ndsthat' j(x) 6 ' ; (x) for all x 2 B,
and0 i<j N. This fact has two consequences:

(@ N 2m, wherem =[r=ly (Xxo)]. To see this, we rst observe that the points
"%(0); m Kk m,are preimages ofxg in B; because i is an isometric immersion
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satisfying exp,,' 1 = exp,,. Moreover we claim they are distinct. For otherwise' ;
would act as a permutation on the setf' X(0)j m k mg. Since the induced
metric g at each point in B; has the injectivity radius at least 2r, it follows from
the Whitehead theorem (see for example [22]) thatB, is geodesically convex. Then
there would exist the unique center of mass/2 B;. Butthen y = ' o(y¥) = ' 1(¥), @
contradiction.

(b) Each point in B(xo;r) has at leastN +1 preimages in = [N B(xi;r) By.
Hence by the Bishop volume comparison,

(N +1)Vol (B(xoir)) Volg()  Volg(Ba) V"(2r):

Now the inequality (4.2.1) follows by combining the fact N 2[r=ly (Xo)] with
the above volume estimate.O

For our purpose of application, we now consider in a complet&Riemannian man-
ifold M a geodesic ballB (po;so) (0 <sg 1 ) with the property that there exists
a positive increasing function :[0;sp) ! [0;1 ) such that for any 0 < s < s ¢ the
sectional curvature K on the ball B (po;s) of radius s around py satis es the bound

iKj  (s):

Using Theorem 4.2.2, we can control the injectivity radius & any point p 2 B(po; So)
in terms a positive constant that depends only on the dimensdn n, the injectivity
radius at the base point pg, the function and the distance d(pg;p) from p to po.
We now proceed to derive such an estimate. The geometric inght of the following
argument belongs to Yau [128] where he obtained a lower boundstimate for volume
by comparing various geodesic balls. Indeed, it is a nite vesion of Yau's Busemann
function argument which gives the information on comparinggeodesic balls with cen-
ters far apart.

For any point p 2 B(po;So) With d(po;p) = S, setrg = (so S)=4 (we de ne
ro=1if sg = 1 ). De ne the set S to be the union of minimal geodesic segments that
connectp to each point in B(po;ro). Now any point g2 S has distance at most

o+ rg+ S=s+2rg

from pg and henceS B (po;s+2rp). Forany0<r  minf = 4p ( s+2rp); rog, we
denote by (p;r) the sectorS\ B(p;r) of radiusr and by (p;s+rg) = S\ B(p;s+ro).
Let ( s+210)(ro) (resp. ( s+210)(S+ ro)) be a corresponding sector of the same
\angles" with radius rq (resp. s+ rg) in the n-dimensional simply connected space
form with constant sectional curvature  ( s+2rg). SinceB(po;ro) S (p;stro)
and (p;r) B(p;r), the Bishop-Gromov volume comparison theorem implies tha

Vol (B(po;fo))  Vol( (p;s+ ro))

Vol (B (p; 1)) Vol ( (p;T))
VoI (s+2rg)(S+ T0)) _ VT si2rg)(S+ To)
VOI( ( s+2 ro)(r)) Vn( 5+2r0)(r)

Combining this inequality with the local injectivity radiu s estimate in Theorem 4.2.2,
we get
inj (M; p)
Vn( s+2 ro)(r) Vol (B (po; ro)) _
Vn( S+2 ro)(r)voI (B(Po;To)) + Vn( s+2 ro)(Zr)V”( s+2 ro)(s"' 2r9) .

r
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Thus, we have proved the following

Corollary 4.2.3. SupposeB (po;so) (0 <sp 1 ) is a geodesic ball in an
n-dimensional complete Riemannian manifold M having the property that for any
0 <s < s g the sectional curvatureK on B(po;s) satis es the bound

iKi (9
for some positive increasing function dened on [0;sp). Then for any
point Pp 2 B(po;so) with d(po;p) = s and any positive numberr

minf =4 ( s+2rg);rog with ro = (sg s)=4, the injectivity radius of M at p is
bounded below by

inj (M; p)
V™ erzry(r) VoI (B(po;To))

r .
Vn( S+2 ro)(r)VOI(B(po;rO))+ Vn( S+2 ro)(ZF)Vn( s+2,0)(5+2ro)

In particular, we have

(4.2.2) inj(M;p)  n;; (9)
where > 0 is a lower bound of the injectivity radius inj(M;po) at the origin pg
and .. :[0;s0) ! R* is a positive decreasing function that depends only on the

dimension n, the lower bound of the injectivity radius inj(M;po), and the function

We remark that in the above discussion ifss = 1 then we can apply the standard
Bishop relative volume comparison theorem to geodesic baldirectly. Indeed, for any
p 2 M and any positive constantsr and ro, we haveB (po;ro) B(p;f) with ¥ =
maxfr;ro+ d(po; p)g. Suppose in addition the curvatureK on M is uniformly bounded
by K for some constants and , then the Bishop volume comparison
theorem implies that

Vol (B(po;ro))  VoI(B(p;f)) V(P
Vol(B(p;r))  Vol(B(p;r)) V(1)

Hence

i V" (r) Vol(B(po;ro)) .
VT (r)Vol (B (po; o)) + VM (2r)V" ()

(4.2.3) inj(M; p)

So we see that the injectivity radiusinj (M;p) at p falls o at worst exponentially as
the distance d(po; p) goes to in nity. In other words,

_ p_—
(4.2.4) inj(M; p) p%( P B)"e C Bd(pipo)

where B is an upper bound on the absolute value of ﬁhg sectional curvare, is a
lower bound on the injectivity radius at pp with <c= B,andc>0andC < +1
are positive constants depending only on the dimensiom.

Finally, by combining Theorem 4.2.2 with Perelman's no locd collapsing Theo-
rem 1° (Theorem 3.3.3) we immediately obtain the following important Little Loop
Lemma conjectured by Hamilton [63].
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Theorem 4.2.4 ( Little Loop Lemma). Letg; (t),0 t<T < +1 , be a solution
of the Ricci ow on a compact manifold M . Then there exists a constant > 0 having
the following property: if at a point Xo 2 M and a time to 2 [0; T),

jRMj(;to) r 2 on By (Xo;r)

for somer P T, then the injectivity radius of M with respect to the metric gj (to)
at Xq is bounded from below by

inj(M;Xo;gj (to))

4.3. Limiting Singularity Models. Consider a solutiong; (x;t) of the Ricci
owon M [O;T), T +1,where eitherM is compact or at each timet the metric
gj (;t) is complete and has bounded curvature. We say that; (x;t) is a maximal
solution ifeither T=+1 orT < +1 andjRmjis unbounded ast! T.

Denote by

Kmax (t) = sup JRM(X;t)jg; (1)
X2 M

Definition 4.3.1. We saythatf(xx;tx) 2 M [0;T)g, k=1;2;:::, is a sequence
of (almost) maximum points if there exist positive constantsc; and 2 (0; 1] such
that

JIRM(Xi;te)]  ciKmax(t);  t2 [tk ]

K max (tk) “

for all k.

Definition 4.3.2.  We say that the solution satis es injectivity radius condi-
tion if for any sequence of (almost) maximum pointsf (xi; tx)g, there exists a constant
c; > 0 independent ofk such that
C2

inj (M; Xx; Gj (tk)) P—=——— forall k:
Kmax(tk)

Clearly, by the Little Loop Lemma, a maximal solution on a compact manifold
with the maximal time T < +1 always satis es the injectivity radius condition. Also
by the Gromoll-Meyer injectivity radius estimate, a solution on a complete noncom-
pact manifold with positive sectional curvature also satises the injectivity radius
condition.

According to Hamilton [63], we classify maximal solutions nto three types; every
maximal solution is clearly of one and only one of the followig three types:

Typel: T<+1 and sup (T tKmnax(t)<+1;
t2[0;T)

Typell: (@ T<+1 but sup (T t)Kpx(t)=+1;
12[0;T)

(b)) T=+1 but sup tKpx(t)=+1;
t2[0;T)
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Type lll: @T=+1; sup tK max(t) < +1; and
t2[0;T)

limsuptk max (t) > 0;
t +1

b)) T=+1; sup tK max(t) < +1; and
t2[0;T)

limsup tk max (t) = 0;
tr +1

It seems that Type Il (b) is not compatible with the injectiv ity radius condition
unless it is a trivial at solution. Indeed under the Ricci o w the length of a curve
connecting two points Xg, X3 2 M evolves by

z

L= Rie(z Jds

C(nMKmax(t) Li()

th( ); ast large enough,

for arbitrarily xed > 0. Thus when we are considering the Ricci ow on a compact
manifold, the diameter of the evolving manifold grows at mosast . But the curvature
of the evolving manifold decays faster thant . This says, as choosing > 0 small
enough,

diam¢(M)? jRm(;t)j! 0; ast! +1:

Then it is well-known from Cheeger-Gromov [54] that the manfold is a nilmanifold
and the injectivity radius condition can not be satis ed as t large enough. When we
are considering the Ricci ow on a complete noncompact manifld with nonnegative
curvature operator or on a complete noncompact Kahler manfold with nonnegative
holomorphic bisectional curvature, Li-Yau-Hamilton inequalities imply that tR(x;t)
is increasing in timet. Then Type llI(b) occurs only when the solution is a trivial
at metric.

For each type of solution we de ne a corresponding type of liniting singularity
model.

Definition 4.3.3. A solution g; (x;t) to the Ricci ow on the manifold M,
where either M is compact or at each timet the metric g; ( ;t) is complete and has
bounded curvature, is called asingularity model if it is not at and of one of the
following three types:

Type | : The solution exists fort 2 (1 ;) for some constant with0 < < +1
and

jRmj = 1)

everywhere with equality somewhere att = 0;
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Type Il : The solution exists fort2 (1 ;+1 ) and
jRmj 1
everywhere with equality somewhere att = 0;

Type Il : The solution exists fort 2 ( A; +1 ) for some constantA with 0 <A <
+1 and

jRmj  A=(A +1t)
everywhere with equality somewhere att = 0.

Theorem 4.3.4. For any maximal solution to the Ricci ow which satis es
the injectivity radius condition and is of Type |, ll(a), (b), or lli(a), there exists a
sequence of dilations of the solution along (almost) maxinma points which converges
in the Cl. topology to a singularity model of the corresponding type.

Proof.

Type I:  We consider a maximal solutiong; (x;t) on M [0; T) with T < +1
and

=limsup (T t)Knax(t) < +1:
tr T

First we note that > 0. Indeed by the evolution equation of curvature,

%K max (1) Const K2 (t):

This implies that
Kmax(t) (T t) Const> 0;

because

IMmsupKmax (1) =+ 1 :
tr T

Thus must be positive.
Choose a sequence of points, and timesty such thatty ! T and

Jim (T ti)jRm (xi; t)j =

Denote by

1
p::
JRM(Xk; tk)]

We translate in time so that ty becomes 0, dilate in space by the factory and dilate
in time by 2 to get

6 0G0= o Gter 0 r2[ k=i w=7):
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Then
@m.n= 2@ (. 2
@_gij ;0= @Elij(at) k
= R (it (D)
K.h.
= ROGD:
where Ri(jk) is the Ricci curvature of the metric gﬁk). So ijk)( ;1) is still a solution to

the Ricci ow which exists on the time interval [ tx=2;(T  tx)= 2), where
te=2 = tRM(xi; te)j! +1
and
(T t)=F=(T t)iRmM(xi;t)j!
Forany > Owecan ndatime <T suchthatfort2[;T),
JRmj  (+ )T t)

by the assumption. Then fort2 [(  t)=2;(T tx)=2), the curvature of giﬁk)( D)
is bounded by
jRm®j =" {jRm]
(+ =T  HiRM(xk;t)j)
=(+ )T t)IRM(x:;t)j + (te - HIRM(X; tk)j)
F(+ )< D; as k! +1:
This implies that f(xk;tk)g is a sequence of (almost) maximum points. And then

by the injectivity radius condition and Hamilton's compact ness theorem 4.1.5, there

exists a subsequence of the metricgi(jlg(t) which converges in theCl. topology to a

limit metric ~gi(j1 )(t) on a limiting manifold N with t2 (1 ;) such that ~gi(jl )(t) is
a complete solution of the Ricci ow and its curvature satis es the bound

R =
everywhere onNr (1 ;) with the equality somewhere at t=0.
Type ll(a):  We consider a maximal solutiong; (x;t) on M [0; T) with

T<+1 and limsup(T t)Kmnx(t)=+1:
tr T

Let T« <T < +1 with T¢! T,and ¢ % 1, ask! +1 . Pick points xx and
times tx such that, ask! +1,

(T tWjRmM(Xk;tk)j k sup (Tx OjRm(xt)j! +1:
X2M;t Ty

Again denote by

1
p:
JRM(Xk; tk)j
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and dilate the solution as before to get
K)o, — . . _ 2. — 2.
6(:0= o G+ B t2[ b= E(Te t)=8);
which is still a solution to the Ricci ow and satis es the cur vature bound

jRm®j = ZjRmj

1 (e )

Kk (T 1)

1 (Tk  t)]RmM(Xk; tk)j te (T t)
= = : - for t2 "

KTk t)IRM(xi; )it A

sincet = t+ Ztand = 1=p JRmM(xy;tk)j. Hencef (xk;tk)gis a sequence of (almost)

maximum points. And then as before, by applying Hamilton's compactness theorem

4.1.5, there exists a subsequence of the metricg?‘jkl(t) which converges in theCl.

topology to a limit giﬁl )(t) on a limiting manifold M andt2 (1 ;+1 ) such that
gigl )(t) is a complete solution of the Ricci ow and its curvature satis es

jRm®)j 1
everywhere onM (1 ;+1 ) and the equality holds somewhere at= 0.
Type li(b):  We consider a maximal solutiong; (x;t) on M [0; T) with

T=+1 and Ilimsuptk mox(t)=+1:
tr T

Againlet Ty! T=+1,and ¢ % 1,ask! +1 . Pick xx and tx such that

(T tIRM(G )]« sup  t(Tk  HjRM(X;t)]:

xX2M;t Tk

De ne

6000= o Gt §0i 2] = 5T 6=
where | = 1:p JRM(Xk; t)j.
Since

(T t)IRM(Gt)]  « sup  t(Tk  HiRm(x;t)]

X2Mit Tk
K sup t(Te tjRmM(x;1)j
x2M;t  Ty=2

Tk K sup  tjRm(x;t)j;
2 X2M;it  Ty=2

we have
tk Ty

= txJRmM(Xk; tk)j 7" T 1 2MstupT 2thm(x;t)j! +1;
X2 M; k=

~n|

and

M:(Tk tOIRMXG )] — T sup  tiRm(x;t)j! +1;
k 2t xomp Te=2



296 H.-D. CAO AND X.-P. ZHU

ask! +1 . As before, we also have
@ (1, . K, .
g% 0= R
and
jRm®j
KiRmj
1 (T tw)
t(Te 1)

k

i t (T t)jRM(Xk; tk)j

ko (et 20Tk t) 261 JRm(Xk;tk)j
1
K

(T t)jRM(Xk; tk)j
(te + 20[(T  tiRM(xc;tk)j 1
te(Tk  te)jRM(Xk;tk)j
k(@ = GRM (X BT t)]RM (X 1)l =((Te t)iRM (X 1))
I 1, ask! +1:

Hencef (xk;tk)g is again a sequence of (almost) maximum points. As before, tre
exists a subsequence of the metricgi(jlg(t) which converges in theCl. topology to

a limit gi(jl )(t) on a limiting manifold M and t2 (1 ;+1 ) such that giﬁl )(t) is a
complete solution of the Ricci ow and its curvature satis e s

RM®)j 1
everywhere onM (1 ;+1 ) with the equality somewhere att=0.

Type lll(a): We consider a maximal solutiong; (x;t) on M [0; T) with
T=+1 and

Iirtr?sTuptK max ()= A2 (0;+1):
Choose a sequence ofy and tx such thatty ! +1 and
kI!ilm tkiRm(Xk;tk)j = A:
Set = 1:p jRM(xk;tx)j and dilate the solution as before to get
67(D= o Gt {07 r2[ t=fi+1)

which is still a solution to the Ricci ow. Also, for arbitrar ily xed > 0, there exists
a su ciently large positive constant  such thatfort2 [; +1 ),

jRM®j = £jRmj

2 AT

k t

_ 2 A+
e

(A+ )=(tRmxi;t)j + ©); for t2[( t)=2+1):
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Note that
(A+ )=(tRm(xk;t)j+ ! (A+ )=(A+1); ask! +1
and
( t)=2! A ask! +1:

Hencef (xk; tk)g is a sequence of (almost) maximum points. And then as befordghere

exists a subsequence of the metricgi(jlg(t) which converges in theCl. topology to

a limit gi(jl )(t) on a limiting manifold M and t2 ( A;+1 ) such that giﬁl )(t) is a
complete solution of the Ricci ow and its curvature satis e s

JRm)j A=(A + 1)
everywhere onM  ( A; +1 ) with the equality somewhere att=0. 0O

In the case of manifolds with honnegative curvature operato, or Kahler metrics
with nonnegative holomorphic bisectional curvature, we ca bound the Riemannian
curvature by the scalar curvature R upto a constant factor depending only on the
dimension. Then we can slightly modify the statements in the previous theorem as
follows

Corollary 4.3.5. For any complete maximal solution to the Ricci ow with
bounded and nonnegative curvature operator on a Riemanniamanifold, or on a
Kahler manifold with bounded and nonnegative holomorphicbisectional curvature,
there exists a sequence of dilations of the solution alonalmost) maximum points
which converges to a singular model.

For Type | solutions: the limit model exists fort 2 (1 ;) with0< < +1 and
has

R = 1t

everywhere with equality somewhere at=0.
For Type Il solutions: the limit model exists fort 2 (1 ;+1 ) and has

R 1

everywhere with equality somewhere at=0.

For Type Ill solutions: the limit model exists fort 2 ( A;+1 ) with 0 <A< +1
and has

R A=(A+t)

everywhere with equality somewhere at=0.

A natural and important question is to understand each of the three types of
singularity models. The following results obtained by Hamiton [66] and Chen-Zhu [30]
characterize the Type Il and Type Il singularity models wit h nonnegative curvature
operator and positive Ricci curvature respectively. The caresponding results in the
Kahler case with nonnegative holomorphic bisectional curvature were obtained by the
rst author [14].
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Theorem 4.3.6.

(i) (Hamilton [66]) Any Type Il singularity model with nonnegative curvature
operator and positive Ricci curvature to the Ricci ow on a manifold M must
be a(steady) Ricci soliton.

(i) (Chen-zZhu [30]) Any Type IlI singularity model with nonnegative curvature
operator and positive Ricci curvature on a manifold M must be a homotheti-
cally expanding Ricci soliton.

Proof. We only give the proof of (ii), since the proof of (i) is similar and easier.

After a shift of the time variable, we may assume the Type Il sngularity model
isdenedon0<t< +1 andtR assumes its maximum in space-time.

Recall from the Li-Yau-Hamilton inequality (Theorem 2.5.4) that for any vectors
Viand W',

(4.3.1) Mij WWI + (P + Pei VKWW + Ry Wiwivkv! o
where
1 1
Mj = Ry SrirjR+2RipjgR™ g"RpRjq + 2Ry
and

Pijk =r iRjk r jRikZ

Take the trace on W to get
R R i i
(4.3.2) Q= 9+—+2I‘iR V' +2R; V'V 0
@t t
for any vector V'. Let us chooseV to be the vector eld minimizing Q, i.e.,
i~ Lo ik .

(4.3.3) AR E(RIC )*r kR;
where Ric 1)¥ is the inverse of the Ricci tensorR;; . Substitute this vector eld

V into Q to get a smooth function Q. By a direct computation from the evolution
equations of curvatures (see [61] for details),

@ 2
(4.3.4) @P Q ?Q.
SupposetR assumes its maximum at §o;to) with to > 0, then
@R R
—+ — =0; t 1o):
ot 1 : at  (Xo;to)
This implies that the quantity
@R R i D
= @t-i- T+2riR VI+2RijVIV]

vanishes in the directionV =0 at ( Xg;tg). We claim that for any earlier time t<t g
and any point x 2 M, there is a vectorV 2 TyM such that Q = 0.
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We argue by contradiction. Suppose not, then there isk 2 M and 0< t<t o such
that Q is positive at x = x andt = t. We can nd a nonnegative smooth function
on M with support in a neighborhood of x so that (x) > 0 and

Q t_z;
att=1t. Let evolve by the heat equation

@ _

@t
It then follows from the standard strong maximum principle that > 0 everywhere
for any t > t. From (4.3.4) we see that

@ 2
atd © C e 19 g

Then by the maximum principle as in Chapter 2, we get

Q t—2>0; forall t t:

This gives a contradiction with the fact Q =0 for V = 0 at ( Xp;tg). We thus prove
the claim.
Consider each timet <t 3. The null vector eld of Q satis es the equation

(4.3.5) riR+2R; V! =0;

by the rst variation of Q in V. SinceR; is positive, we see that such a null vector
eld is unique and varies smoothly in space-time.
Substituting (4.3.5) into the expression of Q, we have

@R, R i
3. =% 2+ -
(4.3.6) @t 1 riR v' =0
Denote by
Qi = My +(Pg + Pigi V¥ + Ryg V¥V

From (4.3.1) we see thatQj; is nonnegative de nite with its trace Q = 0 for such
a null vector V. It follows that

Qj = Mj +(Pg + Pygi )V¥ + Ryg V¥V' =0:

Again from the rst variation of Qj in V, we see that

(4.3.7) (Paj + Pyi )+ (Rig + Rja )V' =0;
and hence
(4.3.8) Mj R vky! = 0:
Applying the heat operator to (4.3.5) and (4.3.6) we get
@ .
(4.3.9) 0= @t (r iR+2 Rij \V2 )
@ - @
= 2R; @t v+ ot (riR)
+2V @ Rj  4r «Ryr kvi;

@t
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and
- @ @R R = o i
(4.3.10) 0= ot @t+T+r'R \%
=riR @@t Vi+ Vi @@t (riR) 2r yr iR r KV
@ @R R
@t @t t

Multiplying (4.3.9) by V', summing overi and adding (4.3.10), as well as using
the evolution equations on curvature, we get

(4.3.11) 0=2V'(2r i(jR?) Rir 'R)+2V'VI (2Rpg RP  2¢PIRp R;)
4 Ry r vV 2rr iR r ¥V +4RYr r R
+494 g™ g™Rym Rp Ryl + 4Rjy R*VI V!
From (4.3.5), we have the following equalities
2 2VIRjr 'R 4V'VIgPIR, Ry =0;
(4.3.12) S ARy T Kviovl 2r wr iR 1 XV = 4R r VI r kv
“rirjR= 2r iRy V' 2R;r ;v
Substituting (4.3.12) into (4.3.11), we obtain
8RY (r «kRj V¥+ Ryg VKV r Ry V' Ryr V')
+AR; 1 V' 1 KV +4¢4g™ PRy Ryp R 5 = 0:
By using (4.3.7), we know
RU (r ¢kRj V*¥+ Ryg VKV r Ry Vh=o0:
Then we have

R

(4.313)  BRVR;r V' +4Ryr V' 1 *VI +4¢4g™ ¢PRym Rpp Ry 5 =0

—

By taking the trace in the last equality in (4.3.12) and using (4.3.6) and the evolution
equation of the scalar curvature, we can get

G
2t

Finally by combining (4.3.13) and (4.3.14), we deduce

(4.3.14) RI (R + r iVj)=0:

Oik Jik

4Rij gkl Rix + i r «Vi Rjk + E r ij =0:
SinceR; is positive de nite, we get
(4.3.15) V=R forall iij:

E:
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This means that g; (t) is a homothetically expanding Ricci soliton. O

Remark 4.3.7. Recall from Section 1.5 that any compact steady Ricci solito
or expanding Ricci soliton must be Einstein. If the manifold M in Theorem 4.3.6 is
noncompact and simply connected, then the steady (or expandg) Ricci soliton must
be a steady (or expanding) gradient Ricci soliton. For exampe, we know that r ;Vj
is symmetric from (4.3.15). Also, by the simply connectednes of M there exists a
function F such that

ririF=riV; on M:

So

gi .

; M
ot on

Rij :I'ier

This means that g; is an expanding gradient Ricci soliton.

In the Kahler case, we have the following results for Type Il and Type Il sin-
gularity models with nonnegative holomorphic bisectional curvature obtained by the
rst author in [14].

Theorem 4.3.8 ( Cao [14).

(i) Any Type Il singularity model on a Kahler manifold with nonnegative hdo-
morphic bisectional curvature and positive Ricci curvatue must be a steady
Kahler-Ricci soliton.

(i) Any Type Il singularity model on a Kahler manifold with nonnegative hdo-
morphic bisectional curvature and positive Ricci curvatue must be an expand-
ing Kahler-Ricci soliton.

To conclude this section, we state a result of Sesum [113] orompact Type |
singularity models. Recall that Perelman's functional W, introduced in Section 1.5,
is given by

z
W(gifi )= @ ) F[(rfP+R)+f nle "dy
M

with the function f satisfying the constraint
z
(4 ) Te fdyy=1:
M

And recall from Corollary 1.5.9 that
z
() =inf  W(gD:hT 0] (4 (T 1) e ldvy=1

is strictly increasing along the Ricci ow unless we are on a gadient shrinking soliton.
If one can show that (g(t)) is uniformly bounded from above and the minimizing
functions f = f(;t) have a limit ast ! T, then the rescaling limit model will be
a shrinking gradient soliton. As shown by Natasa Sesum in [13], Type | assump-
tion guarantees the boundedness of (g(t)), while the compactness assumption of
the rescaling limit guarantees the existence of the limit fo the minimizing functions
f (;t). Therefore we have
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Theorem 4.3.9 ( Sesum [113] Let (M;g; (t)) be a Typel singularity model
obtained as a rescaling limit of a Typel maximal solution. SupposeM is compact.
Then (M; gj (t)) must be a gradient shrinking Ricci soliton.

It seems that the assumption on the compactness of the resdab limit is super-
uous. We conjecture that any honcompact Type | limit is also a gradient shrinking
soliton.

4.4. Ricci Solitons.  We will now examine the structure of a steady Ricci soliton
of the sort we get as a Type Il limit.

Lemma 4.4.1. Suppose we have a complete gradient steady Ricci solitgp with
bounded curvature so that
Rij =7rr jF
for some function F on M. Assume the Ricci curvature is positive and the scalar
curvature R attains its maximum Rpax at a point Xo 2 M. Then
(4.4.1) jir Fi?+ R = Rpax

everywhere onM , and furthermore F is convex and attains its minimum at Xg.

Proof. Recall that, from (1.1.15) and noting our F here is f there, the steady
gradient Ricci soliton has the property

jr Fi’+R=Co

for some constantCy. Clearly, Co Rpmax -

If Co = Rmax, then r F = 0 at the point xo. Sincer ir jF = R; > 0; we see
that F is convex andF attains its minimum at Xxg.

If Co > R max, consider a gradient path ofF in a local coordinate neighborhood

(xi=xi(u); u2 ( ") i=1;n

Xp = X' (0);

and
dx! ;

Nowjr Fj2=Cy R Cp Rmax > 0 everywhere, whilejr Fj? is smallest atx = xg
sinceR is largest there. But we compute

d—OLjr Fj?=2¢ d—OLer riF
=2g*g'rir jF r «Fr F
=29"<gj'RijrkFr|F
>0

sinceRj > 0 andjr Fj2 > 0. Then jr Fj? is not smallest at xo, and we have a
contradiction. O
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We remark that when we are considering a complete expandingrgdient Ricci
soliton on M with positive Ricci curvature and

Rj + gj =rirjF
for some constant > 0 and some functionF, the above argument gives
jr FP+R 2F =C

for some positive constantC. Moreover the function F is an exhausting and convex
function. In particular, such an expanding gradient Ricci soliton is di eomorphic to
the Euclidean spaceR".

Let us introduce a geometric invariant as follows. LetO be a xed point in
a Riemannian manifold M, s the distance to the xed point O, and R the scalar
curvature. We de ne the asymptotic scalar curvature ratio

A =limsup Rs?:
sl +1

Clearly the de nition is independent of the choice of the xed point O and invariant
under dilation. This concept is particular useful on manifolds with positive sectional
curvature. The rst type of gap theorem was obtained by Mok-Siu-Yau [93] in un-
derstanding the hypothesis of the paper of Siu-Yau [120]. Ya (see [49]) suggested
that this should be a general phenomenon. This was later coofmed by Greene-Wu
[49, 50], Eschenberg-Shrader-Strake [45] and Drees [44] are they show that any
complete noncompactn-dimensional (exceptn = 4 or 8) Riemannian manifold of
positive sectional curvature must haveA > 0. Similar results on complete noncom-
pact Kahler manifolds of positive holomorphic bisectiona curvature were obtained by
Chen-Zhu [31] and Ni-Tam [100].

Theorem 4.4.2 ( Hamilton [63]). For a complete noncompact steady gradient
Ricci soliton with bounded curvature and positive sectionbcurvature of dimensionn
3 where the scalar curvature assume its maximum at a poin® 2 M, the asymptotic
scalar curvature ratio is in nite, i.e.,

A=limsup Rs? =+ 1
sl +1

where s is the distance to the poinO.

Proof. The solution to the Ricci ow corresponding to the soliton exists for
1 <t< +1 andis obtained by owing along the gradient of a potential function
F of the soliton. We argue by contradiction. SupposeRs? C. We will show that
the limit

gj (x) = lim gj (xt)

exists for x 6 O on the manifold M and is a complete at metric on M n fOg: Since
the sectional curvature of M is positive everywhere, it follows from Cheeger-Gromoll
[23] that M is di eomorphic to R". Thus M nfOg is di eomorphicto S” * R. But
forn 3thereis no at metricon S * R, and this will nish the proof.
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To see the limit metric exists, we note thatR! 0ass! +1,s0jr Fj?! Rpmax
ass! +1 by (4.4.1). The function F itself can be taken to evolve with time, using
the de nition

@F @k _ . _.

@t: riF @t: jl’ FJZZ F Rmax
which pulls F back by the ow along the gradient of F. Then we continue to have
rirjF = R; forall time, and jr Fj?! Rmax ass! +1 for each time.

When we go backward in time, this iﬁ equivalent to owing outwards along the
gradient of F, and our speed approaches Rnax. So, starting outside of any neigh-
borhood of O we have

s . 4CO) Pe— o111

jt] jt]
and
(4.4.2) R(;t) R jtjz; asjtj large enough
Hence forjtj su ciently large,
0 2Rj;
@
= @9”
2Rgij
2C o
Rmax jtj? !

which implies that for any tangent vector V,

These two inequalities show thatg; (t)V'V! has a limit g; V'VI ast! 1

Since the metrics are all essentially the same, it always tads an in nite length to
get out to the in nity. This shows the limit g; is complete at the in nity. One the
other hand, any point P other than O will eventually be arbitrarily far from O, so
the limit metric g; is also complete away fromO in M nfOg. Using Shi's derivative
estimates in Chapter 1, it follows that g; ( ;t) converges in theCl_ topology to a

loc
complete smooth limit metric g; ast! 1, and the limit metric is at by (4.4.2). O

The above argument actually shows that

(4.4.3) limsupRs™ " =+ 1

sl +1

for arbitrarily small "> 0 and for any complete gradient Ricci soliton with bounded
and positive sectional curvature of dimensionn 3 where the scalar curvature as-
sumes its maximum at a xed point O.

Finally we conclude this section with the important uniqueness of complete Ricci
soliton on two-dimensional Riemannian manifolds.
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Theorem 4.4.3 ( Hamilton [60]). The only complete steady Ricci soliton on a
two-dimensional manifold with bounded curvature which agsnes its maximum1 at
an origin is the \cigar" soliton on the plane R? with the metric

dx? + dy?
1+ x2+y2’

ds? =

Proof. Recall that the scalar curvature evolves by

@R 2
== R+R
@t

on a two-dimensional manifold M . Denote by R, (t) = inf fR(x;t) j x 2 M g: We
see from the maximum principle (see for example Chapter 2) tht Ry, (t) is strictly

increasing wheneverRy,i, (t) 6 0, for 1 <t< +1 . This shows that the curvature
of a steady Ricci soliton on a two-dimensional manifoldM must be nonnegative and
Rmin(t)=0forall t2 (1 ;+1). Further by the strong maximum principle we see
that the curvature is actually positive everywhere. In particular, the manifold must
be noncompact. So the manifoldM is di omorphic to R? and the Ricci soliton must
be a gradient soliton. Let F be a potential function of the gradient Ricci soliton.
Then, by de nition, we have

riVi+r Vi = Rg;

with Vi = r jF. This says that the vector eld V must be conformal. In complex
coordinate a conformal vector eld is holomorphic. HenceV is locally given by V (z) @@Z
for a holomorphic function V (z). At a zero of V there will be a power series expansion

V(z)= az’ + : (a8 0)

and if p > 1 the vector eld will have closed orbits in any neighborhood of the zero.
Now the vector eld is gradient and a gradient ow cannot have a closed orbit. Hence
V (z) has only simple zeros. By Lemma 4.4.1, we know thaf is strictly convex
with the only critical point being the minima, chosen to be the origin of R?. So the
holomorphic vector eld V must be

@ @
V(z) = = cz—; forz 2 C;
for some complex numberc.
We now claim that c is real. Let us write the metric as

ds® = g(x;y)(dx* + dy?)

with z= x + P “1y:Thenr F = cz@@Z means that if c= a+ P " 1b, then

@F _ . @F_ .
@X—(ax by)g; @y—(bx+ ay)g:

Taking the mixed partial derivatives @@}TF@yand equating them at the originx = y =0
givesb=0, so cis real.
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Let
(x:e”cosv; 1 <u< +1;
y = €' sinv; 0 v 2:
Write
ds® = g(x;y)(dx* + dy?)
= g(e" cosv; & sinv)e?! (du? + dv?)
= g(u; v)(du? + dv?):

Then we get the equations

@F_ . @F_
@u 9 @v_o

since the gradient of F is just a@u for a real constanta. The second equation shows
that F = F(u) is a function of u only, then the rst equation shows that g = g(u) is
also a function ofu only. Then we can write the metric as
(4.4.4) ds? = g(u)(du® + dv?)

= g(u)e 2U(dx? + dy?):

This implies that e 2“g(u) must be a smooth function of x*> + y> = €. So as
ul1

(4.4.5) gu) = e + by(e)? +
with by > 0.
The curvature of the metric is given by
1 ¢°°
g g

where ()% is the derivative with respect to u. Note that the soliton is by translation
in u with velocity c. Henceg = g(u + ct) satis es

@g_
e N
which becomes
0
Q°
cg= =
¢ g
Thus by (4.4.5),
Q°
= =cg+2
g g
and then by integrating
eZu é — geZu + bl
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u
u)= ————:
g(u) b S
In particular, we have c < 0 since the Ricci soliton is not at. Therefore

dx? + dy?
1+ 2(x%2+y?)

ds? = g(u)e 2U(dx? + dy?) =

for some constants 1; , > 0. By the normalization condition that the curvature
attains its maximum 1 at the origin, we conclude that

dx? + dy?

ey

O

5. Long Time Behaviors. Let M be a complete manifold of dimensionn.
Consider a solution of the Ricci ow g; (x;t) on M and on a maximal time interval
[0; T). When M is compact, we usually consider thenormalized Ricci ow

2
% =519 2Ry
R R ,
wherer = | RdV= ., dV is the average scalar curvature. The factorr serves to
normaFyze the Ricci ow so that the volume is constant. To seethis we observe that
dv = detg; dx and then

@ Po_ 1 @ _ :
@tlog detg; =39 @l 7 R;
42 z
g MdV: M(r R)dV =0:

The Ricci ow and the normalized Ricci ow di er only by a chan ge of scale in space
and a change of parametrization in time. Indeed, we rst assune that g; (t) evolves

by the (unnormalizeg) Ricci ow and choose the normalization factgs = (t) so
that g = gj,and ,, d~=1. Next we choose a new time scalé= (t)dt. Then
for the normalized metric ¢; we have
1 1
Rij = Rj;R=—-R;Fr= —I:
R R "
Because ,, dV =1, we see that ,, dV = 2. Then
z
d 2 d
— | = — =1 dv
at 9 noda 9,
R oP =
_ 2w oR detg; dx
~n Y

SN
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since @@tgij = 2R; for the Ricci ow. Hence it follows that
@ @ d
@ T ab* g9 g
2
- H'Lg'u 2R|J .

Thus studying the behavior of the Ricci ow near the maximal time is equivalent to
studying the long-time behavior of the normalized Ricci ow.

In this chapter we will obtain long-time behavior of the normalized Ricci ow for
the following special cases: (1) compact two-manifolds; (2compact three-manifolds
with nonnegative Ricci curvature; (3) compact four-manifolds with nonnegative cur-
vature operator; and (4) compact three-manifolds with uniformly bounded normalized
curvature.

5.1. The Ricci Flow on Two-manifolds. Let M be a compact surface, we will
discuss in this section the evolution of a Riemannian metricg; under the normalized
Ricci ow. On a surface, the Ricci curvature is given by

1
Rj = SRo;

so the normalized Ricci ow equation becomes

@
(5.1.1) @b~ (r R)g:
Recall the Gauss-Bonnet formula says
Z

Rdv =4 (M);
M
where (M) is the guler characteristic number of M. Thus the average scalar curva-
turer =4 (M)=,, dV is constant in time.

To obtain the evolution equation of the normalized curvature, we recall a simple
principle in [58] for converting from the unnormalized to the normalized evolution
equation on ann-dimensional manifold. Let P and Q be two expressions formed from
the metric and curvature tensors, and letP and @ be the corresponding expressions
for the normalized Ricci ow. Since they di er by dilations, they dier by a power of
the normalized factor = (t). We say P hasdegree k if P = XP. Thus gj has
degree 1,R; has degree OR has degree 1.

Lemma 5.1.1. SupposeP satis es

@P_
@t_ P+Q

for the unnormalized Ricci ow, and P has degreek. Then Q has degreek 1, and
for the normalized Ricci ow,

99

= "P+Q+ %kH’:

Proof. We rst see Q has degree&k 1 since@=@t and = T Then
@ .
gl = T 'mr
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which implies

- k@
= —_—
P+Q+ =4

99

= P+ Q+ %kH?

sinceglog =(&log ) *=2rDO

We now come back to the normalized Ricci ow (5.1.1) on a compat surface. By
applying the above lemma to the evolution equation of unnornalized scalar curvature,
we have

@R_ 2

(5.1.2) @t R+ R° IR
for the normalized scalar curvatureR. As a direct consequence, by using the maximum
principle, both nonnegative scalar curvature and nonposiive scalar curvature are
preserved for the normalized Ricci ow on surfaces.

Let us introduce a potential function ' as in the Kahler-Ricci ow (see for example
[11]). SinceR r has mean value zero on a compact surface, there exists a unigu
function ' , with mean value zero, such that

(5.1.3) "= R

Di erentiating (5.1.3) in time, we have

@ @ .,
et~ ef
@ @ @'
= ! ] =
(R 9 @t @x@x ' ok
:(R r) '+ %t
Combining with the equation (5.1.2), we get
@' . :
@t = ( )+ r
which implies that
@ _ ., .
(5.1.4) ot +r b(t)
for some function i(t) of time only. Since ,, 'dv =0 for all t, we have
q z z z
0:a d = (" +r  bit)d + "(r R)d
M M Z Z M
= bty d+ jrjd:
M M

Thus the function h(t) is given by
R

b(t) = M

md
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De ne a function h by

h= " +jr ?=(R n+jr'j%

and set

Mj =rir 5 9
to be the traceless part ofr ir ;'

Lemma 5.1.2. The function h satis es the evolution equation

(5.1.5) %:': h  2jM;j j? + rh:

Proof. Under the normalized Ricci ow,

=(R njr"F+2g'ri( "+ bt)r’

=(R+n)jr " j2+2¢" ( ri" Rkrk')rj
=(R+r)jr "j2+ jr'j® 2ir >j? 29inikrk'rj'

= P gr P

where Ry = ZRgjc on a surface.
On the other hand we may rewrite the evolution equation (5.12) as

@@{R rNN=( R r)+( ')2+r(R r):

Then the combination of above two equations yields

@{1: h  2(r 2 j2 %( ' )2)+ rh
= h 2jMij j2 + rh
as desired.O

As a direct consequence of the evolution equation (5.1.5) ahthe maximum prin-
ciple, we have

(5.1.6) R Cie'+r

for some positive constantC; depending only on the initial metric.
On the other hand, it follows from (5.1.2) that Rmin (t) = min xom R(X;t) satis es

d
aRmin Rmin (Rmin 1) O

wheneverRnyi, 0. This says that

(5.1.7) Rmin (t) C,; forall t> 0
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for some positive constantC, depending only on the initial metric.
Thus the combination of (5.1.6) and (5.1.7) implies the folbwing long time exis-
tence result.

Proposition 5.1.3.  For any initial metric on a compact surface, the normalized
Ricci ow (5:1:1) has a solution for all time.

To investigate the long-time behavior of the solution, let us now divide the dis-
cussion into three cases: (M) < 0; (M)=0;and (M) > 0.

Case(1): (M)< 0 (.e.,r< 0).
From the evolution equation (5.1.2), we have

d
_Rmin Rmin (Rmin I‘)

dt
r(Rmn r); on M [0;+1)
which implies that
R r Cie'; on M [0;+1)

for some positive constantC; depending only on the initial metric. Thus by combining
with (5.1.6) we have

(5.1.8) Cie' R r Ci€; onM [0;+1):

Theorem 5.1.4 ( Hamilton [60]). On a compact surface with (M) < 0, for any
initial metric the solution of the normalized Ricci ow (5:1:1) exists for all time and
converges in theC! topology to a metric with negative constant curvature.

Proof. The estimate (5.1.8) shows that the scalar curvatureR(x;t) converges
exponentially to the negative constantr ast! +1 .

Fix a tangent vector v 2 TyM at a point x 2 M and let jvj? = g; (x;t)v'vi. Then
we have

qovit = @@gu (xt) V'V

=(r  R)Vi

which implies

%Iogjvjt2 ce'; forall t> 0
for some positive constantC depending only on the initial metric (by using (5.1.8)).
Thus jvj? converges uniformly to a continuous functionjvj? ast! +1 andjvj? 60
if v 8 0. Since the parallelogram law continues to hold to the limit, the limiting
norm jvj? comes from an inner productg; (1 ). This says, the metrics g; (t) are all
equivalentand ast ! +1 , the metric g; (t) converges uniformly to a positive-de nite
metric tensor g; (1 ) which is continuous and equivalent to the initial metric.

By the virtue of Shi's derivative estimates of the unnormalized Ricci ow in
Section 1.4, we see that all derivatives and higher order dévatives of the curvature
of the solution g; of the normalized ow are uniformly bounded on M [0;+1 ).
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This shows that the limiting metric g; (1 ) is a smooth metric with negative constant
curvature and the solution gj (t) converges to the limiting metric g (1 ) in the C?
topology ast! +1 .0

Case(2): (M)=0,i.e, r=0.

From (5.1.6) and (5.1.7) we know that the curvature remains bounded above and
below. To get the convergence, we consider the potential fustion ' of (5.1.3) again.
The evolution of ' is given by (5.1.4). We renormalize the function' by

z
~(x;t) =" (xt)+  b(t)dt; on M [0;+1):

Then, sincer =0, ~ evolves by

@ _
@t

From the proof of Lemma 5.1.2, we get

(5.1.9) ~% onM [0;+1):

@ o iia oo
(5110) @{r ~12: Jr ..._JZ 2][' 2____12:
Clearly, we have
(5.1.11) @@'{2 =2 g g

Thus it follows that

Q.. 524 12 i 2 412y,
@{tJr 7+ =% (tr 57+ =)

Hence by applying the maximum principle, there exists a podive constant Cz de-
pending only on the initial metric such that

(5.1.12) ir ~2(x;t) 123t; onM [0;+1):

In the following we will use this decay estimate to obtain a deay estimate for the
scalar curvature.
By the evolution equations (5.1.2) and (5.1.10), we have
@@[R+2jr ~%) = ( R+2jr §%)+ R? 4jr #?
( R+2jr 4% R?
sinceR%2=(~')? 2jr 2~2. Thus by using (5.1.12), we have

ShR+2ir )
[ t(R+2jr ~?)] tR?+ R+2jr '+
[(R+2f )] (R +2ir 497+ @+ 4t R +2ir 59)
[WR+2) 9] [R+2j ) (1+4CI(R +2jr )
[ (R +2]r 7]
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wherevert(R +2jr '~?) (1 +4Cz). Hence by the maximum principle, there holds

Cs

5.1.13 R+2jr 42 —=
( ) L N

onM [0;+1)

for some positive constantC, depending only on the initial metric.
On the other hand, the scalar curvature satis es

%‘?: R+ R?; on M [0;+1):
It is not hard to see that
Rmin (0)
5.1.14 R —— on M 0;+1);
( ) 1 Rmin (O)t [ )

by using the maximum principle. So we obtain the decay estimée for the scalar
curvature

Cs |

(5.1.15) IR(X; )] T+ 1

on M [0;+1);

for some positive constantCs depending only on the initial metric.

Theorem 5.1.5 ( Hamilton [60]). On a compact surface with (M) =0, for any
initial metric the solution of the normalized Ricci ow (5:1:1) exists for all time and
converges inC! topology to a at metric.

Proof. Since%‘”I = ~' it follows from the maximum principle that

"~(x;t)j] Ce; on M [0;+1)

for some positive constantCg depending only on the initial metric. Recall that ~' =
R. We thus obtain for any tangent vector v2 TyM at a point x 2 M,

Vit = @@gu () vV

dt
= RGO}V
and then
. Z,

JV_JtZ = g i2dti
IOgjng Lt log v¢j“dtj
z t

= R(x;t)dt
0
= j~xt)  ~(x 0)j
2Ce;

forall x 2 M andt 2 [0;+1 ): This shows that the solution g; (t) of the normalized
Ricci ow are all equivalent. This gives us control of the diameter and injectivity
radius.

As before, by Shi's derivative estimates of the unnormalizd Ricci ow, all deriva-
tives and higher order derivatives of the curvature of the sdution g; of the normalized
Ricci ow (5.1.1) are uniformly bounded on M [0; +1 ). By the virtue of Hamilton's
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compactness theorem (Theorem 4.1.5) we see that the solutiog; (t) subsequentially
converges inC! topology. The decay estimate (5.1.15) implies that each lint must
be a at metric on M. Clearly, we will nish the proof if we can show that limit is
unique.

Note that the solution g; (t) is changing conformally under the Ricci ow (5.1.1)
on surfaces. Thus each limit must be conformal to the initial metric, denoted by g .
Let us denoteg; (1 ) = €"g; to be a limiting metric. Since g; (1 ) is at, it is easy
to compute

0=e “(R u); on M;

whereR is the curvature of g; and is the Laplacian in the metric g; . The solution
of Poission equation

u=R; on M

is unique up to constant. Moreover the constant must be also niquely determined
since the area of the solution of the normalized Ricci ow (51.1) is constant in time.
So the limit is unique and we complete the proof of Theorem 5.5. O

Case(3): (M)>0,ie.,r> 0.

This is the most di cult case. There exist several proofs by now but, in contrast
to the previous two cases, none of them depend only on the maxium principle type of
argument. In fact, all the proofs rely on some combination ofthe maximum principle
argument and certain integral estimate of the curvature. In the pioneer work [60],
Hamilton introduced an integral quanéity

E = RlogR dV;
M

which he calls entropy , for the (normalized) Ricci ow on a surface M with posi-
tive curvature, and showed that the entropy is monotone deceasing under the ow.
By combining this entropy estimate with the Harnack inequality for the curvature
(Corollary 2.5.3), Hamilton obtained the uniform bound on the curvature of the nor-
malized Ricci ow on M with positive curvature. Furthermore, he showed that the
evolving metric converges to a shrinking Ricci soliton onM and that the shrinking
Ricci soliton must be a round metric on the 2-sphereS?. Subsequently, Chow [36]
extended Hamilton's work to the general case when the curvaire may change signs.
More precisely, he proved that given any initial metric on a compact surfaceM with

(M) > 0, the evolving metric under the (normalized) Ricci ow will have positive
curvature after a nite time. Hence, when combined with Hamilton's result, we know
the evolving metric on M converges to the round metric onS.

In the following we present a new argument by combining the LiYau-Hamilton
inequality of the curvature with Perelman's no local collapsing theorem P, as was
done in the recent joint work of Bing-Long Chen and the authors [15] where they con-
sidered the Kahler-Ricci ow on higher dimensional Kahle r manifolds of nonnegative
holomorphic bisectional curvature (see [15] for more detds). (There are also other
proofs for Case (3) by Bartz-Struwe-Ye [6] and Struwe [121].

Given any initial metric on M with (M) > 0, we consider the solutiong; (t) of
the normalized Ricci ow (5.1.1). Recall that the (scalar) curvature R satis es the
evolution equation
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The corresponding ODE is
(5.1.16) — =32 rs:

Let us choosec > 1 and close to 1 so thatr=(1 ¢) < mingom R(X;0). Itis
clear that the function s(t) = r=(1 c€') < 0 is a solution of the ODE (5.1.16) with
s(0) < néu'\r} R(x; 0). Then the di erence of R and s evolves by

X

(5.1.17) @@{R s)=( R s)+(R r+s)(R s):
Since mini; R(x; 0) s(0) > 0, the maximum principle implies that R s> 0 for
all times.

We rst extend the Li-Yau-Hamilton inequality (Theorem 2.5 .2) to the normalized
Ricci ow whose curvature may change signs. As in the proof ofTheorem 2.5.2, we
consider the quantity

L =log(R s):

It is easy to compute

oL o
— = + + + s:
at L+jrLj R r+s

Then we set
@L . 5
= = = + .
Q at Li® s= L+R r
By a direct computation and using the estimate (5.1.8), we hae
@ @L @R
—0 = — +(R L+ —
ar at (R @t

Q+2jr 2Lj?+2hrL;r ( L)i+ Rjr Lj?

+(R r) L+ R+R(R 1)

Q+2jr °Li?+2hrL;r Qi+2(R r) L+(R r)?
+(r s) L+sjirLi2+r(R 1)
Q+2hrL;r Qi +2jr 2Lj?+2(R r) L+(R r)?
+(r s)Q+ sjr L2+ s(R )
Q+2hrL;r Qi+ Q*+(r s)Q+ sjr Lj? C:

Here and belowC is denoted by various positive constants depending only onhe
initial metric.
In order to control the bad term sjr Lj?, we consider

—@{sL)= ( sL)+ sir L2+ s(R r+s)+s(s r)L

@
( sLY+2hrL;r (sL)i sjr Lj? C
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by using the estimate (5.1.8) again. Thus

@@{Q+SL) ( Q+sL)+2hrL;r (Q+sL)i+Q%>+(r s)Q C

(Q+sL)+2hrLir (Q+sL)i+ 2[Q+sL)? €7
sincesL is bounded by (5.1.8). This, by the maximum principle, implies that
Q C; forall t2[0;+1):

Then for any two points x3;X2 2 M and two times t, > t; 0, and a path
[t1;t2]! M connectingx; to x,, we have

z

L(x2;t2)  L(xg;t) = :%L( (t); t)dt
= Z: %Iﬁ hrL; i dt
% C(tz ti1)
where
= (X ti;Xait2)
=inf tzj_(t)jgJij wdti Tftite]! Mowith (ti) = x15 (t2) = X2

t1
Thus we have proved the following Harnack inequality.
Lemma 5.1.6 (Chow [36). There exists a positive constant C depending only on
the initial metric such that for any x1, x 2 M andt; >t; O,
R(xait1) s(t;)  e7 (2 "(R(xzit2)  s(t2))

where
Z,,

=inf j_(t)jtzdtj Sty t2] b Mwith  (t1) = X1 (t2) = X2
ty

We now state and prove the uniform bound estimate for the cunature.

Proposition 5.1.7. Let (M;g; (t)) be a solution of the normalized Ricci ow
on a compact surface with (M) > 0. Then there exist a timety, > 0 and a positive
constant C such that the estimate

c! R(xt) C
holds for allx 2 M andt 2 [to;+1 ):

Proof. Recall that

R(x:1) s(t)=1rﬁ; onM [0;+1):
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For any " 2 (0O;r), there exists a large enougho > 0 such that
(5.1.18) R(x;t) "2 onM  [to;+1):

Let t be any xed time with t to+ 1. Obviously there is some pointxo 2 M such
that R(xp;t+1)= r.

Consider the geodesic balB¢(Xo; 1), centered atxy and radius 1 with respect to
the metric at the xed time t. For any point x 2 B¢(Xo; 1), we choose a geodesic:
[t;t+1] ! M connecting x and xg with respect to the metric at the xed time t.
Since

ggij=(r R)g;  2rg; on M [to;+1);

we have
z t+1 z t+1

j_()j*d €& i_()igd €
t
Then by Lemma 5.1.6, we have
(5.1.19) R(x;t) s(t)+exp %ezf +C  (R(xo;t+1) s(t+1))

Cy; as x 2 Bt(Xo;1);

for some positive constantC; depending only on the initial metric. Note the the
corresponding unnormalized Ricci ow in this case has nite maximal time since its
volume decreases ata xedrate 4 (M) < 0. Hence the no local collapsing theorem
19 (Theorem 3.3.3) implies that the volume of B(xo; 1) with respect to the metric at
the xed time t is bounded from below by

(5.1.20) Vol (Bt(X0;1)) Co

for some positive constantC, depending only on the initial metric.

We now want to bound the diameter of (M;gj (t)) from above. The following
argument is analogous to Yau in [128] where he got a lower bouwhfor the volume of
geodesic balls of a complete Riemannian manifold with nonrgative Ricci curvature.
Without loss of generality, we may assume that the diameter & (M; gj; (t)) is at least
3. Choose a pointx; 2 M such that the distance d;(Xxo; X1) between x; and xq with
respect to the metric at the xed time t is at least a half of the diameter of (M; gj (t)).
By (5.1.18), the standard Laplacian comparison theorem (d. [112]) implies

2=2 +2 21+")+2

in the sense of distribution, where is the distance function from x; (with respect to
the metric gj (t)). Thatis, forany ' 2 C (M), " 0, we have
Z z

(5.1.21) r 2o [2@+" )+2]"
M M

Since C} (M) functions can be approximated by Lipschitz functions in the above
inequality, we can set' (x) = ( (X)), x 2 M, where (s) is given by

8

21 0 s di(xo;x1) 1

()= As)= 3 di(xoix1) 1 s di(Xoixa)+1;
"0 s di(Xo;x1)+1:
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Thus, by using (5.1.20), the left hand side of (5.1.21) is

Bt (Xx1;dt(Xo;x1)+1) nB¢(x1;dt(Xo;x1) 1)

(di (X0;X1)  1)Vol (Bt (X1; di(Xo; X1) +1) nB¢(x1;di(Xo;X1) 1))
(de(x0;X1)  1)Vol ¢(Bt(Xo; 1))

(di(Xo;x1) 1)Co;

and the right hand side of (5.1.21) is
z z

2+" )+2] 2(1+")+2]
M Bt (X1;dt (Xo0:x1)+1)

[2(1 + "d¢(Xo;X1)) + 4]Vol (B (X1; 0k (Xo0; X1) + 1))
[2(1 + "d; (Xo; X]_)) + 4] A

where A is the area ofM with respect to the initial metric. Here we have used the
fact that the area of solution of the normalized Ricci ow is constant in time. Hence

Co(di(xo;x1) 1) [2(1+ "di(Xo;X1)) +4]A;
which implies, by choosing” > 0 small enough,
di(Xo;X1)  Cs

for some positive constantCz depending only on the initial metric. Therefore, the
diameter of (M; g (t)) is uniformly bounded above by

(5.1.22) diam (M;gj (1)) 2Cs

forall t 2 [to;+1 ).
We then argue, as in deriving (5.1.19), by applying Lemma 5.16 again to obtain

R(x;t) C4; on M [to;+1)

for some positive constantC, depending only on the initial metric.

It remains to prove a positive lower bound estimate of the cuwature. First, we
note that the function s(t) ! 0 ast! +1 , and the average scalar curvature of the
solution equals tor, a positive constant. Thus the Harnack inequality in Lemma 51.6
and the diameter estimate (5.1.22) imply a positive lower baind for the curvature.
Therefore we have completed the proof of Proposition 5.1.71

Next we consider long-time convergence of the normalized w.
Recall that the trace-free part of the Hessian of the potental ' of the curvature
is the tensor M de ned by

Mij =r1r;' i ;

where by (5.1.3),
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Lemma 5.1.8. We have

6129 oMyP= My 2r My P 2RIMG % on M [0+ 1 );

Proof. First we note the time-derivative of the Levi-Civita connection is

@ _ 1., 0 , @ @
@t i ~ ég r|@)91I +r]@9l| r |@9IJ
Z% r iR jkI’jR ik+l’kR gi

By using this and (5.1.4), we have

@ @' @ . 1@
@{v'ij =rrg @t @t:j rk z@[(R r)gij]

1 .
rir '+§(riR ri" +rjR ri'" hr Rjr'ig)
1
E R gij+l'|\/|iji

Since on a surface,

1
Riw = ER(QH gk Ok 9 )

we have

rir

:rirkr,-rk' r i(R“r")

:rkrir,-rk' R!kjr|r ke R"rjr" R“rir" r iRj|r"
— ' kp! ' | ko
Rnfjfl' R,-.rir" r iRj|I’I'

rir;' %(riRr,-'+r,-Rri' hr R;r'igj)

1
2R rir,-' E ' Jij

Combining these identities, we get

@

1
E R Gij +(I’ ZR)Mij

1
rirg' é(R rNg; +(r 2R)Mj:

Thus the evolution Mj is given by

@
(5.1.24) %: My +(r 2R)M, :

Now the lemma follows from (5.1.24) and a straightforward conputation. O

319
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Proposition 5.1.7 tells us that the curvature R of the solution to the normalized
Ricci ow is uniformly bounded from below by a positive constant for t large. Thus we
can apply the maximum principle to the equation (5.1.23) in Lemma 5.1.8 to obtain
the following estimate.

Proposition 5.1.9. Let (M;gj (t)) be a solution of the normalized Ricci ow
on a compact surface with (M) > 0. Then there exist positive constantsc and C
depending only on the initial metric such that

iMjji? ce®, onM [0+1):

Now we consider a modi cation of the normalized Ricci ow. Consider the equa-
tion

(5.1.25) @@9"‘ =2Mij =(r R)gij +2r ir i

As we saw in Section 1.3, the solution of this modied ow diers from that of the
normalized Ricci ow only by a one parameter family of di eom orphisms generated
by the gradient vector eld of the potential function ' . Since the quantity jMj j? is
invariant under di eomorphisms, the estimate jM; j2 Ce ° also holds for the solu-
tion of the modied ow (5.1.25). This exponential decay estimate then implies the
solution g; (x;t) of the modi ed ow (5.1.25) converges exponentially to a continuous
metric g; (1 ) ast! +1 . Furthermore, by the virtue of Hamilton's compactness
theorem (Theorem 4.1.5) we see that the solutiorg; (x;t) of the modied ow actu-
ally converges exponentially inC! topology to g; (1 ). Moreover the limiting metric
gj (1) satis es

Mj =(r R)gj +2rirj' =0; on M:
That is, the limiting metric is a shrinking gradient Ricci so liton on the surface M .

The next result was rst obtained by Hamilton in [60]. The fol lowing simpli ed
proof by using the Kazdan-Warner identity was widely known to experts in the eld.

Proposition 5.1.10.  On a compact surface there are no shrinking Ricci solitons
other than constant curvature.

Proof. By de nition, a shrinking Ricci soliton on a compact surface M is given
by

(5.1.26) riX;+r;X; =(R r)gij
for some vector eld X = X;. By contracting the above equation by Rg 1, we have
2R(R r)=2RdivX;

and hence
z z
(R r2dv=R(R ndV=  RdivXdV:
M M M
Since X is a conformal vector eld (by the Ricci soliton equation (5.1.26)), by inte-
grating by parts and applying the Kazdan-Warner identity [7 7], we obtain
z z

(R r)?dv = hr R; X idV =0:
M M
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HenceR r, and the lemma is proved.O

Now back to the solution of the modi ed ow (5.1.25). We have seen the curvature
converges exponentially to its limiting value in the C! topology. But since there are
no nontrivial soliton on M, we must haveR converging exponentially to the constant
value r in the C' topology. This then implies that the unmodied ow (5.1.1) w ill
converge to a metric of positive constant curvature in theC! topology.

In conclusion, we have proved the following main theorem ofhis section.

Theorem 5.1.11 ( Hamilton [60], Chow [36]). On a compact surface with (M) >
0, for any initial metric, the solution of the normalized Ricci ow (5:1:1) exists for all
time, and converges in theC! topology to a metric with positive constant curvature.

5.2. Di erentiable Sphere Theorems in 3-D and 4-D. An important prob-
lem in Riemannian geometry is to understand the in uence of wirvatures, in particular
the sign of curvatures, on the topology of underlying manifdds. Classical results of
this type include sphere theorem and its re nements stated lelow (see, for example,
Theorem 6.1 and Theorem 7.16 in Cheeger-Ebin [22], and Theem 6.6 in Cheeger-
Ebin [22]). In this section we shall use the long-time behawr of the Ricci ow on
positively curved manifolds to establish Hamilton's di er entiable sphere theorems in
dimensions three and four.

Let us rst recall the classical sphere theorems. Given a Remnnian manifold M ,
we denote byKy, the sectional curvature of M .

Classical Sphere Theorems. Let M be a complete, simply connecteah-
dimensional manifold.
@) If % <Km 1, then M is homeomorphic to then-sphereS".
(i) There exists a positive constant 2 (%; 1) such thatif <K y 1,thenM
is di eomorphic to the n-sphereS".

Result (i) is called the di erentiable sphere theorem. If we relax the assumptions
on the strict lower bound in (i), then we have the following rigidity result.

Berger's Rigidity Theorem. Let M be a complete, simply connecteah-
dimensional manifold with % Km 1. Then either M is homeomorphic toS" or
M is isometric to a symmetric space.

We remark that it follows from the classi cation of symmetri ¢ spaces (see for
example [68]) that the only simply connected symmetric spaes with positive curvature
are S", CP?, QP%, and the Cayley plane.

In early and mid 80's respectively, Hamilton [58], [59] usedhe Ricci ow to prove
the following di erential sphere theorems.

Theorem 5.2.1 ( Hamilton [58]). A compact three-manifold with positive Ricci
curvature must be di eomorphic to the three-sphereS® or a quotient of it by a nite
group of xed point free isometries in the standard metric.

Theorem 5.2.2 ( Hamilton [59]). A compact four-manifold with positive curva-
ture operator is di eomorphic to the four-sphere S* or the real projective spaceRP”.

Note that in above two theorems, we only assume curvatures tde strictly pos-
itive, but not any strong pinching conditions as in the clasdcal sphere theorems. In
fact, one of the important special features discovered by Hanilton is that if the ini-
tial metric has positive curvature, then the metric will get rounder and rounder as it
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evolves under the Ricci ow, at least in dimension three and bur, so any small initial
pinching will get improved. Indeed, the pinching estimate is a key step in proving
both Theorem 5.2.1 and 5.2.2.

The following results are concerned with compact three-maifolds or four-
manifolds with weakly positive curvatures.

Theorem 5.2.3 ( Hamilton [59]).

(i) A compact three-manifold with nonnegative Ricci curvature is di eomorphic
to S°, or a quotient of one of the spacesS® or S R*! or R® by a group of
xed point free isometries in the standard metrics.

(i) A compact four-manifold with nonnegative curvature operator is di eomor-
phic to S* or CP? or &2, or a quotient of one of the spaces* or CP? or
S Rlor$ S orS R?or R*byagroup of xed point free isometries
in the standard metrics.

The rest of the section will be devoted to prove Theorems 5.2-5.2.3.
Recall that the curvature operator M evolves by

@
—M
@t
where (see Section 1.3 and Section 2.4 2 is the operator square

(5.2.1) M +M2 +M*:
MZ =M M
andM* s the Lie algebraso(n) square

M =C C M M

We begin with the curvature pinching estimates of the Ricci ow in three dimen-

sions. In dimensionn = 3, we know that M* is the adjoint matrix of M . If we
diagonalizeM  with eigenvalues so that
0 1
M )=@ A,

then M2 and M* are also diagonal, with

o, 1 0 1

(M?)= @ 2 A and M*)= @ A
2

and the ODE corresponding to PDE (5.2.1) is then given by the gstem

8
d —
% - 2+ ,
(5.2.2) E (% = 24+
. d =
& = 2+

Lemma 5.2.4. For any " 2 [0; %], the pinching condition
Rij 0 and Rij "Rgij
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is preserved by the Ricci ow.

Proof. If we diagonalize the 3 3 curvature operator matrix M with eigen-

values , then nonnegative sectional curvature corresponds to 0 and
nonnegative Ricci curvature corresponds to the inequality + 0. Also, the scalar
curvature R= + + . So we need to show

+ 0 and + ;o with  =2"=(1 2");

are preserved by the Ricci ow. By Hamilton's advanced maxinum principle (Theo-
rem 2.3.1), it su ces to show that the closed convex set

K=fM | + 0 and + g

is preserved by the ODE system (5.2.2).

Now suppose we have diagonalize  with eigenvalues att =0,
then both M2 andM ¥ are diagonal, so the matrixM  remains diagonal fort > 0.
Moreover, since

d
- = =+ "
5 =0 X )
it is clear that for t > 0 also. Similarly, we have for t > 0. Hence the
inequalities persist. This says that the solutions of the ODE system (5.22)
agree with the original choice for the eigenvalues of the cwature operator.
The condition + 0 is clearly preserved by the ODE, because
d 2 2
_ = + + + .
() (+) 0
It remains to check
g + ) g
dt dt
or
2, 4 24 (2+ )
on the boundary where
+ = 0:
In fact, since
( ) 2+ ( )2 0
we have
(2+ 2 (+)
Hence
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So we get the desired pinching estimatel
Proposition 5.2.5. Suppose that the initial metric of the solution to the Ricci

ow on M2 [0;T) has positive Ricci curvature. Then for any" > 0 we can nd
C- < +1 such that

1
Rij —Rgij "R + C-
3
for all subsequentt 2 [O; T).
Proof. Again we consider the ODE system (5.2.2). LetM  be diagonalized with
eigenvalues at t = 0. We saw in the proof of Lemma 5.2.4 the inequalities

persist fort > 0. We only need to show that there are positive constants
and C such that the closed convex set

K=fM | C(+ +) g
is preserved by the ODE.
We compute
d
w( )=C O+ )
and
E++)—(++)(+ Y+ 2
dt -
+ (+ )+ ( )
(+ + ) + )+ 2
Thus, without loss of generality, we may assume > 0 and get
Shog( )= 4
and

2

d
aIog(++) + +++

By Lemma 5.2.4, there exists a positive constantC depending only on the initial
metric such that

+ C( + ) 2C;

+ + o+ 6C :

and hence with = 1=36C?,

d
grloot + + ) @+ )+ ):
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Therefore with (1  )=1=1+ ),

g )+ + ) O
This proves the proposition. O

We now are ready to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Let M be a compact three-manifold with positive Ricci
curvature and let the metric evolve by the Ricci ow. By Lemma 5.2.4 we know that
there exists a positive constant > 0 such that

Rij  Rgj
forallt 0 as long as the solution exists. The scalar curvature evoheeby

R N
%ﬁ R+2jRy j?
2
R+ ZR%
3R

which implies, by the maximum principle, that the scalar curvature remains positive
and tends to +1 in nite time.

We now use a blow up argument as in Section 4.3 to get the folloimg gradient
estimate.

Claim. For any "> 0, there exists a positive constantC- < +1 such that for
any time 0, we have

. . . .3
. " 1id 4 o
rpax)r(r;a'}AXJr Rm(x;t)j Taxpza’}ﬂXJRm(x,t)Jz C-:

We argue by contradiction. Suppose the above gradient estigte fails for some
xed "o > 0. Pick a sequenceC; ! +1 , and pick points x; 2 M and times ; such
that

ir Rm(xj; j)i "owaxn;a'\lﬂijm(x;t)j%+ C, j=42:
j X

Choosex; to be the origin, and pull the metric back to a small ball on the tangent
space Ty; M of radius r; proportional to the reciprocal of the square root of the
maximum curvature up to time ; (i.e., max; ; maxx2m jRM(X; t)j). Clearly the
maximum curvatures go to in nity by Shi's derivative estima te of curvature (Theorem
1.4.1). Dilate the metrics so that the maximum curvature

waﬂnﬁijm(x;t)j
becomes 1 and translate time so that; becomes the time 0. By Theorem 4.1.5, we
can take a (local) limit. The limit metric satis es
jr Rm(0;0)j] "o>0:
However the pinching estimate in Proposition 5.2.5 tells usthe limit metric has

1
Rij éRgij 0:
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By using the contracted second Bianchi identity

1 ; ; 1 1
EriR:rJRij =r/! Rij éRgij +§riR;

we get
riR 0 andthen r Rx O
For a three-manifold, this in turn implies
reRm=0

which is a contradiction. Hence we have proved the gradient gimate claimed.

We can now show that the solution to the Ricci ow becomes rourd as the time
t tends to the maximal time T. We have seen that the scalar curvature goes to
innity in nite time. Pick a sequence of points x; 2 M and times ; where the
curvature at x; is as large as it has been anywhere for 0 t ; and ; tends to
the maximal time. Since jr Rmj is very small compared tojRm(x;; j)j by the above
gradient estimate and jRj; %Rgij j is also very small compared tojRm(X;; j)j by
Proposition 5.2.5, the curvature is nearly constant and pogive in a large ball around
Xj at the time ;. But then the Bonnet-Myers' theorem tells us this is the whole
manifold. For j large enough, the sectional curvature of the solution at thetime  is
su ciently pinched. Then it follows from the Klingenberg in jectivity radius estimate
(see Sectiorb 4.2) that the injectivity radius of the metric at time ; is bounded from
below by c= jRm(x;; j)j for some positive constantc independent ofj. Dilate the
metrics so that the maximum curvature jJRm(X;; j)j = maxy ; maxxam jRM(X;t)j
becomes 1 and shift the time ; to the new time 0. Then we can apply Hamilton's
compactness theorem (Theorem 4.1.5) to take a limit. By the jnching estimate in
Proposition 5.2.5, we know that the limit has positive constant curvature which is
either the round S® or a metric quotient of the round S*. Consequently, the compact
three-manifold M is di eomorphic to the round S® or a metric quotient of the round
st.n

Next we consider the pinching estimates of the Ricci ow on a ompact four-
manifold M with positive curvature operator.

In dimension 4, we saw in Section 1.3 when we decompose orthmmplly 2 =

2 2 into the eigenspaces of Hodge star with eigenvalue 1, we have a block

decomposition ofM  as

A B
M = g ¢

and then
A*  B*
M* =2 tg# C#

where A* | B¥ | C* are the adjoints of 3 3 submatrices as before.
Thus the ODE
d

-M =M2 +M*
dt
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corresponding to the PDE (5.2.1) breaks up into the system othree equations

8 d
3 A= AT+ BIB+2AT;

(5.2.3) : 4B = AB + BC +2B*;

dcCc=C2+!BB +2C*:

As shown in Section 1.3, by the Bianchi identity, we know that tr A = tr C: For the
symmetric matrices A and C, we can choose an orthonormal basigi;x»;x3 of 2
such that

Oa o ot
A= % 0 a O E;
0 0 a3
and an orthonormal basisz;; z»;:zz of 2 such that
Oc¢ o0 ot
C= % 0O co O E:
0 0 c3

For matrix B, we can choose orthonormal basiy; ;y; ;ys of 2 andy,; ;y,;Yys of
2 such that

Ob10 o1
Bz%ObZOE:
0 0 b

withO b b, bs. We may also arrange the eigenvalues ok and C asa; ap
azandc; ¢ c3. Inview of the advanced maximum principle Theorem 2.3.1, we
only need to establish the pinching estimates for the ODE (52.3).

Note that

a; =inffA(X;x) jx2 2 and jxj=1g;

az =supfA(x;x) jx2 2 and jxj=1g;
ct=inffC(z;2)jz2 2 and jzj=1g;

2

c3 =supfC(z;2)jz2 and jzj=1g¢:

We can compute their derivatives by Lemma 2.3.3 as follows:

d

8
% day a2+ P +2aas;
Sag  aj+ g +2ajay;
(5.2.4)
% dey G+ 1 +200s;

g—tC:g (%"‘ @"‘20102:
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We shall make the pinching estimates by using the functiondy, + by anda 2b+ c,
wherea= ai+ ay+az3=c=c+c+ czandb= b, + b, + b;. Since

b+ bs=B(y;:¥,)+ B(Y3:Y3)
=supfB(y*";y )+ B(¥ :y )iy ¥ 2 2 with jy"j=jy¥j=1;
y'?y"; and y ;¥ 2 Zwith jy j=jy j=1;y ?y g

We compute by Lemma 2.3.3,

d doovoodo
(5.2.5) a(bZ*' bs) EB(Yz Yo )+ aB(Y3 Y3)
= AB(Y;:Y>)* BC(y;:Y,)+2B* (y5:y,)
+ AB(y3:Y3)+ BC(y3:Ys)*+2B" (y3:y3)
= bZA(YE;y;)"' BC(Y, ;Yo ) +2bibs
+ A(y3 Y3 ) + BsC(ys ;Y5 ) +2 by
axhy + azhz + Gy + bzc3 + 2y by + 2 by bs;
where we used the facts thatA(y; ;ys) + A(ys;ys) @+ ag and C(y,;y,) +
C(ys:ys) C2+ Cs.
Note also that the function a = trA = ¢ = trC is linear, and the function b is
given by
b= B(y;;y1)+ B(yz:¥2)+ B(yz:ys)
=sup B(Ty;;Ty, )+ B(Ty;:Ty,)+ B(Ty;;Ty;)jT;T are
0

2

othogonal transformations of 2 and respectively :

Indeed,

B(Ty; Ty )+ B(Ty;; Ty, )+ B(Tys;Tys)
=B(y;;T Ty, )+ B(ys;T 'T(y,)) + Bys; T 'T(y3))
= bty + bptoo + batas

where ti1;ty;ts3 are diagonal elements of the orthogonal matrix T 1T with
t11;t22;t33 1. Thus by using Lemma 2.3.3 again, we compute

d d d d
a(a 2b+c) tr aA ZEB+EC

=tr((A B)*+(C B)*+2(A* 2B* +C*"))

evaluated in those coordinates wherd is diagonal as above. Recalling the de nition
of Lie algebra product

P#Q:%" " P Q

with " being the permutation tensor, we see that the Lie algebra prduct # gives
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a symmetric bilinear operation on matrices, and then
tr(2(A* 2B* + C*))
=tr(A C)* +(A+2B+ C#(A 2B+ C))
= %tr(A C)?+ %(tr(A C))?
+tr(( A+2B+ C#( A 2B+ Q))
= %tr(A C)?>+tr((A+2B + C)#( A 2B + C))

by the Bianchi identity. It is easy to check that
tr(A B)2+tr(C B)? %tr(A C)? = %tr(A 2B+ C)2 O
Thus we obtain
%(a 2b+c) tr((A+2B+CH#(A 2B+ C))

SinceM 0 and

1
A B

M =@ A;
‘B C

we see thatA+2B+C OandA 2B+ C 0, by applying M  to the vectors
(x;x) and (x; x). Itis then not hard to see

tr((A+2B+ Cy#( A 2B+ C)) (ap+2b+ c)(a 2b+ 0):

Hence we obtain
(5.2.6) %(a 2b+c) (aa+2b+ c)(a 2b+ o):

We now state and prove the following pinching estimates of Hanilton for the
associated ODE (5.2.3).

Proposition 5.2.6 (  Hamilton [59]). If we choose successively positive constants
G large enough,H large enough, small enough,J large enough,” small enough,
K large enough, small enough, andL large enough, with each depending on those
chosen before, then the closed convex sub3etof f M Og de ned by the inequalities

(1) (b + bs)?  Gascy;

(2) a3 Ha; and c3 Hcy;

(3) (p+ k)**  Jajci(a 2b+0) ;

(4) (b + bg)*"  Kaicy;

(5) a3 a+Llal and ¢z ¢+ Lei
is preserved byODE (5:2:3). Moreover every compact subset ofM > 0Og lies in
some such seiX .

Proof. Clearly the subset X is closed and convex. We rst note that we may
assumeb, + b; > 0 because iftp, + by = 0, then from (5.2.5), b, + bz will remain
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zero and then the inequalities (1), (3) and (4) concerningb, + b; are automatically
satis ed. Likewise we may assumeaz > 0 and ¢z > 0 from (5.2.4).

Let G be a xed positive constant. To prove the inequality (1) we only need to
check

d a;C

dt 29, + 03)2

whenever @ + 3)? = Gac; and by, + bz > 0. Indeed, it follows from (5.2.4) and
(5.2.5) that

(5.2.7)

2
(5.2.8) %Iogal 2b +2az + %+22—i(a2 ai);
d 2
(5.2.9) alogcl 2b +2c3 + ¥+22—i(02 C1);
and
62100  Jloglp b)) itasto —2 [ a)+(c o)
£ ot g az 3 b+ b az 2 3 2)1;

which immediately give the desired inequality (5.2.7).
By (5.2.4), we have

b3

d 2a,
5.2.11 — | +2a1+ = — :
( ) at o0gaz as ap 2 % (az &)

From the inequality (1) there holds k¥  Gajc;. SincetrA =tr C,¢; G+ G+ G =
a; + a»+ az  3az which shows

% 3Ga;:
az

Thus by (5.2.8) and (5.2.11),

d az
—log— (83G+2 :
at 0g a ( )ai  as
So if H (3G + 2), then the inequalities az Ha, and likewise c3 Hcy, are
preserved.
For the inequality (3), we compute from (5.2.8)-(5.2.10)

d ac (a1 b)?  (a by)? az C3
4t o9 0 + D)2 a T o 7 2 a—l(az a) +2 C—l(Cz C1)
+ %[(as a)+(c o)

If by a;=2,then
(a2 b)? & 1

a 4 e
and if by a;=2, then
20, 2b, . 2y 2b, 1

ial

bb+bs ' Gaic;,  3Gaias | 3GH a; 3GH
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Thus by combining with 3az  c3, we have

d a;C

dat |09W (as a)+ (c3 c¢1)
provided  min( 41 P=e)- On the other hand, it follows from (5.2.6) and (5.2.10)
that

d b + bs .

abgm (a3 a)+(cs c):

Therefore the inequality (3)
(b + b)**  Jaici(a 2b+ )

will be preserved by any positive constantJ.
To verify the inequality (4), we rst note that there is a smal | > 0 such that

b 1 )a

on the set de ned by the inequality (3). Indeed, if b &, this is trivial and if b §,
then

2+

s (k) 23a%a B

which makesb (1  )afor some > 0 small enough. Consequently,
a a b 3@ )

which implies either

a a

(20N

or

a.

(20N

a b

Thus as in the proof of the inequality (3), we have

d a;Cy

a'OQW (az @)
and
Elog a1y (a1 bl)z;
dt 7 (b + bs)? a
which in turn implies
% ogﬁ max % : %5 2 a:

On the other hand, it follows from (5.2.10) that

%'090324' bs) 2+ az+c; 4a
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sinceM 0. Then if "> 0 is small enough
d ai;Cy
R R

and it follows that the inequality (4) is preserved by any positive K.
Finally we consider the inequality (5). From (5.2.8) we have

a+( )Laj

d
— log(ay + Lat
g( 1 1 ) a; + La%

dt

(a1 +2a3):

On the other hand, the inequality (4) tells us
B Kal as

for some positive constantK large enough with to be xed small enough. And then

d
gl09as  as+2an+ Kai ;

by combining with (5.2.11). Thus by choosing % andL 2K,

d. a;+Lat Lat
—Jog—1 a L (ay+2 Kal
at a (as a1) o+ Lal (a1 +2a3) 1
La; 1
a ———r __ 3Ha; Ka
(aG 1) a + Lai 1 1

(as a;) (BHL +K)a]
=[L (3HL +K)a}
0

whenevera; + La} = az. Consequently the setfa; + Lai azg is preserved. A
similar argument works for the inequality in C. This completes the proof of Proposi-
tion 5.2.6. O

The combination of the advanced maximum principle Theorem 23.1 and the
pinching estimates of the ODE (5.2.3) in Proposition 5.2.6 mmediately gives the
following pinching estimate for the Ricci ow on a compact four-manifold.

Corollary 5.2.7. Suppose that the initial metric of the solution to the Ricci
ow on a compact four-manifold has positive curvature operdor. Then for any "> 0
we can nd positive constantC- < +1 such that

jRmj "R+ C.

for all t 0 as long as the solution exists, wherdRm is the traceless part of the
curvature operator.
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Proof of Theorem 5.2.2. Let M be a compact four-manifold with positive cur-
vature operator and let us evolve the metric by the Ricci ow. Again the evolution
equation of the scalar curvature tells us that the scalar cuvature remains positive and
becomes unbounded in nite time. Pick a sequence of pointx; 2 M and times
where the curvature atx; is as large as it has been anywhereforO t ;. Dilate the
metrics so that the maximum curvature jRm(x;; j)j = max; ; maxxzm jJRM(X;1)]
becomes 1 and shift the time so that the time ; becomes the new time 0. The Klin-
genberg injectivity radius estimate in Section 4.2 tells usthat the injectivity radii of
the rescaled metrics at the originsx; and at the new time 0 are uniformly bounded
from below. Then we can apply the Hamilton's compactness therem (Theorem 4.1.5)
to take a limit. By the pinching estimate in Corollary 5.2.7, we know that the limit
metric has positive constant curvature which is eitherS* or RP*. Therefore the com-
pact four-manifold M is di eomorphic to the sphere S* or the real projective space

RP*. O

Remark 5.2.8. The proofs of Theorem 5.2.1 and Theorem 5.2.2 also show that
the Ricci ow on a compact three-manifold with positive Ricci curvature or a com-
pact four-manifold with positive curvature operator is subsequentially converging (up
to scalings) in the C! topology to the same underlying compact manifold with a
metric of positive constant curvature. Of course, this subgquential convergence is
in the sense of Hamilton's compactness theorem (Theorem 4.8) which is also up to
the pullbacks of di eomorphisms. Actually in [58] and [59], Hamilton obtained the
convergence in the stronger sense that the (rescaled) mets converge (in theC?
topology) to a constant (positive) curvature metric.

In the following we use the Hamilton's strong maximum principle in Section 2.4
to prove Theorem 5.2.3.

Proof of Theorem 5.2.3. In views of Theorem 5.2.1 and Theorem 5.2.2, we may
assume the Ricci curvature (in dimension 3) and the curvatue operator (in dimension
4) always have nontrivial kernels somewhere along the Ricciow.

() In the case of dimension 3, we consider the evolution equ@n (1.3.5) of the
Ricci curvature

@R
@f = 4 Rap + 2RacpaReg

in an orthonormal frame coordinate. At each point, we diagoralize Ry, with eigen-
vectors e;; €;; €3 and eigenvalues ; 2 3. Since

Ri1c1dRed = R1212R22 + R1313Ra33
1
= E(( 3 22+ 1( 2+ 3);

we know that if Rgp 0, then RachdRed 0. By Hamilton's strong maximum
principle (Theorem 2.2.1), there exists an interval 0<t <  on which the rank of
Rap is constant and the null space ofRyy, is invariant under parallel translation and
invariant in time and also lies in the null space of RacpgReq- If the null space of Ry
has rank one, then ; =0and , = 3> 0. In this case, by De Rham decomposition
theorem, the universal coverNr of the compact M splits isometrically as R 2
and the curvature of 2 has a positive lower bound. Hence 2 is di eomorphic to
S?. AssumeM = R 2=, for some isometric subgroup of R 2. Note that
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remains to be an isometric subgroup oR 2 during the Ricci ow by the uniqueness
(Theorem 1.2.4). Since the Ricci ow onR 2= converges to the standard metric
by Theorem 5.1.11, must be an isometric subgroup ofR S? in the standard metric.
If the null space of Ry, has rank greater than one, thenRy, = 0 and the manifold is
at. This proves Theorem 5.2.3 part (i).

(ii) In the case of dimension 4, we classify the manifolds aarding to the (re-
stricted) holonomy algebra G. Note that the curvature operator has nontrivial kernel
and Gis the image of the the curvature operator, we see thats is a proper subalgebra
of so(4). We divide the argument into two cases.

Casel. Gis reducible.

In this case the universal coverVt splits isometrically asM3;  M75. By the above
results on two and three dimensional Ricci ow, we see thatM is di eomorphic to
a quotient of one of the spaceR*; R S*, R? &*, $* < by a group of xed
point free isometries. As before by running the Ricci ow until it converges and using
the uniqueness (Theorem 1.2.4), we see that this group is agélly a subgroup of the
isometries in the standard metrics.

Case?2. Gis not reducible (i.e., irreducible).

If the manifold is not Einstein, then by Berger's classication theorem for
holonomy groups [7],G = so(4) or u(2). Since the curvature operator is not strictly
positive, G= u(2), and the universal coverM of M is Kahler and has positive bisec-
tional curvature. In this case M is biholomorphic to CP? by the result of Andreotti-
Frankel [47] (also the resolution of the Frankel conjectureby Mori [96] and Siu-Yau
[120]).

If the manifold is Einstein, then by the block decomposition of the curvature
operator matrix in four-manifolds (see the third section of Chapter 1),

Rm( %; ?)=0:

Let' 60, and

lies in the kernel of the curvature operator, then
O=Rm(' +;"'+)+ Rm(" ;" ):
It follows that
Rm( +;'"+)=0; andRm(" ;' )=0:

We may assume , 6 0 (the argument for the other case is similar). We consider he
restriction of Rm to 2, since 2 is an invariant subspace ofRm and the intersection
of 2 with the null space of Rm is nontrivial. By considering the null space of
Rm and its orthogonal complement in 2, we obtain a parallel distribution of rank
one in 2. This parallel distribution gives a parallel translation i nvariant two-form
I 2 2 on the universal cover M of M. This two-form is nondegenerate, so it
induces a Kahler structure of M. Since the Kahler metric is parallel with respect to
the original metric and the manifold is irreducible, the Kahler metric is proportional
to the original metric. Hence the manifold M is Keahler-Einstein with nonnegative
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curvature operator. Taking into account the irreducibilit y of G, it follows that M is
biholomorphic to CP2. Therefore the proof of Theorem 5.2.3 is completedd

To end this section, we mention the generalizations of Hamibn's di erential
sphere theorem (Theorem 5.2.1 and Theorem 5.2.2) to higherighensions.

Using minimal surface theory, Micallef and Moore [88] prove that any compact
simply connectedn-dimensional manifold with positive curvature operator is homeo-
morphic to the sphereS". But it is still an open question whether a compact simply
connectedn-dimensional manifold with positive curvature operator is di eomorphic
to the sphereS".

It is well-known that the curvature tensor Rm = f Ry« g of a Riemannian mani-
fold can be decomposed into three orthogonal components wtt have the same sym-
metries asRm:

Rm=W+V+ U

Here W = fWijy gis the Weyl conformal curvature tensor, whereasV = fVj g and
U = fUju g denote the traceless Ricci part and the scalar curvature péarrespectively.
The following pointwisely pinching sphere theorem under tre additional assumption
that the manifold is compact was rst obtained by Huisken [71], Margerin [83], [84]
and Nishikawa [101] by using the Ricci ow. The compactness asumption was later
removed by Chen and the second author in [30].

Theorem 5.2.9. Letn 4. SupposeM is a complete n-dimensional mani-
fold with positive and bounded scalar curvature and satis & the pointwisely pinching
condition

WiZ+ Ve L@ "M?3u
n . — 1. -1
where"> 0; 4= g; 5= 5, and

_ 2 :

Then M is di eomorphic to the sphere S or a quotient of it by a nite group of xed
point free isometries in the standard metric.

In [30], Chen and the second author also used the Ricci ow to btain the following
atness theorem for noncompact three-manifolds.

Theorem 5.2.10. Let M be a three-dimensional complete noncompact Rie-
mannian manifold with bounded and nonnegative sectional cuature. SupposeM
satis es the following Ricci pinching condition

Rij  "Rgj; on M;
for some" > 0. Then M is at.
The basic idea of proofs of these two theorems is to analyze ¢hasymptotic be-

havior of the solution to the Ricci ow. For the details, one can consult the above
cited literatures.
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5.3. Nonsingular Solutions on Three-manifolds. We have seen in the pre-
vious section that a good understanding of the long time behaiors for solutions to
the Ricci ow could lead to remarkable topological or geometic consequences for the
underlying manifolds. Since one of the central themes of thdRicci ow is to study
the geometry and topology of three-manifolds, we will startto analyze the long time
behavior of the Ricci ow on a compact three-manifold by rst considering a special
class of solutions (i.e., the nonsingular solutions de nedbelow) in this section. Our
presentation follows closely the paper of Hamilton [65].

Let M be a compact three-manifold. We will consider the (unnormaized) Ricci
ow

@@9” = 2Rj;
and the normalized Ricci ow
@ 2
@l T30 R

wherer = r(t) is the function of the average of the scalar curvature. Rech that
the normalized ow di ers from the gnnormalized ow only by r escaling in space and
time so that the total volume V = |, d remains constant.

In this section we only consider a special class of solutiorthat we now de ne.

Definition 5.3.1. A nonsingular solution  of the Ricci ow is one where the
solution of the normalized ow exists for all time 0 t < 1, and the curvature
remains boundedjRmj C < +1 for all time with some constant C independent of
t.

Clearly any solution to the Ricci ow on a compact three-manifold with non-
negative Ricci curvature is nonsingular. Currently there are few conditions which
guarantee a solution will remain nonsingular. Nevertheles, the ideas and arguments
of this section is extremely important. One will see in Chaptr 7 that these arguments
will be modi ed to analyze the long-time behavior of arbitrary solutions, or even the
solutions with surgery, to the Ricci ow on three-manifolds.

We begin with an improvement of Hamilton-Ivey pinching result (Theorem 2.4.1).

Theorem 5.3.2 ( Hamilton [65]). Suppose we have a solution to the
(unnormalized) Ricci ow on a three{manifold which is complete with bounded
curvature for eacht 0. Assume att = 0 the eigenvalues of the curvature
operator at each point are bounded below by 1. Then at all points and all times
t 0 we have the pinching estimate

R ( [log( )+log(1+ t) 3]

whenever < 0.

Proof. As before, we study the ODE system

8
d_: 2+ :
d_: 2+
%dt ’
=d _ 2,
dt
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Consider again the function
y=f(x)= x(logx 3)

for € x < +1, which is increasing and convex with range € y < +1 . Its
inverse function x = f (y) is increasing and concave on € y < +1 . For each
t 0, we consider the seK (t) of 3 3 symmetric matrices de ned by the inequalities:

3 .
(5.3.1) + + 1+t
and
(5.3.2) @a+t)+f l(( + + )(1+1t) O

which is closed and convex (as we saw in the proof of Theorem4£1). By the assump-
tions at t = 0 and the advanced maximum principle Theorem 2.3.5, we onlyneed to
check that the setK (t) is preserved by the ODE system.
SinceR= + + |, we get from the ODE that
drR 2 1
bt —R2 —R2
d 3 3

which implies that

3
——; foral t O
T+ 1 or a
Thus the rst inequality (5.3.1) is preserved. Note that the second inequality (5.3.2)
is automatically satised when () 3=(1+ t). Now we compute from the ODE
system,

GG e V= () R S
=(1)2[( Bl )2 2 )+ ) ()
()
3
@+t

d
a[log(l +t) 3]

wheneverR =(  )[log( )+log(l+ t) 3Jand( ) 3=+ t). Thus the second
inequality (5.3.2) is also preserved under the system of ODE
Therefore we have proved the theoremO

Denote by
At) = maxfinj(x;g; (1) jx2 Mg

where inj (x; gj (t)) is the injectivity radius of the manifold M at x with respect to
the metric g (t).
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Definition 5.3.3. We say a solution to the normalized Ricci ow is collapsed
if there is a sequence of times$x ! +1 such that ~(ty)! Oask! +1.

When a nonsingular solution of the Ricci ow on M is collapsed, it follows from the
work of Cheeger-Gromov [24] [25] or Cheeger-Gromov-Fukayg6] that the manifold
M has anF -structure and then its topology is completely understood. In the following
we always assume nonsingular solutions are not collapsed.

Now suppose that we have a nonsingular solution which does maollapse. Then
for arbitrary sequence of timest; ! 1, we can nd a sequence of pointx; and some

> 0 so that the injectivity radius of M at x; in the metric at time t; is at least
. Clearly the Hamilton's compactness theorem (Theorem 4.5) also holds for the
normalized Ricci ow. Then by taking the x; as origins and thet; as initial times, we
can extract a convergent subsequence. We call such a limit aoncollapsing limit
Of course the limit has also nite volume. However the volumeof the limit may be
smaller than the original one if the diameter goes to in nity.
The main result of this section is the following theorem of Hanilton [65].

Theorem 5.3.4 ( Hamilton [65]). Let g; (t), 0 t< +1, be a noncollapsing
nonsingular solution of the normalized Ricci ow on a compad¢ three-manifold M .
Then either

(i) there exist a sequence of timegx ! +1 and a sequence of di eomorphisms

"x: M ! M so that the pull-back of the metricg; (tx) by ' « converges in
the C! topology to a metric onM with constant sectional curvature; or

(i) we can nd a nite collection of complete noncompact hyperbolic three-

obtained by truncating each cusp of the hyperbolic manifoddalong constant
mean curvature torus of small area, and di eomorphisms' |(t), 1 | m, of

K| into M so that as long ast su ciently large, the pull-back of the solution

metric g; (t) by ' ((t) is as close as to the hyperbolic metric as we like on the
compact setsK1;:::; Ky ; and moreover if we call theexceptional part of

M those points where they are not in the image of any,, we can take the
injectivity radii of the exceptional part at everywhere as snall as we like and
the boundary tori of eachK, are incompressible in the sense that eacH

injects 1 (@K) into 1(M).

Remark 5.3.5. The exceptional part has bounded curvature and arbitrarily
small injectivity radii everywhere as t large enough. Moreover the boundary of the
exceptional part consists of a nite disjoint union of tori w ith su ciently small area
and is convex. Then by the work of Cheeger-Gromov [24], [25]rcCheeger-Gromov-
Fukaya [26], there exists anF -structure on the exceptional part. In particular, the
exceptional part is a graph manifold, which have been topolgically classi ed. Hence
any nonsingular solution to the normalized Ricci ow is geom etrizable in
the sense of Thurston (see the last section of Chapter 7 for dails).

The rest of this section is devoted to the proof of Theorem 5.3t. We will divide
the proof into three parts.
Part I: Subsequence Convergence

According to Lemma 5.1.1, the scalar curvature of the normaked ow evolves by
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the equation

Q)

2
— + sy 2 =
R= R+2jRic/” 2R

L2
= R+2]RIC]+§R(R r)

(5.3.3)

Q|

whereRic is the traceless part of the Ricci tensor. As before, we denetby Ry, (t) =
miny2m R(X;t). It then follows from the maximum principle that

d 2
(5.3.4) aRmin éRmin (Rmin ~ 1);
which implies that if Rpyn 0 it must be nondecreasing, and ifRmin 0 it cannot
go negative again. We can then divide the noncollapsing sotions of the normalized
Ricci ow into three cases.

Case(1): Rmin (t) > O for somet > O;
Case(2): Rmin(t) Oforallt2[0;+1 ) and tIIir;n1 Rmin (t) = 0;

Case(3): Rmin(t) Oforallt2[0;+1 ) and tIIir;n1 Rmin (t) < 0.

Let us rst consider Case (1). In this case the maximal time irterval [0; T) of
the corresponding solution of the unnormalized ow is nite, since the unnormalized
scalar curvature R satis es

@ . . .2
=R = +
@tR R + 2jRic]

2
R+ ZR?
3

which implies that the curvature of the unnormalized solution blows up in nite time.
Without loss of generality, we may assume that for the initial metric at t = 0, the
eigenvalues™ ~ ~ of the curvature operator are bounded below by ~ 1.1t
follows from Theorem 5.3.2 that the pinching estimate

R ( Jlog( ~)+log(l+ t) 3]

holds whenever < 0. This shows that when the unnormalized curvature big, the
negative ones are not nearly as large as the positive ones. dathat the unnormalized
curvature becomes unbounded in nite time. Thus when we resale the unnormalized
ow to the normalized ow, the scaling factor must go to in ni ty. In the nonsingular
case the rescaled positive curvature stay nite, so the resaled negative curvature (if
any) go to zero. Hence we can take a noncollapsing limit for th nonsingular solution
of the normalized ow so that it has nonnegative sectional cuvature.

Since the volume of the limit is nite, it follows from a result of Calabi and Yau
[112] that the limit must be compact and the limiting manifol d is the original one.
Then by the strong maximum principle as in the proof of Theorean 5.2.3 (i), either the
limit is at, or it is a compact metric quotient of the product of a positively curved
surface 2 with R, or it has strictly positive curvature. By the work of Schoen-Yau
[110], a at three-manifold cannot have a metric of positive scalar curvature, but
our manifold does in Case (1). This rules out the possibilityof a at limit. Clearly
the limit is also a nonsingular solution to the normalized Ricci ow. Note that the
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curvature of the surface 2 has a positive lower bound and is compact since it comes
from the lifting of the compact limiting manifold. From Theo rem 5.1.11, we see
the metric of the two-dimensional factor 2 converges to the round two-spheres? in
the normalized Ricci ow. Note also that the normalized factors in two-dimension
and three-dimension are dierent. This implies that the compact quotient of the
product 2 R cannot be nonsingular, which is also ruled out for the limit. Thus
the limit must have strictly positive sectional curvature. Since the convergence takes
place everywhere for the compact limit, it follows that ast large enough the original
nonsingular solution has strictly positive sectional cunature. This in turn shows that
the corresponding unnormalized ow has strictly positive sectional curvature after
some nite time. Then in views of the proof of Theorem 5.2.1, n particular the
pinching estimate in Proposition 5.2.5, the limit has consi@nt Ricci curvature and
then constant sectional curvature for three-manifolds. This nishes the proof in Case
(1).

We next consider Case (2). In this case we only need to show thave can take a
noncollapsing limit which has nonnegative sectional curvéure. Indeed, if this is true,
then as in the previous case, the limit is compact and eithertiis at, or it splits as a
product (or a quotient of a product) of a positively curved S? with a circle S?, or it
has strictly positive curvature. But the assumption Ry (t) O for alltimest 0in
this case implies the limit must be at.

Let us consider the corresponding unnormalized owgy (t) associated to the non-
collapsing nonsingular solution. The pinching estimate inTheorem 5.3.2 tells us that
we may assume the unnormalized owgy (t) exists for all times 0 t< +1, for
otherwise, the scaling factor approaches in nity as in the pevious case which implies
the limit has nonnegative sectional curvature. The volumeV (t) of the unnormalized
solution g; (t) now changes. We divide the discussion into three subcases.

Subcase (2.1): there is a sequence of timég! +1 suchthat V(tg)! +1;

Subcase (2.2): there is a sequence of timég ! +1 suchthat V(tx)! O;

Subcase (2.3): there exist two positive constant€q, C, suchthatC; V(i) C;
forall0 t< +1.

For Subcase (2.1), because

we have

v O ©
v (0) 0

r(t)dt! +1; ask! +1;

which implies that there exists another sequence of times,t#l denoted by ti, such
that ty ! +1 andr(ty) O. Lettx be the corresponding times for the normalized
ow. Thus there holds for the normalized ow

rit)! 0; as k!l ;

since 0 r(tk) Rmn(tk)! Oask! +1 . Then
Z
(R Rmin)d (tk) =(r(tx) Rmn(tk)V'! 0 ask!l
M
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As we take a noncollapsing limit along the time sequencéy, we get
z

Rd?! =0
M 1
for the limit of the normalized solutions at the new time t = 0. But R 0 for the
limit becausetI Ii{ﬂl Rmin (t) = 0 for the nonsingular solution. So R =0 at t =0 for

the limit. Since the limit ow exists for 1 <t< +1 and the scalar curvature of
the limit ow evolves by

—R = R+2jRic -rR; t2(1 ;+1

ol jRicj” = ( )
wherer?! is the limit of the function r(t) by translating the times ty as the new time
t = 0. It follows from the strong maximum principle that

R 0 onM! (1 ;+1):
This in turn implies, in view of the above evolution equation, that
Ric 0 onM! (1 ;+1):

Hence this limit must be at. Since the limit M ! is complete and has nite volume,
the at manifold M?® must be compact. Thus the underlying manifold M* must
agree with the original M (as a topological manifold). This says that the limit was
taken on M .

For Subcase (2.2), we may assume as before that for the initiametric at t = 0
of the unnormalized ow g; (t), the eigenvalues™ ~ ~ of the curvature operator
satisfy ~ 1. It then follows from Theorem 5.3.2 that

R ( Jlog( ~)+log(1+ t) 3]; forall t O

whenever < 0.

Let tx be the sequence of times in the normalized ow which correspals to the
sequence of timedi. Take a noncollapsing limit for the normalized ow along the
times tx. SinceV(tx) ! 0, the normalized curvatures at the timesty are reduced by
multiplying the factor ( \7’(17())%. We claim the noncollapsing limit has nonnegative
sectional curvature. Indeed if the maximum value of ( ~) at the time t; does not
go to in nity, the normalized eigenvalue at the corresponding time tx must get
rescaled to tend to zero; while if the maximum value of ( ~) at the time ti does go to
in nity, the maximum value of R at ti will go to in nity even faster from the pinching
estimate, and when we normalize to keep the normalized scal@urvature R bounded
at the time ty so the normalized ( ) at the time tx will go to zero. Thus in either
case the noncollapsing limit has nonnegative sectional cwature at the initial time
t = 0 and then has nonnegative sectional curvature for all timest 0.

For Subcase (2.3), normalizing the ow only changes quantites in a bounded way.
As before we have the pinching estimate

R ( llog( )+log(l+ t) C]

for the normalized Ricci ow, where C is a positive constant depending only on the
constants C1, C; in the assumption of Subcase (2.3). If

A

() 13
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for any xed positive constant A, then ( ) ! Oast! +1 and we can take a
noncollapsing limit which has nonnegative sectional curvéure. On the other hand
if we can pick a sequence of timegx ! 1  and points xx where ( )(Xk;tk) =

)r(r;a'hx( )(X; tk) satis es

( )xct)@+ t)! +1; ask! +1;

then from the pinching estimate, we have

R(Xk; tk) . .
m! +1; as k! +1:

But R(xk;tk) are uniformly bounded since normalizing the ow only changes quanti-
ties in bounded way. This shows sup( )(;tx)! Oask! +1 . Thus we can take
a noncollapsing limit along tx which has nonnegative sectional curvature. Hence we
have completed the proof of Case (2).

We now come to the most interesting Case (3) wher®,j, increases monotonically
to a limit strictly less than zero. By scaling we can assumeR i, (t) ! 6ast! +1.

Lemma 5.3.6. In Case (3) where Rpin ! 6ast! +1, all noncollapsing limit
are hyperbolic with constant sectional curvature 1:

Proof. By (5.3.4) and the fact Ruin (t) 6, we have

d

GtRmin (0 40 (®)  Rumin (1))

and
Z,
(r(t) Rmin(t))dt< +1:

Sincer(t) Rmin(t) 0 and Ryn (1) ! 6 ast! +1, it follows that the function
r(t) has the limit

r= 6

for any convergent subsequence. And since
z

" (R Rmin(t)d =(r(t) Rmin(t) V;

it then follows that
R 6 for the limit:

The limit still has the following evolution equation for the limiting scalar curvature

@ L, 2

—R = R+2jRicj*+ =R(R r):

ol IRic]™ + 7 ( )
SinceR r 6 in space and time for the limit, it follows directly that jRicj 0
for the limit. Thus the limit metrichas = = = 2, so it has constant sectional

curvature 1 as desired.O
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If in the discussion above there exists a compact noncollajrsg limit, then we
know that the underlying manifold M is compact and we fall into the conclusion of
Theorem 5.3.4(i) for the constant negative sectional curvéure limit. Thus it remains
to show when every noncollapsing limit is a complete noncomgct hyperbolic manifold
with nite volume, we have conclusion (ii) in Theorem 5.3.4.

Now we rst want to nd a nite collection of persistent compl ete noncompact
hyperbolic manifolds as stated in Theorem 5.3.4 (ii).

Part Il: Persistence of Hyperbolic Pieces

We begin with the de nition of the topology of C! convergence on compact sets
formapsF : M | N of one Riemannian manifold to another. For any compact set
K M and any two mapsF;G: M I N, we de ne

dk (F; G) = sup d(F (x); G(x))
x2K

where d(y; z) is the geodesic distance frony to z on N. This gives the C2 . topology

loc
for maps betweenM and N. To de ne CK_ topology for any positive integerk 1,

we consider thek-jet space J¥M of a manifold M which is the collection of all

where x is a point on M and _Ji is a tangent vector for 1 i  k de ned by the
i covariant derivative J' = r ', (0) for a path  passing through the point x with
@t

(0) = x. AsmoothmapF : M ! N induces a map
JYF . KM 1 RN

de ned by

where is a path passing through the pointx with J' =r 'y, (0);1 i k:
@t
De ne the k-jet distance betweenF and G on a compact setK M by

dek (k) (F; G) = dgy vk (J¥F;I%G)

jJ1j2+jJ2j2+ +ijj2 1:

Then the convergence in the metricdc« ) for all positive integers k and all compact
setsK de nes the topology of C1 convergence on compact sets for the space of maps.
We will need the following Mostow type rigidity result.

Lemma 5.3.7. For any complete nhoncompact hyperbolic three-manifoldH with
nite volume with metric h, we can nd a compact setK of H such that for every
integer k and every" > 0, there exist an integerg and a > 0 with the following
property: if F is a di eomorphism of K into another complete noncompact hyperbolic
three-manifold H with no fewer cusps(than H); nite volume with metric i such that

KF i hkcak) <
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then there exists an isometryl of H to H such that

de(K)(F; | ) <™

Proof. First we claim that H is isometric to K for an appropriate choice of
compact setK, positive integer q and positive number . Let|:H! R be a function
de ned at each point by the length of the shortest non-contractible loop starting and
ending at this point. Denote the Margulis constant by . Then by Margulis lemma
(see for example [55] or [76]), for any & "o < 3 , the setl %([0;"¢]) H consists
of nitely many components and each of these components is @metric to a cusp or
to a tube. Topologically, a tube is just a solid torus. Let "o be even smaller than
one half of the minimum of the lengths of the all closed geodéss on the tubes. Then
| 1([0;"0]) consists of nite number of cusps. SetKg = | (["0;1 )). The boundary
of Ko consists of at tori with constant mean curvatures. Note that each embedded
torus in a complete hyperbolic three-manifold with nite vo lume either bounds a solid
torus or is isotopic to a standard torus in a cusp. The di eomorphism F implies the
boundary F (@) are embedded tori. If one of components bounds a solid toryghen
as suciently smalland qsu ciently large, H would have fewer cusps tharH, which

[0}
contradicts with our assumption. Consequently, H is di eomorphic to F(Kg). Here

Koo is the interior of the set Ko. SinceH is di eomorphic to Koo, H is di eomorphic
to H. Hence by Mostow's rigidity theorem (see [97] and [107])H is isometric to H.

So we can assumét = H. For K = Kg, we argue by contradiction. Suppose there
is somek > 0 and " > 0 so that there exist sequences of integerg !'1 , ;! 0"
and di eomorphisms F; mapping K into H with

kF] h hkcqj (K) < J

and

dexy(Fjsl) "

for all isometries | of H to itself. We can extract a subsequence oF; convergent to
amapFi1 with F; h=h onK.

We need to check thatF; is still a di eomorphism on K. SinceF; is a local
di eomorphism and is the limit of di eomorphisms, we can nd an inverse ofF; on

0 0
F1 (K). SoF; is a dieomorphism on K. We claim the image of the boundary can
not touch the image of the interior. Indeed, if F; (X1) = F1 (X2) with x; 2 @ and

(o] (o} (o]
X2 2 K, then we can nd x3 2 K nearx; and x4 2 K nearx, with F; (x3) = F1 (X4),
since F; is a local dieomorphism. This contradicts with the fact that F; is a

di eomorphism on }2 This proves our claim. Hence, the only possible overlap ista
the boundary. But the image F; (@) is strictly concave, this prevents the boundary
from touching itself. We conclude that the mapping F1 is a di eomorphism on K,
hence an isometry.

To extend F; to a global isometry, we argue as follows. For each truncatedusp
end of K, the area of constant mean curvature at torus is strictly decreasing. Since
F, takes each such torus to another of the same area, we see th&y takes the
foliation of an end by constant mean curvature at tori to ano ther such foliation. So
F1 takes cusps to cusps and preserves their foliations. Note #t the isometric type
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of a cusp is just the isometric type of the torus, more precisly, let (N;dr?2 + e ?"gy)
be a cusp (wheregy is the at metric on the torus V), 0 <a <b are two constants,
any isometry of N\ | 1[a; b to itself is just an isometry of V. Hence the isometryF
can be extended to the whole cusps. This gives a global isontgt| contradicting our
assumption whenj large enough.

The proof of the Lemma 5.3.7 is completedd

In order to obtain the persistent hyperbolic pieces stated n Theorem 5.3.4 (i),
we will need to use a special parametrization given by harmoic maps.

Lemma 5.3.8. Let (X;g) be a compact Riemannian manifold with strictly
negative Ricci curvature and with strictly concave bounday. Then there are positive
integer lp and small number"y > 0 such that for each positive integerl lo and
positive number " "o we can nd positive integer q and positive number > 0
such that for every metric g on X with jjg¢ gjjcax) we can nd a unique
di eomorphism F of X to itself so that

@ F :(X;g)! (X; @) is harmonic,

(b) F takes the boundary@ Xto itself and satis es the free boundary condi-
tion that the normal derivative r y F of F at the boundary is normal to the
boundary,

(©) dcix)(F;Id) <", whereld is the identity map.

Proof. Let ( X; @X) be the space of maps oK to itself which take @ Xto itself.
Then ( X;@X) is a Banach manifold and the tangent space to (X;@X) at the
identity is the space of vector elds V = V! —@i— tangent to the boundary. Consider
the map sendingF 2 ( X; @X) to the pair f F; (r y F)==g consisting of the harmonic
map Laplacian and the tangential component (in the target) of the normal derivative
of F at the boundary. By using the inverse function theorem, we oty need to check
that the derivative of this map is an isomorphism at the identity with g = g.
ordinates of (X; ). The harmonic map Laplacian of F : (X;g) ! (X; g) is given in
local coordinates by

@F @F

@k @x

where ( F ) is the Laplacian of the function F on X and ~ is the connection
of . Let F be a one-parameter family with Fjs-p = Id and %—sts:o =V, a smooth
vector eld on X tangent to the boundary (with respect to g). At an arbitrary given

(F) =(F)+d"( F)

at the point x with g = g,

d

— vk
ds s=0

(V)+d

( F)

ij

Yo

Since
(riv) =riv +(; F)V;
we have, ats = 0 and the point X,

(V) =(V )+gij@—@k]-ka:
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Thus we obtain

d. _ i @ @
(5.3.5) g0 F) =0 V) +d av i gk K

=( V) +g' RxVS

Vk

Since
(r WF)F 10)= N'(F l(x»%w 1(x))@—@-k(x> on @Xx;

we have

d. d. .
(5.3.6) d—sjszo f (r N F):g d—sjszo (r nF hr yF;Ni N)

d. d.
= gols=0 (rnF) gels=or nFIN N
hr NF;rvNiNjS:Q hr NF;NiI’ \/NjS:o

d.
—Js=or nF r vN

ds o
_ iy @ i\ @
= V(N )@(+ N(VJ)@ (V)
=[N;V]e= 11 (V)

=(r V) 201 (V)

where Il is the second fundamental form of the boundary (as an automgshism of
T(@X). Thus by (5.3.5) and (5.3.6), the kernel of the map sendingF 2 ( X; @X) to
the pair f F;(r y F)==g is the space of solutions of elliptic boundary value problem

8
2 V+Ric(V)=0 on X
(5.3.7) >V? =0; at @X;

"(raV)== 21 (V)=0; at @X;

where V, is the normal component ofV .
Now using these equations and integrating by parts gives
zZZ zZZ z

jir Vj2= Ric(V;V)+2 1l (V:V):
X X @X

SinceRc < 0 and Il < 0 we conclude that the kernel is trivial. Clearly this elliptic
boundary value is self-adjoint because of the free boundarycondition. Thus the
cokernel is trivial also. This proves the lemma.l

Now we can prove the persistence of hyperbolic pieces. Lef (t); 0 t< +1,
be a noncollapsing nonsingular solution of the normalized Rci ow on a compact
three-manifold M . Assume that any noncollapsing limit of the nonsingular soltion is
a complete noncompact hyperbolic three-manifold with nit e volume. Consider all the
possible hyperbolic limits of the given nonsingular soluton, and among them choose
one such complete noncompact hyperbolic three-manifoldd with the least possible
number of cusps. In particular, we can nd a sequence of timedx ! +1 and a
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sequence of pointsPy on M such that the marked three-manifolds (M; gj (tk); Px)
converge in the CL. topology to H with hyperbolic metric h; and marked point
P2H.

For any small enougha > 0 we can truncate each cusp ofl along a constant mean
curvature torus of areaa which is uniquely determined; the remainder we denote by
H,. Clearly asa! 0 the H, exhaustH. Pick a su ciently small number a > 0 to
truncate cusps so that Lemma 5.3.7 is applicable for the comgct setK = H,. Choose
an integer lg large enough and an"y su ciently small to guarantee from Lemma
5.3.8 the uniqueness of the identity mapld among maps close tdd as a harmonic
map F from H, to itself with taking @, to itself, with the normal derivative of
F at the boundary of the domain normal to the boundary of the target, and with
dcio(n,)(Fi1d) < "o. Then choose positive integergp and small number o > 0

from Lemma 5.3.7 such that if F is a di eomorphism of H, into another complete
noncompact hyperbolic three-manifoldH with no fewer cusps (thanH), nite volume
with metric f satisfying

iF M hjjicom, o
then there exists an isometryl of H to H such that
(538) dCIO(Ha)(P;l) <"0:

And we further require g and o from Lemma 5.3.8 to guarantee the existence of
harmonic di eomorphism from (Ha; ;) to (Ha; hy ) for any metric g5 on Ha with
jigi  hijlicaom . 0-

By de nition, there exist a sequence of exhausting compact sts Uy of H (each
Ux H ,)anda sequence of di eomorphismdg- from Uy into M such that F (P) = Py
and jjF, gj (tk) hjjicm,) ! Oask! +1 forall positive integers m. Note that
@ , is strictly concave and we can foliate a neighborhood o , with constant mean
curvature hypersurfaces where the area has a nonzero gradient. As the approximat-
ing mapsFy @ (Ug;hj ) ! (M;gj (tk)) are close enough to isometries on this collar of
@ 5, the metrics g; (tx) on M will also admit a unique constant mean curvature hy-
persurface with the same area nearFy(@H,)( M) by the inverse function theorem.
Thus we can change the mag by an amount which goes to zero ak ! 1  so that
now Fy (@ ,) has constant mean curvature with the areaa. Furthermore, by applying
Lemma 5.3.8 we can again changBx by an amount which goesto zeroak!1 soas
to make Fx a harmonic di eomorphism and take @+ , to the constant mean curvature
hypersurfaceFy (@H,) and also satisfy the free boundary condition that the normd
derivative of Fy at the boundary of the domain is normal to the boundary of the
target. Hence for arbitrarily given positive integer q ¢ and positive number < g,
there exists a positive integerkq such that for the modi ed harmonic di eomorphism
Fx, whenk Ko,

IFc g (tc)  hijjicana) < :

Foreach xed k kg, by the implicit function theorem we can rst nd a constant
mean curvature hypersurface near, (@H.) in M with the metric g; (t) for t close to
tx and with the same area for each component sinc@H , is strictly concave and a
neighborhood of @, is foliated by constant mean curvature hypersurfaces wher¢he
areaa has a nonzero gradient andFy : (Ha; h ) ! (M;gj (tk)) is close enough to an
isometry and g; (t) varies smoothly. Then by applying Lemma 5.3.8 we can smootly
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continue the harmonic di eomorphism Fy forward in time a little to a family of
harmonic di eomorphisms Fy (t) from H, into M with the metric g; (t), with Fy (tk) =
Fkx, where eachFy(t) takes @, into the constant mean curvature hypersurface we
just found in (M; g; (t)) and satis es the free boundary condition, and also satis es

JiFk (g (1)  hijjica,) < :

We claim that for all su ciently large k, we can smoothly extend the harmonic dif-
feomorphism Fy to the family harmonic di eomorphisms Fy (t) with jjF, (t)g; (t)

hij Jica(Ha) on a maximal time interval ty t e (or tx t <! ¢ when
lx=+1) andif !y < +1 ,then
(5.3.9) IFc (Mg (k) hijjiconay = -

Clearly the above argument shows that the set oft where we can extend the
harmonic di eomorphisms as desired is open. To verify claim(5.3.9), we thus only
need to show that if we have a family of harmonic di eomorphiams Fi(t) such as
we desire forty t<! (< +1), we can take the limit of Fy(t) ast! ! togeta
harmonic di eomorphism Fy (! ) satisfying

iFcM)gi (V) hilicena) ;
and if
iFc(M)gi (V) hijjica,) <

then we can extendF(! ) forward in time a little (i.e., we can nd a constant mean
curvature hypersurface nearF (! )(@4a) in M with the metric g; (t) for eacht close
to ! and with the same areaa for each component). Note that

(5.3.10) iFc@®g () hijican,) <

forty t<! andthe metricsg; (t) for tx t ! are uniformly equivalent. We can
nd a subsequencet, ! ! for which Fy(t,) converge toF(! ) in C% 1(H,) and the
limit map has

iFc(M)gi (V) hijica 1y

We need to check thatFy(! ) is still a di eomorphism. We at least know Fy(!) is a
local di eomorphism, and Fi(! ) is the limit of di eomorphisms, so the only possibility
of overlap is at the boundary. Hence we use the fact that (! )(@H3,) is still strictly
concave sinceq is large and is small to prevent the boundary from touching itself.
Thus Fg(! ) is a di eomorphism. A limit of harmonic maps is harmonic, so Fy(! ) is
a harmonic di eomorphism from H, into M with the metric g; (! ). Moreover Fy(!)
takes @H 5 to the constant mean curvature hypersurface@Fy (! )(H,)) of the areaa in
(M; gj (1)) and continue to satisfy the free boundary condition. As a ®nsequence of
the standard regularity result of elliptic partial di eren tial equations (see for example
[48]), the map F(! ) 2 C* (H,) and then from (5.3.10) we have

IFc(M)gi (V) hijjicana,)

If jjF (" )G (') hjlicon,) = , we then nish the proof of the claim. So we may
assume thatjjF, (! )g; (')  hjjjican,) < . We want to show that Fy(!) can be
extended forward in time a little.
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We argue by contradiction. Suppose not, then we consider thanew sequence of
the manifolds M with metric g; (! ) and the origins F¢ (! )(P). Since Fi(! ) are close
to isometries, the injectivity radii of the metrics g; (! ) at Fx (! )(P) do not go to zero,
and we can extract a subsequence which converges to a hypethwolimit 1§ with the
metric B and the origin B and with nite volume. The new limit ¥ has at least as
many cusps as the old limitH, since we chooséd with cusps as few as possible. By
the de nition of convergence, we can nd a sequence of compacets By exhausting
¥ and containing B, and a sequence of di eomorphismdg, of neighborhoods oft§y
into M with B (B) = Fy(! )(P) such that for each compact setf in ¥ and each
integer m

iiB(g (1) Rijlicne)! O

ask ! +1 . For large enoughk the set B (By) will contain all points out to any
xed distance we need from the point Fy (! )(P), and then

B (B) Fe(!)(Ha)

since the points of H, have a bounded distance fromP and F(! ) are reasonably
close to preserving the metrics. Hence we can form the compitisn

Gk=F ' F():Ha! 1

Arbitrarily x 92 (; ). Since the I are as close to preserving the metric as we
like, we have

G  hijlicam,) <

for all su ciently large k. By Lemma 5.3.7, we deduce that there exists an isometry
| of H to ¥, and then (M;gj (! );Fk(! )(P)) (on compact subsets) is very close to
(H;hj ;P)aslong as small enough andk large enough. Since= (! )(@H ) is strictly
concave and the foliation of a neighborhood of (! )(@,) by constant mean curva-
ture hypersurfaces has the area as a function with nonzero gdient, by the implicit
function theorem, there exists a unique constant mean curvaure hypersurface with
the same areaa near Fi (! )(@1a) in M with the metric g; (t) for t close to! . Hence,
when k su ciently large, Fy(!) can be extended forward in time a little. This is a
contradiction and we have proved claim (5.3.9).

We further claim that there must be some k such that !, = + 1 (i.e., we can
smoothly continue the family of harmonic di eomorphisms Fi (t) forall ty t< +1,
in other words, there must be at least one hyperbolic piece psisting). We argue by
contradiction. Suppose for eachk large enough, we can continue the familyF(t) for
tk t < +1 with

iFc(t g (k) hilicaa) = -

Then as before, we consider the new sequence of the manifolls with metrics g (! «)
and origins Fx (! )(P). For su ciently large k, we can obtain di eomorphisms &, of
neighborhoods of8y into M with B () = F(! «)(P) which are as close to preserving

the metric as we like, where By is a sequence of compact sets, exhausting some
hyperbolic three-manifold H, of nite volume and with no fewer cusps (than H), and
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containing P;; moreover, the seti (By) will contain all the points out to any xed
distance we need from the pointF (! «)(P); and hence

B (B) Fe('k)(Ha)

sinceH, is at bounded distance fromP and F(! k) is reasonably close to preserving
the metrics. Then we can form the composition

Ge=PF ' F(lk): Ha! H:
Since the ¥ are as close to preserving the metric as we like, for an§>  we have
IGR;  hijjicam, < €

for large enoughk. Then a subsequence dBy converges at least inC9 *(H,) topology
to a map G; of H, into K. By the same reason as in the argument of previous two
paragraphs, the limit map G; is a smooth harmonic di eomorphism from H, into
K with the metric i, and takes @, to a constant mean curvature hypersurface
G1 (@1,) of (H;8; ) with the area a, and also satis es the free boundary condition.
Moreover we still have

(5.3.11) Gy By hijlican,) = :
Now by Lemma 5.3.7 we deduce that there exists an isometry of H to ¥ with
deto(r,y(Gr ;1) <"o:

By using | to identify ¥, and H,, we see that the mapl ' G; is a harmonic
di eomorphism of H, to itself which satis es the free boundary condition and

dC|0(Ha)(I ! G]_ ;ld)<"0:

From the uniqueness in Lemma 5.3.8 we conclude that * G; = Id which contra-
dicts with (5.3.11). This shows at least one hyperbolic piee persists. Moreover the
pull-back of the solution metric g; (t) by Fi(t), for tx t< +1 ,is as close to the
hyperbolic metric h; as we like.

We can continue to form other persistent hyperbolic piecesn the same way as
long as there are any pointsPy outside of the chosen pieces where the injectivity
radius at timest, ! 1 are all at least some xed positive number > 0. The only
modi cation in the proof is to take the new limit H to have the least possible number
of cusps out of all remaining possible limits.

Note that the volume of the normalized Ricci ow is constant in time. Therefore
by combining with Margulis lemma (see for example [55] [76])we have proved that
there exists a nite collection of complete noncompact hypebolic three-manifolds

for all t beyond T we can nd di eomorphisms ' |(t) of (H|)ainto M,1 | m, so
that the pull-back of the solution metric g; (t) by ' |(t) is as close to the hyperbolic
metrics as we like and the exceptional part oM where the points are not in the image
of any' | has the injectivity radii everywhere as small as we like.
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Part 1lI: Incompressibility

We remain to show that the boundary tori of any persistent hyperbolic piece are
incompressible, in the sense that the fundamental group oflte torus injects into that
of the whole manifold. The argument of this part is a parabolic version of Schoen and
Yau's minimal surface argument in [109, 110, 111].

Let B be a small positive number and assume the above positive nunap a is
much smaller than B. Denote by M, a persistent hyperbolic piece of the manifoldM
truncated by boundary tori of area a with constant mean curvature and denote by

MZS = Mn M, the part of M exterior to M,. Thus there is a persistent hyperbolic
pieceMg M, of the manifold M truncated by boundary tori of area B with constant

mean curvature. We also denote byM§ = M nMg. By Van Kampen's Theorem, if
1(@M) injects into  1(M§) then it injects into (M) also. Thus we only need to
show 1(@M) injects into 1 (Mg).

We will argue by contradiction. Let T be atorusin@M . Suppose 1(T) does not
inject into  1(M§), then by Dehn's Lemma the kernel is a cyclic subgroup of 1(T)
generated by a primitive element. The work of Meeks-Yau [86pr Meeks-Simon-Yau
[87] shows that among all disks inM § whose boundary curve lies inT and generates
the kernel, there is a smooth embedded disk normal to the boutiary which has the
least possible area. LetA = A(t) be the area of this disk. This is de ned for all t
su ciently large. We will show that A(t) decreases at a rate bounded away from zero
which will be a contradiction.

Let us compute the rate at which A(t) changes under the Ricci ow. We need to
show A(t) decrease at least at a certain rate, and sincé\(t) is the minimum area to
bound any disk in the given homotopy class, it su ces to nd some such disk whose
area decreases at least that fast. We choose this disk as folis. Pick the minimal disk
at time tp, and extend it smoothly a little past the boundary torus since the minimal
disk is normal to the boundary. For times t a little bigger than tg, the boundary torus
may need to move a little to stay constant mean curvature with areaB as the metrics
change, but we leave the surface alone and take the boundinggk to be the one cut
o from it by the new torus. The change of the area A(t) of such disk comes from the
change in the metric and the change in the boundary.

For the change in the metric, we choose an orthonormal frameX;Y;Z at a point
x in the disk so that X and Y are tangent to the disk while Z is normal and compute
the rate of change of the area elementl on the disk as

T

1, . 2
9 =20 e 2R

@t

%r Ric(X;X ) Ric(Y;Y) d;

since the metric evolves by the normalized Ricci ow. Here ()7 denotes the tangential
projections on the disk. Notice the torus T may move in time to preserve constant
mean curvature and constant areaB. Suppose the boundary of the disk evolves with
a normal velocity N. The change of the area at boundary along a piece of lengtls
is given by Nds. Thus the total change of the areaA{(t) is given by

dx zZZ z

— = gr Ric(X;X ) Ric(Y;Y) d + Nds:
dt 3 @
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Note that

Ric(X;X )+Ric(Y;Y)= R(X;Y;X;Y )+ R(X;Z;X;2 )
+ R(Y;X;Y; X))+ R(Y;Z;Y;2)
= :—ZLR+ R(X;Y; X, Y ):
By the Gauss equation, the Gauss curvatureK of the disk is given by
K = R(X;Y;X;Y ) +det Il

wherell is the second fundamental form of the disk inM §. This gives att = to,
Z 7 ZZ Z
dA 2
— — R d K detll)d + Nd
dt 3 2 (K detll)d + Nds

Since the bounding disk is a minimal surface, we have

detll  O:
The Gauss-Bonnet Theorem tells us that for a disk
ZZ z
Kd + kds=2
@
where k is the geodesic curvature of the boundary. Thus we obtain
ZZz z z
(5.3.12) d—A gr }R d + kds+ Nds 2:
dt 3 2 @ @

Recall that we are assumingRnmin (t) increases monotonically to 6 ast! +1 . By
the evolution equation of the scalar curvature,

d
aRmin (t) 4([‘ (t) Rmin (t))
and then
Z,
(I’(t) Rmin (t)) dt< +1:
This implies that r(t) ! 6 ast! +1 by using the derivatives estimate for the
curvatures. Thus for every" > 0 we have
2 1 ,
§r ER @a "

for t su ciently large. And then the rst term on RHS of (5.3.12) is bounded above
by

z2z
2 1
r ZR d 1 "A

The geodesic curvaturek of the boundary of the minimal disk is the acceleration of
a curve moving with unit speed along the intersection of the dsk with the torus;
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since the disk and torus are normal, this is the same as the send fundamental form

of the torus in the direction of the curve of intersection. Now if the metric were

actually hyperbolic, the second fundamental form of the towus would be exactly 1 in
all directions. Note that the persistent hyperbolic piecesare as close to the standard
hyperbolic as we like. This makes that the second term of RHS0(5.3.12) is bounded
above by

z
kds (1+ "p)L
@

for some su ciently small positive number "o > 0, where L is the length of the
boundary curve. Also since the metric on the persistent hypebolic pieces are close
to the standard hyperbolic as we like, its change under the nomalized Ricci ow is
as small as we like; So the motion of the constant mean curvate torus of xed area
B will have a normal velocity N as small as we like. This again makes the third term
of RHS of (5.3.12) bounded above by

z
Nds "gL:
@
Combining these estimates, we obtain
(5.3.13) %—? @+2")L (@ "9A 2

on the persistent hyperbolic piece, wheré o is some su ciently small positive number.

We next need to bound the lengthL in terms of the areaA. Sinceais much smaller
than B, for larget the metric is as close as we like to the standard hyperbolic cgr not
just on the persistent hyperbolic pieceMg but as far beyond as we like. Thus for a
long distance into M § the metric will look nearly like a standard hyperbolic cusplike
collar.

Let us rst recall a special coordinate system on the standad hyperbolic cusp
projecting beyond torus T; in @1, as follows. The universal cover of the at torus
T1 can be mapped conformally to thex-y plane so that the deck transformation of T,
become translations inx and y, and so that the Euclidean area of the quotient is 1;
then these coordinates are unigue up to a translation. The hperbolic cusp projecting
beyond the torus T; in @1 can be parametrized byf (x;y;z) 2 R® j z > 0g with the
hyperbolic metric

2 2 2
(5.3.14) ds? = dx+++dzz
Note that we can make the solution metric, in an arbitrarily | arge neighborhood of the
torus T (of @M ), as close to hyperbolic as we wish (in the sense that there ésts a
di eomorphism from a large neighborhood of the torusTg (of @4 ) on the standard
hyperbolic cusp to the above neighborhood of the torusT (of @M ) such that the
pull-back of the solution metric by the di eomorphism is as close to the hyperbolic
metric as we wish). Then by using this di eomorphism (up to a slight modi cation)
we can parametrize the cusplike tube oM § projecting beyond the torus T in @M
by f(x;y;2)j z g where the height is chosen so that the torus in the hyperbolic
cusp at height has the areaB.

Now consider our minimal disk, and let L(z) be the length of the curve of the
intersection of the disk with the torus at height z in the above coordinate system,
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and also let A(z) be the area of the part of the disk between and z. We now want
to derive a monotonicity formula on the area A(z) for the minimal surface.

For almost every z the intersection of the disk with the torus at height z is a
smooth embedded curve or a nite union of them by the standard transversality
theorem. If there is more than one curve, at least one of thems not homotopic to
a point in T and represents the primitive generator in the kernel of 1(T) such that
a part of the original disk beyond height z continues to a disk that bounds it. We
extend this disk back to the initial height by dropping the curve straight down. Let
C(z) be the length of the curve we picked at heightz; of courseC(z) L(z) with
equality if it is the only piece. Let C(w) denote the length of the same curve in the
x-y plane dropped down to heightw for w  z. In the hyperbolic space we would
have

Ew) = L)

exactly. In our case there is a small error proportional toC(z) and we can also take it
proportional to the distance z w by which it drops since C(w)jy=, = C(z) and the
solution metric is close to the hyperbolic in the CL. topology. Thus, for arbitrarily

given > 0and > , as the solution metric is su ciently close to hyperbolic, we

have
iEW) Zt@i (2 wrE

for all z and w in w oz . Now given" and pick =2"= . Then

(5.3.15) c(w) %L‘(z) 1+ w :

When we drop the curve vertically for the construction of the new disk we get an area
A(z) between and z given by
Z z
C
A(z)=(1+ o(1) %dw:
Here and in the following o(1) denotes various small error quantities as the solution

metric close to hyperbolic. On the other hand if we do not dropvertically we pick up
even more area, so the ared (z) of the original disk between and z has

Z z

(5.3.16) A(z) (1 o) #dw:

Since the original disk minimized among all disks bounded awrve in the primitive
generator of the kernel of 1(T), and the new disk beyond the heightz is part of the
original disk, we have

A(z) A(2)
and then by combining with (5.3.15),
z, Zy oo
#dw (1+ o(1))2C(2) 1W—22 + 5\/—5 dw
@+ oL@ 140 2
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Here we used the fact thatC(z) L(z). Since the solution metric is su ciently close
to hyperbolic, we have

4 CrLwy, L@
z

dz w .
z
1 o) 1 2 LMW Gy
2(z )Z
1 1+2" Z L(w) dw:
z z w '
or equivalently
W Z
d Zl+2 z L(W) .
(5.3.17) i log Z ) d 0:

This is the desired monotonicity formula for the areaA(z).
It follows directly from (5.3.16) and (5.3.17) that

Zl+2

2" .
G yA@ @ o) TLO)

or equivalently

L() @+o@) 2

forall z2 [; ]. Since the solution metric, in an arbitrarily large neighborhood of
the torus T (of @M), as close to hyperbolic as we wish, we may assume that is so

large that > and p— is close to 1, and alsd' > 0 is so small that (—)2 is
close to 1. Thus for arbitrarily small o > 0, we have

p _
(5.3.18) L() (1+ oA

Now recall that (5.3.13) states
dA

T @+29L @ "9A 2:

We now claim that if
@a+2"9)L (1 "9A O

then L = L( ) is uniformly bounded from above.
Indeed by the assumption we have

(1+2"%)
AC) g tO)
sinceA( ) A. By combining with (5.3.16) we have somez; 2 (IO “ ;) satisfying
L) P— CLwy,
Zp p—
1+ o@)A( )
1+2"

a+om) G50 L0
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Thus for  suitably large, by noting that the solution metric on a large neighborhood
of T (of @M) is su ciently close to hyperbolic, we have

(5.3.19) L(zo) (1 +4"0)E|—( )

for somezg 2 (p ", ). ltis clear that we may assume the intersection curve betwen
the minimal disk with the torus at this height zy is smooth and embedded. If the
intersection curve at the height zo has more than one piece, as before one of them wiill
represent the primitive generator in the kernel of 1(T), and we can ignore the others.
Let us move (the piece of) the intersection curve on the torusat height zo through
as small as possible area in the same homotopy class of(T) to a curve which is a
geodesic circle in the at torus coming from our special coadinates, and then drop
this geodesic circle vertically in the special coordinatego obtain another new disk.
We will compare the area of this new disk with the original minimal disk as follows.

Denote by G the length of the geodesic circle in the standard hyperbolicusp at
height 1. Then the length of the geodesic circle at heightzg will be G=z,. Observe
that given an embedded curve of lengthl circling the cylinder S* R of circumference
W once, it is possible to deform the curve through an area not lgger than lw into a
meridian circle. Note that (the piece of) the intersection aurve represents the primitive
generator in the kernel of 1(T). Note also that the solution metric is su ciently close
to the hyperbolic metric. Then the area of the deformation from (the piece of) the
intersection curve on the torus at height zg to the geodesic circle at heightzg is
bounded by

(1 + o(1) Z—f L (z0):

The area to drop the geodesic circle from heightg to height is bounded by
Z,,

(a+ o(1)) %dw:

Hence comparing the area of the original minimal disk to that of this new disk gives

L), 1 1

Alzo)  (1+01)G —7 -

By (5.3.18), (5.3.19) and the fact that z, 2 (p ", ), this in turn gives
L() 1+ o0)A(z0)
L() . 1 :

1+ 0)G (1+4") -

Since is suitably large, we obtain
L() 2G=

This gives the desired assertion sinc& is xed from the geometry of the limit hyper-
bolic manifold H and is very large as long as the are® of @M small enough.
Thus the combination of (5.3.13), (5.3.18) and the assertia implies that either
d

—A 2;
dt '
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or

%A 1+2"0)L (1 "9A 2

2G
(1+2%)— 2

since the solution metric on a very large neighborhood of theorus T (of @M) is
su ciently close to hyperbolic and is very large as the areaB of @M small enough.
This is impossible becauséd 0 and the persistent hyperbolic pieces go on forever.
The contradiction shows that 1(T) in fact injects into 1(Mg§). This proves that
1(@M) injects into 1(M).
Therefore we have completed the proof of Theorem 5.3.41

6. Ancient -solutions. Let us consider a solution of the Ricci ow on a com-
pact manifold. If the solution blows up in nite time (i.e., t he maximal solution exists
only on a nite time interval), then as we saw in Chapter 4 a sequence of rescalings
of the solution around the singularities converge to a solubn which exists at least
on the time interval ( 1 ;T) for some nite number T. Furthermore, by Perelman's
no local collapsing theorem | (Theorem 3.3.2), we see that té limit is -noncollapsed
on all scales for some positive constant. In addition, if the dimension n = 3 then
the Hamilton-Ivey pinching estimate implies that the limit ing solution must have
nonnegative curvature operator.

We call a solution to the Ricci ow an ancient -solution ifitis complete (either
compact or noncompact) and de ned on an ancienttime intervd (1 ;T)with T > 0,
has nonnegative curvature operator and bounded curvatureand is -noncollapsed on
all scales for some positive constant .

In this chapter we study ancient -solutions of the Ricci ow. We will obtain
crucial curvature estimates of such solutions and determie their structures in lower
dimensional cases.

6.1. Preliminaries. We rst present a useful geometric property, given by Chen
and the second author in [34], for complete honcompact Rientaian manifolds with
nonnegative sectional curvature.

Let (M;gj ) be an n-dimensional complete Riemannian manifold and let" be
a positive constant. We call an open subsetN M an "-neck of radius r if
(N;r 2g;)is "-close, in theCl" ' topology, to a standard neckS" * |, whereS' 1
is the round (n  1)-sphere with scalar curvature 1 and! is an interval of length 2" 1.
The following result is, to some extent, in similar spirit of Yau's volume lower bound
estimate [128].

Proposition 6.1.1 ( Chen-Zhu [34). There exists a positive constant'y = "g(n)
such that every complete noncompach-dimensional Riemannian manifold (M;gj; )
of nonnegative sectional curvature has a positive constanty such that any"-neck of
radius r on (M;gj ) with " "o must haver rq.

Proof. We argue by contradiction. Suppose there exist a sequence @sitive
constants” ! 0 and a sequence ofi-dimensional complete nhoncompact Riemannian
manifolds (M ;g; ) such that for each xed , there exists a sequence df -necksN
of radius at most 1=k in M with centers Py divergent to in nity.
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Fix a point P on the manifold M and connect eachPy to P by a minimizing
geodesic k. By passing to a subsequence we may assume the anglg between
geodesic ¢ and | at P is very small and tends to zero ak;l! +1 , and the length
of +1 is much bigger than the length of . Let us connectPy to P, by a minimizing
geodesic i . For each xed | >k, let Py be a point on the geodesic | such that the
geodesic segment fronP to Py has the same length as ¢ and consider the triangle

PPPx in M with vertices P, Py and Pyx. By comparing with the corresponding
triangle in the Euclidean plane R? whose sides have the same corresponding lengths,
Toponogov's comparison theorem implies

d(Pk;Pk) 2sin % Kl d(Pk;P)Z

Since y is very small, the distance fromPy to the geodesic | can be realized by a
geodesic i which connectsPy to a point PkO on the interior of the geodesic | and

has length at most 25in% k) d(Px;P): Clearly the angle between  and | at the

intersection point P? is ». Consider to be xed and su ciently large. We claim
that for large enough k, each minimizing geodesic | with | >k , connectingP to P,
goes through the neckNy.

Suppose not; then the angle betweeny and  at Py is close to either zero or

since Py is in the center of an" -neck and is su ciently large. If the angle between

k and  at Py is close to zero, we consider the triangle P Py P,? in M with vertices
P, Py, and P,?. Note that the length between Py and P|? is much smaller than the
lengths from Py or P2 to P. By comparing the angles of this triangle with those of the
corresponding triangle in the Euclidean plane with the samecorresponding lengths
and using Toponogov's comparison theorem, we nd that it is impossible. Thus the
angle between ¢ and  at Py is close to . We now consider the triangle Py Pk°P|
in M with the three sides , « and the geodesic segment frorﬁ’,? to Pron ;. We
have seen that the angle of Py P|?P| at Py is close to zero and the angle aP,? is 5.
By comparing with corresponding triangle P, PP, in the Euclidean plane R? whose
sides have the same corresponding lengths, Toponogov's cparison theorem implies

\ PIPkPO+\ PIPOPc  \ PIPcP2+\ PIPOP < g:
This is impossible since the length betweerP, and P is much smaller than the length
from P, to either Py or Pko. So we have proved each; with | >k passes through the
neck Ny.

Hence by taking a limit, we get a geodesic ray emanating from P which passes
through all the necks Ny, k = 1;2;:::; except a nite number of them. Throwing
these nite number of necks away, we may assume passes through all necksNy,
k =1;2;:::: Denote the center sphere oy by Sy, and their intersection points with

by pk 2 Sk\ ,k=1;2;::::

Take a sequence of points (m) with m = 1;2;:::: For each xed neck Ny,
arbitrarily choose a point gx 2 Ni near the center sphereSy and draw a geodesic
segment ™ from gc to (m). Now we claim that for any neck N; with | >k, km
will pass through N, for all su ciently large m.

We argue by contradiction. Let us place all the necksN; horizontally so that the
geodesic passes through eachN; from the left to the right. We observe that the
geodesic segment“™ must pass through the right half of Ny ; otherwise k™ cannot
be minimal. Then for large enoughm, the distance from p; to the geodesic segment
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km must be achieved by the distance fromp to some interior point p°of k™. Let
us draw a minimal geodesic from p; to the interior point py° with the angle at the
intersection point p®2 \ k™ to be > Suppose the claim is false. Then the angle
between and at p, is close to 0 or since" is small.

If the angle between and at pj is close to 0, we consider the triangle ppc® (m)
and construct a comparison triangle ppk® (m) in the plane with the same corre-
sponding length. Then by Toponogov's comparison theorem, & see the sum of the
inner angles of the comparison triangle ppk® (m) is less than 3= 4, which is impos-
sible.

If the angle between and at p is close to , by drawing a minimal geodesic
from ok to p;, we see that must pass through the right half of Ny and the left
half of N|; otherwise cannot be minimal. Thus the three inner angles of the tri-
angle ppc%x are almost =2, and O respectively. This is also impossible by the

Toponogov comparison theorem.

Hence we have proved that the geodesic segment™ passes throughN; for m
large enough.

Consider the triangle pxg (m) with two long sides px (m)( ) and gx (M)(=

km). For any s > 0, choose pointspz on px (m) and & on ¢ (m) with d(px;px) =
d(a; ek) = s. By Toponogov's comparison theorem, we have

d(pr; &) °

d(px; o)

_d(p; (m)?+ d(&g; (m)?  2d(p; (m))d(&; (m))cos] (p (m)ek)
d(pc; (m))2+ d(o; (m))2  2d(p; (m))d(g; (m))cos] (px (m)ok)
d(pe; (M)?+ d(&; (M)?  2d(pe; (m))d(ek; (m))cos] (px (m)ek)
d(pc; (m))2+ d(o; (m))2  2d(p; (m))d(g; (m))cos] (px (m)ek)

_ (e (m)  d(a; (m)2+2d(pe; (m)d(sk; (M) cos] (B (M)ek))
(d(px; (m)) d(ex; (m))2+2d(pc; (m))d(ck; (M)(L cos] (px (M)e))
d(px; (m))d(ex; (m))
d(pc; (m))d(k; (m))

11

asm!1 |, where] (p« (M) and ] (px (Mm)ex) are the corresponding angles of
the comparison triangles.

Letting m ! 1 , we see that ™ has a convergent subsequence whose limit<
is a geodesic ray passing through alN, with | >k . Let us denote byp; = (tj);] =
1;2;:::.. From the above computation, we deduce that

d(pc;a)  d( (tc + 8); “(9))

for all s> 0.

Let' (X)=Ilimy¢y +1 (t d(x; (1)) be the Busemann function constructed from
the ray . Note that the level set’ (' (pj))\ N; is close to the center spheres; for
anyj =1;2;:::. Now let g be any xed pointin ' (" (pk))\ N. By the de nition
of Busemann function' associated to the ray , we see that' ( K(s1)) ' ( ¥(s2)) =
sy sy forany s;, s, 0. Consequently, for eachl > k , by choosings =t  tx, we
see K(t; t)2' I (p)\ Nj:Since (tx+t ty)= p, it follows that

d(pc;a)  d(pi; *(s)):
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with s=t; t, > 0. This implies that the diameter of ' (' (p«))\ N is not greater
than the diameter of ' (' (p)) \ N; for any | > k , which is a contradiction for |
much larger than k.

Therefore we have proved the proposition.d

In [63], Hamilton discovered an important repulsion principle (cf. Theorem 21.4
of [63]) about the in uence of a bump of strictly positive curvature in a complete
noncompact manifold of nonnegative sectional curvature. Mmely minimal geodesic
paths that go past the bump have to avoid it. As a consequence é& obtained a nite
bump theorem (cf. Theorem 21.5 of [63]) that gives a bound onhe number of bumps
of curvature.

Let M be a complete noncompact Riemannian manifold with nonnegate sec-
tional curvature K 0. A geodesic ballB (p; r) of radius r centered at a pointp2 M
is called acurvature  -bump if sectional curvature K =r 2 at all points in the
ball. The ball B(p;r) is called -remote from an origin O if d(p;O) r .

Finite Bump Theorem (Hamilton [63]). For every > O there exists < 1
such that in any complete manifold of nonnegative sectionaturvature there are at
most a nite number of disjoint balls which are -remote curvature -bumps.

This nite bump theorem played an important role in Hamilton 's study of the
behavior of singularity models at in nity and in the dimensi on reduction argument he
developed for the Ricci ow (cf. Section 22 of [63], see als@9] for application to the
Kahler-Ricci ow and uniformization problem in complex di mension two). A special
consequence of the nite bump theorem is that if we have a comigte nhoncompact
solution to the Ricci ow on an ancient time interval 1 <t<T with T > 0
satisfying certain local injectivity radius bound, with cu rvature bounded at each time
and with asymptotic scalar curvature ratio A = limsup Rs? = 1 , then we can nd
a sequence of pointgy; going to 1 (as in the following Lemma 6.1.3) such that a
cover of the limit of dilations around these points at time t = 0 splits as a product
with a at factor. The following result, obtained by Chen and the second author in
[34], is in similar spirit as Hamilton's nite bumps theorem and its consequence. The
advantage is that we will get in the limit of dilations a produ ct of the line with a
lower dimensional manifold, instead of a quotient of such a pduct.

Proposition 6.1.2 ( Chen-Zhu [34).  Suppose (M;gj) is a complete n-
dimensional Riemannian manifold with nonnegative sectioal curvature. Let P 2 M
be xed, and Py 2 M a sequence of points and ¢ a sequence of positive numbers
with d(P;Px)! +1 and d(P;Px)! +1 . Suppose also that the marked manifolds

(M; 2gj ;Px) converge in theCl. topology to a Riemannian manifold {1 . Then the
limit £ splits isometrically as the metric product of the formR N, whereN is a

Riemannian manifold with nonnegative sectional curvature

Proof. Let us denote by jOQj = d(O; Q) the distance between two pointsO; Q 2
M . Without loss of generality, we may assume that for eaclk,

(6.1.1) 1+2jPPj | PPys1]:

Draw a minimal geodesic ¢ from P to Py and a minimal geodesic x from Py to
Py+1 , both parametrized by arclength. We may further assume

612 = 11 (kO soa OD <
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By assumption, the sequenceN!; Z2g; ;Px) converges (in theCl, topology) to a
Riemannian manifold (M; g;j ; ) with nonnegative sectional curvature. By a further
choice of subsequences, we may also assumgand ¢ converge to geodesic raye
and e starting at B respectively. We will prove that ~[ ~ forms a line in 1, and
then by the Toponogov splitting theorem [89] the limit f1 must be splitted asR N.
We argue by contradiction. Supposee [ e is not a line; then for eachk, there
exist two points Ax 2  andBg 2 g suchthatask! +1,

8
% kd(P;Ak) ! A> 0
kd(Pk;Bk) I B> 0;

(6.1.3)
kd(Ax;Bk)! C>0;
but A+ B>C:
Pk
(((M
- ((((((((((((( P
((
(
(et
(et
P

Now draw a minimal geodesic x from Ay to Byx. Consider comparison triangles
4 Py PPy+1 and 4 P ABy in R2 with

iPkPj = jPkPj;jPkPi+1j = jPkPi+1];iPPk+1]j = jPPk+1;

and jPxAkj = jPcAkj;JPkBkj = JPkBkj;jAkBk] = JAKBj:
By Toponogov's comparison theorem [8], we have
(6.1.4) ] AkP«Bk ] PPyPysr:

On the other hand, by (6.1.2) and using Toponogov's comparisn theorem again, we
have

(6.1.5) ] PkPPxs1 ] PkPPks1 < %;
and sincejPxPy+1 j > jPPkj by (6.1.1), we further have
(6.1.6) ] PkPk+1 P ] PkPPgs1 < %:
Thus the above inequalities (6.1.4)-(6.1.6) imply that

] AkPkBk> —.
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Hence

617)  JAB? | AP+ IPBUY AP [PiBiicos

Multiplying the above inequality by 2 and letting k! +1 , we get
C A+B

which contradicts (6.1.3).
Therefore we have proved the proposition.d

Let M be an n-dimensional complete noncompact Riemannian manifold. Rik
an origin O 2 M. Let s be the geodesic distance to the origirO of M, and R the
scalar curvature. Recall that in Chapter 4 we have de ned the asymptotic scalar
curvature ratio

A =limsup Rs?:
sl +1
We now state a useful lemma of Hamilton (Lemma 22.2 in [63]) abut picking
local (almost) maximum curvature points at in nity.

Lemma 6.1.3. Given a complete nhoncompact Riemannian manifold with bounei
curvature and with asymptotic scalar curvature ratio

A=limsup Rs? =+ 1 ;
sl +1

we can nd a sequence of point; divergent to in nity, a sequence of radii rj and a
sequence of positive numbers; ! 0 such that

(i) R(x) (1+ ;)R(x;) for all x in the ball B(x;;r;) of radius r; around x;,

(i) rER(x) ! +1,

(i) ;=d(x;;0)=r! +1,

(iv) the balls B(x;j;r;) are disjoint,

where d(x; ; O) is the distance ofx; from the origin O.

Proof. Pick a sequence of positive numbers; ! 0, then chooseA; ! +1 so
that Aj 7! +1 . Let ; be the largest number such that

supf R(x)d(x;0)? j d(x;0) ;g A;j:
Then there exists somey; 2 M such that

R(y;)d(y;;0)>= A; and d(y;;0)= j:

Now pick x; 2 M so that d(x;;O0) ; and
R(Xj) g7 - SUMR(X)jd(x0) ;g
i
Finally pick r; = j j. We check the properties (i)-(iv) as follows.

(i) If x2B(xj;rj)\f d(;0) i g, we have

R(x) 1+ jR(x)
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by the choice of the pointx;; while if x 2 B(x;;rj)\f d(;0) j 9, we have

R(x) Aj=d(x;0)?
ﬁ(AF ?)
= TR0
HR(X”;
sinced(x;0) d(x;;0) d(x;x;) ; r;=@ ) . Thus we have obtained
R(X) 1+ jR(xj); 8x2B(Xj;rj);

G5 11 Oasj! +1.

(i) By the choices of rj, x; andy;, we have

where | =

r]-ZR(xj)= 12 jZR(Xj)
1
Ff R(Y})
1] 1+ i J
2
= : i :
= Al +1; asj! +1:
1+ !
(i)  Since d(x;; O) j = rj=j, it follows that ; = d(x;;O0)=r; ! +1 as

jto+1.
(iv) Forany x 2 B(xj;rj), the distance from the origin

d(x;0) d(x;;0) d(x;x;)

=1 j);! +1,; asj! +1:

Thus any xed compact set does not meet the ballsB (x; ;r;j) for large enoughj . If
we pass to a subsequence, the balls will all avoid each othell.

The above point picking lemma of Hamilton, as written down in Lemma 22.2 of
[63], requires the curvature of the manifold to be bounded. Wien the manifold has
unbounded curvature, we will appeal to the following simplelemma.

Lemma 6.1.4. Given a complete noncompact Riemannian manifold with un-
bounded curvature, we can nd a sequence of points; divergent to in nity such that
for each positive integerj, we havejRm(x;)j j, and

IRM(x)j  4Rm(x;)j

for x 2 B(x;; pP——).
X2 B Py

Proof. Each x; can be constructed as a limit of a nite sequencefy;g, de ned
as follows. Letyg be any xed point with jRm(yo)j j. Inductively, if y; cannot be
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taken asx;, then there is ay;j+1 such that

8

2 jRm(yi+1)j > 4Rm(yi)j;

> d(yi;Vi+1) 6 PJ:
JRM(y;)j

Thus we have

iRm(yi)i > 4jRm(yo)j ~ 4'j;

X P
diyi;yo) | P=—=<2 I
o A
k=1
Since the manifold is smooth, the sequencéy;g must be nite. The last element
ts. O

6.2. Asymptotic Shrinking Solitons. We begin with the study of the asymp-
totic behavior of an ancient -solution g; (x;t),onM (1 ;T)with T > 0, to the
Ricci owas t! 1

Pick an arbitrary point ( p;tg) 2 M (1 ;0] and recall from Chapter 3 that

=ty t; for t<ty;

1 z p
I(q; )= Ep—_inf . s R( (s);to 9)

2[0; 1Y M with

+JL9iG, 1o 5 S ©®=p ()=aq

and
Z

V()= M(4 ) Zexp( I(q; )dV, (9):

We rst observe that Corollary 3.2.6 also holds for the geneal complete manifold
M. Indeed, since the scalar curvature is nonnegative, the fuction L(; )=4 1(; )
achieves its minimum onM for each xed > 0. Thus the same argument in the
proof of Corollary 3.2.6 shows there existgj= ¢( ) such that

n
(6.2.1) aC ) ) 3

for each > 0.
Recall from (3.2.11)-(3.2.13), the Li-Yau-Perelman distaxce| satis es the follow-

ing

@
(6.2.2) &' ~TRT 3K
. I 1
(623) Jr “2 = R+ — EK,
n 1
(6.2.4) | Rt 5K
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and the equality in (6.2.4) holgs everywhere if and only if weare on a gradient
shrinking soliton. Here K = s372Q(X)ds; Q(X) is the trace Li-Yau-Hamilton
quadratic given by

QX)= R R 2hr R; X'i +2Ric(X; X))

and X is the tangential (velocity) vector eld of an L-shortest curve :[0; ]! M
connectingp to g.
By applying the trace Li-Yau-Hamilton inequality (Corolla ry 2.5.5) to the ancient
-solution, we have

QX)= R R 2hr R; X'i +2Ric(X; X))

and hence
Z
K= s%2Q(X)ds
sRds
0
L(a; ):

Thus by (6.2.3) we get
(6.2.5) ir >+ R il:

We now state and prove a result of Perelman [103] about the asyptotic shapes
of ancient -solutions as the timet ! 1

Theorem 6.2.1 ( Perelman [103]. Let g; (;t); 1 <t<T with someT > 0,
be a non at ancient -solution for some > 0. Then there exist a sequence of points
o and a sequence of timesgy, ! 1 such that the scalings ofy; ( ;t) around g with
factor jtj ' and with the timesty shifting to the new time zero converge to a non at

gradient shrinking soliton in CL. topology.

Proof. Clearly, we may assume that the non at ancient -solution is not a gradient
shrinking soliton. For the arbitrarily xed ( p;to), let g( )( = to t) be chosen as in
(6.2.1) with I(q( ); ) 5. We only need to show that the scalings ofy; ( ;t) around
q( ) with factor 1 converge along a subsequence of! +1 to a non at gradient
shrinking soliton in the Cl. topology.

We rst claim that for any A 1, one can nd B = B(A) < +1 such that for
every > 1 there holds

(6.2.6) I(g;) B and R(qio ) B;

whenever 3 A andd? (g:iq3) A
2
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Indeed, by using (6.2.5) at = 5, we have
r r

n b ]
(6.2.7) I(a;5) §+SrUprr lig d, , aa 5
r __ N
n 3 P—
2t 7 A
r . __
n 3A
= — + —_
2 2
and
31(g;3)
6.2.8 R q;to = T2/
( ) q 5 o)
r_r 'y
6 n 3A
— — + i
2 2

for q 2 By, 7(q(i); P A ). Recall that the Li-Yau-Hamilton inequality implies that
the scalar curvature of the ancient solution is pointwise nadecreasing in time. Thus
we know from (6.2.8) that

r_ r_!>
(6.2.9) Rty ) 6A o+ A
2 2
whenever 3 A andd?  (g;iq3) A
2
By (6.2.2) and (6.2.3) we have
@l.,. }jr lj2 = |_+ R
@ 2 2 2
This together with (6.2.9) implies that
r__ r_—!'»
@ 1.3 W . A
@ 2 2 2
ie.,
@p . , "w @m°
P n
@( 1) p= §+ -
whenever% A and dtz0 , 90 3 A : Hence by integrating this di er-
ential inequality, we obtain
0 r_ r_ r ﬁ! zp
— n —
1(q; ) EI q,E 6A E+ -
and then by (6.2.7),
r_ r ﬁ! 2
n
(6.2.10) I(g; ) | q,E +6A §+ -
r [
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Whenever% A and dtz0 §(q;c(§)) A : So we have proved claim (6.2.6).

Recall that g; ( ) = g (;to ) satises (gj) =2R;. Let us take the scaling
of the ancient -solution around q(5) with factor ( ) Lie.,

2
g (5= —gj ;to S5

wheres 2 [0;+1 ). Claim (6.2.6) says that for all s 2 [1;2A] and all g such that
dist;j ) (a:d%)) A; we have R(q;s) = sR(d;to  s5) B. Now taking into
account the -noncollapsing assumption and Theorem 4.2.2, we can use Halton's
compactness theorem (Theorem 4.1.5) to obtain a sequencg ! +1 such that the
marked evolving manifolds (M; giﬁk)(s);q(Tk)); with giﬁk)(s) = Lkgij (;to s&)and
s 2 [1;+1 ), converge to a manifold M; g; (s); ) with s 2 [1;+1 ), where g; (s) is
also a solution to the Ricci ow on M.

Denote by I the corresponding Li-Yau-Perelman distance og%'-‘) (s). Itis easy to

see thatly(q;s) = 1(q;+5s); for s2 [1;+1 ): From (6.2.5), we also have

(6.2.11) ir Tz + RO
i

where R() is the scalar curvature of the metric g*). Claim (6.2.6) says that I are
uniformly bounded on compact subsets oM [1;+1 ) (with the corresponding origins
q(-)). Thus the above gradient estimate (6.2.11) implies that the functions Iy tend
(up to a subsequence) to a functionl which is a locally Lipschitz function on M.

We know from (6.2.2)-(6.2.4) that the Li-Yau-Perelman distancely satis es the
following inequalities:

(6.2.12) M)s  h+jr k2 RO+ 21 0;

S
6.2.13 2 h it Ri2+RW+ RN g
( ) j ] S

We next show that the limit | also satis es the above two inequalities in the sense of
distributions. Indeed the above two inequalities can be rewitten as

(6.2.14) @, sRw (4s) zexp( &) O
@s

() PR PR (TS .
(6.2.15) 44 RMe 2+ S ez 0
in the sense of distributions. Note that the estimate (6.2.11) implies that Iy ! 1 in
the C%C norm for any 0 < < 1: Thus the inequalities (6.2.14) and (6.2.15) imply
that the limit | satis es
(6.2.16) @, iR (4s) zexp( 1) O

@s ’

= .1 n_ 1

(6.2.17) 44 R)e z + ez Q0
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in the sense of distributions.

Denote by V(& (s) Perelman's reduced volume of the scaled metri(gij@(s).
Sincelk(q;9) = 1(q; k), we see that¥ () (s) = ¥ (-£s) where V is Perelman's reduced
volume of the ancient -solution. The monotonicity of Perelman's reduced volume
(Theorem 3.2.8) then implies that

(6.2.18) im v®(s)=Vv; for s2[1;2];

for some nonnegative constant/ .
(We remark that by the Jacobian comparison theorem (Theorem3.2.7), (3.2.18)
and (3.2.19), the integrand of V(K) (s) is bounded by

(4s) Texp( R(X;s)IN(s) (4) Fexp(j X))

on ToM, where J(s) is the L-Jacobian of the L-exponential map of the metric
gi(jk)(s) at ToM. Thus we can apply the dominant convergence theorem to get th
convergence in (6.2.18). But we are not sure whether the linting V is exactly Perel-
man's reduced volume of the limiting manifold (M; g; (s)), because the pointsq(+-)
may diverge to in nity. Nevertheless, we can ensure thatV is not less than Perelman's
reduced volume of the limit.)

Note by (6.2.5) that

(6.2.19) v®@) v®@)
= — (g &)
| (7" e)ds
z, Z @
= = (k) % .
. ds L @s + R 4s) zexp( %) dVgi(ik)(S).
Thus we deduce that in the sense of distributions,
(6.2.20) @ R (4s) Zexp( 1) =0;
@s '
and
4 R)e T = Tne z
or equivalently,
- I n_ .
(6.2.21) 21 jr ljc+ R+ S =0;

on M [1;2]. Thus by applying standard parabolic equation theory to (6.2.20) we
nd that | is actually smooth. Here we used (6.2.2)-(6.2.4) to show thiathe equality
in (6.2.16) implies the equality in (6.2.17).

Set

v=[s@ | jr 1?+R)+1 n] (4s) Ze "
Then by applying Lemma 2.6.1, we have

@ . 1 . "
(6.2.22) s * R v= 2sjRj +rrl ggijj2 (4s) ze
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We see from (6.2.21) that the LHS of the equation (6.2.22) isdentically zero. Thus
the limit metric g; satis es

1
(6.2.23) Rj +rirjl =g =0;

so we have shown the limit is a gradient shrinking soliton.

To show that the limiting gradient shrinking soliton is non at, we rst show that
the constant function V (s) is strictly less than 1. Consider Perelman's reduced volure
V() of the ancient -solution. By using Perelman's Jacobian comparison theonm
(Theorem 3.2.7), (3.2.18) and (3.2.19) as before, we have

Z
V()= (@ ) ze'®)J3()dX
Z
@) Tel XI"dx
TpM
=1:

Recall that we have assumed the non at ancient -solution is not a gradient
shrinking soliton. Thus for > 0; we must haveV( ) < 1. Since the limiting function
V(s) is the limit of V(%s) with ! +1, we deduce that the constantV(s) is
strictly less than 1, for s 2 [1; 2]:

We now argue by contradiction. Suppose the limiting gradien shrinking soliton
gj (s) is at. Then by (6.2.23),

1 n
rirjlzggij and I:E:

Putting these into the identity (6.2.21), we get

s

L

Since the function| is strictly convex, it follows that ~ 4sl is a distance function (from
some point) on the complete at manifold M. From the smoothness of the function
I, we conclude that the at manifold M must be R". In this case we would have its
reduced distance to bel and its reduced volume to be 1. Sincé/ is not less than the
reduced volume of the limit, this is a contradiction. Therefore the limiting gradient

shrinking soliton g; is not at. O

To conclude this section, we use the above theorem to derivehe classi cation
of all two-dimensional ancient -solutions which was obtained earlier by Hamilton in
Section 26 of [63].

Theorem 6.2.2. The only non at ancient -solutions to Ricci ow on two-
dimensional manifolds are the round sphereS?> and the round real projective plane
RP2.

Proof. Let g; (x;t) be a non at ancient -solutiondenedonM (1 ;T) (for
someT > 0), whereM is a two-dimensional manifold. Note that the ancient -solution
satis es the Li-Yau-Hamilton inequality (Corollary 2.5.5 ). In particular by Corollary
2.5.8, the scalar curvature of the ancient -solution is pointwise nondecreasing in
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time. Moreover by the strong maximum principle, the ancient -solution has strictly
positive curvature everywhere.

By the above Theorem 6.2.1, we know that the scalings of the arient -solution
along a sequence of pointsk in M and a sequence of times, ! 1 converge to a
non at gradient shrinking soliton ( M; g; (x;t)) with 1 <t 0.

We rst show that the limiting gradient shrinking soliton ( M; g; (x;t)) has uni-
formly bounded curvature. Clearly, the limiting soliton ha s nonnegative curvature and
is -noncollapsed on all scales, and its scalar curvature is dtipointwise nondecreasing
in time. Thus we only need to show that the limiting soliton has bounded curvature
at t = 0. We argue by contradiction. Suppose the curvature of the Imiting soliton
is unbounded att = 0. Of course in this case the limiting soliton M is noncompact.
Then by applying Lemma 6.1.4, we can choose a sequence of pisirxj;j = 1;2;:::;
divergent to in nity such that the scalar curvature R of the limit satis es

R(xj;0) j and R(x;0) 4R(x;;0)

forallj =1;2;:::; and x 2 Bo(X; ;j:IO R(x;;0)). And then by the nondecreasing (in
time) of the scalar curvature, we have

R(x;t) 4R(xj;0);

forall j =1;2;:::, x 2 Bo(x ;j:p R(xj;0)) andt 0. By combining with Hamil-
ton's compactness theorem (Theorem 4.1.5) and the -noncollapsing, we know that a
subsequence of the rescaling solutions

(M; R(x;;0)g; (x;t=R(x;;0));%;); j=1:2:::;

converges in theCl_ topology to a non at smooth solution of the Ricci ow. Then
Proposition 6.1.2 implies that the new (two-dimensional) limit must be at. This
arrives at a contradiction. So we have proved that the limiting gradient shrinking
soliton has uniformly bounded curvature.

We next show that the limiting soliton is compact. Suppose the limiting soliton
is (complete and) honcompact. By the strong maximum princide we know that the
limiting soliton also has strictly positive curvature everywhere. After a shift of the

time, we may assume that the limiting soliton satis es the following equation
1
(6.2.24) rir;f + Rj +Egij =0; on 1 <t< 0

everywhere for some functionf . Di erentiating the equation (6.2.24) and switching
the order of di erentiations, as in the derivation of (1.1.14), we get

(6.2.25) riR=2 Rij r jfi

Fix somet< 0, sayt = 1, and consider a long shortest geodesiq(s),0 s S.
Let xo = (0) and X (s) = _(s). Let V(0) be any unit vector orthogonal to _(0) and
translate V (0) along (s) to get a parallel vector eld V(s),0 s 3Son . Set

8

2sV(s); forO0 s 1;
Y(s) = JV(s); forl s s 1

(5 s)V(s); fors 1 s s
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It follows from the second variation formula of arclength that
Z 5
(%7 RV X 9)ds 0
0

Thus we clearly have

z S
R(X; V:x; ‘b)ds const;
0
and then
z 5

(6.2.26) Ric(X;X )ds const:
0

By integrating the equation (6.2.24) we get
Z < 1
XECE) XECON+  Rie(X;X)ds  55=0
0

and then by (6.2.26), we deduce

d S )
d—s(f () > const;

S2
and f (s) 7 const s const

for s > 0 large enough. Thus at large distances from the xed pointxy the function
f has no critical points and is proper. It then follows from the Morse theory that
any two high level sets off are di eomorphic via the gradient curves of f . Since by
(6.2.25),

d ] _ ) .
d_sR( (s); 1)=hrR; (s)i

=2Rijrifrjf
0

for any integral curve (s) of r f, we conclude that the scalar curvatureR(x; 1) has
a positive lower bound onM , which contradicts the Bonnet-Myers Theorem. So we
have proved that the limiting gradient shrinking soliton is compact.

By Proposition 5.1.10, the compact limiting gradient shrinking soliton has con-
stant curvature. This says that the scalings of the ancient -solution (M;gj (x;t))
along a sequence of pointsk 2 M and a sequence of times, ! 1 converge in the
C! topology to the round S? or the round RP?. In particular, by looking at the time
derivative of the volume and the Gauss-Bonnet theorem, we kaw that the ancient

-solution (M; gj (x;t)) exists on a maximal time interval (1 ;T) with T < +1 .

Consider the scaled entropy of Hamilton [60]

z

E()=  RIogR(T 1)]dVi:
M
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We compute

d z z R
(6.2.27) —E(t) = log[R(T t)] RdV; + R+ R? dv;
dt ZM M (T v
jr Rj? 2
= - — +R? rR dv
M R
z o Ri2
= PR v(R 12 av
M R

R R
wherer = |, RdV;=Vol(M) and we have used Vo{(M) = ( ,, RdV) (T t) (by
the Gauss-Bonnet theorem).
For a smooth function f on the surfaceM , one can readily check

Z Z L , Z
( £)2=2  rirf S0 Dg + Rjr %
M 7 M 7 M
ir R+ Rr fj? ir Rj? a2
—_— = —— 2 R( f)+ Rjr fj%;
y R LR y (1) L Rirt
and then
P,
FREL (i) t 2R
M ZR M
~ 1 2 jr R+ Rrfj2
By choosing f = R r, we get
jr RJZ (R r)2
m _R M
z 1 2 it R+ Rr fj2
=2 y rirjf é( f)gij + — R 0:

If the equality holds, then we have
1
rirjf é( f)gij =0

i.e., r f is conformal. By the Kazdan-Warner identity [77], it follow s that

Z
rR rf=0;
M
o)
Z
0= R f
ZM
= (R )
M

Hence we have proved the following inequality due to Chow [3]7
ir Rj?

(6.2.28)
M R M

R 13
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and the equality holds if and only if R r.

The combination (6.2.27) and (6.2.28) shows that the scaledentropy E(t) is
strictly decreasing along the Ricci ow unless we are on the ound sphereS? or its
quotient RP?. Moreover the convergence result in Theorem 5.1.11 shows dh the
scaled entropyE has its minimum value at the constant curvature metric (round S?
or round RP?). We had shown that the scalings of the non at ancient -solution
along a sequence of times, ! 1 converge to the constant curvature metric. Then
E(t) has its minimal value att = 1 , so it was constant all along, hence the an-
cient -solution must have constant curvature for eacht 2 (1 ;T). This proves the
theorem. O

6.3. Curvature Estimates via Volume Growth. For solutions to the Ricci
ow, Perelman's no local collapsing theorems tell us that the local curvature upper
bounds imply the local volume lower bounds. Conversely, onevould expect to get
local curvature upper bounds from local volume lower bounds If this is the case,
one will be able to establish an elliptic type estimate for the curvatures of solutions
to the Ricci ow. This will provide the key estimate for the ca nonical neighborhood
structure and thick-thin decomposition of the Ricci ow on t hree-manifolds. In this
section we derive such curvature estimates for nonnegatiyg curved solutions. In
the next chapter we will derive similar estimates for all smth solutions, as well as
surgically modi ed solutions, of the Ricci ow on three-manifolds.

Let M be an n-dimensional complete noncompact Riemannian manifold wit
nonnegative Ricci curvature. Pick an origin O 2 M. The well-known Bishop-Gromov
volume comparison theorem tells us the ratioV ol(B (O;r))=r" is monotone nonin-
creasing inr 2 [0;+1 ). Thus there exists a limit

L= VoI(B(O;r)):

rt+1 rn

Clearly the number , is invariant under dilation and is independent of the choiceof
the origin.  is called the asymptotic volume ratio of the Riemannian manifold
M.

The following result obtained by Perelman in [103] shows th& any ancient -
solution must have zero asymptotic volume ratio. This resut for the Ricci ow on
Kahler manifolds was obtained by Chen and the second authoiin [32] independently.
Moreover in the Kahler case, as shown by Chen, Tang and the smnd author in [29]
(for complex two dimension) and by Ni in [98] (for all dimensions), the condition of
nonnegative curvature operator can be replaced by the weakecondition of nonnega-
tive bisectional curvature.

Lemma 6.3.1. Let M be ann-dimensional complete noncompact Riemannian
manifold. Supposeg; (x;t), x2 M andt2 (1 ;T) with T > 0, is a non at ancient
solution of the Ricci ow with nonnegative curvature operator and bounded curvature.
Then the asymptotic volume ratio of the solution metric sats es

_ . VoOl(Bt(O;r)) _
m®=lim —— 5 =0
foreacht2 (1 ;T).

Proof. The proof is by induction on the dimension. When the dimensim is two,
the lemma is valid by Theorem 6.2.2. For dimension 3, we argue by contradiction.
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Suppose the lemma is valid for dimensions n 1 and suppose y (tp) > 0
for somen-dimensional non at ancient solution with nonnegative curvature operator
and bounded curvature at some timetys 0. Fixing a point xo 2 M, we consider the
asymptotic scalar curvature ratio

A= limsup R(x;to)dZ (X;Xo):

dig(xx0)! +1

We divide the proof into three cases.

Casel: A=+1.

By Lemma 6.1.3, there exist sequences of pointsy, 2 M divergent to in nity, of
radii ry ! +1 , and of positive constants x ! 0 such that

() R(x;to) (1+ k)R(xk;to) forall x in the ball B¢, (Xk; r) of radius ry around

Xk

(i) r2R(xk;to)! +1 ask! +1,

(iii) diy(Xk;Xo)=rx ! +1.

By scaling the solution around the points xx with factor R(xg;to), and shifting
the time tp to the new time zero, we get a sequence of rescaled solutions

S

o(S) = R(Xk;to)g ;to+ R(xx:to)

to the Ricci ow. Since the ancient solution has nonnegative curvature operator
and bounded curvature, there holds the Li-Yau-Hamilton inequality (Corollary 2.5.5).
Thus the rescaled solutions satisfy

Rk(x;s) (1+ «)

forall s 0 andx 2 By, () (xk;rkp R(xk;to)): Since y (to) > O, it follows from
the standard volume comparison and Theorem 4.2.2 that the ifectivity radii of the
rescaled solutiongy, at the points xx and the new time zero is uniformly bounded be-
low by a positive number. Then by Hamilton's compactness therem (Theorem 4.1.5),
after passing to a subsequenceM; gk (s); Xk) will converge to a solution (M; g(s); O)
to the Ricci ow with

R(y;s) 1; foralls 0Oandy?2 MN;
and
R(0;0)=1:
Since the metric is shrinking, by (i) and (iii), we get

R(Xk;to)dé( o+ sy (XoiXk) R(Xk;to)dé( t9) (X05 Xk)

R(xy ito)

which tends to +1 , ask ! +1, forall s 0. Thus by Proposition 6.1.2, for
eachs 0, (M; ¢g(s)) splits o a line. We now consider the lifting of the solutio n

(M &(s));s O; to its universal cover and denote it by (M; §(s));s  0: Clearly we
still have

v (0) > 0 and NT(O)> 0:
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By applying Hamilton's strong maximum principle and the de Rham decomposi-

tion theorem, the universal coverNf splits isometrically as X R for some (@ 1)-
dimensional non at (complete) ancient solution X with nonnegative curvature op-
erator and bounded curvature. These imply that x (0) > 0, which contradicts the
induction hypothesis.

Case2: 0<A< +1.
Take a sequence of pointxy divergent to in nity such that

R(Xk;to)d? (xk;Xo) ! A; ask! +1:

Consider the rescaled solutions ¥1; gk (s)) (around the xed point Xg), where

o (S) = R(xk;to)g to :s2(1 ;0

[
+

R(Xk;to)
Then there is a constantC > 0 such that

8
3 R(x0)  C=cf(x:x0;0);
(6.3.1) Rk(Xk;0)=1;
3 p_
dk (Xk; X0; 0) ! A> 0

where di ('; Xp; 0) is the distance function from the point Xy in the metric gg (0).

Since y (to) > 0, it is a basic result in Alexandrov space theory (see for exaple
Theorem 7.6 of [20]) that a subsequence of\; gk(S); Xo) converges in the Gromov-
Hausdor sense to ann-dimensional metric cone (; g(0); xo) with vertex Xp.

By (6.3.1), the standard volume comparison and Theorem 4.2, we know that the
injectivity radius of ( M; gx(0)) at xk is uniformly bounded from below by a positive
number . After taking a subsequence, we may assumey converges to a pointx;
in NI nfxeg. Then by Hamilton's compactness theorem (Theorem 4.1.5), w can take
a subsequence such that the metricgi (s) on the metric balls Bo(Xy; % o) M with
respect to the metric g¢(0)) converge in the Cl. topology to a solution of the Ricci
ow on a ball Bo(xs ; % 0). Clearly the Cl_ limit has nonnegative curvature operator
and it is a piece of the metric cone at the times = 0. By (6.3.1), we have

(6.3.2) R(x1 ;0)=1:

Let x be any point in the limiting ball Bo(X; ; % 0) and e; be any radial direction
at x. Clearly Ric(e;;e;) = 0. Recall that the evolution equation of the Ricci tensor

in frame coordinates is

@
—Bab = &' Rap + 2RachdRed:

@
Since the curvature operator is nonnegative, by applying Hailton's strong maximum
principle (Theorem 2.2.1) to the above equation, we deduceltat the null space ofRic
is invariant under parallel translation. In particular, al | radial directions split o
locally and isometrically. While by (6.3.2), the piece of the metric cone is non at.
This gives a contradiction.

Case3: A =0.
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The gap theorem as was initiated by Mok-Siu-Yau [93] and esthlished by Greene-
Wu [49, 50], Eschenberg-Shrader-Strake [45], and Drees [4dhows that a complete
noncompactn-dimensional (exceptn = 4 or 8) Riemannian manifold with nonnegative
sectional curvature and the asymptotic scalar curvature rdio A =0 must be at. So
the present case is ruled out except in dimensiom = 4 or 8. Since in our situation
the asymptotic volume ratio is positive and the manifold is the solution of the Ricci
ow, we can give an alternative proof for all dimensions as ftlows.

We claim the sectional curvature of (M; g (X;to)) is positive everywhere. Indeed,
by Theorem 2.2.2, the image of the curvature operator is justhe restricted holonomy
algebraG of the manifold. If the sectional curvature vanishes for sone two-plane, then
the holonomy algebraG cannot beso(n). We observe the manifold is not Einstein since
it is noncompact, non at and has nonnegative curvature opeator. If Gis irreducible,
then by Berger's Theorem [7],G= u(%). Thus the manifold is Kahler with bounded
and nonnegative bisectional curvature and with curvature decay faster than quadratic.
Then by the gap theorem obtained by Chen and the second authoin [31], this Kahler
manifold must be at. This contradicts the assumption. Hence the holonomy algebra
Gis reducible and the universal cover oM splits isometrically asNr; NI, nontrivially.
Clearly the universal cover of M has positive asymptotic volume ratio. SoNr; and
N, still have positive asymptotic volume ratio and at least one of them is non at.
By the induction hypothesis, this is also impossible. Thus arr claim is proved.

Now we know that the sectional curvature of (M; gj (X; to)) is positive everywhere.
Choose a sequence of points, divergent to in nity such that

8

3 R(Xk; to)dZ (Xk;Xo) = supfR(X; to)dZ (X;Xo) j 0o (X;X0) ko (Xk:X0);
di, (Xk;Xo0)  k;
R(Xk;to)dZ (Xk;Xo) = "k ! O

Consider the rescaled metric

% (0) = R(xk;to)g( ;to)
as before. Then
Re(0) "k=(x0;0); for de(xix0;0) P i

6.3.3
( ) dk (Xk; X0;0) = p“I! 0:

As in Case 2, the rescaled marked solutiond\{; g (0); Xo) will converge in the Gromov-
Hausdor sense to a metric cone §; §(0);Xo). And by the virtue of Hamilton's
compactness theorem (Theorem 4.1.5), up to a subsequencdet convergence is in the
Cl. topology in Nt nfxog. We next claim the metric cone (M; &(0); Xo) is isometric
to R".

Indeed, let us write the metric cone M as a warped productR, , X" 1 for
some fi 1)-dimensional manifold X" *. By (6.3.3), the metric cone must be at
and X" 1 is isometric to a quotient of the round sphereS" ' by xed point free
isometries in the standard metric. To showM is isometric to R", we only need to
verify that X" ! is simply connected.

Let ' be the Busemann function of M;g; ( ;to)) with respect to the point Xo.
Since M; gjj ( ;to)) has nonnegative sectional curvature, it is easy to see thiafor any
small " > 0, there is arg > 0 such that

(I ")d,(%x0) " (x)  di (X X0)
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for all X 2 M nBy,(Xo;ro). The strict positivity of the sectional curvature of the
manifold (M; g; ( ;to)) implies that the square of the Busemann function is strictly
convex (and exhausting). Thus every level set (a), with a> inff' (x) jx 2 M g, of
the Busemann function' is di eomorphic to the (n  1)-sphereS” 1. In particular,
" a; %a]) is simply connected fora > inff' (x) j x 2 Mgsincen 3.

Consider an annulus portion [£2] X" ! of the metric coneM = R, X" 1.
It is the limit of ( My; gk (0)), where

( )
1 2
Mk = X 2 M p: dt (X,XO) p:
R(Xk; to) ° R(xk; to)
It is clear that
" #! " #!
N . 1 _n2(1 ") " L 1" . 2

" R(xk to) | R(xk; to) "Rxk:to) | R(Xk;to)

for k large enough. Thus any closed loop irf %g X" 1 can be shrunk to a point by
a homotopy in [1;2] X" 1. This shows that X" ! is simply connected. Hence we
have proven that the metric cone (W; g(0); Xo) is isometric to R". Consequently,

~ VOlgo) Bow) Xoi Pep=s NBgqo) Xoi P
lim . = 21 "
Kl +1 ;

R(Xk:to)

foranyr> 0 and 0< < 1, where , is the volume of the unit ball in the Euclidean
spaceR". Finally, by combining with the monotonicity of the Bishop- Gromov volume
comparison, we conclude that the manifold M; gj ( ;to)) is at and isometric to R".
This contradicts the assumption.

Therefore, we have proved the lemmall

Finally we would like to include an alternative simpler argument, inspired by Ni
[98], for the above Case 2 and Case 3 to avoid the use of the gapeorem, holonomy
groups, and asymptotic cone structure.

Alternative Proof for Case 2 and Case 3. Let us consider the situation of 0
A< +1 in the above proof. Observe that y (t) is nonincreasing in timet by using
Lemma 3.4.1(ii) and the fact that the metric is shrinking in t. Suppose v (tg) > 0O,
then the solution g; (;t) is -noncollapsed fort  tg for some uniform > 0. By
combining with Theorem 6.2.1, there exist a sequence of pois ¢x and a sequence of
timesty ! 1 such that the scalings ofg; ( ;t) around g with factor jtxj ! and with
the times ty shifting to the new time zero converge to a non at gradient shrinking
soliton M in the C1. topology. This gradient soliton also has maximal volume gravth
(i.,e. (1) > 0) and satis es the Li-Yau-Hamilton estimate (Corollary 2.5.5). If the
curvature of the shrinking soliton M at the time 1 is bounded, then we see from
the proof of Theorem 6.2.2 that by using the equations (6.2.2)-(6.2.26), the scalar
curvature has a positive lower bound everywhere oM at the time 1. In particular,
this implies the asymptotic scalar curvature ratio A = 1 for the soliton at the time

1, which reduces to Case 1 and arrives at a contradiction by te dimension reduction
argument. On the other hand, if the scalar curvature is unbownded, then by Lemma
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6.1.4, the Li-Yau-Hamilton estimate (Corollary 2.5.5) and Lemma 6.1.2, we can do
the same dimension reduction as in Case 1 to arrive at a contidiction also. O

The following lemma is a local and space-time version of Lemm6.1.4 on picking
local (almost) maximum curvature points. We formulate it fr om Perelman's argu-
ments in the section 10 of [103].

Lemma 6.3.2. For any positive constantsB;C with B > 4 and C > 100Q there

existsl A< minf 1B; 1&5Cg which tends to in nity as B and C tend to in nity and

satis es the following property. Suppose we have a (not nessarily complete) solution
gj (t) to the Ricci ow, dened on M [ to;0], so that at each timet 2 [ to;0]
the metric ball B¢(xp;1) is compactly contained in M. Suppose there exists a point
(x%t% 2 M  ( tg;0] such that

do(x% xo) % and jRm(x%t9j>C + B(t°+ to) *:
Then we can nd a point (x;t) 2 M ( tg;0] such that

d(xx0) < 3 with Q= Rm(x; 1 >C + B(t+ to)
and

JRm(x;t)j  4Q

(N[

forall ( to<)t AQ ' t tandd(xx) SAZQ

Proof. We rst claim that there exists a point ( x;t) with tg < t 0 and
di(x; Xo0) < % such that

Q=jRm(x;t)j >C + B(t+to) %
and
(6.3.4) JRm(x;t)]  4Q

wherevert AQ 1 t t di(x;xo) di(X;X0)+(AQ 1)z:
We will construct such (x;t) as a limit of a nite sequence of points. Take an
arbitrary ( x3;t1) such that

dt, (X1; Xo0) %; to<t; 0 and jRM(x1;t1)j>C + B(ty + to) L

Such a point clearly exists by our assumption. Assume we havalready constructed
(Xk;tk): If we cannot take the point (xi;tk) to be the desired point (x; t), then there
exists a point (Xk+1 ; tk+1 ) such that

te  AJRMXt)] botker tis
and
Ghes (Xke1iX0) Gy (Xk; X0) + (AJRM(Xi; t)j 1%
but

JRM (X1 5tk )j > 4RmM(Xk; ti)j:
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It then follows that
!

X
O, ., (Xks13Xo) Gy (X15X0) + A2 jRmM(xi;t)j 2
i=1 |
1 i (i 1); Sty L
£_1+ Az 2 JRM(xq;t1)j 2
i=1
1 1 1
o+
4T 2AAC H?
1
< =
3

X
tker ()= (tier )+ (tr ( to))
i=1

X
ARm(xi;t)j t+(t1 ( to))

X
A 4 CYRM(xty)] Y+ (ts ( to))
i=1

2A
E(tl + to) + (t1 + to)

1

_ + .

2(t1 to);
and

JRM (Xke1 5 tist ) > 4 GRM(X1;t1)]
4&C! +1 ask! +1:

Since the solution is smooth, the sequenck(xk;tk)gis nite and its last element ts.
Thus we have proved assertion (6.3.4).
From the above construction we also see that the chosen pointx; t) satis es

(xi%0) < 3
and
Q= jRm(x;1)j >C + B(t+ to)
Clearly, up to some adjustment of the constantA, we only need to show that

(6:3:4)° JRm(x;t)j  4Q

[N

wherevert -:-A7Q ' t t and di(xx) SAZQ
For any point (x; t) with d; (x; x) %A%Q z, we have
di(X;X0) i (X;X0) + di(X; X)
d(x;xo0) + (AQ 1)?
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and then by (6.3.4)
jJRm(x;t)j 4Q:

Thus by continuity, there is a minimal °2 [t ,5-A2Q %;t] such that

[N

(6.3.5) sup jJRM(x:t)jjt® t t di(xX) iA%Q

10 5Q:

For any point (x;t) with t° t tand di(x;X) #(AQ 1)z, we divide the
discussion into two cases.

Case(1): di(x;x0) =(AQ 1)2.
From assertion (6.3.4) we see that

(6:3:5)° supfRM(x:t)j j t© t t du(xxo) (AQ YHig 40:
Sincedi(x;x0) S(AQ )%, we have
di(X;x0)  di(X; x) + di(X; Xo)
1 i, 3 i
E(AQ )z + E(AQ )2
(AQ 12
which implies the estimate jRm(x;t)j 4Q from (6.3.5)".
Case(2): di(x;Xo0) > &(AQ 1)%.
From the curvature bounds in (6.3.5) and (6.3.5, we can apply Lemma 3.4.1 (ii)
with ro = £Q 2 to get
d 1
gi(d(xx0) 400 1)Q=

and then

1

di(x;X0)  dp(X;Xo) +40n(Q?) mA%Q L

di(xixo) + £(AQ 1)

where f' 2 (t; t] satis es the property that ds(x;Xo) %(AQ 1)% whenevers 2 [t; f].
So we have either

di(X;Xo)  di(X; x) + di(X;X0)
L Ao 9+ 2a0 HE+ Lao 1t
10AQ N+ 15(AQ 1+ =(AQ )
(AQ )%

or

di(X;X0)  de(X; X) + di(X;X0)
5(AQ HE+ dxixo)+ S(AQ B!
di (X X0) + (AQ 1)
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It then follows from (6.3.4) that jRm(x;t)j 4Q.
Hence we have proved

JRm(x;t)j  4Q

for any point (x;t) with t° t tanddi(x;x) (AQ 1)2. By combining with
the choice oft®in (6.3.5), we must havet®= t ,i_A2Q 1. This proves assertion
(6.3.4)"

Therefore we have completed the proof of the lemmall

We now use the volume lower bound assumption to establish therucial curvature
upper bound estimate of Perelman [103] for the Ricci ow. Forthe Ricci ow on
Kahler manifolds, a global version of this estimate (i.e., curvature decaying linear in
time and quadratic in space) was independently obtained in29] and [32]. Note that
the volume estimate conclusion in the following Theorem 6.3 (ii) was not stated in
Corollary 11.6 (b) of Perelman [103]. The estimate will be usd later in the proof of
Theorem 7.2.2 and Theorem 7.5.2.

Theorem 6.3.3 ( Perelman [103]. For every w > O there existB = B(w) <
+1; C=C(w) < +1; o= ow >0 and = (w) > 0 (depending also
on the dimension) with the following properties. Suppose we have @ot necessarily
completd solution g; (t) to the Ricci ow, dened on M [ tor3;0]; so that at each
time t 2 [ tor3;0] the metric ball B¢ (Xo;ro) is compactly contained in M:

(i) If at each time t 2 [ tor3;0],

RmM(:;t) o2 on By(Xo;ro)

and Vol ((Bt(Xo;ro)) Wwrg;
then we have the estimate
jRM(x;t)] Cro?+ B(t+ tord) !

whenever tord <t 0 and di(X; Xo) %ro:
(i) If for some 0< to,

Rm(x;t) ro? for t2[ r2;0}x 2 Bi(xo;ro);

and Vol o(Bo(Xo;ro)) wrg;
then we have the estimates
Vol (Bi(Xo;ro)) r§ forall maxf r3; ordg t O
and

jRm(x;t)] Cro2+ B(t maxf r3; orig) !

whenevermaxf r3; orjg<t Oanddi(x;xo) 3o
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Proof. By scaling we may assumeg =1:

() By the standard (relative) volume comparison, we know that there exists
somew?®> 0, with w® w, depending only onw, such that for each point (x;t) with
to t Oanddi(x;xo) 3;and foreachr 1, there holds

(6.3.6) Vol ((Bi(x;r))  wo":
We argue by contradiction. Suppose there are sequenc& C ! +1 ; of solutions
gj (t) and points (x%t9 such that
do(x% X0) %; to<t® 0 and jRm(x%t%j>C + B(t%+ to) ®:

Then by Lemma 6.3.2, we can nd a sequence of pointsx t) such that

1
d; (x; xo) < §;

Q= jRm(x;t)j>C + B(t+to) %
and
JRm(x;t)j  4Q

wherever ( to<)t AQ ' t t di(xx) #&AZQ 2, whereA tends to in nity

with B;C. Thus we may take a blow-up limit along the points (x;t) with factors Q
and get a non- at ancient solution (M ; gi(jl )(t)) with nonnegative curvature operator
and with the asymptotic volume ratio y, (t) w°> 0 for eacht 2 (1 ;0] (by
(6.3.6)). This contradicts Lemma 6.3.1.

(i) Let B(w); C(w) be good for the rst part of the theorem. By the volume
assumption att = 0 and the standard (relative) volume comparison, we still have the
estimate

(6:3:6)° Vol o(Bo(x;r))  wo"

for eachx 2 M with do(X;Xo) % and r 1 We will show that =5 "w®
B=B(5 "w)and C = C(5 "w9 are good for the second part of the theorem.

By continuity and the volume assumption at t = 0, there is a maximal subinterval
[ ;0] of the time interval [ ; O] such that

wl

Vol {(B¢(x0;1)) w 5 "W forall t2[ ;O

This says that the assumptions of (i) hold with 5 "w? in place of w and with in
place oftg. Thus the conclusion of the part (i) gives us the estimate

(6.3.7) jRm(x;t)j C+B(t+ )1

whenevert 2 ( ; 0] and d;(X; Xo) %.

We need to show that one can choose a positivey depending only onw and the
dimension such that the maximal minf ; og.
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Fort2( ;0]andi di(x;Xo) %, we use (6.3.7) and Lemma 3.4.1(ii) to get

Satoxa 100 nCTH(B T )

which further gives

do(x;x0) d (x;xo) 10(n 1) IDE+2'DB_):
This means

(6.3.8) B( )(x0iz) Bo xo;% 10(n 1)(p6+2pB_)

Note that the scalar curvature R

C(n) for some constantC(n) depending
only on the dimension sinceRm

1: We have

p— pP—
EV0|t Bo Xo;} 10n 1) C+2 B)
dtZ 4

o _p_ ( RV
Bo(xo;+ 10(n 1) C+2 B ))

p_—

C(n)Vol; By xo;%1 100 1) Pes2 B )

and then

(6.3.9) Vol Bg xo;% 10(h 1) p6+2p|3_)

e“™ Vol ) Bo xo;%1 10(n 1)(p6+2pB_)

Thus by (6.3.6)°, (6.3.8) and (6.3.9),

Vol (B¢ ))(Xo;1)

1
VO|( )(B( )) XQ;Z

P~ _P_—
V0|( ) By Xo;% 10(n 1)( C+2 B)

e €M vol, By xo;% 10(h 1) Pc+2"B )

n
e €M yo 10(n  1)( IOE+2'OB_) :

N

So it su ces to choose ¢ = o(w) small enough so that

n n
e € o

1000 1) op c+2’ B o)

gl =

Therefore we have proved the theorem[
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6.4. Ancient  -solutions on Three-manifolds. In this section we will deter-
mine the structures of ancient -solutions on three-manifolds.

First of all, we consider a special class of ancient solutian| gradient shrinking
Ricci solitons. Recall that a solution g; (t) to the Ricci ow is said to be a gradient
shrinking Ricci soliton if there exists a smooth functionf such that

(6.4.1) rirjf + Ry + 2_1'[9” =0 for 1 <t< O

A gradient shrinking Ricci soliton moves by the one paramete group of di eomor-
phisms generated byr f and shrinks by a factor at the same time.

The following result of Perelman [103] gives a complete clascation for all three-
dimensional complete -noncollapsed gradient shrinking solitons with bounded an
nonnegative sectional curvature.

Lemma 6.4.1 (Classication of three-dimensional shrinking solitons). Let
(M;gj (t)) be a nonat gradient shrinking soliton on a three-manifold. Suppose
(M; gj (t)) has bounded and nonnegative sectional curvature and is-noncollapsed
on all scales for some > 0. Then (M;gj; (t)) is one of the following:

(i) the round three-sphere S°, or a metric quotient of S°;

(i) the round in nite cylinder S* R, or one of its Z, quotients.

Proof. We rst consider the case that the sectional curvature of the non at
gradient shrinking soliton is not strictly positive. Let us pull back the soliton to its
universal cover. Then the pull-back metric is again a non at ancient -solution. By
Hamilton's strong maximum principle (Theorem 2.2.1), we know that the pull-back
solution splits as the metric product of a two-dimensional ron at ancient -solution
and R. Since the two-dimensional non at ancient -solution is simply connected, it
follows from Theorem 6.2.2 that it must be the round sphereS?. Thus, the gradient
shrinking soliton must be > R=, a metric quotient of the round cylinder.

Foreach 2 and (x;s) 2 & R, we write (x;8) = ( 1(x;S); 2(x;s)) 2
S R. Since sends lines to lines, and sends cross spheres to cross sphevee have

2(x;8) = 2(y;s), for all x;y 2 S?. This says that , reduces to a function ofs
alone onR. Moreover, for any (x;s);(x%s% 2 S R, since preserves the distances
between cross sphereS? f sgand S* f s%, we havej »(x;s) 2(x%s9j=js sY.
So the projection , of to the second factor R is an isometry subgroup ofR. If the
metric quotient S R= were compact, it would not be -noncollapsed on su ciently
large scalesas! 1 . Thus the metric quotient S> R= is noncompact. It follows
that , = fig or Z,. In particular, there is a -invariant cross sphere S? in the round
cylinder & R. Denote itby S f 0g. Then acts on the round two-sphere S* f Og
isometrically without xed points. This implies is either flg or Z,. Hence we
conclude that the gradient shrinking soliton is either the round cylinder S R, or
RP? R, or the twisted product S*~R whereZ, ips both S? and R.

We next consider the case that the gradient shrinking solitm is compact and has
strictly positive sectional curvature everywhere. By the proof of Theorem 5.2.1 (see
also Remark 5.2.8) we see that the compact gradient shrinkig soliton is getting round
and tends to a space form (with positive constant curvature)as the time approaches
the maximal time t = 0. Since the shape of a gradient shrinking Ricci soliton dos
not change up to reparametrizations and homothetical scalgs, the gradient shrinking
soliton has to be the round three-sphereS® or a metric quotient of S.

Finally we want to exclude the case that the gradient shrinking soliton is non-
compact and has strictly positive sectional curvature eveywhere.
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Suppose there is a (complete three-dimensional) noncompac -noncollapsed gra-
dient shrinking soliton g; (t), 1 <t< 0, with bounded and positive sectional cur-
vature at eacht 2 (1 ;0) and satisfying the equation (6.4.1). Then as in (6.2.25),
we have

(6.4.2) riR= 2Rij r jfi

Fix somet < 0, sayt = 1, and consider a long shortest geodesio(s),0 s s:
Let xo = (0) and X (s) = _(s): Let U(0) be any unit vector orthogonal to _(0) and
translate U(0) along (s) to get a parallel vector eld U(s),0 s s,on . Set

8
3 sU(s); for 0 s 1;
B(s) = 5 u(s); for 1 s s 1
(s s)U(s); for s 1 s s

It follows from the second variation formula of arclength that
Z S
(i8(s)i> R(X; 8;X;8)ds O
0

Since the curvature of the metricg; (1) is bounded, we clearly have
Z S
R(X;U;X;U )ds const
0

and then
Z S
(6.4.3) Ric(X;X )ds const:
0
Moreover, since the curvature of the metricg; (1) is positive, it follows from the
Cauchy-Schwarz inequality that for any unit vector eld Y along and orthogonal to
X (= _(s)); we have

Z S Z S
jRic (X;Y)j2ds Ric (X; X )Ric(Y;Y)ds
0 0
Z S
const Ric (X; X )ds
0
const
and then
Z D
(6.4.4) jRic(X;Y)jds const ( s+1):
0

From (6.4.1) we know

rxrxf+Ric(X;X)

NI =
I
o

and by integrating this equation we get
Z S
X{@EC () X{EC@O)+ Ric (X; X )ds :_ZLS =0:
0
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Thus by (6.4.3) we deduce
s .S
(6.4.5) > const h X;r f( (9)i > +const::

Similarly by integrating (6.4.1) and using (6.4.4) we can daluce
(6.4.6) jhy;r f( (s))ij const (p§+1):

These two inequalities tell us that at large distances from he xed point xq the
function f has no critical point, and its gradient makes a small angle with the gradient
of the distance function from xg.

Now from (6.4.2) we see that at large distances fronxg, R is strictly increasing
along the gradient curves off , in particular

R= limsup R(x; 1)> 0:
di 1 (xxo0)! +1

Let us choose a sequence of pointx(; 1) where R(xx; 1)! R. By the noncol-
lapsing assumption we can take a limit along this sequence gfoints of the gradient
soliton and get an ancient -solution dened on 1 <t< 0. By Proposition 6.1.2,
we deduce that the limiting ancient -solution splits o a line. Since the soliton has
positive sectional curvature, we know from Gromoll-Meyer p2] that it is orientable.
Then it follows from Theorem 6.2.2 that the limiting solutio n is the shrinking round
in nite cylinder with scalar curvature R attime t = 1. Since the limiting solution
exists on (1 ;0), we conclude thatR 1. Hence

R(x; 1)<1

when the distance fromx to the xed Xg is large enough on the gradient shrinking
soliton.

Let us consider the level surfacef = ag of f. The second fundamental form of
the level surface is given by

rf
jr fj
rirjf=jr fj; ij =12

hj = r; ;€

wherefe;; eog is an orthonormal basis of the level surface. By (6.4.1), we &we

1 . 1 R :

2 . T Roo — 1.0

> Ric(e; &) 5 50 i=1;2

since for a three-manifold the positivity of sectional cunature is equivalent to R
2Ric. It then follows from the rst variation formula that

relef =

d z rf
(6.4.7) —Areaff = ag= div ——
da ff:ag Jr fJ
VA
i(l R)
ff=ag Ir fJ
z 1
ff=ag r fJ

0
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for a large enough. We conclude that Areaf f = ag strictly increases asa increases.
From (6.4.5) we see that fors large enough

o

> const:
ds 2 ’

and then
f = t +1):
7 const (s+1)
Thus we get from (6.4.7)

d 1 R
ElAreaff = ag > —Zp?Areaff = ag

for a large enough. This implies that
log Areaff = ag> (1 R)pﬁ const

for alarge enough. Butitis clear from (6.4.7) that Areaff = agis uniformly bounded
from above by the area of the round sphere of scalar curvatur® for all large a. Thus
we deduce thatR =1. So

(6.4.8) Areaff = ag< 8

for a large enough.

Denote by X the unit normal vector to the level surface ff = ag. By using the
Gauss equation and (6.4.1), the intrinsic curvature of the kvel surfaceff = ag can
be computed as

(6.4.9) intrinsic curvature
= Ry212 +det(hj)
_1 L det(Hess { ))
= 2(R 2Ric (X; X)) + TR
LR 2Ric(XX )+ —L(tr (Hess (f )))?
2 ’ 4jr fj2
1 . 1 2
= 2(R 2Ric (X; X ) + 2 sz(l (R Ric(X;X))

(1 R+Ric(X;X))?
2r 112

=2 1 Ric(X;X) (1 R+Ric(X;X))+

NI NI

for su ciently large a, since (1 R+ Ric(X;X )) > Oandjr fjis large whena s large.
Thus the combination of (6.4.8) and (6.4.9) gives a contradition to the Gauss-Bonnet
formula.

Therefore we have proved the lemmall

As a direct consequence, there is a universal positive coremtit  such that
any non at three-dimensional gradient shrinking soliton, which is also an ancient
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-solution, to the Ricci ow must be -noncollapsed on all scales unless it is a met-
ric quotient of round three-sphere. The following result, daimed by Perelman in
the section 1.5 of [104], shows that this property actually tolds for all non at three-
dimensional ancient -solutions.

Proposition 6.4.2 ( Universal noncollapsing. There exists a positive constant

o with the following property. Suppose we have a non at thregimensional ancient

-solution for some > 0. Then either the solution is g-noncollapsed on all scales,
or it is a metric quotient of the round three-sphere.

Proof. Let g; (x;t);x 2 M andt 2 (1 ;0], be a non at ancient -solution for
some > 0. For an arbitrary point ( p;tp) 2 M (1 ;0], we de ne as in Chapter 3
that

=ty t; for t<to;
1 p_ o .
I(a; )= p=inf . S(R( (s)ito )+ j_(9ig, (t, s))dSi

[0 1Y M owith Q=p; ()=q ;
Z
and ¥( )= M(4 ) 2exp( I(a; ))dV, (0):

Recall from (6.2.1) that for each > 0 we can nd q= g( ) such that I(q; ) %
In view of Lemma 6.4.1, we may assume that the ancient -solution is not a gradient
shrinking Ricci soliton. Thus by (the proof of) Theorem 6.2.1, the scalings ofg; (to )

at q( ) with factor ~ * converge along a subsequence oft +1 to a non at gradient

shrinking soliton with nonnegative curvature operator which is -noncollapsed on all
scales. We now show that the limit has bounded curvature.

Denote the limiting non at gradient shrinking soliton by ( M; g; (x;t)) with 1 <
t 0. Note that there holds the Li-Yau-Hamilton inequality (Th eorem 2.5.4) on any
ancient -solution and in particular, the scalar curvature of the ancient -solution is
pointwise nondecreasing in time. This implies that the scahr curvature of the limiting
soliton (M; gj (x;t)) is still pointwise nondecreasing in time. Thus we only neéd to
show that the limiting soliton has bounded curvature at t = 0.

We argue by contradiction. By lifting to its orientable cover, we may assume
that M is orientable. Suppose the curvature of the limiting solita is unbounded at
t = 0. Of course in this case the limiting soliton M is noncompact. Then by applying
Lemma 6.1.4, we can choose a sequence of poimisj = 1;2;:::; divergent to in nity
such that the scalar curvature R of the limit satis es

R(x;;0) j and R(x;0) 4R(x;;0)

for all x 2 Bo(X; ;j:p R(xj;0)) andj =1;2; :::. Since the scalar curvature is nonde-
creasing in time, we have

(6.4.10) R(x;t) 4R(x;;0);

for all x 2 Bo(X ;j:p R(xj;0)), al t Oandj = 1;2 :::. By combining with

Hamilton's compactness theorem (Theorem 4.1.5) and the -noncollapsing, we know
that a subsequence of the rescaled solutions

(M; R(x;;0)g; (x;t=R(x;;0));%;); j =1:2:::;
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converges in theCl_ topology to a non at smooth solution of the Ricci ow. Then
Proposition 6.1.2 implies that the new limit at the new time ft = 0g must split o

a line. By pulling back the new limit to its universal cover and applying Hamilton's

strong maximum principle, we deduce that the pull-back of the new limit on the

universal cover splits o a line for all time t 0. Thus by combining with Theorem

6.2.2 and the argument in the proof of Lemma 6.4.1, we furtherdeduce that the new
limit is either the round cylinder S° R or the round RP? R. SinceM is orientable,
the new limit must be S> R. Since (M; g; (x; 0)) has nonnegative curvature operator
and the points fx; g going to in nity and R(x;;0)! +1 , this gives a contradiction
to Proposition 6.1.1. So we have proved that the limiting gradient shrinking soliton

has bounded curvature at each time.

Hence by Lemma 6.4.1, the limiting gradient shrinking soliton is either the round
three-sphereS® or its metric quotients, or the in nite cylinder S* R or one of its
Z, quotients. If the asymptotic gradient shrinking soliton is the round three-sphere
S® or its metric quotients, it follows from Lemma 5.2.4 and Proposition 5.2.5 that
the ancient -solution must be round. Thus in the following we may assume he
asymptotic gradient shrinking soliton is the in nite cylin der $ R or a Z, quotient
of  R.

We now come back to consider the original ancient -solution (M; gj (x; t)). By
rescaling, we can assume thaR(x;t) 1 for all (x;t) satisfying di,(x;p) 2 and
t2 [t 1;tg]. We will argue as in the proof of Theorem 3.3.2 (Perelman's a local
collapsing theorem 1) to obtain a positive lower bound for Vd ¢, (B¢, (p; 1)).

Denote by = Vol to(Bto(p;b))%. For any v 2 ToM we can nd an L-geodesic

( ), starting at p, with lim | ¢+ () = v: It follows from the L-geodesic equation
(3.2.1) that
dP-y P rioric® ;) =0
d 2
By integrating as before we see that for with the property () 2 By, (p;1) as

long as < , there holds

P ) vi ¢+

where C is some positive constant depending only on the dimension. \thout loss of

generality, we may assumeC % and 5. Then for v 2 ToM with jvj 1 2
and for with the property ( ) 2 By,(p;1) aslong as < , we have
Z
dio(P; (1)) . i_()id
A
SN
>~ =
=1:
This shows

(6.4.11) Lexp jvj () By(pl):

Al
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We decompose Perelman's reduced volum€( ) as

z
(6.4.12) ®()=

Lexp jvi &+ 2 ()
z

+ @ ) Texp( I(q; )dV, (9

L 1
MnLexp jvj + 2 ()

By using (6.4.11) and the metric evolution equation of the Rcci ow, the rst term
on the RHS of (6.4.12) can be estimated by

z

. @) Fexp( I(g; AV, (a)
szpfjvi L 2g()
@ ) %€ dv,(9)
Big(p;1)
=@4 ) e *?
3.

<

while by using Theorem 3.2.7 (Perelman's Jacobian comparan theorem), the second
term on the RHS of (6.4.12) can be estimated by

Z
(6.4.13) @ ) Fexp( I(a; NdV, ()

MnLexp jvj & 2 ()
Z

@ ) Fexp( 1( I ()i =dv

[NC

fj vj>

=4 )

z g

Njw B

exp(j vj?)dv

1
fivi>3 2g

Njw

<

since lim | o+ $J ()=1andlim , ¢ I( )= jvj? by (3.2.18) and (3.2.19) respec-
tively. Thus we obtain

(6.4.14) ®()< 2 %

On the other hand, we recall that there exist a sequencex ! +1 and a sequence
of points g( k) 2 M with I(q( k); «) % so that the scalings of the ancient -solution
at g( ) with factor ! converge to either roundS? R or one of its Z, quotients.

For su ciently large k, we construct a path : [0;2 (]! M, connectingp to any
given point 2 M, as follows: the rst half path jj. ,; connectsp to ( «) such that
z

@i 0= p= TR 2

and the second half path j; ., ,j is a shortest geodesic connecting|( «) to g with
respect to the metric g; (tﬁ k). Note that the rescaled metric lgij (to ) over
the domain By, ,(a( «x); k) [to 2«k;to «]is suciently close to the round
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S Rorits Z, quotients. Then there is a universal positive constant such that

Lz Za o,
(@;2 k)  =p=— + (R+j_()j*d
2¢ o )

z
p_ 1 2kp_ L
2+ P (R+j_()j*d
ko«

forall g2 By, ,(q( «):P ). Thus
z
%2« = y @ @2x) *exp( 1(q;2 k)dV, 2, (0)
z

e ;@2 2% 2, (@
Big (a( x);" )

for some universal positive constant™ Here we have used the curvature estimate
(6.2.6). By combining with the monotonicity of Perelman's reduced volume (Theorem
3.2.8) and (6.4.14), we deduce that

- 92y ®()<2 7
This proves
Vol to(Bto(p;l)) 0> 0

for some universal positive constant . So we have proved that the ancient -solution
is also an ancient g-solution. O

The important Li-Yau-Hamilton inequality gives rise to a pa rabolic Harnack es-
timate (Corollary 2.5.7) for solutions of the Ricci ow with bounded and nonnegative
curvature operator. As explained in the previous section, he no local collapsing the-
orem of Perelman implies a volume lower bound from a curvatue upper bound, while
the estimate in the previous section implies a curvature upgr bound from a volume
lower bound. The combination of these two estimates as well sithe Li-Yau-Hamilton
inequality will give an important elliptic type property fo r three-dimensional ancient

-solutions. This elliptic type property was rst implicitl y given by Perelman in [103]
and it will play a crucial role in the analysis of singulariti es.

Theorem 6.4.3 ( Elliptic type estimate). There exist a positive constant and
a positive increasing function! : [0;+1)! (0;+1 ) with the following properties.
Suppose we have a three-dimensional ancientsolution (M;gj (t)); 1 <t  0; for
some > 0. Then

(i) for every x;y 2 M andt2 (1 ;0], there holds

ROGt)  R(yit) ! (R(y;)d?(xy));
(i) forall x2 M andt2 (1 ;0] there hold

ir Rj(x;t) R Z(x;t) and %‘?(x;t) R 2(x;t):
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Proof. (i) Consider a three-dimensional non at ancient -solution g (x;t) on
M (1 ;0]. Inview of Proposition 6.4.2, we may assume that the ancieat solution is
universal g-noncollapsed. Obviously we only need to establish the estiate att = 0.
Let y be an arbitrarily xed pointin M. By rescaling, we can assum&(y;0) = 1.

Let us rst consider the case that supf R(x; 0)d3(x;y) j x 2 Mg> 1. Dene z to
be the closest point toy (at time t = 0) satisfying R(z;0)d3(z;y) = 1. We want to
bound R(x; 0)=R(z;0) from above forx 2 By(z;2R(z;0) %):

Connecty and z by a shortest geodesic and choose a poirzt lying on the geo-
desic satisfyingdy(z; z) = %R(Z;O) z. Denote by B the ball centered at zand with
radius %R(Z;O) z (with respect to the metric at t = 0). Clearly the ball B lies in

Bo(y; R(z;0) %) and lies outside By(y; %R(Z;O) %). Thus for x 2 B, we have
ROGOB(GY) 1 and do(y) SR(zi0) !

and hence
R(x; 0) 1;1 forall x 2 B:
(3R(z;0) 2)2
Then by the Li-Yau-Hamilton inequality and the g-noncollapsing, we have

1 , 3
Vol ¢(B) 0 ZrR(z;O) 2

and then

Vol o(Bo(2i8R(z:0) #))  55(8R(z;0) )%

So by Theorem 6.3.3(ii), there exist positive constantsB ( ¢); C( o); and o( o) such
that

B( o)

(6.4.15) R(Xx;0) (C( o)+
o( o)

)R(z;0)

for all x 2 Bo(z;2R(z;0) 2).

We now consider the remaining case. IR(x; 0)d3(x;y) 1 everywhere, we choose
a point z satisfying supfR(x;0) j x 2 Mg 2R(z;0). Obviously we also have the
estimate (6.4.15) in this case.

We next want to bound R(z;0) for the chosenz 2 M. By (6.4.15) and the
Li-Yau-Hamilton inequality, we have

B( o)
o( o)

for all x 2 Bo(z;2R(z;0) %) and all t 0. It then follows from the local derivative
estimates of Shi that

R(xt) (C( o)+ )R(z;0)

%?z;t) €( o)R(z;0)%; forall R (z;0) t O
which implies

(6.4.16) R(z; cR (z;0)) cR(z;0)
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for some small positive constantc depending only on . On the other hand, by using
the Harnack estimate in Corollary 2.5.7, we have

(6.4.17) 1=R(y;0) eR(z; cR %(z;0))

for some small positive constante depending only on o, sincedo(y;z) R(z;0) z
and the metric g; (t) is equivalent on

Bo(z;2R(z;0) #) [ cR %(z;0);0]
with ¢ > 0 small enough. Thus we get from (6.4.16) and (6.4.17) that
(6.4.18) R(z;0) A&
for some positive constant& depending only on .
Since Bg(z;2R(z;0) %) Bo(y; R(z;0) %) and R(z;0) z (R) z, the combi-
nation of (6.4.15) and (6.4.18) gives

B( o)
o( o)

wheneverx 2 Bo(y; (&) %). Then by the o-noncollapsing there exists a positive
constant ro depending only on ¢ such that

Vol o(Bo(Y;ro))  ofs:

For any xed Ry rg, we then have

(6.4.19) R(x:0) (C( o)+ )&

r
Vol o(Bo(y;Ro))  ofd = o(R—‘;)3 RE:

By applying Theorem 6.3.3 (ii) again and noting that the constant ¢ is universal,
there exists a positive constant! (Rp) depending only onRq such that

R(x;0) ! (R3)  forall x 2 Bo(y; %Ro):

This gives the desired estimate.

(i) This follows immediately from conclusion (i), the Li-Y au-Hamilton inequality
and the local derivative estimate of Shi.O

As a consequence, we have the following compactness resuitelto Perelman [103].

Corollary 6.4.4 ( Compactness of ancient p-solutions). The set of non at
three-dimensional ancient g-solutions is compact modulo scaling in the sense that
for any sequence of such solutions and marking pointé; 0) with R(xx;0) =1, we
can extract aCl. converging subsequence whose limit is also an ancieng-solution.

Proof. Consider any sequence of three-dimensional ancieng-solutions and mark-
ing points (xx;0) with R(xx;0) = 1. By Theorem 6.4.3(i), the Li-Yau-Hamilton
inequality and Hamilton's compactness theorem (Theorem 41.5), we can extract a
Ct. converging subsequence such that the limit §1; g; (x;t)), with 1 <t 0,
is an ancient solution to the Ricci ow with nonnegative curvature operator and o-
noncollapsed on all scales. Since any ancieng-solution satis es the Li-Yau-Hamilton
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inequality, it implies that the scalar curvature R(x;t) of the limit ( M; g; (x;t)) is
pointwise nondecreasing in time. Thus it remains to show tha the limit solution has
bounded curvature att = 0.

Obviously we may assume the limiting manifold M is noncompact. By pulling
back the limiting solution to its orientable cover, we can asume that the limiting man-
ifold M is orientable. We now argue by contradiction. Suppose the sdar curvature
R of the limit at t =0 is unbounded.

By applying Lemma 6.1.4, we can choose a sequence of poirks 2 M;j =
1;2;:::; divergent to in nity such that the scalar curvature R of the limit satis es

R(x;;0) j and R(x;0) 4R(x;;0)

forallj =1;2;:::;andx 2 Bo(X; ;j=IO R(x;;0)). Then from the fact that the limiting
scalar curvature R(x;t) is pointwise nondecreasing in time, we have

(6.4.20) R(x;t) 4R(x;;0)

. B - . .
forallj =1;2;:::,x2 Bo(Xj;j= R(xj;0))andt 0. By combining with Hamilton's
compactness theorem (Theorem 4.1.5) and the g-noncollapsing, we know that a
subsequence of the rescaled solutions

(M; R(x;;0)g; (x;t=R(x;;0));%;); j =1:2:::;

converges in theCl_ topology to a non at smooth solution of the Ricci ow. Then
Proposition 6.1.2 implies that the new limit at the new time ft = 0g must split o
a line. By pulling back the new limit to its universal cover and applying Hamilton's
strong maximum principle, we deduce that the pull-back of the new limit on the
universal cover splits o a line for all time t 0. Thus by combining with Theorem
6.2.2 and the argument in the proof of Lemma 6.4.1, we furtheideduce that the new
limit is either the round cylinder S° R or the round RP? R. SinceM is orientable,
the new limit mustbe S> R. Moreover, since M; g; (x; 0)) has nonnegative curvature
operator and the points f x; g are going to in nity and R(x;;0)! +1 , this gives a
contradiction to Proposition 6.1.1. So we have proved that tie limit (M; g; (x;t)) has
uniformly bounded curvature. O

Arbitrarily x "> 0. Let gj (x;t) be a nonat ancient -solution on a three-
manifold M for some > 0. We say that a point xo 2 M is the center of an
evolving "-neck att =0, if the solution gj (x;t) inthe setf(x;t)j " 2Q <t
0;d2(x;x0) <" 2Q 1g, whereQ = R(xo;0); is, after scaling with factor Q, "-close (in
the cl' ] topology) to the corresponding set of the evolving round cyinder having
scalar curvature one att = 0.

As another consequence of the elliptic type estimate, we havthe following global
structure result obtained by Perelman in [103] for noncompat ancient -solutions.

Corollary 6.4.5. For any "> 0 there existsC = C(") > 0, such that if g; (t)
is a non at ancient -solution on a noncompact three-manifoldM for some > 0,
and M- denotes the set of points inM which are not centers of evolving'-necks at
t =0, then att = 0, either the whole manifoldM is the round cylinder S R or its
Z, metric quotients, or M- satis es the following

(i) M- is compact,

(i) dam M- CQ z andC !Q R(x;0) CQ, wheneverx 2 M-, where

Q = R(Xp;0) for some xp 2 @M.
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Proof. We rst consider the easy case that the curvature operator ofthe ancient
-solution has a nontrivial null vector somewhere at some tine. Let us pull back the
solution to its universal cover. By applying Hamilton's str ong maximum principle and
Theorem 6.2.2, we see that the universal cover is the evolvinround cylinder & R.
Thus in this case, by the argument in the proof of Lemma 6.4.1we conclude that
the ancient -solution is either isometric to the round cylinder $ R or one of its Z,
metric quotients (i.e., RP> R, or the twisted product S* ~R where Z, ips both $?,
or R).

We then assume that the curvature operator of the non at ancient -solution is
positive everywhere. Firstly we want to showM- is compact. We argue by contra-
diction. Suppose there exists a sequence of pointg; k = 1;2;:::, going to in nity
(with respect to the metric g; (0)) such that each z, is not the center of any evolving
"-neck. For an arbitrarily xed point zy 2 M, it follows from Theorem 6.4.3(i) that

0<R(20;0) R(z;0) ! (R(z;0)d3(z«;z0))
which implies that

Jim R(z;0)d3(z¢;z0) =+ 1 :

Since the sectional curvature of the ancient -solution is positive everywhere, the
underlying manifold is di eomorphic to R3, and in particular, orientable. Then as
before, by Proposition 6.1.2, Theorem 6.2.2 and Corollary 8.4, we conclude thatzy
is the center of an evolving"-neck for k su ciently large. This is a contradiction, so
we have proved thatM- is compact.

Again, we notice that M is di eomorphic to R® since the curvature operator is
positive. According to the resolution of the Schoen ies colecture in three-dimensions,
every approximately round two-sphere cross-section throgh the center of an evolving
"-neck dividesM into two parts such that one of them is di eomorphic to the thr ee-ball
B3. Let' be the Busemann function onM , it is a standard fact that ' is convex and
proper. SinceM- is compact, M- is contained in a compactsetk ="' *((1 ;A]) for
some largeA. We note that each pointx 2 M nM- is the center of an"-neck. Itis clear
that there is an "-neck N lying entirely outside K. Consider a point x on one of the
boundary components of the"-neckN . Sincex 2 M nM-, there is an"-neck adjacent
to the initial "-neck, producing a longer neck. We then take a point on the bondary
of the second"-neck and continue. This procedure can either terminate wha we
get into M- or go on in nitely to produce a semi-in nite (topological) ¢ ylinder. The
same procedure can be repeated for the other boundary compent of the initial
"-neck. This procedure will give a maximal extended neck¥. If N' never touches
M-, the manifold will be di eomorphic to the standard in nite ¢ ylinder, which is
a contradiction. If both ends of N touch M-, then there is a geodesic connecting
two points of M- and passing throughN. This is impossible since the function’
is convex. So we conclude that one end df will touch M- and the other end will
tend to in nity to produce a semi-in nite (topological) cyl inder. Thus we can nd an
approximately round two-sphere cross-section which enckes the whole setM- and
touches some pointxg 2 @M. We next want to show that R(Xo; O)% diam(M-) is
bounded from above by some positive constan€ = C(") depending only on™".

Suppose not; then there exists a sequence of nonat noncompt three-
dimensional ancient -solutions with positive curvature operator such that for the
above chosen pointsxg 2 @M there would hold

(6.4.21) R(X0;0)2 diam(M-)! +1:
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By Proposition 6.4.2, we know that the ancient solutions are o-noncollapsed on all
scales for some universal positive constanty. Let us dilate the ancient solutions
around the points xo with the factors R(xp;0). By Corollary 6.4.4, we can extract a
convergent subsequence. From the choice of the pointsy and (6.4.21), the limit has
at least two ends. Then by Toponogov's splitting theorem the limit is isometric to

X R for some non at two-dimensional ancient g-solution X . SinceM is orientable,
we conclude from Theorem 6.2.2 that limit must be the evolvirg round cylinder &% R.
This contradicts the fact that each chosen pointxg is not the center of any evolving
"-neck. Therefore we have proved

diam(M-) CQ z

for some positive constantC = C(") depending only on", where Q = R(Xp; 0).
Finally by combining this diameter estimate with Theorem 6.4.3(i), we immedi-
ately deduce

€ 'Q R(x;0) €Q; whenever x 2 M-;

for some positive constant€ depending only on". O

We now can describe the canonical structures for three-dimesional non at (com-
pact or noncompact) ancient -solutions. The following theorem was given by Perel-
man in the section 1.5 of [104]. Recently in [34], this canomial neighborhood result
has been extended to four-dimensional ancient -solutions with isotropic curvature
pinching.

Theorem 6.4.6 ( Canonical neighborhood theoren). For any " > 0 one can
nd positive constants C; = Cy(") and C, = Cy(") with the following property.
Suppose we have a three-dimensional non a{compact or nhoncompac} ancient -
solution (M;gj (x;t)). Then either the ancient solution is the round RP> R, or
every point (x;t) has an open neighborhood, with B:(x;r) B B¢ (x; 2r) for
some0<r<C 1R(x;t) z, which falls into one of the following three categories:

(@ B is an evolving "-neck (in the sense that it is the slice at the timet of
the parabolic region f(x%t% j x°2 B;t°2 [t " 2R(x;t) !;t]g which is,
after scaling with factor R(x;t) and shifting the time t to zero, "-close (in
the CI" "1 topology) to the subset(S2 1) [ " 2;0] of the evolving standard
round cylinder with scalar curvature 1 and length2" * to | at the time zero);
or

(b) B is an evolving "-cap (in the sense that it is the time slice at the timet
of an evolving metric on B2 or RP3 n B3 such that the region outside some
suitable compact subset oB3 or RP3 nB3 is an evolving"-neck); or

(c) B is a compact manifold (without boundary) with positive sectional curvature
(thus it is di eomorphic to the round three-sphere S® or a metric quotient of
S°);

furthermore, the scalar curvature of the ancient -solution on B at time t is between
C, 1R(x;t) and C2R(x;t), and the volume ofB in case (a) and case(b) satis es

(C2R(X:t)) 2 Vol(B) "rs:

Proof. As before, we rst consider the easy case that the curvature perator has
a nontrivial null vector somewhere at some time. By pulling back the solution to
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its universal cover and applying Hamilton's strong maximum principle and Theorem
6.2.2, we deduce that the universal cover is the evolving rond cylinder S R. Then
exactly as before, by the argument in the proof of Lemma 6.4.1we conclude that the
ancient -solution is isometric to the round S R, RP?> R, or the twisted product
S ~R where Z, ips both S? and R. Clearly each point of the round cylinder & R
or the twisted product S ~R has a neighborhood falling into the category (a) or (b)
(over RP3 nB?3).

We now assume that the curvature operator of the non at ancient -solution is
positive everywhere. Then the manifold is orientable by theCheeger-Gromoll theorem
[23] for the noncompact case or the Synge theorem [22] for theompact case.

Without loss of generality, we may assume" is suitably small, say 0< " < ﬁ.
If the non at ancient -solution is noncompact, the conclusions follow immediatky
from the combination of Corollary 6.4.5 and Theorem 6.4.3(). Thus we may assume
the non at ancient -solution is compact. By Proposition 6.4.2, either the compct
ancient -solution is isometric to a metric quotient of the round S°, or it is o-
noncollapsed on all scales for the universal positive conaht (. Clearly each point of
a metric quotient of the round S® has a neighborhood falling into category (c). Thus
we may further assume the ancient -solution is also g-noncollapsing.

We argue by contradiction. Suppose that for some" 2 (0; ﬁ), there exist a
sequence of compact orientable ancientg-solutions (My; gk) with positive curvature
operator, a sequence of pointsxx; 0) with xx 2 M and sequences of positive constants
Cik!1l andCy =! (4ka), with the function ! given in Theorem 6.4.3, such
that for every radius r, 0 < r < C 1xR(xx;0) z, any open neighborhoodB, with
Bo(Xk;r) B  Bo(xg;2r), does not fall into one of the three categories (a), (b) and
(c), where in the case (a) and case (b), we require the neighltbood B to satisfy the
volume estimate

(CkR(x;0)) 2 Volo(B) "r%:

By Theorem 6.4.3(i) and the choice of the constant,, we see that the diameter
of eachMy at t = 0 is at least C1xR(Xk; 0) 7: otherwise we can choose suitable
r 2 (0; CikR(xx;0) %) and B = My, which falls into the category (c) with the scalar
curvature between CZklR(x; 0) and Cx«R(x;0) on B. Now by scaling the ancient

o-solutions along the points (x; 0) with factors R(x;0), it follows from Corollary
6.4.4 that a sequence of the ancient o-solutions converge in theCl_ topology to a
noncompact orientable ancient g-solution.

If the curvature operator of the noncompact limit has a nontrivial null vector
somewhere at some time, it follows exactly as before by usinthe argument in the
proof of Lemma 6.4.1 that the orientable limit is isometric to the round > R, or
the twisted product S*~R where Z, ips both S? and R. Then for k large enough,
a suitable neighborhoodB (for suitable r) of the point (xx;0) would fall into the
category (a) or (b) (over RP? n B3) with the desired volume estimate. This is a
contradiction.

If the noncompact limit has positive sectional curvature everywhere, then by using
Corollary 6.4.5 and Theorem 6.4.3(i) for the noncompact limt we see that for k large
enough, a suitable neighborhoodB (for suitable r) of the point (xx;0) would fall
into category (a) or (b) (over B®) with the desired volume estimate. This is also a
contradiction.

Finally, the statement on the curvature estimate in the neighborhood B follows
directly from Theorem 6.4.3(i). O
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7. Ricci Flow on Three-manifolds. We will use the Ricci ow to study
the topology of compact orientable three-manifolds. LetM be a compact three-
dimensional orientable manifold. Arbitrarily given a Riemannian metric on the man-
ifold, we evolve it by the Ricci ow. The basic idea is to understand the topology of
the underlying manifold by studying long-time behavior of the solution of the Ricci
ow. We have seen in Chapter 5 that for a compact three-manifdd with positive
Ricci curvature as initial data, the solution to the Ricci o w tends, up to scalings,
to a metric of positive constant curvature. Consequently, acompact three-manifold
with positive Ricci curvature is di eomorphic to the round t hree-sphere or a metric
quotient of it.

However, for general initial metrics, the Ricci ow may develop singularities in
some parts while it keeps smooth in other parts. Naturally ore would like to cut o
the singularities and continue to run the Ricci ow. If the Ri cci ow still develops
singularities after a while, one can do the surgeries and ruithe Ricci ow again. By
repeating this procedure, one will get a kind of \weak" soluton to the Ricci ow.
Furthermore, if the \weak" solution has only a nite number o f surgeries at any nite
time interval and one can remember what had been cut during tke surgeries, and
if the \weak" solution has a well-understood long-time behavior, then one will also
get the topology structure of the initial manifold. This the ory of surgically modi ed
Ricci ow was rst developed by Hamilton [64] for compact four-manifolds and further
developed more recently by Perelman [104] for compact ori¢able three-manifolds.

The main purpose of this chapter is to give a complete and deti(ed discussion of
the Ricci ow with surgery on three-manifolds.

7.1. Canonical Neighborhood Structures. Let us call a Riemannian metric
on a compact orientable three-dimensional manifoldnormalized if the eigenvalues
of its curvature operator at every point are bounded by % 1—10, and

every geodesic ball of radius one has volume at least one. B}é¢ evolution equation
of the curvature and the maximum principle, it is easy to see hat any solution to the
Ricci ow with (compact and three-dimensional) normalized initial metric exists on
a maximal time interval [0; tnax) With thax > 1.

Consider a smooth solutiong; (x;t) to the Ricci owon M [0; T), where M is
a compact orientable three-manifold andT < +1 . After rescaling, we may always
assume the initial metric g; ( ; 0) is normalized. By Theorem 5.3.2, the solutiorg; ( ; t)
then satis es the pinching estimate

(7.1.2) R ( )[log( )+log(1+ t) 3]
whenever < 0onM [0;T). Recall the function
y=f((x)= x(logx 3); fore® x< +1;

is increasing and convex with range €2 y < +1 , and its inverse function is also
increasing and satis es

y!lirpl f l(y)=y=0:
We can rewrite the pinching estimate (7.1.1) as
(7.1.2) Rm(x;t) [f YREOGHA+ 1)=(RO; )+ t)]R(x;t)
onM [0;T).
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Suppose that the solution g; (;t) becomes singular ast ! T. Let us take a
sequence of times, ! T, and a sequence of pointgx 2 M such that for some positive
constant C, jRmj(x;t) CQx with Qx = jRm(pk;tk)j forall x 2 M andt 2 [0; tg].
Thus, (pk;tk) is a sequence of (almost) maximum points. By applying Hamilon's
compactness theorem and Perelman's no local collapsing tbeem | as well as the
pinching estimate (7.1.2), a sequence of the scalings of ttsolution g; (x;t) around the
points px with factors Qg converges to a non at complete three-dimensional orientake
ancient -solution (for some > 0). For an arbitrarily given " > 0, the canonical
neighborhood theorem (Theorem 6.4.6) in the previous chamr implies that each
point in the ancient -solution has a neighborhood which is either an evolving -neck,
or an evolving "-cap, or a compact (without boundary) positively curved manifold.
This gives the structure of singularities coming from a seqance of (almost) maximum
points.

However the above argument does not work for singularities @ming from a se-
guence of points ; k) with ¢ !' T and jJRm(yx; «)j! +1 whenjRm(yk; «)j is
not comparable with the maximum of the curvature at the time , since we cannot
take a limit directly. In [103], Perelman developed a re ned rescaling argument to
obtain the following singularity structure theorem. We remark that our statement of
the singularity structure theorem below is slightly di ere nt from Perelman's original
statement (cf. Theorem 12.1 of [103]). While Perelman assued the condition of

-noncollapsing on scales less thary, we assume that the initial metric is normalized
so that from the rescaling argument one can get the -noncollapsingon all scalesfor
the limit solutions.

Theorem 7.1.1 ( Singularity structure theorem). Given "> 0 and Ty > 1, one
can nd rg > 0 with the following property. If g; (x;t);x 2 M andt 2 [0;T) with
1<T To, is a solution to the Ricci ow on a compact orientable threemmanifold
M with normalized initial metric, then for any point (Xo;to) with to 1 and Q =
R(Xo;to) g2, the solution in f(x;t) j d2 (x;xo) <" 2Q 1 to " 2Q 1 t tog
is, after scaling by the factorQ, "-close (in the CI' 1]—topolog)b to the corresponding
subset of some orientable ancient -solution (for some > 0).

Proof. Since the initial metric is normalized, it follows from the no local collapsing
theorem | or I' (and their proofs) that there is a positive constant , depending only
on Tgy, such that the solution in Theorem 7.1.1 is -noncollapsed on all scales less
than = Tp. Let C(") be a positive constant larger than or equal to" 2. It su ces to
prove that there exists ro > 0 such that for any point (Xg;tg) with t¢ 1 andQ =
R(xo;to) rg 2 the solution in the parabolic regionf (x;t) 2 M [0;T) j dtz0 (X;Xp) <
C(MQ %to C(MQ ' t togis, after scaling by the factor Q, "-close to the
corresponding subset of some orientable ancient-solution. The constant C(") will
be determined later.

We argue by contradiction. Suppose for somé > 0, there exist a sequence of
solutions (M ; gk( ;t)) to the Ricci ow on compact orientable three-manifolds with
normalized initial metrics, de ned on the time intervals [0,Ty) with 1 < Ty To,
a sequence of positive numbersy, ! 0, and a sequence of pointxy 2 My and
times ty 1 with Qx = Rk(Xk;tk) Iy 2 such that each solution (M gc( ;1)) in the
parabolic regionf (x;t) 2 M [0;Ti) j d2 (x;xk) <C (M)Q it C(MQ' t g
is not, after scaling by the factor Qk, "-close to the corresponding subset of any
orientable ancient -solution, where Ry denotes the scalar curvature of My; gk).

For each solution Mg;gk( ;t)), we may adjust the point (Xg;tk) with ty 5

1=
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and with Qx = Ry (Xk;tk) to be as large as possible so that the conclusion of the
theorem fails at (xi;tx), but holds for any (x;t) 2 My [tk  HgQ, 1 t] satisfying
Rk(x;t)  2Qk, where Hy = %rkz I +1 ask ! +1: Indeed, suppose not, by
setting (Xk,;tk,) = ( Xk;tk), we can choose a sequence of pointxy ;tk,) 2 Mg

ltk, , HkRk(Xk, 4itky ») Sitk, o] such that Re(xk ;t)  2Rk(Xk, 4 itkg o)
and the conclusion of the theorem fails at &, ;tx,) for each| = 2;3;:::: Since the
solution is smooth, but

Ri(Xk5tk)  2Re(Xkg o itk ) 2" TR (xk; t);

and

t, tky oy HkRe(Xi o itig o)
Xt 1 L
b Hie gRi(it)
i=1
1.
>
this process must terminate after a nite number of steps andthe last element ts.
Let (My; ex(;t); xx) be the rescaled solutions obtained by rescaling
(Mg;ok( ;1) around x¢ with the factors Qx = Rk (Xk;tk) and shifting the time ty
to the new time zero. Denote byRy the rescaled scalar curvature. We will show that
a subsequence of the orientable rescaled solutiond/(; ek ( ;t); Xk) converges in the
Cl. topology to an orientable ancient -solution, which is a contradiction. In the
following we divide the argument into four steps.

Stepl. First of all, we need a local bound on curvatures.

Lemma 7.1.2. For each(x; t) with ty %Hka Lot ty, we haveRy (x;t)  4Qk
whenevert cQ,' t tandd?(x;x) cQ,', whereQx = Qi+ Rk(x;t) andc> 0
is a small universal constant.

Proof. Consider any point (x;t) 2 By(x; (cQ, })?) [t ©Q,*;t] with c> 0to be
determined. If Rx(x;t) 2Qx, there is nothing to show. If Rk (x;t) > 2Qk, consider a
space-time curve from (x;t) to (x;t) that goes straight from (x;t) to (x; t) and goes
from (x; t) to (x;t) along a minimizing geodesic (with respect to the metricgy( ;1)).
If there is a point on  with the scalar curvature 2Qy, let yo be the nearest such
point to (x;t). If not, put yo = (x;t): On the segment of from (x;t) to yo, the
scalar curvature is at least ). According to the choice of the point (xx;tx), the
solution along the segment is"-close to that of some ancient -solution. It follows
from Theorem 6.4.3 (ii) that

. . Q@
ir (R,?)j 2 and @{Rkl) 2

z
on the segment. (Here, without loss of generality, we may assne" is suitably small).
Then by choosingc > 0 (depending only on ) small enough we get the desired
curvature bound by integrating the above derivative estimates along the segment.
This proves the lemma.l

Step 2. Next we want to show that for each A < +1 , there exist a positive
constant C(A) (independent of k) such that the curvatures of the rescaled solutions
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ok ( ;t) at the new time t = 0 (corresponding to the original times ty) satisfy the
estimate

jBmij(y;0)  C(A)

wheneverdg, (.0)(Y;Xk) Aandk 1.
For each 0, set

M()=supfR(x;0)j k 1;x2 My with do(x;xg) g
and
o = supf 0j M()< +1g:

By the pinching estimate (7.1.1), it suces to show o=+ 1:

Note that ¢ > 0 by applying Lemma 7.1.2 with (x; t) = ( x;tk): We now argue
by contradiction to show ¢ =+ 1 : Suppose not, we may nd (after passing to a
subsequence if necessary) a sequence of poigfs2 My with do(Xk;yk) ! o< +1
and Rk(yx;0)! +1 . Let ¢( M) be a minimizing geodesic segment fronxy to
Vk. Let zx 2 « be the point on  closest toyx with Ry (z«;0) =2, and let ¢ be the
subsegment of ¢ running from z to yx. By Lemma 7.1.2 the length of  is bounded
away from zero independent ofk. By the pinching estimate (7.1.1), for each < o,
we have a uniform bound on the curvatures on the open ball8o(xx; ) (Mk;&k)-
The injectivity radii of the rescaled solutions gx at the points xx and the timet =0
are also uniformly bounded from below by the -noncollapsing property. Therefore
by Lemma 7.1.2 and Hamilton's compactness theorem (Theorem.1.5), after passing
to a subsequence, we can assume that the marked sequen®&y(Xx; o); 6k ( ;0); Xk)
converges in theCl. topology to a marked (noncomplete) manifold B1 ;&1 ;X1 ),
the segments  converge to a geodesic segment (missing an endpoint), B:
emanating from x; , and  converges to a subsegment; of ; . Let B; denote
the completion of (B1 ;&1 ), and y; 2 B; the limit point of 1 .

Denote by R; the scalar curvature of B1 ;&1 ). Since the rescaled scalar curva-
tures Ry along  are at least 2, it follows from the choice of the points &y ; 0) that for
any (o 2 1, the manifold (B; ;&1 )in fq2 By j distg1 (0;0) <C(")R: () ‘g
is 2'-close to the corresponding subset of (a time slice of) somerientable ancient

-solution. Then by Theorem 6.4.6, we know that the orientabk ancient -solution
at each point (x;t) has a radiusr, 0 <r < C 1(2")R(x;t) z, such that its canon-
ical neighborhood B, with B¢(x;r) B  Bt(x; 2r), is either an evolving 2'-neck,
or an evolving 2'-cap, or a compact manifold (without boundary) di eomorphi ¢ to a
metric quotient of the round three-sphereS®, and moreover the scalar curvature is be-
tween (C2(2")) R(x;t) and Co(2")R(x;t), where C1(2") and C,(2") are the positive
constants in Theorem 6.4.6.

We now chooseC(") = maxf2C2(2");" 2g. By the local curvature estimate
in Lemma 7.1.2, we see that the scalar curvatureR; becomes unbounded when
approachingy; along 1 . This implies that the canonical neighborhood around gy
cannot be a compact manifold (without boundary) di eomorph ic to a metric quotient
of the round three-sphereS®. Note that ; is shortest since it is the limit of a sequence
of shortest geodesics. Without loss of generality, we may asime" is suitably small
(say, " ﬁ). These imply that as gy gets su ciently close to y; , the canonical
neighborhood aroundg cannot be an evolving 2-cap. Thus we conclude that each
0 2 1 suciently close to y; is the center of an evolving 2-neck.
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Let

[ L
U= B(:;4 (R1 () 2) ( (B1;&n));
Q2 1

where B(p;4 (R1 () %) is the ball centered at @y 2 B; with the radius
4 (R () z. Clearly U has nonnegative sectional curvature by the pinching es-
timate (7.1.1). Since the metric g1 is cylindrical at any point ¢ 2 1 which is
su ciently close to y; , we see that the metric spaceU = U [f y; g by adding in
the point y; , is locally complete and intrinsic neary; . Furthermore y; cannot be
an interior point of any geodesic segment inU. This implies the curvature of U at
y1 is nonnegative in the Alexandrov sense. It is a basic resultn Alexandrov space
theory (see for example Theorem 10.9.3 and Corollary 10.9.6f [9]) that there exists
a three-dimensional tangent coneCy, U at y; which is a metric cone. It is clear that
its aperture is 10", thus the tangent cone is non at.

Pick a point p 2 Cy, U such that the distance from the vertexy; to p is one
and it is non at around p. Then the ball B (p; %) Cy, U is the Gromov-Hausdor
limit of the scalings of a sequence of ball8o(p«;sk) (Mk;ek(;0)) by some factors
ax, wheresg ! 0". Since the tangent cone is three-dimensional and non at arand
p, the factors ax must be comparable with Rx(px;0). By using the local curvature
estimate in Lemma 7.1.2, we actually have the convergence ithe CL_ topology for
the solutions g« ( ;t) on the balls Bo(pk;Sk) and over some time intervalt 2 [ ; 0]
for some suciently small > 0. The limiting ball B(p;%) Cy, U is a piece of
the nonnegative curved and non at metric cone whose radial dtections are all Ricci
at. On the other hand, by applying Hamilton's strong maximu m principle to the
evolution equation of the Ricci curvature tensor as in the pioof of Lemma 6.3.1, the
limiting ball B(p;%) would split o all radial directions isometrically (and lo cally).
Since the limit is non at around p, this is impossible. Therefore we have proved that
the curvatures of the rescaled solutiongg( ;t) at the new times t = 0 (corresponding
to the original times ty) stay uniformly bounded at bounded distances fromxy for all
K.

We have proved that for eachA < +1 , the curvature of the marked manifold
(Mg; ek (;0);xk) at each point y 2 My with distance from xx at most A is bounded
by C(A). Lemma 7.1.2 extends this curvature control to a backward @rabolic neigh-
borhood centered aty whose radius depends only on the distance frony to x.
Thus by Shi's local derivative estimates (Theorem 1.4.2) wecan control all deriva-
tives of the curvature in such backward parabolic neighbortoods. Then by using the

-noncollapsing and Hamilton's compactness theorem (The@mm 4.1.5), we can take
a Cl. subsequent limit to obtain (M1 ;& (;t);X1 ), which is -noncollapsed on all
scales and is de ned on a space-time open subset 8f; (1 ;0] containing the
time slice M; f 0Og. Clearly it follows from the pinching estimate (7.1.1) that the
limit (M1 ;en (;0);x1 ) has nonnegative curvature operator (and hence nonnegate
sectional curvature).

Step 3.  We further claim that the limit ( M1 ;&1 (;0);Xx1 ) at the time slice
ft = 0g has bounded curvature.

We know that the sectional curvature of the limit (M1 ;& (;0);x1 ) is nonnega-
tive everywhere. Argue by contradiction. Suppose the curveure of (M1 ;&1 (;0);X1 )
is not bounded, then by Lemma 6.1.4, there exists a sequencé points ¢ 2 M1 di-
verging to in nity such that their scalar curvatures Ry (g;0)! +1 asj ! +1



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 403

and

R1 (x;0) 4R1 (g:0)
q_——

for x 2 B(g;j= Ri1(g:0)) (M1 ;&1 (;0)). By combining with Lemma 7.1.2
and the -noncollapsing, a subsequence of the rescaled and marked nifolds
(M1 ;R1 (g;0)e (;0);q) converges in theCl. topology to a smooth non at limit
Y. By Proposition 6.1.2, the new limit Y is isometric to a metric product N R for
some two-dimensional manifoldN. On the other hand, in view of the choice of the
points (Xk;tk), the original limit ( M1 ;& (;0);x1 ) at the point g has a canonical
neighborhood which is either a 2-neck, a 2'-cap, or a compact manifold (without
boundary) di eomorphic to a metric quotient of the round S3. It follows that for j
large enough,q is the center of a 2-neck of radius Ry (g ;0)) z. Without loss of
generality, we may further assume that 2 <" o, where " is the positive constant
given in Proposition 6.1.1. Since R1 (g ;0)) 1 0 asj ! +1, this contradicts
Proposition 6.1.1. So the curvature of M1 ;& (;0)) is bounded.

Step4. Finally we want to extend the limit backwards in time to 1

By Lemma 7.1.2 again, we now know that the limiting solution (M1 ; &1 (;t)) is
de ned on a backward time interval [ a;0] for somea > 0.

Denote by

t°=inf ftj we can take a smooth limit on (¢ 0] (with bounded
curvature at each time slice) from a subsequence
of the convergent rescaled solutionsggg:

We rst claim that there is a subsequence of the rescaled sotions g which converges
in the C1_ topology to a smooth limit (M1 ;& (;t)) on the maximal time interval
(t%0].

Indeed, lett) be a sequence of negative numbers such th&f ! t°and there exist
smooth limits (M1 ;g (;t)) de ned on (t?;0]. For eachk, the limit has nonnegative
sectional curvature and has bounded curvature at each timelge. Moreover by Lemma
7.1.2, the limit has bounded curvature on each subinterval [ b;0]  (t{;0]. Denote
by Q the scalar curvature upper bound of the limit at time zero (where @ is the same
for all k). Then we can apply the Li-Yau-Hamilton estimate (Corollary 2.5.7) to get

0
RI(6t) Q —%5 t'go ;
k

where R¥ (x;t) are the scalar curvatures of the limits (M1 ;g (;t)). Hence by the
de nition of convergence and the above curvature estimateswe can nd a subsequence
of the above convergent rescaled solutiongc-which converges in theCl . topology to
a smooth limit (M1 ;& (;t)) on the maximal time interval ( t%0].

We next claim that t°= 1

Suppose not, then by Lemma 7.1.2, the curvature of the limit M1 ; &1 (;t))
becomes unbounded as ! t°> 1 . By applying the maximum principle to the
evolution equation of the scalar curvature, we see that the m mum of the scalar
curvature is nondecreasing in time. Note that R; (x; ;0) = 1. Thus there exists
some pointy; 2 M1 such that

c 3
R 0+ = < =
L T R
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where ¢ > 0 is the universal constant in Lemma 7.1.2. By using Lemma 7.2 again
we see that the limit (M1 ;& (;t)) in a small neighborhood of the point (y; ;t%+ 15

extends backwards to the time interval ft° 15 0+ 15]- We remark that the distances

at time t and time 0 are roughly equivalent in the following sense
(7.1.3) di(x;y) do(x;y) di(x;y) const

for any x;y 2 M; andt 2 (t%0]. Indeed from the Li-Yau-Hamilton inequality
(Corollary 2.5.7) we have the estimate
0

t o’

Ri(xt) Q on My (t%0]

By applying Lemma 3.4.1 (ii), we have
q_
d(xy) do(xy)+30( t) Q

forany x;y 2 M; andt 2 (t%0]. On the other hand, since the curvature of the limit
metric g; ( ;t) is nonnegative, we have

di(x;y)  do(Xy)

for any x;y 2 M1 andt 2 (t%0]. Thus we obtain the estimate (7.1.3).

Let us still denote by (M; &k ( ;1)) the subsequence which converges on the maxi-
mal time interval (t90]. Consider the rescaled sequenc(; g ( ;t)) with the marked
points xx replaced by the associated sequence of points ! y; and the (original
unshifted) times t replaced by anysg 2 [t + (t°  5)Q, 'tk + (t°+ £)Q, M. It
follows from Lemma 7.1.2 that for k large enough, the rescaled solutionsM ; ek ( ;1))
at yx satisfy

Ri(yk;t) 10

forall t 2 [t° %;t°+ 15]- By applying the same arguments as in the above Step 2,
we conclude that for any A > 0, there is a positive constantC(A) < +1 such that

Rk(x;t)  C(A)

for all (x;t) with di(x;yx) Aandt2[t° 5;t%+ ] The estimate (7.1.3) implies

that there is a positive constant Ay such that for arbitrarily given small °2 (0
for k large enough, there hold

. C
1@)1

di(Xk;¥k) Ao

forall t 2 [t°+ ©0]. By combining with Lemma 7.1.2, we then conclude that for ay
A > 0, there is a positive constantC(A) such that for k large enough, the rescaled
solutions (M; ex( ;t)) satisfy

Rk(x;t)  C(A)

for all x 2 Bo(xk;A) and t 2 [t°  :55(C(A)) *;0].

Now, by taking convergent subsequences from the (originalyescaled solutions
(My; ek (;1); Xk), we see that the limiting solution (M1 ;& ( ;1)) is de ned on a space-
time open subsetoM; (1 ;0]containingM; [t%0]. By repeating the argument
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of Step 3 and using Lemma 7.1.2, we further conclude the limif{M1 ;e (;t)) has
uniformly bounded curvature on M;  [t%0]. This is a contradiction.

Therefore we have proved a subsequence of the rescaled sauts (M ; 6 ( ;t); Xk)
converges to an orientable ancient -solution, which gives the desired contradiction.
This completes the proof of the theorem.O

We remark that this singularity structure theorem has been extended by Chen
and the second author in [34] to the Ricci ow on compact fourmanifolds with positive
isotropic curvature.

7.2. Curvature Estimates for Smooth Solutions. Let us consider solutions
to the Ricci ow on compact orientable three-manifolds with normalized initial met-
rics. The above singularity structure theorem (Theorem 7.11) tells us that the so-
lutions around high curvature points are su ciently close t o ancient -solutions. It
is thus reasonable to expect that the elliptic type estimate (Theorem 6.4.3) and the
curvature estimate via volume growth (Theorem 6.3.3) for arcient -solutions are
heritable to general solutions of the Ricci ow on three-manfolds. The main purpose
of this section is to establish such curvature estimates. Inthe fth section of this
chapter, we will further extend these estimates to surgicdly modi ed solutions.

The rst result of this section is an extension of the elliptic type estimate (The-
orem 6.4.3). This result is reminiscent of the second step irthe proof of Theorem
7.1.1.

Theorem 7.2.1 ( Perelman [103). For any A< +1 , there existK = K (A) <
+1 and = (A) > 0 with the following property. Suppose we have a solution
to the Ricci ow on a three-dimensional, compact and orienteble manifold M with
normalized initial metric. Suppose that for somexy 2 M and somergy > 0 with
ro< ,the solution is dened for 0 t r3 and satis es

JRmMj(x;t) roz; for 0 t r3; do(X;X0) fo;
and
Vol o(Bo(xo0;ro)) A *rd:
Then R(x;r§)  Kr o2 wheneverd,:(x;Xo) <Ar o.

Proof. Given any largeA > 0 and letting > 0 be chosen later, by Perelman's no
local collapsing theorem Il (Theorem 3.4.2), there exists gositive constant = (A)
(independent of ) such that any complete solution satisfying the assumptiors of
the theorem is -noncollapsed on scales rg over the region f(x;t) j %rg t
rg; di(x;xo0) 5Arog: Set

. 1 .
4 %7100

" =min
where "¢ is the positive constant in Proposition 6.1.1. We rst prove the following

assertion.

Claim. For the above xed "> 0, one can nd K = K(A;") < +1 such that
if we have a three-dimensional complete orientable solutio with normalized initial
metric and satisfying

jRmj(x;t) ro? for 0 t rZ; do(X;X0) ro;
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and
Vol o(Bo(Xo;fo)) A *r3

for somexg 2 M and somerg > 0, then for any point x 2 M with d,g(x; Xo) < 3Arg,
either

R(X;r3) <Kr 42

or the subsetf(y;t)jdrzg(y;x) " 2R(x;r3) Y r3 " 2R(x;rd) Yt rggaround
the point (x;r3) is "-close to the corresponding subset of an orientable ancient-
solution.

Notice that in this assertion we don't impose the restriction of ro < , so we can
consider for the momentry > 0 to be arbitrary in proving the above claim. Note
that the assumption on the normalization of the initial metr ic is just to ensure the
pinching estimate. By scaling, we may assume&, = 1. The proof of the claim is
essentially adapted from that of Theorem 7.1.1. But we will nmeet the di culties of
adjusting points and verifying a local curvature estimate.

Suppose that the claim is not true. Then there exist a sequene of solutions
(Mg;ok( ;1)) to the Ricci ow satisfying the assumptions of the claim with the origins
Xo,» and a sequence of positive number&y ! 1, times tx = 1 and points xx 2
My with di, (Xk;Xo,) < 3A such that Qx = Ry(Xk;tk) Kk and the solution in
foat) jte C(MQt t t d2(xxk) C(")Q,'gis not, after scaling by the
factor Qg, "-close to the corresponding subset of any orientable ancién -solution,
whereRy denotes the scalar curvature of M; gc( ;1)) and C(")( " 2)is the constant
de ned in the proof of Theorem 7.1.1. As before we need to rstadjust the point
(Xk;tk) with ty % and d, (Xk;Xo,) < 4A so that Qx = Rx(Xk;tk) Kk and the
conclusion of the claim fails at y;tx), but holds for any (x;t) satisfying R (x;t)
2Qx; tk Hka1 t  te and di(X;Xo,) < dt, (Xk; Xo, ) + Hk%Qk%, where Hy =
IK !l ;ask! +1.

Indeed, by starting with (X, ;tk,) = (Xk;1) we can choose Xi,;tk,) 2 Mg
(0;1] with t,  HxRk(Xk,itk,) b te,  ti,, and de, (Xk,; Xo,) < di,, (X, 5 X0, ) +

1
H 2 Rk (X, ; tky) > such that Rk (Xk,;tk,) 2Rk (Xk,:tk,) and the conclusion of the
claim fails at (X, ; tk,); otherwise we have the desired point. Repeating this procss,

Rk(xki;tki) 2Rk(xki e 1);

b o HkRe(Xig 5ot o) ! tk, te 45

1 1
dtki(xki;XOk)<dtki 1(in 1;X0k)+ szRk(in 1;tki 1) z,

and the conclusion of the claim fails at the points &, ;tk,), i = 2;:::;j. These
inequalities imply

Rk (Xk; s tk; ) 2 R (X, tk,) 2 Ky

X294 .
1 tkj tk, Hy ng(Xkl;tkl)
i=0

E;
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and
: : (X2 1 : 1 :
dtki (ij vXOk) < dtkl (Xkl’xok) + Hk zpz_)iRk(xkl’tkl) 2 < 4A:
i=0
Since the solutions are smooth, this process must terminatafter a nite number of
steps to give the desired point, still denoted by & ;tk):
For each adjusted {y;ty), let [t%tx] be the maximal subinterval of [ty

%" sz 1;tk] so that the conclusion of the claim with K = 2Qx holds on

1 1 1
P Xk;tk;Eszka;tO ti

= (x;t)jx 2By xk;%HéQk% it 2 [t%t]

for all su ciently large k. We now want to showt®= t, 1" 2Q,*.

Consider the scalar curvatureRy at the point xx over the time interval [t% ty].
If there is a time t2 [t%ty] satisfying Rk(Xk;t)  2Qk, we let t-be the rst of such
time from tx. Then the solution (My;gk( ;t)) around the point xy over the time
interval [t % 2Qy -1 is "-close to some orientable ancient -solution. Note from
the Li-Yau-Hamilton inequality that the scalar curvature o f any ancient -solution
is pointwise nondecreasing in time. Consequently, we havehe following curvature
estimate

Re(xk;t)  2(1+ ")Q«

fort2 [t 3" 2Q, %;tc] (or t 2 [t%t,] if there is no such timet). By combining with
the elliptic type estimate for ancient -solutions (Theorem 6.4.3) and the Hamilton-
Ivey pinching estimate, we further have

(7.2.1) JRm(x;t)j 5! (1)Q«

for all x 2 B¢(xk; (3Qk) 2)andt2 [t 1" 2Q, *;t] (or t 2 [t%tk]) and all su ciently
large k, where! is the positive function in Theorem 6.4.3.
For any point (x;t) with t " 2Q, % 't tc (or t 2 [t%tc]) and di(x;Xk)

1 L L. . . .
EHZQ, 2, we divide the discussion into two cases.

1 1

Case(1): di(xk;Xo,) SHZQ 2:

(7.2.2) di (X; X0, ) e (X;Xk) + di(Xk;Xo, )
1 1 1 3 1 1
T6HE Q™+ T5HEQ

1 1 1
SHEQ ™
Case(2): di(Xk;Xo,) > f—OHEQk z
From the curvature bound (7:2:1) and the assumption, we apply Lemma 3.4.1(ii)
1
with ro = Q, ? to get

S @ixe)) 200 M+ 1)Qf;
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and then for k large enough,

[N

de(Xk; X0, ) dp(Xk;Xo ) +20(! (1) +1)" 2Q,

. 1,34 %

de(Xk; Xo, ) + 1ok Q™

wheref' 2 (t;ty] satis es the property that ds(Xk; Xo, ) %Hk%Qk # whenevers 2 It; 1.
So we have

(7.2.3) di(X; X0, ) (X Xk)+ de(Xk;Xo, )

13g % : 143 %
101K Qi * * de(Xii Xo ) + 75HK Qi

1 1 1
i, (Xi; Xo, ) + EHEQKZ;

for all suciently large k. Then the combination of (7.2.2), (7.2.3) and the choice
of the points (xi;tk) implies t°= t, 3" 2Q, ! for all su ciently large k. (Here we
also used the maximality of the subinterval % ty] in the case that there is no time in
[t%t] with Re(Xk; )  2Q.)

Now we rescale the solutions¥ g; gk ( ;1)) into ( My; e ( ;t)) around the points xk
by the factors Qx = Rk (Xk;tk) and shift the times tx to the new times zero. Then
the same arguments from Step 1 to Step 3 in the proof of Theoren7.1.1 prove that
a subsequence of the rescaled solution®/(; &« ( ; t)) converges in the CL. topology
to a limiting (complete) solution (M1 ;e ( ;t)), which is de ned on a backward time
interval [ a;0] for somea > 0. (The only modi cation is in Lemma 7.1.2 of Step 1
by further requiring t« 3" 2Q ' 't  ty).

We next study how to adapt the argument of Step 4 in the proof ofTheorem 7.1.1.
As before, we have a maximal time interval €; ;0] for which we can take a smooth
limit (M1 ;en (;t);Xx1 ) from a subsequence of the rescaled solution®A; ek ( ;t); Xk)-
We want to showt; = 1

Suppose not; thent; > 1 :Let c > 0 be a positive constant much smaller than
L 2 Note that the in mum of the scalar curvature is nondecreasing in time. Then

10
we can nd some pointy; 2 M; and some timet = t; + with0 < < % such

that Ry (y1 ;ta + ) 3.

Consider the (unrescaled) scalar curvatureRyx of (My;gk( ;t)) at the point xy
over the time interval [tk + (t1 + 5)Q, 1-t,]. Since the scalar curvatureR; of the
limiton My [ty + 5;0]is uniformly bounded by some positive constantC, we have
the curvature estimate

Rk(Xk;t) 2CQx

foral t 2 [tk +(ty + E)le;tk] and all suciently large k. Then by repeat-
ing the same arguments as in deriving (7.2.1), (7.2.2) and (2.3), we deduce that
the conclusion of the claim with K = 2Qy holds on the parabolic neighborhood
P (X ti; %HEQK Bty + 5)Q, 1) for all su ciently large k.

Let (yk;tk +(t1 + ¥)Q, 1) be a sequence of associated points and times in the
(unrescaled) solutions My;ok( ;t)) so that after rescaling, the sequence converges
to the (y1 ;t1 + ) in the limit. Clearly 5 k 2 for all suciently large k.
Then, by considering the scalar curvatureRy at the point yy over the time interval
[tk +(ts )Q Ntk +(ts + «)Qy ', the above argument (as in deriving the similar
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estimates (7.2.1)-(7.2.3)) implies that the conclusion ofthe claim with K =2 Qy holds

1 1 .
on the parabol?c neighborhoodP (y; tk; %szQ!( 2ot §)Qy 1) for all su ciently
large k. In particular, we have the curvature estimate

Ri(yk;t) 41+ ")Qx

fort2 [t +(ts  $)Q Htk +(ta + )Q, ' for all suciently large k.

We now consider the rescaled sequencé(; g« ( ;t)) with the marked points re-
placed by yx and the times replaced bys, 2 [ty +(t1  $)Q, bt +(t1 + £)Q,'I.
By applying the same arguments from Step 1 to Step 3 in the probof Theorem 7.1.1
and the Li-Yau-Hamilton inequality as in Step 4 of Theorem 7.1.1, we conclude that
there is some small constant®> 0 such that the original limit (M1 ;& (;t)) is ac-
tually well de ned on My [ty a%0] with uniformly bounded curvature. This is a
contradiction. Therefore we have checked the claim.

To nish the proof, we next argue by contradiction. Suppose there exist sequences
of positive numbersKy ! +1, ! 0,ask! +1, and a sequence of solutions
(Mg;ok( ;1)) to the Ricci ow satisfying the assumptions of the theorem with origins
Xo, and with radii ro, satisfying ro, <  such that for some pointsxyx 2 My with
drgk (Xk; X0, ) <Ar o, we have

(7.2.4) R(Xk;r§,) > K krg?

for all k. Let (Mg;8(;t);Xo,) be the rescaled solutions of ¥ ; gk ( ;t)) around the
origins xo, by the factors rok2 and shifting the times rgk to the new times zero.
The above claim tells us that for k large, any point (y;0) 2 (My; 8( ;0); Xo,) With
dg. (.0 (Y;Xo,) < 3A and with the rescaled scalar curvature Ri(y;0) > K « has a
canonical neighborhood which is either a 2-neck, or a 2'-cap, or a compact manifold
(without boundary) di eomorphic to a metric quotient of the round three-sphere.
Note that the pinching estimate (7.1.1) and the condition ! 0 imply any sub-
sequential limit of the rescaled solutions My; &k( ;t);Xo,) must have nonnegative
sectional curvature. Thus the same argument as in Step 2 of th proof of Theorem
7.1.1 shows that for all su ciently large k, the curvatures of the rescaled solutions
at the time zero stay uniformly bounded at those points whosedistances from the
origins Xo, do not exceed A. This contradicts (7.2.4) for k large enough.
Therefore we have completed the proof of the theoremld

The next result is a generalization of the curvature estimae via volume growth
in Theorem 6.3.3 (ii) where the condition on the curvature lowver bound over a time
interval is replaced by that at a time slice only.

Theorem 7.2.2 ( Perelman [103]. For any w > O there exist = (w) > 0O,
K =K(w) < +1, = (w) > 0 with the following property. Suppose we have
a three-dimensional, compact and orientable solution to tB Ricci ow de ned on
M [0; T) with normalized initial metric. Suppose that for some radiws ro > 0 with
ro< and a point (Xo;to) 2M [0;T) with T >ty 4 r 3, the solution on the ball
B, (Xo;ro) satis es

Rm(x;to) ro? on By, (Xo;ro);

and Vol (B, (X0;To)) wrs:
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Then R(x;t) Kr 02 whenevert 2 [to 1 3;to] and d;(X; Xo) %ro:

Proof. If we knew that
Rm(x;t) ro?

for all t 2 [0;to] and d;(x;Xo) ro, then we could just apply Theorem 6.3.3 (ii) and
take (w) = o(w)=2, K(w) = C(w) +2B(w)=o(w). Now x these values of and
K.

We argue by contradiction. Consider a three-dimensional, ompact and orientable
solution g; (t) to the Ricci ow with normalized initial metric, a point ( Xo;to) and
some radiusrg > 0 with rg < , for > 0 a suciently small constant to be
determined later, such that the assumptions of the theorem @ hold whereas the
conclusion does not. We rst claim that we may assume that anyother point (x% t9
and radiusr®> 0 with the same property has eithert®>ty ort®<to 2r3, or 2r°>
ro. Indeed, suppose otherwise. Then there exist@;t8) and rd with t3 2 [to 21 3;to]
and r8 %ro, for which the assumptions of the theorem hold but the conclision does
not. Thus, there is a point (x;t) such that

h [

t2 0t )%t to 2r3 ng;to

and R(x;t)>K (rd) 2 4Kr,2

If the point (x3;t3) and the radius rJ satisfy the claim then we stop, and otherwise
we iterate the procedure. Sinceto 4 r 3 and the solution is smooth, the iteration
must terminate in a nite number of steps, which provides the desired point and the
desired radius.

Let 9 0 be the largest number such that

(7.2.5) Rm(x;t) ro?

whenevert 2 [to  %3;to] and di(X;x0) ro. If © 2, we are done by Theorem
6.3.3 (ii). Thus we may assume °< 2 . By applying Theorem 6.3.3(ii), we know
that at time t°=t, %3, the ball Bio(xo;ro) has

(7.2.6) Volo(Bro(Xo;ro))  (W)rd

for some positive constant (w) depending only onw. We next claim that there exists
a ball (attime t°=t;  %3) Bro(x%r%9  Byo(Xo;ro) with

1

(7.2.7) Vol 1o(B1o(x% r%) > 3(r%®
and with
(7.2.8) %0 >r0  gwre

for some small positive constantc(w) depending only onw, where 3 is the volume
of the unit ball B® in the Euclidean spaceR®.

Indeed, suppose that it is not true. Then after rescaling, there is a sequence of
Riemannian manifoldsM;; i =1;2;:::; with balls B(xj;1) M; so that

(7:2:5)° Rm 1 onB(xi;1)
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and
(7:2:6)° Vol (B(xi;1)  (w)

for all i, but all balls B(x%r®) B(x;;1) with 3 >r? 1 satisfy
(7.2.9) Vol (B (x?; 1) < % 3(rf)>:

It follows from basic results in Alexandrov space theory (se for example Theorem
10.7.2 and Theorem 10.10.10 of [9]) that, after taking a sulexjuence, the marked
balls (B(x;; 1);x;) converge in the Gromov-Hausdor topology to a marked length
space B1 ;X1 ) with curvature bounded from below by 1 in the Alexandrov space
sense, and the associated Riemannian volume fornd/ol v, over (B(x;;1);x;) con-
verge weakly to the Hausdor measure of By . It is well-known that the Hausdor
dimension of any Alexandrov space is either an integer or innity (see for example
Theorem 10.8.2 of [9]). Then by (7.2.6), we know the limit (B ;x;1 ) is a three-
dimensional Alexandrov space of curvature 1. In the Alexandrov space theory, a
point p2 B, is said to beregular if the tangent cone ofB; at p is isometric to R3.
It is also a basic result in Alexandrov space theory (see forxeample Corollary 10.9.13
of [9]) that the set of regular points in B; is dense and for each regular point there
is a small neighborhood which is almost isometric to an openet of the Euclidean
spaceR®. Thus for any " > 0, there are ballsB(x ;r) Bi with0<r? < 1 and
satisfying

By @ ") a(r))*

This is a contradiction with (7.2.9).

Without loss of generality, we may assumew % 3. Since %< 2, it follows
from the choice of the point (Xo;to) and the radius ro and (7.2.5), (7.2.7), (7.2.8) that
the conclusion of the theorem holds for x%t% and r® Thus we have the estimate

R(x;t) K(@r9 2

whenevert 2 [t°  (r92;t9 and di(x;x9  %r% For > 0 small, by combining with
the pinching estimate (7.1.1), we have

iRm(x;t)j KA 2

whenevert 2 [t°  (r9%t9 and di(x;x9  2rC whereK ®is some positive constant
depending only onK . Note that this curvature estimate implies the evolving metrics
are equivalent over a suitable subregion of (x;t) jt 2 [t (r92;t9 and d;(x;x9)
%rog. Now we can apply Theorem 7.2.1 to choose = (w) > 0 so small that

(7.2.10) R(x;t) KWw)(r% 2  K(w)w) 2r,?

whenevert 2 [t° 5(r92;t9 and di(x;x%  10ro. Then the combination of (7.2.10)
with the pinching estimate (7.1.2) would imply

Rm(x;t)  [f YROGHA+ ))=(RO )AL+ D)IR(X;t)
1

oMo
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on the regionf (x;t) jt 2 [t° 5(r92;t9anddi(x;x0) rogwhen = (w)>r o small
enough. This contradicts the choice of °. Therefore we have proved the theorem[

The combination of the above two theorems immediately giveghe following con-
sequence.

Corollary 7.2.3. Forany w> 0and A< +1, there exist = (w;A) > 0,
K=K(WwA)<+1,and = (w;A) > 0 with the following property. Suppose we
have a three-dimensional, compact and orientable solutioto the Ricci ow de ned
on M [0;T) with normalized initial metric. Suppose that for some radits ro > 0
with ro < and a point (Xo;tp) 2 M [0;T) with T >t 4 r 3, the solution on the
ball B, (Xo; o) satis es

Rm(x;to) ro? on By, (Xo;ro);

and Vol (B, (X0;T0)) wrs:

Then R(x;t)  Kr,? whenevert 2 [to 1 3;to] and di(x;Xo) Ary:
We can also state the previous corollary in the following vesion.

Corollary 7.2.4 ( Perelman [103). Forany w> Oonecan nd = (w)>0
such that if g; (t) is a complete solution to the Ricci ow dened on M [0; T) with
T > 1 and with normalized initial metric, where M is a three-dimensional, compact
and orientable manifold, and if B¢, (Xo;ro) is a metric ball at time to 1, with ro <
such that

minf Rm(X;to) j X 2 By, (Xo;T0)g= g2

then

Vol t, (B, (Xo;Fo))  Wrg:

Proof. We argue by contradiction. Suppose for any > 0, there is a solution and
a ball B, (Xo; ro) satisfying the assumption of the corollary with ro < ,to 1, and
with
minf Rm(X;to) j X 2 By, (Xo;r0)g= g%
but
Vol , (B, (Xo0; To)) > wr 3:
We can apply Corollary 7.2.3 to get
R(x;t) Kry?

whenevert 2 [to r%;to] anddi(x;Xo) 2ro, provided > Oissosmallthat4 2 1
and < ,where; andK are the positive constants obtained in Corollary 7.2.3.
Then for ro < and > 0 suciently small, it follows from the pinching estimate
(7.1.2) that

Rm(x;t)  [f YROGHA+ 1))=(ROG )AL+ D)IR(X;t)
1

oMo
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in the region f(x;t) jt 2 [to (ro)?;to] and dy(X;Xo)  2rog. In particular, this
would imply

minf Rm(x; to)jx 2 By, (X0;r0)g> o2

This contradicts the assumption. O

7.3. Ricci Flow with Surgery. One of the central themes of the Ricci ow
theory is to give a classi cation of all compact orientable three-manifolds. As we
mentioned before, the basic idea is to obtain long-time behaor of solutions to the
Ricci ow. However the solutions will in general become singllar in nite time.
Fortunately, we now understand the precise structures of tke solutions around the
singularities, thanks to Theorem 7.1.1. When a solution deelops singularities, one
can perform geometric surgeries by cutting o the canonicalneighborhoods around
the singularities and gluing back some known pieces, and threcontinue running the
Ricci ow. By repeating this procedure, one hopes to get a kil of \weak" solution.
In this section we will give a detailed description of this sugery procedure and de ne
a global \weak" solution to the Ricci ow.

Given any " > 0, based on the singularity structure theorem (Theorem 7.11), we
can get a clear picture of the solution near the singular timeas follows.

Let (M;gj (;t)) be a maximal solution to the Ricci ow on the maximal time
interval [0;T) with T < +1 , where M is a connected compact orientable three-
manifold and the initial metric is normalized. For the given " > 0 and the solution
(M;gj (;t)), we can nd ro > 0 such that each point (x;t) with R(x;t) r 2 satis es
the derivative estimates

@, Y
@tFi(x,t) < R A(xt);
where > 0is a universal constant, and has a canonical neighborhoodhich is either
an evolving "-neck, or an evolving"-cap, or a compact positively curved manifold
(without boundary). In the last case the solution becomes ekinct at the maximal
time T and the manifold M is di eomorphic to the round three-sphere S* or a metric
quotient of S* by Theorem 5.2.1.

Let denote the set of all points in M where the curvature stays bounded as
t! T. The gradient estimates in (7.3.1) imply that is open and th at R(x;t) ! 1
ast! T foreachx2 M n .

If is empty, then the solution becomes extinct at time T. In this case, either
the manifold M is compact and positively curved, or it is entirely covered ly evolving
"-necks and evolving"-caps shortly before the maximal timeT. So the manifold M
is di eomorphic to either S°, or a metric quotient of the round %, or & S, or
RP*# RP®. The reason is as follows. Clearly, we only need to considehé situation
that the manifold M is entirely covered by evolving"-necks and evolving'-caps shortly
before the maximal time T. If M contains a capC, then there is a cap or a neck
adjacent to the neck-like end of C. The former case implies thatM is di eomorphic
to S, RP?, or RP*# RP3. In the latter case, we get a new longer cap and continue.
Finally, we must end up with a cap, producing aS?, RP?, or RP3# RP®. If M contains
no caps, we start with a neckN . By connecting with the necks that are adjacent to
the boundary of N, we get a longer neck and continue. After a nite number of stes,
the resulting neck must repeat itself. SinceM is orientable, we conclude thatM is
di eomorphic to §* S,

(7.3.1) ir R(x;t)j < R 2(x;t) and
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We can now assume that is nonempty. By using the local derivative estimates
of Shi (Theorem 1.4.2), we see that as ! T the solution g; ( ;t) has a smooth limit
gj () on . Let R(x) denote the scalar curvature ofgj . For any < o, let us
consider the set

=fx2 jR(X) 2g:

By the evolution equation of the Ricci ow, we see that the initial metric g; (;0) and
the limit metric g; (') are equivalent over any xed region where the curvature remains
uniformly bounded. Note that for any xed x 2 @, and any sequence of pointsx; 2
with x; ! x with respect to the initial metric g; ( ;0), we haveR(x;) ! +1 . Infact,
if there were a subsequence;, so that limy ﬁ(xjk) exists and is nite, then it
would follow from the gradient estimates (7.3.1) that R is uniformly bounded in some
small neighborhood ofx 2 @ (with respect to the induced topology of the initial
metric g; (;0)); this is a contradiction. From this observation and the compactness
of the initial manifold, we see that is compact (with respect to the metric gj ( )).

For further discussions, let us introduce the following teminologies. Denote byl
an interval.

Recall that an "-neck (of radius r) is an open set with a Riemannian metric,
which is, after scaling the metric with factor r 2, "-close to the standard neckS? |
with the product metric, where S? has constant scalar curvature one and has length
2" 1 and the "-closeness refers to th&€!" '] topology.

A metric on S 1, such that each point is contained in some'-neck, is called an
"-tube , or an "-horn , or a double "-horn , if the scalar curvature stays bounded on
both ends, or stays bounded on one end and tends to in nity on he other, or tends
to in nity on both ends, respectively.

A metric on B2 or RP® nB3 is called a"-cap if the region outside some suitable
compact subset is an'-neck. A metric on B3 or RP®nB? is called ancapped "-horn
if each point outside some compact subset is contained in ah-neck and the scalar
curvature tends to in nity on the end.

Now take any "-neck in ( ;g; ) and consider a pointx on one of its boundary
components. Ifx 2 n , then there is either an"-cap or an"-neck, adjacent to the
initial "-neck. In the latter case we can take a point on the boundary othe second
"-neck and continue. This procedure can either terminate whe we get into or
an "-cap, or go on inde nitely, producing an "-horn. The same procedure can be
repeated for the other boundary component of the initial "-neck. Therefore, taking
into account that has no compact components, we conclude that each "-neck of
( ;g ) is contained in a subset of of one of the following types:

(&) an "-tube with boundary components in , or
(b) an "-cap with boundary in , or

(7.3.2) (c) an "-horn with boundary in  , or
(d) a capped"-horn, or

(e) a double"-horn.

Similarly, each "-cap of ( ;g; ) is contained in a subset of of either type (b) or
type (d).

It is clear that there is a de nite lower bound (depending on ) for the volume of
subsets of types (a), (b) and (c), so there can be only a nite mmber of them. Thus
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we conclude that there is only a nite number of components of containing points
of , and every such component has a nite number of ends, each beg an "-horn.
On the other hand, every component of , containing no points of , is either a
capped "-horn, or a double "-horn. If we look at the solution at a slightly earlier
time, the above argument shows eacti-neck or "-cap of (M;gj (;t)) is contained in
a subset of types (a) or (b), while the"-horns, capped"-horns and double"-horns (at
the maximal time T) are connected together to form "-tubes and"-caps at the times
t shortly before T.

double "-horn o
capped"-horn

Hence, by looking at the solution at times shortly before T, we see that the
topology of M can be reconstructed as follows: take the componentsj, 1 j Kk,
of which contain points of , truncate their "-horns, and glue to the boundary
components of truncated ; a nite collection of tubes S* | and capsB® or RP®nB2.
Thus, M is di eomorphic to a connected sum of ;j,1 j Kk, with a nite number
of copies ofS> S (which correspond to gluing a tube to two boundary componens
of the same ), and a nite number of copies of RP®. Here ; denotes ; with each
"-horn one point compacti ed. More geometrically, one can gé ; in the following
way: in every"-horn of ; one can nd an "-neck, cut it along the middle two-sphere,
remove the horn-shaped end, and glue back a cap (or more pregly, a di erentiable
three-ball). Thus to understand the topology of M, one only needs to understand the
topologies of the compact orientable three-manifolds ;, 1 j k.

Naturally one can evolve each ; by the Ricci ow again and, when singularities
develop again, perform the above surgery for each-horn to get new compact ori-
entable three-manifolds. By repeating this procedure indenitely, it will likely give a
long-time \weak" solution to the Ricci ow. The following ab stract de nition for this
kind of \weak" solution was introduced by Perelman in [104] .

Definition 7.3.1.  Suppose we are given a ( nite or countably in nite) collection
of three-dimensional smooth solutionsgi'j( (t) to the Ricci owdenedon My [t ;ty)
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and go singularast !ty , where each manifoldM is compact and orientable, possibly
disconnected with only a nite number of connected componets. Let ( k;gi'j‘) be the
limits of the corresponding solutionsgi'j‘ (t)ast! t., as above. Suppose also that for
eachk we havet, = t; ;, and that ( 1;gi'j‘ 1 and (Mk;gi'j( (t, ) contain compact
(possibly disconnected) three-dimensional submanifolds/ith smooth boundary which
are isometric. Then by identifying these isometric submaniolds, we say the collection
of solutions gi'j‘ (t) is a solution to the Ricci ow with surgery (or a surgically
modi ed solution  to the Ricci ow) on the time interval which is the union of all
[t, ;ty ), and say the timest, are surgery times .

To get the topology of the initial manifold from the solution to the Ricci ow
with surgery, one has to overcome the following two di culti es:

(i) how to prevent the surgery times from accumulating?

(i) how to obtain the long time behavior of the solution to th e Ricci ow with

surgery?

Thus it is natural to consider those solutions having \good" properties. For
any arbitrarily xed positive number ", we will only consider those solutions to the
Ricci ow with surgery which satisfy the following a priori assumptions (with
accuracy ").

Pinching assumption. The eigenvalues of the curvature operator
of the solution to the Ricci ow with surgery at each point and each time satisfy

(7.3.3) R ( )[log( )+log(1+ t) 3]

whenever < 0.

Canonical neighborhood assumption (with accuracy "). For any given
"> 0, there exist positive constantsC; and C, depending only on", and a nonin-
creasing positive functionr : [0;+1 )! (0;+1 ) such that at each time t > 0, every
point x where scalar curvatureR(x;t) is at least r 2(t) has a neighborhoodB, with
Bi(x; ) B Bi(x;2 ) forsome 0< <C ;R %(x;t), which falls into one of the
following three categories:

(@) B is astrong "-neck (in the senseB is the slice at time t of the parabolic
neighborhoodf (x%t% j x°2 B;t°2 [t R(x;t) !;t]g, where the solution is
well de ned on the whole parabolic neighborhood and is, afte scaling with
factor R(x;t) and shifting the time to zero, "-close (in the CU' ] topology)
to the subset (5> 1) [ 1;0] of the evolving standard round cylinder with
scalar curvature 1 to S* and length 2 1 to | at time zero), or

(b) B is an"-cap, or

(c) B is a compact manifold (without boundary) of positive sectional curvature.

Furthermore, the scalar curvature in B at time t is betweenC, R(x;t) and CaR(x; 1),
satis es the gradient estimates

(7.3.4) ir Rj< R ¢ and %T< R 2

and the volume of B in case (a) and case (b) satis es
(C:ROGL) Vol (B) " %

Here is a universal positive constant.
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Without loss of generality, we always assume the above conatts C; and C, are
twice bigger than the corresponding constantscl(%) and Cg(%) in Theorem 6.4.6 with
the accuracy 5.

We remark that the above de nition of the canonical neighborhood assumption
is slightly di erent from that of Perelman in [104] in two asp ects: (1) it allows the
parameter r to depend on time; (2) it also includes an volume upper bounddr the
canonical neighborhoods of types (a) and (b).

Arbitrarily given a compact orientable three-manifold wit h a Riemannian metric,
by scaling, we may assume the Riemannian metric is normalize In the rest of
this section and the next section, we will show the Ricci ow with surgery, with the
normalized metric as initial data, has a long-time solution which satis es the above a
priori assumptions and has only a nite number of surgery times at each nite time
interval. The construction of the long-time solution will b e given by an induction
argument.

First, for the arbitrarily given compact orientable normal ized three-dimensional
Riemannian manifold (M; g; (X)), the Ricci ow with it as initial data has a maximal
solution g; (x;t) on a maximal time interval [0;T) with T > 1. It follows from
Theorem 5.3.2 and Theorem 7.1.1 that the a priori assumptios (with accuracy ")
hold for the smooth solution on [ T). If T =+ 1 , we have the desired long time
solution. Thus, without loss of generality, we may assume tle maximal time T < +1
so that the solution goes singular at timeT.

Suppose that we have a solution to the Ricci ow with surgery, with the nor-
malized metric as initial data, satisfying the a priori assumptions (with accuracy "),
dened on [0;T) with T < +1 , going singular at time T and having only a nite
number of surgery times on [QT). Let denote the set of all points where the cur-
vature stays bounded ast! T. As we have seen before, the canonical neighborhood
assumption implies that is open and that R(x;t) '1 ast! T for all x lying
outside . Moreover, as t! T, the solution g; (x;t) has a smooth limit g; (x) on .

For some > 0 to be chosen much smaller than', we let = r (T) where r(t)
is the positive nonincreasing function in the de nition of t he canonical neighborhood
assumption. We consider the corresponding compact set

=fx2 JR(x) %g;

where R(x) is the scalar curvature of g; . If is empty, the manifold (near the
maximal time T) is entirely covered by "-tubes, "-caps and compact components with
positive curvature. Clearly, the number of the compact compnents is nite. Then
in this case the manifold (near the maximal time T) is di eomorphic to the union
of a nite number of copies of S®, or metric quotients of the round S?, or ¢ S,
or a connected sum of them. Thus when is empty, the procedure stops here, and
we say thesolution becomes extinct . We now assume is not empty. Then we
know that every point x 2 n lies in one of the subsets of listed in (7.3.2), or
in a compact component with positive curvature, or in a compat component which
is contained in  n  and is di eomorphic to either S*, or 2 S! or RP3# RP°.
Note again that the number of the compact components is nite. Let us throw away
all the compact components lying in n and all the compact components with
positive curvature, and then consider those components j, 1 j k, of which
contain points of . (We will consider those components of n consisting of
capped"-horns and double"-horns later). We will perform surgical procedures, as
we roughly described before, by nding an"-neck in every horn of j, 1 j k,
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and then cutting it along the middle two-sphere, removing the horn-shaped end, and
gluing back a cap.

In order to maintain the a priori assumptions with the same accuracy after
the surgery, we will need to nd su cient \ ne" necks in the "-horns and to glue
su cient \ ne" caps. Note that > 0 will be chosen much smaller than" > 0.
The following lemma due to Perelman [104] gives us the \ ne" recks in the "-horns.
(At the rst sight, we should also cut o all those "-tubes and"-caps in the surgery
procedure. However, in general we are not able to nd a \ ne" neck in an"-tube or
in an "-cap, and surgeries at \rough""-necks will certainly lose some accuracy. If we
perform surgeries at the necks with some xed accuracy in the high curvature region
at each surgery time, then it is possible that the errors of sugeries may accumulate
to a certain amount so that at some later time we cannot recogize the structure of
very high curvature regions. This prevents us from carryingout the whole process in
nite time with a nite number of steps. This is the reason why we will only perform
the surgeries at the"-horns.)

Lemma 7.3.2 (Perelman [104]). Given0<" ﬁ;o < <" and0<T< +1,
there exists a radiusO<h < | depending only on and r(T), such that if we have
a solution to the Ricci ow with surgery, with a normalized metric as initial data,
satisfying the a priori assumptions(with accuracy"); de ned on [0; T), going singular
at time T and having only a nite number of surgery times on[0; T), then for each
point x with h(x) = R %(x) h in an "-horn of ( ;g;) with boundary in , the
neighborhoodB+ (x; *h(x)), fy2 jdr(y;x) Ih(x)g is a strong -neck (i.e.,
Br(x; th(x)) [T h%x);T]is, after scaling with factor h ?(x), -close (in the
cl topology) to the corresponding subset of the evolving standard roundylinder
S R over the time interval [ 1;0] with scalar curvature 1 at time zero).

z::ZZ/

strong -neck

Proof. We argue by contradiction. Suppose that there exists a sequee of solu-
tions gi'j‘ (;t), k=1;2;:::, to the Ricci ow with surgery, satisfying the a priori as-
sumptions (with accuracy"), de ned on [0; T) with limit metrics ( k;gi'j‘ ) k=1;2;:::,
and points x¥, lying inside an"-horn of * with boundaryin ¥, and havingh(x*) ! 0
such that the neighborhoodsBt (x*; h(x¥)) = fy 2 ¥ j dr(y;x") Th(x4)g
are not strong -necks.

Let g ( ;1) be the solutions obtained by rescaling by the factorR(x*) = h 2(x¥)
around x¥ and shifting the time T to the new time zero. We now want to show that a
subsequence og,'j‘ (;t);k =1;2;:::, converges to the evolving round cylinder, which
will give a contradiction.

Note that g,'j‘ (;t);k=1;2;:::; are solutions modi ed by surgery. So, we cannot
apply Hamilton's compactness theorem directly since it is sated only for smooth
solutions. For each (unrescaled) surgical solutiorgi'j‘ (;1), we pick a point zX, with
R(z¢) =2C3(") % inthe "-horn of ( ¥;gl) with boundary in ¥, where C,(") is
the positive constant in the canonical neighborhood assumgion. From the de nition
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of "-horn and the canonical neighborhood assumption, we know tht each point x
lying inside the "-horn of ( ¥; gl with dge (X; K) e (z%; *) has a strong"-neck
as its canonical neighborhood. Sincéa(xk) ! 0, eachx lies deeply inside an"-horn.
Thus for each positive A < +1 , the rescaled (surgical) solutionsgi'j( (;t) with the
marked origins x¥ over the geodesic ballsB 4« () (x¥; A), centered at x* of radii A

(with respect to the metrics g,'j‘ (;0)), will be smooth on some uniform (size) small
time intervals for all su ciently large Kk, if the curvatures of the rescaled squtionsg,'f
att=01in Bguk (:0) (x¥; A) are uniformly bounded. In such a situation, Hamilton's
compactness theorem is applicable. Then we can apply the sarargument as in the
second step of the proof of Theorem 7.1.1 to conclude that foeachA < +1 , there
exists a positive constant C(A) such that the curvatures of the rescaled solutions
g,'j‘ (;t) at the new time 0 satisfy the estimate

iRmij(y;0) C(A)

Wheneverdguk (:0) (y;x) A andk 1; otherwise we would get a piece of a non- at

nonnegatively curved metric cone as a blow-up limit, which ontradicts Hamilton's
strong maximum principle. Moreover, by Hamilton's compactness theorem (Theorem
4.1.5), a subsequence of the rescaled squtiog$( ;t) converges to aCl,. limit giJ1 (;v),
de ned on a spacetime set which is relatively open in the halfspacetimeft 0g and
contains the time slicet = 0.

By the pinching assumption, the limit is a complete manifold with nonnegative
sectional curvature. Sincexk was contained in an"-horn with boundary in ¥ and
h(xk)= ! 0, the limiting manifold has two ends. Thus, by Toponogov's ®litting
theorem, the limiting manifold admits a metric splitting 2 R, where 2 is di eo-
morphic to the two-sphere & becausex¥ was the center of a strong"-neck.

By combining with the canonical neighborhood assumption (wth accuracy "), we
see that the limit is de ned on the time interval [ 1;0] and is"-close to the evolving
standard round cylinder. In particular, the scalar curvature of the limitattime t= 1
is "-close to 2.

Sinceh(x¥)= ! 0, each point in the limiting manifold at time t = 1 also has
a strong "-neck as its canonical neighborhood. Thus the limit is de nal at least on
the time interval [ 2;0] and the limiting manifold at time t = 2 is, after rescaling,
"-close to the standard round cylinder.

By using the canonical neighborhood assumption again, evgmoint in the limiting
manifold at time t = 2 still has a strong"-neck as its canonical neighborhood. Also
note that the scalar curvature of the limitat t = 2 is not bigger than 1=2+ ". Thus
the limit is de ned at least on the time interval [ 3;0] and the limiting manifold at
time t = 3 is, after rescaling,"-close to the standard round cylinder. By repeating
this argument we prove that the limit exists on the ancient time interval (1 ;0].

The above argument also shows that at every time, each point fothe limit has
a strong "-neck as its canonical neighborhood. This implies that the imit is -
noncollaped on all scales for some > 0. Therefore, by Theorem 6.2.2, the limit
is the evolving round cylinder S R, which gives the desired contradiction.

In the above lemma, the property that the radius h depends only on and the
time T but is independent of the surgical solution is crucial; othewise we will not be
able to cut o enough volume at each surgery to guarantee the omber of surgeries
being nite in each nite time interval. We also remark thatt he above proof actually
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proves a stronger result: the parabolic regionf (y;t) jy 2 Bt (x; h(x));t 2 [T

2h2(x): T]g is, after scaling with factor h 2(x), -close (in the Cl '] topology) to
the corresponding subset of the evolving standard round cyhder S R over the time
interval [ 2. 0] with scalar curvature 1 at the time zero. This fact will be used later
in the proof of Proposition 7.4.1.

We next want to construct \ ne" caps. Take a rotationally sym metric metric
on R® with nonnegative sectional curvature and positive scalar arvature such that
outside some compact set it is a semi-in nite standard roundcylinder (i.e. the metric
product of a ray with the round two-sphere of scalar curvature 1). We call such a
metric on R® a standard capped in nite cylinder . By the short-time existence
theorem of Shi (Theorem 1.2.3), the Ricci ow with a standard capped in nite cylinder
as initial data has a complete solution on a maximal time inteval [0; T) such that
the curvature of the solution is bounded onR®  [0; T for each 0< T°< T . Such a
solution is called astandard solution by Perelman [104].

The following result proved by Chen and the second author in 34] gives the
curvature estimate for standard solutions.

Proposition 7.3.3. Let g; be a complete Riemannian metric onR" (n  3)
with nonnegative curvature operator and positive scalar crvature which is asymptotic
to a round cylinder of scalar curvature 1 at in nity. Then there is a complete solution
gj (;t) to the Ricci ow, with g; as initial metric, which exists on the time interval
[O; %), has bounded curvature at each time 2 [0; “2—1), and satis es the estimate

1

RGO w1
2

for some C depending only on the initial metric gj .

Proof. Since the initial metric has bounded curvature operator anda positive
lower bound on its scalar curvature, the Ricci ow has a soluion g; (;t) de ned
on a maximal time interval [0;T) with T < 1 which has bounded curvature on
R" [0;T9 for each 0< T %< T. By Proposition 2.1.4, the solution g; ( ;t) has
nonnegative curvature operator for allt 2 [0; T). Note that the injectivity radius of
the initial metric has a positive lower bound. As we remarkedat the beginning of
Section 3.4, the same proof of Perelman's no Iocigall_collapsgjrtheorem | concludes that
gj (;t) is -noncollapsed on all scales less than T for some > 0 depending only
on the initial metric.

We will rst prove the following assertion.

Claim 1. There is a positive function! :[0;1)! [0;1 ) depending only on
the initial metric and  such that
R(xt) Ry (R;:)dZ (%))
forall x;y 2 R",t 2 [O;T).

The proof is similar to that of Theorem 6.4.3. Notice that the initial metric has
nonnegative curvature operator and its scalar curvature s#s es the bounds

(7.3.5) C '6 Rx)6 C

for some positive constantC. By the maximum principle, we know T % and

R(x;t) 2C fort 2 [0; ;2~]. The assertion is clearly true fort 2 [0; ;2]
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Now x (y;to) 2 R" [0;T) with to ;. Let z be the closest point toy with
the property R(z; to)dtzo(z;y) =1 (at time tp). Draw a shortest geodesic fromy to z

and choose a pointz-on the geodesic satisfyingl;, (z; 2) = %R(z; to) 7, then we have

2

1 1
on By, z;ZR(z;to ):

(1R(zit) )2
Note that R(x;t) > C ! everywhere by the evolution equation of the scalar
curvature. Then by the Li-Yau-Hamilton inequality (Coroll ary 2.5.5), for all (x;t) 2
1 1
Bt (2 gi=R(Zito) Z) [to (g R(Zito) 2)%to], we have
0 1

R(x;t) %) to ZX !

1
t() ﬁ %R(Z,to) 2

R(x;to)

N

1
%R(Z,to)

Combining this with the -noncollapsing property, we have

n

1 L 1 . 1
VO| Bto Z‘,RR(Z,tO) 2 %R(Z,to) 2
and then
1 1" PRl
Vol By, z;8R(z;tp) 2 e 8R(z;tp) 2

So by Theorem 6.3.3 (ii), we have
R(X;to) C()R(z;t) forall x2 By, z;4R(z;to) ?

Here and in the following we denote byC( ) various positive constants depending
only on ;n and the initial metric.

Now by the Li-Yau-Hamilton inequality (Corollary 2.5.5) an d local gradient esti-
mate of Shi (Theorem 1.4.2), we obtain

R CORG@t) and SR (6t) COR(Ei)?

for all (x;t) 2 By, (z;2R(z;to) ?)) [to (g=R(zito) #)?to]. Therefore by com-
bining with the Harnack estimate (Corollary 2.5.7), we obtain

R(y;to)) C() 'R(z;to C() 'R(z;to) b
C() 2R(z;to)

Consequently, we have showed that there is a constant( ) such that
1 L
Vol By, YiR(yito) 2 C() ' R(y;to) ?
and

R(X;to) C()R(y;to) forall x2 By, y;R(y;to) ?
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In general, for anyr  R(y;to) 7, we have

Vol (Bi, (y;r))  C() (r?R(y:to)) 7r":

By applying Theorem 6.3.3(ii) again, there exists a positie constant
I (r?R(y;to)) depending only on the constantr?R(y;te) and such that

R(x;to) R(yito)! (r?R(y:to)) forall x 2 By, y?%ﬂ

This proves the desired Claim 1.

Now we study the asymptotic behavior of the solution at in nity. For any 0 <
to < T, we know that the metrics g; (x;t) with t 2 [0;to] has uniformly bounded
curvature. Let xx be a sequence of points withdg(xo;Xk) ! 1 . After passing to
a subsequenceg; (x;t) around xi will converge to a solution to the Ricci ow on
R S" ! with round cylinder metric of scalar curvature 1 as initial d ata. Denote the
limit by g . Then by the uniqueness theorem (Theorem 1.2.4), we have

n 1
R(x;t)= —F n for all t 2 [0;to]:

2

It follows that T % In order to show T = “2—1 it su ces to prove the following
assertion.

Claim 2. SupposeT < % Fix a point xg 2 R", then there is a > 0, such
that for any x 2 M with do(X; Xo) 1, we have

n
n 1

2

R(x;t) 2C+ forall t2[0;T);

where C is the constant in (7.3.5).

In view of Claim 1, if Claim 2 holds, then

1 1
Mn [0T) = T - T

<1

which will contradict the de nition of T.
To show Claim 2, we argue by contradiction. Suppose for each> 0, there is a
point (x ;t )with 0 <t <T such that

R(x ;t)>2C+ % and do(x ;Xo) L

2

Let
( )

1
t =sup t sup R(y;t) < 2C + nnl
MM nBo(xo; 1) 2

. . L Lt ) 1
Slncedo(y;)l(gl!l R(y;t) = ¢ and supy, [O;ﬁ]R(y,t) 2C, we know =t

t and thereis ax such that do(Xg; X ) landR(x ;t )=2C+ 1 1t : By Claim
2
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1 and Hamilton's compactness theorem (Theorem 4.1.5), for ! 0 and after taking
a subsequence, the metricg) (x;t) on Bo(x ;Tl) over the time interval [0;t ] will
converge to a solutiongy on R S" ! with the standard metric of scalar curvature
1 as initial data over the time interval [0;t; ], and its scalar curvature satis es

R(Xl;tl):2C+nl 1 ,
= u

R(x:t) 6 2C + nnit forall t2[0;ts [:
2 1

where (X1 ;t1 ) is the limit of (x ;t ). On the other hand, by the uniqueness theorem
(Theorem 1.2.4) again, we know

n 1

R(x1 ;t1 )= ﬁ
ot

which is a contradiction. Hence we have proved Claim 2 and the have veried
T=021
2
Now we are ready to show

1 h
7nCl ; forall (x;t) 2 R" 0; n 1 :
= Ut 2

(7.3.6) R(x;t)

for some positive constantC depending only on the initial metric.

For any (x;t) 2 R" [0;251), by Claim 1 and -noncollapsing, there is a constant

C( ) > 0 such that ’
Vol ((B:(R(t) 7)) C() YR(xt) #)":

Then by the well-known volume estimate of Calabi-Yau (see fo example [128] or
[112]) for complete manifolds with Ric 0, for anya 1, we have

Volt(Bi(xaR(t) ) C() *z-(R(t) B

On the other hand, since R"; g; ( ;1)) is asymptotic to a cylinder of scalar curvature
(°51)=(252 1), for suciently large a > 0, we have
r . n

n 1 n 1 z
Vol; B:; X;a 5 t C(n)a :

t

Combining the two inequalities, for all su ciently large a, we have:
0 O 049 1 11

n 1 z nz—l t 1
Cma —— t Vol ; @B, @x;a@WA R(x;t) 2AA
. 2

1

0 q
n1 ]

C li@zilA R(x;t 3 :
O g @ ot RO

which gives the desired estimate (7.3.6). Therefore the prof of the proposition is
complete. O
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We now x a standard capped in nite cylinder for dimension n = 3 as follows.
Consider the semi-in nite standard round cylinder No = § (1 ;4) with the metric
go of scalar curvature 1. Denote byz the coordinate of the second factor (1 ;4).
Let f be a smooth nondecreasing convex function onX ;4) de ned by

%f(z)=0; z 0

f(z)=ce *; z2(0;3];
(7.3.7)
% f (2) is strictly convex on z 2 [3; 3:9];

f(z)= Zlog(16 z%); z2[394);

where the (small) constantc > 0 and (big) constant P > 0 will be determined later.
Let us replace the standard metricgo on the portion S°  [0;4) of the semi-in nite
cylinder by ¢ = e ? gy. Then the resulting metric ¢ will be smooth on R® obtained
by adding a pointto S (1 ;4)at z=4. We denote by C(c;P) = ( R%;g). Clearly,
C(c; P) is a standard capped in nite cylinder.

We next use a compact portion of the standard capped in nite g/linder C(c;P)
and the -neck obtained in Lemma 7.3.2 to perform the following surgey procedure
due to Hamilton [64].

Consider the metric g at the maximal time T < +1 . Take an "-horn with
boundary in . By Lemma 7.3.2, there exists a -neckN of radius 0< h < in the

"-horn. By de nition, ( N;h 2g) is -close (in the C! ] topology) to the standard
round neck > | of scalar curvature 1 with | = ( L. 1), Using the parameter
z 2 |, we see the above functiorf is de ned on the -neckN. T

Let us cut the -neck N along the middle (topological) two-sphereN fz =
Og.-l- Without loss of generality, we may assume that the right hard half portion
N fz 0Ogis contained in the horn-shaped end. Let be a smooth bump function
with' =1forz 2,and' =0for z 3. Construct a new metric gon a (topological)
three-ball B® as follows

8
%g; z=0;
_Se?g; 22 [0;2];
(7.3.8) g= E-e 2 o4 Ve 2f p2a- . 2T
g+ ')e “hg; z2[23]
" h2%e % gy; z2 [3:4]

The surgery is to replace the horn-shaped end by the capR®; g). We call such surgery
procedure a -cuto surgery

The following lemma determines the constantsc and P in the -cuto surgery so
that the pinching assumption is preserved under the surgery

Lemma 7.3.4 (Justication of the pinching assumption). There are universal
positive constants o, ¢p and Py such that if we take a -cuto surgery at a -neck of
radius h at time T with candh 2 2€?log(1+ T), then we can choose = ¢
and P = Py in the de nition of f (z) such that after the surgery, there still holds the
pinching condition

(7.3.9) R ( log( ~)+log(1+ T) 3]

whenever~< 0, where R is the scalar curvature of the metricg and ~ is the least
eigenvalue of the curvature operator ofy. Moreover, after the surgery, any metric ball
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of radius  zh with center near the tip (i.e., the origin of the attached cayp is, after

scaling with factor h 2, %-close(in the CI 5 topology) to the corresponding ball of
the standard capped in nite cylinder C(cp; Po).

Proof. First, we consider the metric g on the portion fO z 2g. Under the
conformal changeg= e 2 g, the curvature tensor Rija is given by
h
Riw =€ 2 Rja +jr fji%aigx  gkgi)+(fu + fifi)gy .
[
+(fy + ff)ae (Fa + fif)ge (F + fif)an -

If fF, = F;@@x—g is an orthonormal frame for g , then fF, = €' F, = F;@—%g is an
orthonormal frame for g; . Let

Rabcd = Rij FAF)FEFL:
Rabed = Rii FaFy FEFy;

then
h
(7.3.10) Rabed = e’ Rabed + jr sz( ad bc ac bd) * (fac+ fafc) na )
i
+(foat+ fofa) ac (faa + fafd) bc  (Foc+ fofc) ad ;

and

(7.3.11) R=e"(R+44f 2 fj?):

Since
E=ce%5- ﬁ:ce% pz 2P
dz z2' dz? z z3

then for any small > 0, we may choosec > 0 small and P > 0 large such that for
z 2 [0; 3], we have

d d ? d’f d?f
2! — a aT ar
(7.3.12) J U+ dz * dz < dz2' dz? <

On the other hand, by the de nition of -neck of radiush, we have

Jg hzgojgo < h 2;

0.
jrlgigg<h? for1 j [ '

where g is the standard metric of the round cylinder § R. Note that in three
dimensions, we can choose the orthonormal framéFq;F,; F3g f r_the metrbc_g S0
thatpit§, curvature operator is diagonal in the orthonormal framef 2F,” F3; 2F3"
Fi; 2F; "™ F,g with eigenvalues and

=2R2323;  =2Raz131;, = 2Ru12:
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Sinceh 2gis -close to the standard round cylinder metricgo on the -neck, we have
8

3 JRaia1j + JR2azs) < th 2;
(7.3.13) jR1212 %h 2j < %h 2;
jFa h '&ig < sh Y

for suitably small > 0. Sincer .z = r z(Fa) and r ar p,z = r 2z(Fa; Fp), it follows
that

jl'32 ht

j <
jrazj+jr 2zj <

and

By combining with

¢ = ] ‘= o] d’f
ra - EI’ aZ, rarb - EI’ ar bZ+ Er aZI’ bZ
and (7.3.12), we get
8. ; d?f
3irafi<2h Yo for1 a 3
(7.3.14) Bjr al ofj< ih 2%; unless a= b=3;
- 2d2f ; 3y 2d% .
jrarsf h i< 7h ‘G
By combining (7.3.10) and (7.3.14), we have
8 2
Rize Riziz (Z+ 8)h 2%;
R Raz +(1 ¢ #)h 291,
(7.3.15) 3131 3131 + ( j :) ggf
Roszs  Ross+(1 2 ®)h 245,
jRaca ( 2+ F)h 2&L.  otherwise
where and are suitably small. Then it follows that
d’f
R R+[4 6(3+ 2)h 2—;
[4 6(f+ Hlh 2
1 1 d’f
- i1, 0% 2071
2 2(3+ Hh P
for suitably small and .
IfO< ~ €2 then by the assumption that h 2 2e?log(1+ T), we have
R R
1 2
Eh
e’log(1+ T)

( Mog( ~)+log(1+ T) 3]
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While if ~>e 2, then by the pinching estimate of g, we have

R R
( Jlog( )+log(1+ T) 3]
( Mog( ~)+log(1+ T) 3]

So we have veri ed the pinching condition on the portionf0 2z 2g.

Next, we consider the metric g-on the portion f2 z 4g. Let be a xed
suitably small positive number. Then the constantc = ¢y and P = Py are xed.
SO =min ;5014 g—ifg > 0 is also xed. By the same argument as in the derivation
of (7.3.15) from (7.3.10), we see that the curvature of the meic § = e % gy of the
standard capped in nite cylinder C(cp;Po) on the portion f1 z  4g is bounded
from below by % > 0. Sinceh 2gis -close to the standard round metric gy, the
metric h 2g de ned by (7.3.8) is clearly #-close to the metric 4= e *g of the
standard capped in nite cylinder on the portion f1 z 4g. Thus as is su ciently
small, the curvature operator of g-on the portion f2 z 4gis positive. Hence the
pinching condition (7.3.9) holds trivially on the portion f2 z 4g.

The last statement in Lemma 7.3.4 is obvious from the de nition (7.3.8). 0

Recall from Lemma 7.3.2 that the -necks at a timet > 0, where we performed
Hamilton's surgeries, have their radii 0< h < = 2r(t). Without loss of generality,
we may assume the positive nonincreasing function(t) in the de nition of the canon-
ical neighborhood assumption is less than 1 and the univer¢aonstant ¢ in Lemma
7.3.4 is also less than 1. We de ne a positive function (t) by

1

(7.3.16) (t) = min W; 0

for t2[0;+1):

From now on, we always assume & < (t) for any -cuto surgery at time
t > 0 and assumec = ¢y and P = Py. As a result, the standard capped in nite
cylinder and the standard solution are also xed. The following lemma, which will
be used in the next section, gives the canonical neighborhalbstructure for the xed
standard solution.

Lemma 7.3.5. Let g; (x;t) be the above xed standard solution to the Ricci ow
on R® [0;1). Then for any "> 0, there is a positive constantC(") such that each
point (x;t) 2 R® [0; 1) has an open neighborhoo®, with By(x;r) B  By(x; 2r)
for some0<r<C (")R(x;t) z, which falls into one of the following two categories:
either

(&) B is an "-cap, or

(b) B is an "-neck and it is the slice at the timet of the parabolic neighborhood

Bi(x;" R(x;t) z) [t minfR(x;t) ;tg;t], on which the standard solu-
tion is, after scaling with the factor R(x;t) and shifting the time t to zero,
"_close (in the Cl' 1 topology) to the corresponding subset of the evolving
standard cylinder S* R over the time interval [ minftR(x;t); 1g; 0] with
scalar curvature 1 at the time zero.

Proof. The proof of the lemma is reduced to two assertions. We now sta and
prove the rst assertion which takes care of those points wih times close to 1.
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Assertion 1. For any " > 0, there is a positive number = (")with0 < < 1
such that for any (xo;tp) 2 R® [; 1), the standard solution on the parabolic neigh-
borhood By, (x;" 1R(Xo;to) z) [to " 2R(Xo;to) ;to] is well-de ned and is, after

scaling with the factor R(xg; to), "-close (in the Cl' ] topology) to the corresponding
subset of some orientable ancient -solution.

We argue by contradiction. Suppose Assertion 1 is not true, lhen there exist
> 0 and a sequence of pointsX;tx) with tx ! 1, such that for eachk, the
standard solution on the parabolic neighborhood

Br, (Xk:" R(Xiitk) 2) [t " 2R(xte) itil

is not, after scaling by the factor R(xy;tx), "-close to the corresponding subset of
any ancient -solution. Note that by Proposition 7.3.3, there is a constaxt C > 0
(depending only on the initial metric, hence it is universal ) such that R(x;t)

C =1 t). This implies

"IR(xktk) TC" 21 t) <ty

and then the standard solution on the parabolic neighborhod By, (Xk;
"IR(Xtk) Z) [tk " 2R(Xk:tk) Litc] is well-de ned for k large. By Claim 1
in the proof of Proposition 7.3.3, there is a positive functon! :[0;1 ) ! [0;1 ) such
that

R(Xtk) R ti)! (R(Xi; t)dZ (X X))

for all x 2 R®. Now by scaling the standard solution g; ( ;t) around xx with the
factor R(xk;tk) and shifting the time tyx to zero, we get a sequence of the rescaled
solutions g,lj (%) = R(Xk;tk)gj (X;tk + =R(Xk;tk)) to the Ricci ow de ned on R3
with £2 [ R(Xk;tk)tk;0]. We denote the scalar curvature and the distance of the
rescaled metricgi‘jS by Rk and & By combining with Claim 1 in the proof of Proposition
7.3.3 and the Li-Yau-Hamilton inequality, we get

RK(x;0) ! (A3(x;Xk))
R(Xk; tk)tk

R¥(x; LA AL S R, %A S
1) r+ R(Xk; tk)tk

L (850x xK))
forany x 2 R® and t2 ( R(Xg;tk)tk;0]. Note that R(xy;tx)tx ' 1 by Proposition
7.3.3. We have shown in the proof of Proposition 7.3.3 that tke standard solution is -
noncollapsed on all scales less than 1 for some> 0. Then from the -noncollapsing
property, the above curvature estimates and Hamilton's conpactness theorem, we
know g{j (x; t) has a convergent subsequence (ds! 1 ) whose limit is an ancient, -
noncollapsed, complete and orientable solution with honngative curvature operator.
This limit must have bounded curvature by the same proof of Sep 3 in the proof of
Theorem 7.1.1. This gives a contradiction. Hence Assertiorl is proved.

We now x the constant (") obtained in Assertion 1. Let O be the tip of the
standard capped in nite cylinder RS2 (it is rotationally symmetric about O at time 0,
and it remains so ast > 0 by the uniqueness Theorem 1.2.4).

Assertion 2.  There are constantsB;(") and B,(") depending only on", such
that if (xo;to) 2 R®  [0; ) with d,(X0;0) B1("), then thereisa 0<r<B (")
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such that By, (Xo;r) is an "-cap; if (Xo;to) 2 R® [0; ) with dy,(X0;0) B1("), then
the parabolic neighborhoodB, (xo;" *R(Xo;to) %) [to minfR(Xo;to) *;tog;to]is
after scaling with the factor R(Xg;to) and shifting the time tq to zero, "-close (in the
cl topology) to the corresponding subset of the evolving standrd cylinder S R
over the time interval [ minftoR(Xo;to); 1g; 0] with scalar curvature 1 at time zero.

Since the standard solution exists on the time interval [Q1), there is a con-
stant Bo(") such that the curvatures on [0; (")] are uniformly bounded by Bo(").
This implies that the metrics in [0; (")] are equivalent. Note that the initial met-
ric is asymptotic to the standard capped in nite cylinder. For any sequence of
points xx with do(O;xx) ! 1 , after passing to a subsequenceg; (x;t) around
xk will converge to a solution to the Ricci ow on R S with round cylinder
metric of scalar curvature 1 as initial data. By the uniqueness theorem (Theorem
1.2.4), the limit solution must be the standard evolving round cylinder. This implies
that there is a constant B1(") > 0 depending on" such that for any (xg;to) with
to (") and d;,(x0;0) B1("), the standard solution on the parabolic neighbor-
hood By, (Xo;" R(Xo;to) z) [to minfR(xo;to) *;tog;to] is, after scaling with the
factor R(xp;t0), "-close to the corresponding subset of the evolving round ciyider.
Since the solution is rotationally symmetric around O, the cap neighborhood struc-
tures of those pointsxg with di,(xo;0) B (") follow directly. Hence Assertion 2 is
proved.

The combination of these two assertions proves the lemmall

Since there are only a nite number of horns with the other endconnected to
we perform only a nite number of such -cuto surgeries at time T. Besides those
horns, there could be capped horns and double horns which lim n . As explained
before, they are connected to form tubes or capped tubes at gntime slightly before
T. Sowe can regard the capped horns and double horns (ofn ) to be extinct and
throw them away at timeT. We only need to remember that the connected sums were
broken there. Remember thatwe have thrown away all compact components, either
lyingin n  or with positive sectional curvature, each of which is di eomorphic to
either S?, or a metric quotient of S}, or 2 S! or RP*# RP®. So we have also removed
a nite number of copies of S, or metric quotients of S, or 2 S or RP*# RP® at
the time T. Let us agree todeclare extinct every compact component either
with positive sectional curvature or lying in n ;in particular, this allows us
to exclude the components with positive sectional curvatue from the list of canonical
neighborhoods.

In summary, our surgery at time T consists of the following four procedures:

(1) perform -cuto surgeries for all "-horns, whose other ends are connected to

(2) declare extinct every compact component which has positiveectional curva-
ture;

(3) throw away all capped horns and double horns lying in n

(4) declare extinct all compact components lying in n

(In Sections 7:6 and 7:7; we will add one more procedure by declaring extinct every
compact component which has nonnegative scalar curvatuje.

By Lemma 7.3.4, after performing surgeries at timeT, the pinching assumption
(7.3.3) still holds for the surgically modi ed manifold. Wi th this surgically modi ed
manifold (possibly disconnected) as initial data, we now catinue our solution under
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the Ricci ow until it becomes singular again at some time TY> T ). Therefore, we
have extended the solution to the Ricci ow with surgery, originally de ned on [0; T)
with T < +1 , to the new time interval [0; T9) with T°> T . By the proof of Theorem
5.3.2, we see that the solution to the Ricci ow with surgery adso satis es the pinching
assumption on [QTY. It remains to verify the canonical neighborhood assumpton
(with accuracy ") for the solution on the time interval [ T;T9 and to prove that this
extension procedure works inde nitely (unless it becomes xinct at some nite time)
and that there exists at most a nite number of surgeries at every nite time interval.
We leave these arguments to the next section.

Before we end this section, we check the following two asseons of Perelman in
[104] which will be used in the next section to estimate the LiYau-Perelman distance
of space-time curves which stretch to surgery regions.

Lemma 7.3.6 (Perelman [104). For any 0 <" 1=100 1 <A< +1 and
0< < l,onecan nd = (A; ;") with the following property. Suppose we have a
solution to the Ricci ow with surgery which satis es the a priori assumptions (with
accuracy ") on [0; T] and is obtained from a compact orientable three-manifold by
nite number of -cuto surgeries with each < . Suppose we have a cuto surgery
at time Tp 2 (0;T), let Xo be any xed point on the gluing caps(i.e., the regions
a ected by the cuto surgeries at time To); and let T; = minfT;To+ h?g, whereh
is the cuto radius around Xxg obtained in Lemma7:3:2: Then either
(i) the solution is de ned on P(Xg; To; Ah; T1 To), f(x;t) j x 2 B¢(Xo;Ah);t 2
[To; T1]g and is, after scaling with factor h 2 and shifting time Ty to zero,
A l-close to a corresponding subset of the standard solutiony o
(i) the assertion (i) holds with T; replaced by some timet* 2 (Ty;T1), where
t* is a surgery time; moreover, for each point inBr,(Xo; Ah), the solution
is dened for t 2 [Tp;t*) but is not de ned past t* (i.e., the whole ball
Bt,(Xo;Ah) is cut o at the time t*):

Proof. Let Q be the maximum of the scalar curvature of the standard soluton in
the time interval [0; ] and choose a large positive integeN so that t = (TIN—TO) <
" 1Q 'h?, where the positive constant is given in the canonical neighborhood
assumption. Setty = To+ k t,k=0;1;:::;N.

From Lemma 7.3.4, the geodesic balBt,(Xo; Agh) at time Tp, with Ap = z
is, after scaling with factor h 2, z-close to the corresponding ball in the standard
capped in nite cylinder with the center near the tip. Assume rst that for each point
in Bt,(Xo; Agh), the solution is de ned on [Ty;t1]. By the gradient estimates (7.3.4)
in the canonical neighborhood assumption and the choice of t we have a uniform
curvature bound on this set for h 2-scaled metric. Then by the uniqueness theorem
(Theorem 1.2.4), if z ! 0 (ie. Ao= 2z ! +1), the solution with h 2-scaled
metric will converge to the standard solution in the Cl. topology. Therefore we
can de ne A1, depending only onAg and tending to in nity with  Ag, such that the
solution in the parabolic region P (Xo; To; A1h;ts  To), f(X;t) j X 2 Bi(Xo;A1h);t 2
[To;To+ (t1  To)lg is, after scaling with factor h 2 and shifting time T, to zero,
A, !.close to the corresponding subset in the standard solution In particular, the
scalar curvature on this subset does not exceed@h 2. Now if for each point in
B, (Xo;A1h) the solution is de ned on [Ty;t2], then we can repeat the procedure,
de ning A,, such that the solution in the parabolic region P (xo; To; A2h;t2  To) ,
f(x;t) j x 2 By(Xo;A2h);t 2 [To;To + (t2  To)lg is, after scaling with factor h 2
and shifting time Ty to zero, A, 1.close to the corresponding subset in the standard
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solution. Again, the scalar curvature on this subset still does not exceed @h 2.
Continuing this way, we eventually de ne Ay. Note that N is depends only on
and ". Thus there exists a positive = (A; ;") such that for < , we have
Ag>A1> > AN > A, and assertion (i) holds when the solution is de ned on
Bt,(Xo;An 1h)  [To; Tl
The above argument shows that either assertion (i) holds, orthere exists some

k(0O k N 1)and a surgery timet* 2 (tx;tk+1] such that the solution on
B, (Xo0;Axh) is de ned on [To; t* ), but for some point of this set it is not de ned past
t*. Now we consider the latter case. Clearly the above argumentlso shows that the
parabolic region P (xo; To; Ak+1 h;t*  To), f(X;t) j X 2 Bi(X;Ak+1 h);t 2 [To;t")g
is, after scaling with factor h 2 and shifting time T, to zero, A, } -close to the
corresponding subset in the standard solution. In particubr, as time tends tot*,
the ball B, (xo;Ak+1 h) keeps on looking like a cap. Since the scalar curvature
on Br,(xo;Akh)  [To;tk] does not exceed Qh 2, it follows from the pinching as-
sumption, the gradient estimates in the canonical neighbohood assumption and the
evolution equation of the metric that the diameter of the set Bt,(xo; Axh) at any
time t 2 [Tg;t*) is bounded from above by 4 zh. These imply that no point of
the ball Bt,(xo;Axh) at any time near t* can be the center of a -neck for any
0< < (A;;")with (A; ;") > 0small enough, since 4 zh is much smaller than

'h. However the solution disappears somewhere in the s+, (xo; Axh) at time
t* by a cuto surgery and the surgery is always done along the midle two-sphere
of a -neck. So the setBr,(xo; Axh) at time t* is a part of a capped horn. (Recall
that we have declared extinct every compact component with sitive curvature and
every compact component lying in n ). Hence for each point ofBr, (Xo; Akh) the
solution terminates at t*. This proves assertion (ii). O

Corollary 7.3.7 ( Perelman [104). Forany | < 1 one can nd A = A(l) <
1 and = (l), 0 < < 1, with the following property. Suppose we are in the
situation of the lemma above, with < (A; ;" ). Consider smooth curves in the set
B, (Xo; Ah), parametrized byt 2 [To; T 1, such that (To) 2 Br,(Xo; %) and either
T =T1<T,orT <Tjiand (T)2 @B,(xo;Ah), wherexg is any xed point on
a gluing cap atTo and Ty = minfT;To+ h?g. Then

Z+
(R( (t);t) + j (D)jD)dt>1I:

To

Proof. We know from Proposition 7.3.3 that on the standard solution,

4 4

Rdt const (1 t) ldt
0 0

= const log(l ):

By choosing = (l) suciently close to 1 we have the desired estimate for the
standard solution.
Let us consider the rstcase:T = T, <T. For = (I) xed above, by Lemma

7.3.6, our solution in the subsetB,(xo; Ah) and in the time interval [ To; T ] is, after
scaling with factor h 2 and shifting time Ty to zero, A -close to the corresponding
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subset in the standard solution for any su ciently large A. So we have
Z z
(R( ();t)+ j ()j>)dt const (1 t) 'dt
To 0

= const log(l ):

Hence we have obtained the desired estimate in the rst case.
We now consider the second caseT < T; and (T ) 2 @B,(Xo;Ah). Let
= (I) be chosen above and leQ = Q(l) be the maximum of the scalar curvature
on the standard solution in the time interval [0; ].
On the standard solution, we can choos& = A(l) so large that for eacht 2 [0; ],

disti(xo; @B(X0;A))  disto(Xo; @B(X0;A)) 4(Q+ 1)t

A 4Q+1)
4
gA
and
A A
thm@Bsz >

where we have used Lemma 3.4.1(ii) in the rst inequality. Now our solution in the
subset B, (Xo; Ah) and in the time interval [ To; T ] is, after scaling with factor h 2
and shifting time T to zero, A !-close to the corresponding subset in the standard
solution. This implies that for A = A(l) large enough

~Ah i _(Djdt j_(hj2dt (T To)%;
S To To
Hence
z T 2

(RC @0+ j_OP)d 2>

To

This proves the desired estimate.O

7.4. Justi cation of the Canonical Neighborhood Assumptio ns. We con-
tinue the induction argument for the construction of a long-time solution to the Ricci
ow with surgery. Let us recall what we have done in the previous section. Let" be an
arbitrarily given positive constant satisfying 0 <"  1=100. For an arbitrarily given
compact orientable normalized three-manifold, we evolvetiby the Ricci ow. We may
assume that the solution goes singular at some time 8t] < +1 and know that the
solution satis es the a priori assumptions (with accuracy") on [0; t] ) for a nonincreas-
ing positive function r = ry(t) (de ned on [0;+1 )). Suppose that we have a solution
to the Ricci ow with surgery, dened on [0 ;t; ) with O <t] <t; < <ty <+1,
satisfying the a priori assumptions (with accuracy") for some nonincreasing positive
function r = r(t) (de ned on [0; + 1)), going singular at time t, and having ;-cuto
surgeries ateachtimet; , 1 i k 1,where j < (t7)foreachl i k 1. Then
forany 0< < (t;), we can perform -cuto surgeries at the time t, and extend
the solution to the interval [0;t;,, ) with t;,, >t . Here (t) is the positive function
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de ned in (7.3.16). We have already shown in Lemma 7.3.4 thathe extended solution
still satis es the pinching assumption on [G;t,,, ).

In view of Theorem 7.1.1, there always is a nonincreasing pds/e function r =
re+1 (t), de ned on [0;+ 1 ), such that the canonical neighborhood assumption (with
accuracy") holds on the extended time interval [Q t,, ) with the positive function r =
re+1 (t). Nevertheless, in order to prevent the surgery times from acumulating, the
key is to choose the nonincreasing positive functions = r;(t);i = 1;2;:::, uniformly.
That is, to justify the canonical neighborhood assumption (with accuracy ") for the
inde nitely extending solution, we need to show that there exists a nonincreasing
positive function e(t), de ned on [0;+1 ), which is independent of k, such that the
above chosen nonincreasing positive functions satisfy

ri(t) e(t); on [0;+1);

foralli=1;2;:::;k+1.
By a further restriction on the positive function (t), we can verify this after
proving the following assertion which was stated by Perelma in [104].

Proposition 7.4.1 (  Justi cation of the canonical neighborhood assumption).
Given any small" > 0, there exist decreasing sequenceB< g <", ; > 0, and
0< § <"2j=1;2, , with the following property. De ne the positive function
€t) on [0;+1 ) by &t) = § for t 2 [(j 1)"%j"?). Suppose there is a surgically
modi ed solution, de ned on [0;T) with T < +1 , to the Ricci ow which satis es the
following:

(1) it starts on a compact orientable three-manifold with namalized initial metric,
and

(2) it has only a nite number of surgeries such that each surgry at a time
t2 (0;T) is a (t)-cuto surgery with

0< (t) minf€t); (tg:

T
Then on each time interval[(j  1)"%;j"?] [0;T),j =1;2; , the solution satis es
the ;-noncollapsing condition on all scales less that and the canonical neighborhood
assumption (with accuracy") with r = g.

Here and in the following, we call a (three-dimensional) sugically modi ed solu-
tion g; (t);0 t<T, -noncollapsed at (xo;to) on the scales less than (for some
> 0; > 0) if it satis es the following property: whenever r < and

jRm(x;t)j r 2

for all those (x;t) 2 P(Xo;to;r; r2) = f(x%t9 j x°2 Bio(xo;r);t°2 [to  r?;to]g, for
which the solution is de ned, we have

Vol , (Bt (Xo;r)) r 3

Before we give the proof of the proposition, we need to verifya -noncollapsing
estimate which was given by Perelman in [104].

Lemma 7.4.2. Given any 0 < "o (for some su ciently small universal
constant "g); suppose we have constructed the sequences satisfying theppsition for
1 | m (for some positive integerm). Then there exists > 0, such that for any
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r,0<r<" ,onecan nd €= €r"), 0< €<" 2 which may also depend on the
already constructed sequences, with the following propstt Suppose we have a solution
with a compact orientable normalized three-manifold as irtial data, to the Ricci ow
with nite number of surgeries on a time interval [0; T] with m"2 T < (m+1)"2,
satisfying the assumptions and the conclusions of Propogiin 7:4:1 on [0; m"?), and
the canonical neighborhood assumptiorfwith accuracy ") with r on [m"?;T], as well
as 0 < (1) minf€ (t)g for any -cuto surgery with = (t) at a time t 2
[(m 1)"2;T]. Then the solution is -noncollapsed on[0; T] for all scales less thart'.

Proof. Consider a parabolic neighborhood
P(Xo;to;ro; r3), f(Xt)jx2Bi(Xo;ro);t2[to r3;tolg

with m"? tg Tand0<r<", where the solution satis esjRm| ro 2 whenever
it is de ned. We will use an argument analogous to the proof ofTheorem 3.3.2 (nho
local collapsing theorem I) to prove

(7.4.1) Vol i, (B, (Xoi o)) T &:

Let be the universal positive constant in the de nition of the canonical neigh-
borhood assumption. Without loss of generality, we always asume 10. Firstly,
we want to show that one may assume g Zir.

Obviously, the curvature satis es the estimate

iRmM(x;t)j 20rg?%;

for those (x;t) 2 P(Xo;to; 5-To; g r8) = f(Xt)jX 2 Be(Xo;5ro);t 2 [to or3;tolg,
for which the solution is de ned. When rg < Zir, we can enlarge o to somerd 2 [ro;r]
so that

jRmj 200 2

on P(Xo;to; zirg; Sirgz) (whenever it is de ned), and either the equality holds some
where in P (Xo; to; 2-§; (sir‘% + 9) for any arbitrarily small °> 0 orrd=r.

In the case that the equality holds somewhere, it follows fron the pinching as-
sumption that we have

R> 10r] 2

somewhere inP(xo;to; 213; (£r% + 9) for any arbitrarily small  ©> 0. Here,
without loss of generality, we have assumed is suitably small. Then by the gradient
estimates in the de nition of the canonical neighborhood asumption, we know

R(xo;to)>rg 2 r %

Hence the desired noncollapsing estimate (7.4.1) in this ® follows directly from the

canonical neighborhood assumption. (Recall that we have efuded every compact
component which has positive sectional curvature in the sugery procedure and then
we have excluded them from the list of canonical neighborhods. Here we also used
the standard volume comparison when the canonical neighbdwood is an"-cap.)
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While in the case that rd = r, we have the curvature bound

1 2
IRMOGO] - or

for those (x;t) 2 P(xoito; 51 (31)%) = f(x;it) j x 2 By(Xo;o2r)it 2 [to
(zir)z;to]g, for which the solution is de ned. It follows from the standard volume
comparison that we only need to verify the noncollapsing estate (7.4.1) forrg = Zir.
Thus we have reduced the proof to the caseg Zir.

Recall from Theorem 3.3.2 that if a solution is smooth everyvhere, we can get
a lower bound for the volume of the ballBt,(Xo;ro) as follows: dene (t) = tp t
and consider Perelman's reduced volume function and the L¥au-Perelman distance
associated to the point xo; take a point x at the time t = "2 so that the Li-Yau-

Perelman distancel attains its minimum Iynin () = 1(X; ) % for =1ty "2 use
it to obtain an upper bound for the Li-Yau-Perelman distance from xo to each point
of Bo(x; 1), thus getting a lower bound for Perelman's reduced volumeat = to;

apply the monotonicity of Perelman's reduced volume to dedee a lower bound for
Perelman's reduced volume at near 0, and then get the desired estimate for the
volume of the ball B¢, (xo;ro). Now since our solution has undergone surgeries, we
need to localize this argument to the region which is una eced by surgery.
We call a space-time curve in the solution trackadmissible if it stays in the space-
time region una ected by surgery, and we call a space-time ctve in the solution track
a barely admissible curve if it is on the boundary of the set of admissible curves.
First of all, we want to estimate the L-length of a barely admissible curve.

Clam. ForanyL< 1 onecan nd = (L;r; &q;") > 0 with the following
property. Suppose that we have a curve , parametrized by t 2 [To;to], (m 1)"?
To <to, such that (tp) = Xo, To is a surgery time, and (Tp) lies in the gluing cap.
Suppose also each-cuto surgery at a time in [(m  1)"?;T] has . Then we
have an estimate
Z,, L

(7.4.2) Pl TR ( ():0)+ | (O)dt L
To

where R, = maxfR; 0g.

Sincerg Zir and jRmj 2 on P(xo;to; ro; rg) (whenever it is de ned), we
can require > 0, depending onr and ey, to be so small that (Ty) does not lie in
the region P (Xo;to;ro; r3). Let t be the maximal number such that It tto]
P(xo;to;ro; t) (i.e., to t is the rst time when escapes the parabolic region
P(Xo;to;ro; r3)): Obviously we only need to consider the case:

Zy, L

to t(R«( (t);t)+ j_(D)jd)dt<L:
to
We observe that t can be bounded from below in terms oL and rg. Indeed, if

t r3, there is nothing to prove. Thus we may assume t <r 3. By the curvature

bound jRmj r, 2 on P (xo;to; ro; rg) and the Ricci ow equation we see
Z,,

j_(Djdt  crg

t

to
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for some universal positive constantc. On the other hand, by the Cauchy-Schwarz
inequality, we have

z to z to p % z to 1 %
j_(t)jdt o t(R+ +j_j%)dt p—=dt
to t to t to t to t

@L)Z( 1)7;

which implies

y o g
(7.4.3) (t)2 S
Thus
Z to Z to t
to t(Rs +j_j%)dt to (R« +j_j%)dt
To To
1 Z to t
(12 (R+ +j_j%)dt
To
R L R
min - —==iro . (R« +j_j9)dt;
while by Corollary 7.3.7, we can nd = (L;r; &n;") > 0 so small that
Z to t 2 1
R +jP)dt L min S.p
T 2L

Then we have proved the desired assertion (7.4.2).

Recall that for a curve , parameﬁgzed by =tg t2]0; ];with (0)= xo and

to (m 1)"2, wehavelL( )= , (R+j_j%)d . WecanalsodeneL.( )
by replacing R with R, in the previous formula. Recall that R 1 at the initial
time t = 0 for the normalized initial manifold. Recall that the surg eries occur at the
parts where the scalar curvatures are very large. Thus we camapply the maximum
principle to conclude that the solution with surgery still s atis es R 1 everywhere
in space-time. This implies

(7.4.4) L.() L()+(@"d)z:

By applying the assertion (7.4.2), we now choosé> 0 (depending onr, " and ey,)
such that as each -cuto surgery at the time interval t 2 [(m 1)"?;T] has 5
every barely admissible curve from (Xo;to) to a point (x;t) (with t 2 [(m 1)"2;to))
has

() 222

Thus if the Li-Yau-Perelman distance from (Xo;to) to a point (x;t) (with t 2 [(m
1)"2;t0)) is achieved by a space-time curve which is not admissiblethen its Li-Yau-
Perelman distance has

n2y 2
(7.4.5) | L—zp(g—)2> 100 L
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We also observe that the absolute value of(xp; ) is very small as closes to zere.
Thus the maximum principle argument in Corollary 3.2.6 still works for our solutions
with surgery because barely admissible curves do not attairthe minimum. So we
conclude that

Imin ( )=min fl(x; ) j x lies in the solution manifold at tg g >
for 2 (0;tp (m 1)"2]. In particular, there exists a minimizing curve  of I min (to
(m 1)'?),denedon 2[0;tg (m 1)'?]with (0)= X, such that

3 .p p

(7.4.6) L+() 5 2 2"+2 23
5",
since 0<" " with "o su ciently small (to be further determined). Consequently ,

there exists a point (x; t) on the minimizing curve  with t2 [(m  1)"2+ 1"2;(m
)2+ % (e, 20 (m 1) %t (m o 1)"7 377 such that

(7.4.7) R(x;t) 25e,%

Otherwise, we have

Zto (m 1)"2 1n2

4 p_
L+() R(()to )d
to (n} 1)"2 4;"2
1 1
> 25|E 2 ~u2 _n2
4 2
> 5

since 0< g, <" . This contradicts (7.4.6).

Next we want to get a lower bound for Perelman's reduced volure of a ball around
x of radius about B, at some time slightly beforet.

Denote by ; = % Tand 5= & 1 where is the universal positive constant
in the gradient estimates (7.3.4). Since the solution sati®s the canonical neighbor-
hood assumption on the time interval [(m  1)"?;m"2), it follows from the gradient
estimates (7.3.4) that

(7.4.8) R(x;t) 400e,?

forthose (x;t) 2 P(X;t; 1Bn; 28%), T(X%19[x%2 Bro(x; 1Bn);t°2 [t  2E2;tlg,
for which the solution is de ned. And since the scalar curvature at the points where
the -cuto surgeries occur in the time interval [(m  1)"2;m"?) is at least (®) 2g,?,
the solution is well-de ned on the whole parabolic regionP (x;t; 1Bn; 283) (i.e.,
this parabolic region is una ected by surgery). Thus by comhning (7.4.6) and (7.4.8),
we know that the Li-Yau-Perelman distance from (Xq;tp) to each point of the ball
Bt ,rz (X; 1BEm) is uniformly bounded by some universal constant. Let us dene
Perelman's reduced volume of the balB; ,;2 (X; 1Bn), by

‘etozt"’ zl'%1 (Bt zl'%1 (X! 1Em))
= 4 (to t+ 8) %

By ,rzg (X 1rm)

exp( l(aito t+ 2B5)dVk ez (0);
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where I(qg; ) is the Li-Yau-Perelman distance from (xo;to). Hence by the -
noncollapsing assumption on the time interval [(n  1)"?;m"?), we conclude that
Perelman's reduced volume of the balB; .2 (X; 1En) is bounded from below by a
positive constant depending only on , and ey .

Finally we want to apply a local version of the monotonicity of Perelman's reduced
volume to get a lower bound estimate for the volume of the ballB;,(Xo; o).

We have seen that the Li-Yau-Perelman distance from Xo; tg) to each point of the
ball By ,rz (X; 1Bm) is uniformly bounded by some universal constant. Now we can
choose a su ciently small (universal) positive constant "o such that when 0<" ",
by (7.4.5), all the points in the ball By ,r2 (X; 1Bm) can be connected to Ko; to)
by shortest L -geodesics, and all of thes& -geodesics are admissible (i.e., they stay in
the region una ected by surgery). The union of all shortest L -geodesics from Xo; to)
to the ball By ,rz (X; 1Bm) dened by CB; iz (X; 1Bm) = f(X;t) j (Xt) lies in
a shortest L -geodesic from Ko;to) to a point in By ,r2 (X; 1Bm)g, forms a cone-
like subset in space-time with the vertex (o;tp). Denote B (t) by the intersection of
the cone-like subsetCB; or2 (X; 1BEMm) with the time-slice at t. Perelman's reduced
volume of the subsetB (t) is given by

y4
%, «(B(D) = B()(4 (to 1) 2exp( l(a;to  1))dVi(0):
t

Since the cone-like subseCB; ;2 (X; 1BEm) lies entirely in the region una ected by
surgery, we can apply Perelman's Jacobian comparison theem (Theorem 3.2.7) to
conclude that

(7.4.9) %, «(B(1) %, t+ o2 (Br L2 (X 1Em))
¢ m:Bm);

forall t2 [t €2 ;to], wherec( m;En) is SOome positive constant depending only on
m and By .

Set =r, 1vol tO(Bto(xo;ro))%. Our purpose is to give a positive lower bound
for . Without loss of generality, we may assume < %, thusO< r 2<to t+ LE2.
Denote by B(to  r3) the subset of the time-sliceft = to  r g of which every
point can be connected to &o;to) by an admissible shortestL -geodesic. Clearly,
B(to r3) B(to r3). We now argue as in the proof of Theorem 3.3.2 to bound
Perelman's reduced volume off(to  r 3) from above.

Sincerg zir and ~= 7(r;"; By) su ciently small, the whole region P (Xg;to;o;
r3) is unaected by surgery. Then by exactly the same argument & in deriving

(3.3.5), we see that there exists a universal positive conant ¢ such that when 0<
o0, there holds

(7.4.10) Lexp, | : %g(rg) B, (Xo0;r0):
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Perelman's reduced volume of¥(to  r ) is given by
(7.4.11) @, ;z(g(to ra))

_ @13 Pexp( I(g; rd)dv, (A
ZB(to rg)

3
_ (4 r 3 Fexp( I(a; rdNav;, (z(d)
B(to r3)\L exp (rd)
z

3
+ 4 r§) Zexp( 1(q; rg)dVy, 2(0):
B(to r2)nL exp (rd

[N

i % 9

1
i % Zg

The rst term on the RHS of (7.4.11) can be estimated by
z
(7.4.12) (4 r 3) Texp( I(a; rd)aVi, (3(a)
B(to r2)\L expf_ _ (rd 0
]

1
., 1
7 29

@)z ?

for some universal constantC, as in deriving (3.3.7). While as in deriving (3.3.8), the
second term on the RHS of (7.4.11) can be estimated by

Z
(7.4.13) @ r ) Zexp( I(a; r3))dv, ,2(q)
B(to ri)nLexp 1 (r)
7z i i 7 29
C @ ) Fexp( 1( )3 ()i =od
fj j>% 2g
Z
=@4) ¢ exp(j j2)d;

i >3 29

where we have used Perelman's Jacobian comparison theorenTHeorem 3.2.7) in
the rst inequality. Hence the combination of (7.4.9), (7.4.11), (7.4.12) and (7.4.13)
bounds from below by a positive constant depending only on , and ey,. Therefore
we have completed the proof of the lemma. O

Now we can prove the proposition.

Proof of Proposition 7.4.1. The proof of the proposition is by induction: having

constructed our sequences for 1 |j m, we make one more step, de ningem .1 ,
m+1, Sm+1, and rede ning €, = €,+1. In view of the previous lemma, we only need
todene Bn+ and €41 .

In Theorem 7.1.1 we have obtained the canonical neighborhab structure for
smooth solutions. When adapting the arguments in the proof 6 Theorem 7.1.1 to
the present surgical solutions, we will encounter the new dculty of how to take a
limit for the surgically modi ed solutions. The idea to over come the di culty con-
sists of two parts. The rst part, due to Perelman [104], is to choose®, and € .1
small enough to push the surgical regions to in nity in space (This is the reason
why we need to rede ne€, = €,.1.) The second part is to show that solutions are
smooth on some small, but uniform, time intervals (on compat subsets) so that we
can apply Hamilton's compactness theorem, since we only havcurvature bounds;
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otherwise Shi's interior derivative estimate may not be apgicable. In fact, the sec-
ond part is more crucial. That is just concerned with the quegion of whether the
surgery times accumulate or not. Our argument will use the caonical neighborhood
characterization of the standard solution in Lemma 7.3.5.

We now start to prove the proposition by contradiction. Suppose for sequence of
positive numbersr and© |, satisfyingr ! Oas !1 and®© L. (1 0),there

exist sequences of solutiong; to the Ricci ow with surgery, where each of them
has only a nite number of cuto surgeries and has a compact ofentable normalized
three-manifold as initial data, so that the following two assertions hold:

() each -cuto atatime t2 [(m 1)'%;(m+1)"?] satis es € ;and

(ii) the solutions satisfy the statement of the proposition on [0; m"?], but violate

the canonical neighborhood assumption (with accuracy') with r = r on
[m"2; (m+1)"?].

For each solutiong; , we choose (depending on and ) to be the nearly rst
time for which the canonical neighborhood assumption (withaccuracy") is violated.
More precisely, we choosé 2 [m"?;(m + 1)"?] so that the canonical neighborhood
assumption with r = r and with accuracy parameter" is violated at some ;t),
however the canonical neighborhood assumption with accumey parameter 2' holds
ont 2 [m"2;t]. After passing to subsequences, we may assume eah is less than
the €in Lemma 7.4.2 withr = r when is xed. Then by Lemma 7.4.2 we have
uniform -noncollapsing on all scales less that on [0; t] with some > 0 independent
of ;

Slightly abusing notation, we will often drop the indices and

Let g; be the rescaled solutions aroundx; t) with factors R(x; t)( r 21 +1)
and shift the times t to zero. We hope to take a limit of the rescaled solutions for
subsequences of, ! 1 and show the limit is an orientable ancient -solution,
which will give the desired contradiction. We divide our arguments into the following
Six steps.

Step1. Let (y;f) be a point on the rescaled solutiong; with R(y;f) A (for
someA 1)andf2[ (t (m 1)"?)R(x;t);0]. Then we have estimate

(7.4.14) R(x;t) 10A
for those (x;t) in the parabolic neighborhood P(y;f1 A #; 1 1A 1),

F(x%19 j x°2 Buo(y;3 A 2);t°2 [ 1 A 1;flg, for which the rescaled so-
lution is de ned.

Indeed, as in the rst step of the proof of Theorem 7.1.1, thisfollows directly
from the gradient estimates (7.3.4) in the canonical neighlorhood assumption with

parameter 2'.

Step2. In this step, we will prove three time extension results.

Assertion 1. For arbitrarily xed ,0<A< +1,1 C < +1 and
0 B< 1"3(r)2 % IC !thereisa o= o"A;B;C) (independent of )
such that if o and the rescaled solutiong; on the ball By(x;A) is de ned on a

time interval [ b;0] with 0 b B and the scalar curvature satis es
R(x;t) C; onBo(x;A) [ b;0];
then the rescaled solutiong; on the ball Bo(x;A) is also de ned on the extended

time interval [ b 1 !C %;0]
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Before giving the proof, we make a simpleobservation : once a space point in
the Ricci ow with surgery is removed by surgery at some time, then it never appears
for later time; if a space point at some timet cannot be de ned before the timet ,
then either the point lies in a gluing cap of the surgery at time t or the time t is the
initial time of the Ricci ow.

Proof of Assertion 1. Firstly we claim that there exists ¢ = o(";A;B;C ) such
that when 0, the rescaled solutiong; on the ball Bo(x; A) can be de ned before
the time Db (i.e., there are no surgeries interfering inBo(x;A) [ b % b] for some

0> 0).

We argue by contradiction. Suppose not, then there is some got x 2 By(x;A)
such that the rescaled solutiongij at % cannot be de ned before the time b. By
the above observation, there is a surgery at the time b such that the point x lies in
the instant gluing cap.

Let A (= R(x; t)%h) be the cut-o radius at the time b for the rescaled
solution. Clearly, there is a universal constantD suchthatD A R(x, b) z DA.

By Lemma 7.3.4 and looking at the rescaled solution at the tine b, the gluing

1
cap and the adjacent -neck, of radius, constitute a (¢ )’-cap K. For any xed
small positive constant ° (much smaller than "), we see that

B n(6 (9 'Rix b 7) K

when large enough. We rst verify the following

Claim 1. For any small constants 0< "< 1, %> 0, thereexistsa ( %", ) > 0
such that when %" 3, we have

(i) the rescaled solutiong; overB (% ( 9 1!’7) is de ned on the time interval
[ b0\ [ b; b+(1 A?;
1
(ii) the ball B (% (9 M) inthe (& )’-capK evolved by the Ricci ow on
the time interval [ b;0]\ [ b; b+(1 ")h?]is, after scaling with factor i 2,

%close (in the C! °h topology) to the corresponding subset of the standard
solution.

This claim essentially follows from Lemma 7.3.6. Indeed, sppose there is a
surgery at some timef 2 [ b;0]\ ( b; b+ (1 7)h?] which removes some point
%2 B (% ( 9 lFi). We assumef2 ( b;0] is the rst time with that property.

Then by Lemma 7.3.6, thereisa = %" 3 suchthatif © < |, then the ball
B (% ( 9 lﬁ) in the (€ )%-cap K evolved by the Ricci ow on the time interval
[ b;D is, after scaling with factor i 2, “close to the corresponding subset of the
standard solution. Note that the metrics for times in [ b;B) on B 4 (x; ( 9 lﬁ) are
equivalent. By Lemma 7.3.6, the solution on8 ) (x; ( 0 1Fi) keeps looking like a cap
fort 2 [ b;B). On the other hand, by the de nition, the surgery is always done along
the middle two-sphere of a -neck with < € . Then for large, all the points in
B n(x( 9 1!’7) are removed (as a part of a capped horn) at the timef: But * (near

the tip of the cap) exists past the time £ This is a contradiction. Hence we have proved
that B (% (9 'h)is de ned on the time interval [ b;0]\ [ b; b+(1 7)A?.
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The “closeness of the solution o (% ( 9 *h) ([ b;ON[ b; b+l HA?])
with the corresponding subset of the standard solution folbws from Lemma 7.3.6.
Then we have proved Claim 1.

We next verify the following
Claim 2. Thereis = (CB),0< < 1,suchthatb (1 ")h? when large.

Note from Proposition 7.3.3, there is a universal constantD®> 0 such that the
standard solution satis es the following curvature estimate

2D0
R(y; :
vis) 7
We choose™ = D%2(D%+ CB). Then for large enough, the rescaled solution
satis es
DO
(7.4.15) R(x;t) ————h 2
1 (t+bh 2

onB (6 (Y 'M ([ bo\[ by b+ .
Supposeb (1 7)A2. Then by combining with the assumption R(x;t) C for
t=(1 7)h? b we have

DO h 2.
1 (t+bh 2
and then
DO
1 1 9 1+ﬁ

This is a contradiction. Hence we have proved Claim 2.

The combination of the above two claims shows that there is a psitive constant
0< ~= (CB) < 1 such that for any small °> 0, there is a positive ( %"; 7) such
that when %" ), we haveb (1 ")h? and the rescaled solution in the ball
B (% (9 'h) onthe time interval [ b;0] is, after scaling with factor i 2, °close
(in the CC" "1 topology) to the corresponding subset of the standard soltion.

By (7.4.15) and the assumptionR  C on By(x;A) [ b;0]; we know that the
cut-o radius h at the time b for the rescaled solution satis es

r

]

0| Q|

Let °> 0be much smaller than" and minf A 1;Ag. Sincedy(x;x) A, it follows
that there is constant C(7) depending only on ~such that d; (x) C(")A

(9 A. We now apply Lemma 7.3.5 with the accuracy parameter'=2. Let C("=2)
be the positive constant in Lemma 7.3.5. Without loss of gengality, we may assume
the positive constant C,1(") in the canonical neighborhood assumption is larger than
4C("=2). When 9> 0) is much smaller than" and minf A 1;Ag, the point x at the
time t has a neighborhood which is either a;"-cap or a %"-neck.

Since the canonical neighborhood assumption with accuracparameter” is vio-
lated at (x; t), the neighborhood of the point x at the new time zero for the rescaled
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solution must be a 7"-neck. By Lemma 7.3.5 (b), we know the neighborhood is the
slice at the time zero of the parabolic neighborhood

P (x; 0; g" R(x;0) z; minfR(x;0) *;bg)

(with R(x; 0) = 1) which is 2"-close (in the C[s" "I topology) to the corresponding
subset of the evolving standard cylinderS? R over the time interval [ minf b;1g; 0]
with scalar curvature 1 at the time zero. If b 1, the 7"-neck is strong, which is a
contradiction. While if b < 1, the 7"-neck at time bis contained in the union of the
gluing cap and the adjacent -neck where the -cuto surgery took place. Since" is
small (say" < 1=100), it is clear that the point x attime bis the center of an"-neck
which is entirely contained in the adjacent -neck. By the proof of Lemma 7.3.2, the
adjacent -neck approximates an ancient -solution. This implies the point x at the
time t has a strong"-neck, which is also a contradiction.

Hence we have proved that there existsg = ¢("; A; B; C ) such that when 0s
the rescaled solution on the ball®y(x; A) can be de ned before the time b.

Let[ty, ;0] [ b;0] be the largest time interval so that the rescaled solutiong;

can be de ned onBy(x;A) [t, ;0]. We nally claim that t, b & C !for
large enough.
Indeed, suppose not, by the gradient estimates as in Step 1,ewhave the curvature
estimate

R(x;t) 10C

on Bo(x;A) [ty ; bl. Hence we have the curvature estimate

R(x;t) 10C
on Bo(x;A) [ty ;0. By the above argument there is a o = o(";A;B +
1 1C %;10C) such that for o, the solution in the ball By(x;A) can be de-

ned before the time t, . This is a contradiction.
Therefore we have proved Assertion 1.

Assertion 2. For arbitrarily xed ,0<A< +1,1 C < +1 and
0<B< 3"2(r )2 & !l thereisa o= o("A;B;C) (independent of ) such
that if o and the rescaled solutiong; on the ball Bo(x;A) is de ned on a time

interval [ b+ %0]with0 <b B and0< °< % ! and the scalar curvature
satis es

R(x;t) C on Bo(x;A) [ b+ %0J

and there is a pointy 2 By(x;A) such that R(y; b+ 9 % then the rescaled

solution g; aty is also de ned on the extended time interval [ b % 0] and
satis es the estimate

R(y;t) 15
fort2[ b & 1 b+ T

Proof of Assertion 2. We imitate the proof of Assertion 1. If the rescaled solution

g; aty cannot be de ned for some time in [ b % L. b+ 9, then there is a
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surgery at some timet2 [ b % 1. b+ 9 such thaty lies in the instant gluing
cap. Leth (= R(X; t)%h) be the cuto radius at the time T for the rescaled solution.

Clearly, there is a universal constantD > 1 such thatD h R(y;) z  Dh By
the gradient estimates as in Step 1, the cuto radius satis es

N D 15 %:
As in Claim 1 (i) in the proof of Assertion 1, for any small congants 0 < ~< %
0> 0, there exists a ( %"; ™) > 0 such that for 0." ), there is no surgery
interfering in B(y;( 9 *h) (E@ 7>+ §\ (F0]). Without loss of generality,
we may assume that the universal constant is much larger than D. Then we have
(1 M+ E> b+ & ' Asin Claim 2 in the proof of Assertion 1, we can use

the curvature bound assumption to choose™= (B;C) such that (1 )h2+ & 0;
otherwise

0
c P
2
for some universal constantD%> 1, and
— 1
'+ = 4
jt+ b 0
which implies
!
DO
1 1 9 1+—CB+£ I

50

This is a contradiction if we choose™= D%2(D°+ C(B + & 1))

So there is a positive constant 0< ~= 7(B;C) < 1 such that for any °> 0,
there is a positive ( %"; ) such that when &™), wehave T (1 7)h?
and the solution in the ball @F(x;( 9 lﬁ) on the time interval [T O] is, after scaling

with factor i 2, %close (in the Cl °h topology) to the corresponding subset of the
standard solution.

Then exactly as in the proof of Assertion 1, by using the canoital neighborhood
structure of the standard solution in Lemma 7.3.5, this gives the desired contradic-
tion with the hypothesis that the canonical neighborhood asumption with accuracy
parameter " is violated at (x; t), for su ciently large.

The curvature estimate at the point y follows from Step 1. Therefore the proof
of Assertion 2 is complete.

Note that the standard solution satis es R(x1;t) DO°R(x»;t) for any t 2 [0; 1]
and any two points x1; X2, where D% 1 is a universal constant.

Assertion 3. For arbitrarily xed ,0<A< +1,1 C< +1 , thereisa
o= o";AC 2) such that if any point ( yo; to) with O to< 3"2(r ) 2 3 C?

of the rescaled solutiong; for o satis es R(yo;to) C, then either the rescaled

solution at yp can be de ned at least on [g % 1C 1:t0] and the rescaled scalar

curvature satis es
h i

R(yo;t) 10C fort2 tg 1_16 e ity
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or we have
R(x1;to) 2D °R(x2;to)

for any two points x1; X2 2 By, (yo; A), where D %is the above universal constant.

Proof of Assertion 3. Suppose the rescaled solutiog; at yo cannot be de ned

for somet 2 [to % 1C 1;tp); then there is a surgery at some timet 2 [to

% 1C 1;to] such that yg lies in the instant gluing cap. Let i (= R(X; t)%h) be the
cuto radius at the time tfor the rescaled solutiong; . By the gradient estimates as

in Step 1, the cuto radius satis es
h D 10 :C z;

where D is the universal constant in the proof of the Assertion 1. Site we assume
is suitably larger than D as before, we haw%l’f2 + t>1tg. Asin Claim 1 (ii) in the
proof of Assertion 1, for arbitrarily small °> 0, we know that for large enough the
rescaled solution onB(yo; ( 9 'h) [tto] is, after scaling with factor i 2, ®close
(in the CIC 9 "1 topology) to the corresponding subset of the standard soluibn. Since
(9 " A for large enough, Assertion 3 follows from the curvature estime of
standard solution in the time interval [O; %].

Step 3. For any subsequence (x; ) of (; )with r x I Oand +«! O
ask ! 1 , we next argue as in the second step of the proof of Theorem 71 to
show that the curvatures of the rescaled solutiongg7* “ at the new times zero (after
shifting) stay uniformly bounded at bounded distances fromx for all su ciently large
k. More precisely, we will prove the following assertion:

Assertion 4.  Given any subsequence of the rescaled solutiorg;}'hk with r « !
Oand ««! Oask!1 ,thenforanyL > 0, there are constantsC(L) > 0 and
k(L) such that the rescaled solutionsg;* * satisfy

(i) R(x;0) C(L) for all points x with dp(x;x) L andallk 1;

(i) the rescaled solutions over the ballBy(x;L) are de ned at least on the time

interval [ & 'C(L) ;0] forallk Kk(L).

Proof of Assertion 4. For each > 0, set

n o
M()=sup R(x;0)jk 1 and dp(x;x) in the rescaled solutions g;*

and
o=supf > OjM( )< +1g:

Note that the estimate (7.4.14) implies that ¢ > 0. For (i), it suces to prove
o=+1.

We argue by contradiction. Suppose o < +1 . Then there is a sequence of
points y in the rescaled solutionsgy* * with do(X;y)! o< +1 andR(y;0)! +1.
Denote by a minimizing geodesic segment fronx to y and denote by By(X; o) the
open geodesic ball centered ax of radius o on the rescaled solutiongik k.

First, we claim that forany 0 < < o with near o, the rescaled solutions
on the balls Bp(x; ) are de ned on the time interval [ 1—16 IM () %;0]for all large
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k. Indeed, this follows from Assertion 3 or Assertion 1. For thke later purpose in
Step 6, we now present an argument by using Assertion 3. If theslaim is not true,
then there is a surgery at some timet 2 | % IM () %;0] such that some point
y 2 Bo(x; ) lies in the instant gluing cap. We can choose su ciently smal °> 0
suchthat 2 o < (9 zh, whereh D 120 zM( ) z is the cuto radius of the
rescaled solutions att: By applying Assertion 3 with (¥;0) = (yo;t0), we see that
there is ak( o;M ( )) > 0 such that whenk k( o;M (),

R(x;0) 2D%

for all x 2 Bo(x; ). This is a contradictionas ! .

Since foreach xed 0< < gwith near g, the rescaled solutions are de ned on
Bo(x; ) | % IM () ;0] for all large k, by Step 1 and Shi's derivative estimate,
we know that the covariant derivatives and higher order derivatives of the curvatures
on Bo(x; %) [ & M() %0]are also uniformly bounded.

By the uniform -noncollapsing property and Hamilton's compactness theocem
(Theorem 4.1.5), after passing to a subsequence, we can agsel that the marked se-
quence Bo(X; 0);g;" “;x) convergesin theCl. topology to a marked (noncomplete)
manifold (B1 ;gijl ;X) and the geodesic segments converge to a geodesic segment
(missing an endpoint) ; B: emanating from x.

Clearly, the limit has nonnegative sectional curvature by the pinching assumption.
Consider a tubular neighborhood along ; de ned by

[ )
V= B1 (0;4 (R1 (m)) ?);

Q2 1
whereR; denotes the scalar curvature of the limit and
B1 (4 (R1 (q) ?)

is the ball centered atqy 2 B; with the radius 4 (R; (o)) z. Let B; denote the
completion of (B, ;g”l ), and y; 2 B3 the limit point of ;. Exactly as in the
second step of the proof of Theorem 7.1.1, it follows from theanonical neighborhood
assumption with accuracy parameter 2 that the limiting metric giJ1 is cylindrical
at any point ¢ 2 1 which is suciently close to y; and then the metric space
V = V [f y1 g by adding the point y; has nonnegative curvature in the Alexandrov
sense. Consequently we have a three-dimensional non- at tegent coneCy, V at y;
which is a metric cone with aperture 20".

On the other hand, note that by the canonical neighborhood asumption, the
canonical 2'-neck neighborhoods are strong. Thus at each poing2 V neary; , the
limiting metric gijl actually exists on the whole parabolic neighborhood

\ 1 L1
- 1 i, =
V. P og03 (R1 (9) ?; T

YRy (@) * s

and is a smooth solution of the Ricci ow there. Pick z 2 Cy, V with distance one

from the vertex y; and it is nonat around z. By de nition the ball B(z;%)

Cy, V is the Gromov-Hausdor convergent limit of the scalings of asequence of balls
Bi(z; *)( (V:gf )) where -! 0. Since the estimate (7.4.14) survives on\(;gj )

for all A < +1, and the tangent cone is three-dimensional and non at arour z,
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we see that this convergence is actually in theCl. topology and over some ancient
time interval. Since the limiting By (z; %)( Cy, V) is a piece of nonnegatively curved
non at metric cone, we get a contradiction with Hamilton's s trong maximum principle
(Theorem 2.2.1) as before. So we have proved, = 1 . This proves (i).

By the same proof of Assertion 1 in Step 2, we can further showhat for any L,
the rescaled solutions on the ballBy(x;L) are de ned at least on the time interval

[ & IC(L) %;0]forall suciently large k. This proves (ii).

Step 4. For any subsequence (x; ) of (; )with r x 1 Oand€x 1 0
ask ! 1 , by Step 3, the -noncollapsing property and Hamilton's compactness
theorem, we can extract aCl. convergent subsequence @;“ “ over some space-time
open subsets containing the slicdt = 0g. We now want to show any such limit has
bounded curvature att = 0. We prove by contradiction. Suppose not, then there
is a sequence of points: divergent to in nity in the limiting metric at time zero
with curvature divergent to in nity. Since the curvature at z: is large (comparable to
one), z has a canonical neighborhood which is a"2cap or strong 2'-neck. Note that
the boundary of 2'-cap lies in some 2-neck. So we get a sequence of hecks with
radius going to zero. Note also that the limit has nonnegatie sectional curvature.
Without loss of generality, we may assume 2<" o, where" is the positive constant
in Proposition 6.1.1. Thus this arrives at a contradiction with Proposition 6.1.1.

Step 5. In this step, we will choose some subsequencey; ) of (; ) so that
we can extract a complete smooth limit of the rescaled solutins g;* “ to the Ricci
ow with surgery on a time interval [ a;0] for somea > 0.

Choose ; k!1 sothatr ! 0,€« «x1 0,and Assertion 1, 2, 3 hold with

= x; = forall A2fp=qgjp;q=1;2;:::;kg,andB;C 2f 1;2;:::;kg. By Step

3, we may assume the rescaled solutiong; k ¥ converge in theCl, topology at the

time t = 0. Since the curvature of the limit at t = 0 is bounded by Step 4, it follows
from Assertion 1 in Step 2 and the choice of the sequence {; k) that the limiting

(Mq :g.,l (;1)) is de ned at least on a backward time interval [ a; 0] for some positive

constant a and is a smooth solution to the Ricci ow there.

Step 6. We further want to extend the limit in Step 5 backwards in ti me to
in nity to get an ancient  -solution. Let g; ¥ ¥ be the convergent sequence obtained
in the above Step 5.

Denote by

n
tmax =sup tYwe can take a smooth limit on ( t% 0] (with bounded

curvature at each time sliceg from a subsequence of

the rescaled solutionsg;  *

We rst claim that there is a subsequence of the rescaled sotions g; * * which con-
verges in the CL. topology to a smooth limit (M1 ;gijl (;t)) on the maximal time
interval ( tmax; O]

Indeed, lett- be a sequence of positive numbers such that ! t . and there exist
smooth limits (M1 ;g* (;t)) de ned on ( t-;0]. For each’, the limit has nonnegative
sectional curvature and has bounded curvature at each timelgce. Moreover by the
gradient estimate in canonical neighborhood assumption wh accuracy parameter 2',
the limit has bounded curvature on each subinterval [ b;0] ( t-;0]. Denote by @



448 H.-D. CAO AND X.-P. ZHU

the scalar curvature upper bound of the limit at time zero (® is independent of *).
Then we can apply Li-Yau-Hamilton inequality (Corollary 2. 5.5) to get

RY (x;t) ®;

t+ t

where RY (x;t) are the scalar curvatures of the limits (M ;g* (;t)). Hence by the
de nition of convergence and the above curvature estimateswe can nd a subsequence
of the rescaled solutionsg; ¥ ¥ which converges in theCl, topology to a smooth limit
(Mq :g.,l (;t)) on the maximal time interval ( tmax; O].
We need to show thax = 1 . Suppose tmax > 1 , there are only the
following two possibilities: either
(1) The curvature of the limiting solution ( M, ;g”l (;t)) becomes unbounded as
t& tmax, O
(2) For each small constant > 0 and each large integeko > 0, there is somek
ko such that the rescaled solutiong; “ “ has a surgery timeTyx 2 [ tmax ;O]
and a surgery pointxg lying in a gluing cap at the times Ty so that d?rk (Xk;X)
is uniformly bounded from above by a constant independent of and kp.
We next claim that the possibility (1) always occurs. Suppo® not; then the
curvature of the limiting solution ( My ;gijl (;t)) is bounded onM1  ( tmax; 0] by

some positive constant€. In particular, for any A > 0, there is a su ciently large
integer k; > 0 such that any rescaled solutiong,jk “ with k  k; on the geodesic

ball Bo(x;A) is de ned on the time interval [ tmax + 25 1€ 1;0] and its scalar

curvature is bounded by 28 there. (Here, without loss of generality, we may assume
that the upper bound € is so large that tmax + = 1€ 1< 0.) By Assertion 1 in

Step 2, fork large enough, the rescaled solutiorg; k ¥ over By(x;A) can be de ned

on the extended time interval [ tmax % e 1.0] and has the scalar curvature

R 10C on Bo(x;A) [ tmax o *C %0]. So we can extract a smooth limit
from the sequence to get the limiting solution which is de ned on a larger time interval
[ tmax 25 1€ 1:0]. This contradicts the de nition of the maximal time  tmax.
It remains to exclude the possibility (1).
By using Li-Yau-Hamilton inequality (Corollary 2.5.5) aga in, we have

t
R, (x;t max _@:
1 (%t) T+ oo C}
So we only need to control the curvature near ty.. Exactly as in Step 4 in the
proof of Theorem 7.1.1, it follows from Li-Yau-Hamilton inequality that
q_
(7.4.16) do(xy) Gi(xy) do(xy)+30tmax @

forany x;y 2 M; andt 2 ( tmax;0].

Since the in mum of the scalar curvature is nondecreasing intime, we have some
pointy; 2 M; andsometime tmax <ti < tmax*t % Lsuchthat Ry (y; ;t1 ) <
5=4. By (7.4.16), there is a constant&, > 0 such that di(x;y1) A&p=2 for all
t2 ( tmax;0]

Now we come back to the rescaled solutiorg; k %. Clearly, for arbitrarily given
small °> 0, whenk large enough, there is a pointy, in the underlying manifold of

g;“ “ attime 0 satisfying the following properties

(7.4.17) R(Yk;tl)<g; &(xyk) Ao
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fort 2 [ tmax + ©0]. By the de nition of convergence, we know that for any xed

Ao 2&,, for k large enough, the rescaled solution ovely(x; A) is de ned on the
time interval [t ;0] and satis es

R(x;t)

on Bo(x;Ag) [t1 ;0]. Then by Assertion 2 of Step 2, we have proved that there is a
su ciently large integer ko such that whenk ko, the rescaled solutionsg; “ * at yx
can be de ned on [ tmax % 1.0], and satisfy

R(yk;t) 15

We now prove a statement analogous to Assertion 4 (i) of Step 3

Assertion 5. For the above rescaled solutiongij Kk and kg, we have that for

any L > 0, there is a positive constant! (L) such that the rescaled solutionsg; “
satisfy

R(x;t) !'(L)

for all (x;t) with di(x;yx) L andt2 [ tmax L:t; ], and for all k  ko.

1
50

Proof of Assertion 5. We slightly modify the argument in the proof of Assertion
4 (i). Let

n
M()=sup R(Xt)jd(x;yk) and t 2 [ tmax 5 Lt ]
0

in the rescaled solutions g;* “;k ko

and
o=supf > OjM( )< +1g:

Note that the estimate (7.4.14) implies that ¢ > 0. We only need to show ¢ =+ 1 .
We argue by contradiction. Suppose o < +1 . Then, after passing to
a subsequence, there is a sequencgi(tc) in the rescaled solutions g;* “ with

2 [ tmax o Stilandd (Vi) ! o< +1 suchthat R(y;tc)! +1 . De-
note by  a minimizing geodesic segment fronyi to yx at the time tx and denote by
B, (Yk; o) the open geodesic ball centered ayx of radius ¢ on the rescaled solution
8" (k)

Forany 0< < o with near o, by applying Assertion 3 as before, we get
that the rescaled solutions on the ballsB;, (yx; ) are de ned on the time interval
[tk & *M() %t for all large k. By Step 1 and Shi's derivative estimate, we
further know that the covariant derivatives and higher order derivatives of the curva-
tures on By, (Yk; %) [tk % IM () % tx]are also uniformly bounded. Then
by the uniform -noncollapsing property and Hamilton's compactness theoem (The-
orem 4.1.5), after passing to a subsequence, we can assumaitthe marked sequence

(Bt (Yk; 0);8;" “(:tk);yk) convergesin theC. topology to a marked (noncomplete)
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manifold (B1 ;g”l ;y1 ) and the geodesic segments, converge to a geodesic segment
(missing an endpoint) ; B, emanating fromy; .

Clearly, the limit also has nonnegative sectional curvatue by the pinching as-
sumption. Then by repeating the same argument as in the proobf Assertion 4 (i) in
the rest, we derive a contradiction with Hamilton's strong maximum principle. This
proves Assertion 5.

We then apply the second estimate of (7.4.17) and Assertion %0 conclude that
for any large constant 0< A < +1 , there is a positive constantC(A) such that for
any small °> 0, the rescaled solutionsg; “ “ satisfy

(7.4.18) R(x;it) C(A);

for all x 2 Bo(x;A) and t 2 [ tmax + ©0], and for all su ciently large k. Then by
applying Assertion 1 in Step 2, we conclude that the rescaledolutions g k ¥ on the

geodesic ballsgy(x; A) are also de ned on the extended time interval [ tmax +
% 1C(A) 1;0] for all su ciently large k. Furthermore, by the gradient estimates as

in Step 1, we have
R(x;t) 10C(A);

for x 2 Bo(x;A) and t 2 [ tmax + © & IC(A) 1;0]. Since °> 0 is arbitrarily
small and the positive constant C(A) is independent of ° we conclude that the
rescaled solutiongijk “ onBy(x; A) are de ned on the extended time interval [ tmax
& 1C(A) 1;0] and satisfy

(7.4.19) R(x;t) 10C(A);

for x 2 Bo(x;A)and t 2 [ tmax 15 1C(A) *;0], and for all su ciently large k.

Now, by taking convergent subsequences from the rescaled latons g,jk , we
see that the limit solution is de ned smoothly on a space-time open subset oM
(1 ;0] containing M, [ tmax;0]. By Step 4, we see that the limiting metric
g,l (; tmax) attime tpnax has bounded curvature. Then by combining with the
canonical neighborhood assumption of accuracy"2 we conclude that the curvature of
the limit is uniformly bounded on the time interval [ tnax;0]. So we have excluded
the possibility (1).

Hence we have proved a subsequence of the rescaled solutiammverges to an
orientable ancient -solution.

Finally by combining with the canonical neighborhood theorem (Theorem 6.4.6),
we see that §; t) has a canonical neighborhood with parameter*, which is a contra-
diction. Therefore we have completed the proof of the propason. O

Summing up, we have proved that for any" > 0, (without loss of generality, we
may assume"  "g), there exist nonincreasing (continuous) positive functons &(t)
and e(t), de ned on [0;+1 ) with

1

&(t) (t) = min mi 0

such that for arbitrarily given (continuous) positive func tion (t) with (t) < €(t)
on [0;+1 ), and arbitrarily given a compact orientable normalized three-manifold as
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initial data, the Ricci ow with surgery has a solution on [0 ; T) obtained by evolving
the Ricci ow and by performing -cuto surgeries at a sequence of times < t; <
ty < <tj< <T,with (t) €(t;) at each time t;, so that the pinching
assumption and the canonical neighborhood assumption (wit accuracy") with r =
g(t) are satis ed. (At this moment we still do not know whether th e surgery timest;
are discrete.)

Since the -cuto surgeries occur at the points lying deeply in the "-horns, the
minimum of the scalar curvature R, (t) of the solution to the Ricci ow with surgery
at each time-slice is achieved in the region una ected by thesurgeries. Thus we know
from the evolution equation of the scalar curvature that
(7.4.20) %Rmin t) éernin (t):

In particular, the minimum of the scalar curvature Rpi, (t) is nondecreasing in time.
Also note that each -cuto surgery decreases volume. Then the upper derivativeof
the volume in time satis es

d . V(t+4t) V()
e V(t), lim 4stL!1p0 At
Rmin (O)V(t)

which implies that
V(t) V(0)e Rmn Ot

On the other hand, by Lemma 7.3.2 and the -cuto procedure given in the
previous section, we know that at each timet;, each -cuto surgery cuts down the
volume at least at an amount of h3(t;) with h(t;) depending only on (t;) and g(t;).
Thus the surgery timest; cannot accumulate in any nite interval. When the solution
becomes extinct at some nite time T, the solution at time near T is entirely covered by
canonical neighborhoods and then the initial manifold is dieomorphic to a connected
sum of a nite copies of > S! and S°= (the metric quotients of round three-sphere).
So we have proved the following long-time existence result hich was proposed by
Perelman in [104].

Theorem 7.4.3 ( Long-time existence theoren). For any xed constant " > 0,
there exist nonincreasing (continuous) positive functions €(t) and e(t), de ned on
[0;+1 ), such that for an arbitrarily given (continuous) positive function (t) with

(t) &t) on[0;+1 ), and arbitrarily given a compact orientable normalized thee-
manifold as initial data, the Ricci ow with surgery has a solution with the following
properties: either
(i) itis de ned on a nite interval [0;T) and obtained by evolving the Ricci ow
and by performing a nite number of cuto surgeries, with each -cuto at
atimet 2 (0;T) having = (t), so that the solution becomes extinct at the
nite time T, and the initial manifold is di eomorphic to a connected sum of
a nite copies of S S!' and S®= ( the metric quotients of round three-spherg
; or

(i) it is dened on [0;+1 ) and obtained by evolving the Ricci ow and by per-
forming at most countably many cuto surgeries, with each -cuto at a time
t2[0;+1) having = (t), so that the pinching assumption and the canoni-
cal neighborhood assumptiorfwith accuracy ") with r = e(t) are satis ed, and
there exist at most a nite number of surgeries on every nite time interval.
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In particular, if the initial manifold has positive scalar c urvature, sayR a> 0,
then by (7.4.20), the solution becomes extinct atT %a. Hence we have the following
topological description of compact three-manifolds with ronnegative scalar curvature

which improves the well-known work of Schoen-Yau [109], [1d].

Corollary 7.4.4 ( Perelman [104). Let M be a compact orientable three-
manifold with nonnegative scalar curvature. Then eitherM is at or it is di eomor-
phic to a connected sum of a nite copies ofS> S' and S°= ( the metric quotients
of the round three-spher:

The famousPoincae conjecture  states that every compact three-manifold with
trivial fundamental group is di eomorphic to S®. Developing tools to attack the
conjecture formed the basis for much of the works in three-dnensional topology
over the last one hundred years. Now we use the Ricci ow to disuss the Poincae
conjecture.

Let M be a compact three-manifold with trivial fundamental group. In particular,
the three-manifold M is orientable. Arbitrarily given a Riemannian metric on M, by
scaling we may assume the metric is normalized. With this nomalized metric as
initial data, we consider the solution to the Ricci ow with s urgery. If one can show
the solution becomes extinct in nite time, it will follow fr om Theorem 7.4.3 (i) that
the three-manifold M is di eomorphic to the three-sphere S°. Such nite extinction
time result was rst proposed by Perelman in [105], and recetly, Colding-Minicozzi
has published a proof to it in [42]. Sothe combination of Theorem 7.4.3 (i) and
Colding-Minicozzi's nite extinction result gives a compl ete proof of the
Poincae conjecture

We also remark that the above long-time existence result haveen extended to
compact four-manifolds with positive isotropic curvature by Chen and the second au-
thor in [34]. As a consequence it gave a complete proof of thellowing classi cation
theorem of compact four-manifolds, with no essential incorpressible space-form and
with a metric of positive isotropic curvature. The theorem was rst proved by Hamil-
ton in ([64]), though it was later found that the proof contai ns some gaps (see for
example the comment of Perelman in Page 1, the second paragsh, of [104]).

Theorem 7.4.5. A compact four-manifold with no essential incompressible gace-
form and with a metric of positive isotropic curvature is di eomorphic to S*, or RP*,
or S S, or S’eS! (the Z, quotient of S S where Z, ips S® antipodally and
rotates St by 18(P); or a connected sum of them.

7.5. Curvature Estimates for Surgically Modi ed Solutions . In this sec-
tion we will generalize the curvature estimates for smooth elutions in Section 7.2 to
that of solutions with cuto surgeries. We rst state and pro ve a version of Theorem
7.2.1.

Theorem 7.5.1 ( Perelman [104]. For any "> Oand1 A < +1, one
can nd = (A;")> 0, Ky = Ky(A") < +1, Ky = Ky(A;") < +1 andr =
r(A;") > 0 such that for anytg < +1 there exists o = a(tp) > 0 (depending also
on "); nonincreasing in to, with the following property. Suppose we have a solution,
constructed by Theorem7:4:3 with the nonincreasing (continuous) positive functions
€(t) and e(t), to the Ricci ow with -cuto surgeries on time interval [0; T] and with
a compact orientable normalized three-manifold as initialdata, where each -cuto
at atimet satises = () €(t)on[0;T]and = (t) A On [%;to]; assume
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that the solution is de ned on the whole parabolic neighborod P (xo;to;ro; r3) ,
f(x;t) j X 2 By(Xo;ro);t 2 [to  r3;to]g, 2r3 <to, and satis es

jRmj  ry2 on P(xo;to;ro; r3);

and Vol (Bi,(Xo;To)) A 'r3:

Then

(i) the solution is -noncollapsed on all scales less tharrg in the ball
B1, (Xo; Arg);

(i) every point x 2 By, (Xo; Arg) with R(x;tg) Karg 2 has a canonical neighbor-
hood B, with Bi,(x; ) B B¢, (x;2 ) forsome0O< <C ;(")R %(x;to);
which is&ither a strong"-neck or an "-cap;

(iiy if ro r fothenR Koary?in By, (Xo;Aro).

Here C1(") is the positive constant in the canonical neighborhood assoption.

Proof. Without loss of generality, we may assume 0< " "0, Where " is the
su ciently small (universal) positive constant in Lemma 7. 4.2.

(i) This is analog of no local collapsing theorem Il (Theorem3.4.2). In comparison
with the no local collapsing theorem Il, this statement gives -noncollapsing property
no matter how big the time is and it also allows the solution to be modi ed by surgery.

Let ( 10) be the universal constant in the de nition of the canonical neighbor-
hood assumption. Recall that we had removed every componenwvhich has positive
sectional curvature in our surgery procedure. By the same ajument as in the rst
part of the proof of Lemma 7.4.2, the canonical neighborhoodssumption of the so-
lution implies the -noncollapsing on the scales less tha@l—e(to) for some positive

constant  depending only on C1(") and Cy(") (in the de nitio& g the canonical

neighborhood assumption). So we may assumg’ne(to) ro %0 and study the

scales , zie(to) ro. Let x 2 By, (Xo; Arg) and assume that the solution satis es
JRm;j 2

for those points in P(x;to; ;  2), f(y;t)jy2Bi(x; );t2[to  2;to]g for which

the solution is de ned. We want to bound the ratio Vol ¢,(By,(x; ))= 3 from below.

Recall that a space-time curve is called admissible if it stgs in the region unaf-
fected by surgery, and a space-time curve on the boundary ofhie set of admissible
curves is called a barely admissible curve. Consider any baly admissible curve ,
parametrized byt 2 [t ;to], to r3 t to, with  (tg) = x. The same proof for the
assertion (7.4.2) (in the proof of Lemma 7.4.2) shows that foarbitrarily large L > 0
(to be determined later), one can nd a su ciently small  (L;to;e(to); e(‘7°);") >0
such that when each -cuto in [ ';to] satis es (L;to; E(to); B(%2); "), there holds

Zy, o
(7.5.1) to (R« ( (1);0)+j_(0)j>dt Lrg:
t

From now on, we assume that each -cuto of the solution in the time interval
[%3;t0] satis es (Lito; e(to); B(%8):"):
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Let us scale the solution, still denoted byg; ( ;t), to make ro = 1 and the time
asty = 1. By the maximum principle, it is easy to see that the (rescded) scalar
curvature satis es

R =
2t

on (0; 1]. Let us consider the time interval [%; 1] and de ne a function of the form

hyi)= (d(xoly) AR D)Ly )+2" )

where =1 t, is the function of one variable chosen in the proof of Theorem
3.4.2 which is equal to one on (L ; 35), rapidly increasing to in nity on ( =; ), and
satises 202° 00 (2A +300) © C(A) for some constantC(A) < +1 , and L
is the function de ned by
"p % p
L(q; )=inf 20 S(R+j_%)dsj ( (s);8);s2[0; ]
0
0
is a space-time curve with (0)= xand ()= q :

Note that
(7.5.2) Ly: ) 27 Psras
0
4 2
> 2p N
sinceR 3 and 0< % This saysh is positive for t 2 [%; 1]. Also note that
@
7.5.3 —L+4L 6
(7.5.3) @

as long asL is achieved by admissible curves. Then as long as the shortels-geodesics
from (xp;0) to (y; ) are admissible, there holds aty andt =1 ,

@ s @ 00
TR ot 4 A (L +2

6+pl—_ 2hr ; r Li:

P

Firstly, we may assume the constant L in (7.5.1) is not less than
2exp(C(A) + 100). We claim that Lemma 3.4.1(i) is applicable for d = d;(;Xo)
atyandt=1 (with 2 [0; 3]) wheneverL (y; ) is achieved by admissible curves
and satis es the estimate

L(y; ) 3p_exp(C(A)+ 100):
Indeed, since the solution is de ned on the whole neighborhod P (xg; to; ro; r%) with
ro =1 and tp = 1, the point x, at the time t = 1 lies on the region una ected
by surgery. Note that R 3gort 2 [%; 1]. When L(y; ) is achieved by admissible
curves and satisesL(y; ) 3 ~ exp(C(A)+ 100), the estimate (7.5.1) implies that



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 455

the point y at the time t =1 does not lie in the collars of the gluing caps. Thus

any minimal geodesic (with respect to the metricg; (;t) with t =1 ) connecting

Xo and y also lies in the region una ected by surgery; otherwise the godesic is not

minimal. Then from the proof of Lemma 3.4.1(i), we see that itis applicable.
Assuming the minimum of h at a time, sayt =1 , is achieved at a point,

Sﬁy y, and assumingL (y; ) is achieved by admissible curves and satis ed (y; )

3" " exp(C(A) + 100), we have

p—

(L+2° ¥y = rL;

and then by the computations and estimates in the proof of The@rem 3.4.2,

@
@t4 h
2
S L R
1 h o
C(Ah 6+ pm p—

atyandt=1 . Here we used (7.5.2) and Lemma 3.4.1(i).
As before, denoting byhmin ( ) =minzh(z;1 ), we obtain

p—

(7.5.4) 5 log hp O o)+ 26442%: =
cA)+ B2

as long as the associated shortest-geodesics are admissible with Sp “exp(C(A)+
100). On the other hand, by de nition, we have

(7.5.5) lim ETEP_(—) (di(xo;x) A) 2=2:

! o*

The combination of (7.5.4) and (7.5.5) gives the following asertion:

Let 2 [O; %]. If for each s 2 [0; ], inffL(y;s) j di(Xo;Y) A2t 1)+
% with s=1 tgis achieved by admissible curves, then we have

(7.5.6) inf L(y; )j de(xo;y) A2t 1)+ %with =1 t

2p “exp(C(A) +100):

Note again that R 3fort2 [%; 1]. By combining with (7.5.1), we know that
any barely admissible curve , parametrized by s 2 [0; ], O % with  (0) = x,
satis es

z

P S(R+j_j?)ds ‘zlexp(C(A) +100);
0

by assumingL 2 exp(C(A) + 100).
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Since jRm| 2 on P(x;to; ; 2) with +e(to) (and to = 1)
and (L;to;e(to);e(%);") > 0 is suciently small, the parabolic neighborhood
P(x;1;; 2) around the point (x; 1) is contained in the region una ected by the

surgery. Thusas =1 tis suciently close to zero, 5&—_ inf L can be bounded from

above by a small positive constant and then the in mum inffL(y; ) j di(Xo;y)
A2t 1)+ % with =1 tgis achieved by admissible curves.
Hence we conclude that for each 2 [0; %], any minimizing curve of
inffL(y; )j di(Xo;y) A2t 1)+ % with =1 tgis admissible and satis es
z
PS(R+j_j3)ds exp(C(A)+100):
0

Now we come back to the unrescaled solution. It then follows hat the Li-Yau-
Perelman distancel from (x;to) satis es the following estimate

(757 min | y;to %ré Y2 By, i1z Xoi 1—10ro exp(C(A) + 100);
by noting the (parabolic) scaling invariance of the Li-Yau-Perelman distance.
By the assumption that jRmj r, 2 on P (xo;to;o; rg), exactly as before, for

any q 2 By, r2(Xo;ro), we can choose a path parametrized by 2 [0;r3] with

0 =x, (r§)=ogand (3rd)=y2B, 12 (Xo; o), where jj0:1r2) achieves the
minimum minfl(y;to  2r2)jy 2 By, 12 (Xo; 4Aro)g and jizr2;r2) is @ suitable curve
satisfying jizr2,21( ) 2 By, (Xo;To), for each 2 [3r3;r3], so that the L-length
of is uniformly bounded from above by a positive constant (depeding only on A)
multiplying ro. This implies that the Li-Yau-Perelman distance from (x;tg) to the
ball By, ;z(Xo;ro) is uniformly bounded by a positive constantL (A) (depending only
on A). Now we can choose the constant in (7.5.1) by

L =maxf2L(A);2exp(C(A) +100)g:

Thus every shortest L-geodesic from k;to) to the ball B, 2(Xo;ro) is necessarily
admissible. By combining with the assumption that Vol , (B+, (Xo; o)) A 1rd,
we conclude that Perelman's reduced volume of the balB, 2(xo;ro) satises
the estimate .

(758 9By, ploira)= ( )(4r5) *exp( 1(q;r3))dV,, r2(0)
to 13 Xoilo

c(A)

for some positive constantc(A) depending only onA.

We can now argue as in the last part of the proof of Lemma 7.4.2d get a lower
bound estimate for the volume of the ball B,(x; ). The union of all shortest L-
geodesics from X; to) to the ball B, r(z)(Xo; ro), de ned by

CBy, r2(Xoiro) = f(y;t) j (y:t) lies in a shortestL -geodesic from
(X;to) to a pointin By, 2(Xo;r0)g;

forms a cone-like subset in space-time with vertexX;tg). Denote by B(t) the inter-
section of the cone-like subseCB;,, r[%(xo; ro) with the time-slice at t. Perelman's
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reduced volume of the subseB (t) is given by
z

%, t(B(1) = Bm(4 (to 1) Zexp( I(Gito 1)dVi(a):

Since the cone-like subseCB;, z(Xo;ro) lies entirely in the region una ected by
surgery, we can apply Perelman's Jacobian comparison Theem 3.2.7 and the esti-
mate (7.5.8) to conclude that

(75.9) %, ((B(1) @2(By, z(x0:r0))
c(A)
forall t2 [to r3;to].
As before, denoting by = Vol ,(By, (X; ))%, we only need to get a positive
lower bound for . Of course we may assume< 1. ConsiderB(to 2), the subset

at the time-slice ft = tg 2g where every point can be connected toX;to) by an
admissible shortestlL -geodesic. Perelman's reduced volume @& (to 2) is given by

(75.10) € =(B(to %)

= @ 2 Texp( I(a; 2)dVi, :(0)

B(to 2)

z
= @ 2 Pexp( (@i AV, ()
Blto D0 exp 1 (2
7 i iz g
+ 4 %) Texp( I(a; H)dv, (o)
B (to 2)nL exp , 1 2)
iz 29
Note that the whole region P(x;to; ;  2) is unaected by surgery because
Zie(to) and (L;to;e(to);e(%);") > 0 is su ciently small. Then exactly as before,
there is a universal positive constant ¢ such that when 0< o0, there holds
Lexp, |, 3,0 2 Byl )
and the rst term on RHS of (7.5.10) can be estimated by
z
(7.5.11) 4 % fexp( I(a; H)dv, (9
Bto 2\ exp 1 ( ?)
iz 29
€ @)z

for some universal constantC; while the second term on RHS of (7.5.10) can be
estimated by
Z
(7.5.12) @ 2 Texp( I(a; H)dv, 2(d)
B (to 2)nL exp .
Z U
3 . .
@) = exp(j j%)d:
i j>% g9

IN
NP
[}

NP

Since B (to 2y B(to 2), the combination of (7.5.9)-(7.5.12) bounds from
below by a positive constant depending only onA. This proves the statement (i).
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(ii) This is analogous to the claim in the proof of Theorem 7.21. We argue by
contradiction. Suppose that for someA < +1 and a sequenc& ; ! 1 , there exists
a sequencet, such that for any sequences > 0 with ! 0 for xed , we
have sequences of solutiong; to the Ricci ow with surgery and sequences of points

Xy . of radii ry , which satisfy the assumptions but violate the statement (i) at some
X 2B, (Xg ;Arg ) with R(x ;ty) Ky(rg ) 2. Slightly abusing notation, we
will often drop the indices ; in the following argument.

Exactly as in the proof of Theorem 7.2.1, we need to adjust theoint (x;tg). More
precisely, we claim that there exists a point &; t) 2 B;(Xo; 2Arg) [to %; to] with Q
R(x;t) Kurg 2 such that the point (x; t) does not satisfy the canonical neighborhood
statement, but each point (y;t) 2 P with R(y;t) 4Q does, whereP is the set of all
(x%t9 satisfying t  2K1Q 1 t9 t, dio(Xo;x)  di(Xo;X) + Kl%Q z. Indeed as
before, the point (x; t) is chosen by an induction argument. We rst choose &1;t1) =
(x;to) which satis es d;, (Xo;x1) Arp and R(x1;t1) Kirg 2. but does not satisfy
the canonical neighborhood statement. Now if K ; tk) is already chosen and is not the
desired ; t), then some point (Xk+1 ; tk+1 ) satis es ty %K 1R(Xk tk) 1 tkser t,

1
by (XoiXke1) Oy (XoiXk) + KZR(Xiitk) 2, and R(xe1itker)  4R(Xi; te), but
(Xk+1 ; tk+1 ) does not satisfy the canonical neighborhood statement. Thn we have

R(xk+1itker)  4“R(xa;t) 45Ky %

X

1

oy (XoiXker) G (Xo;X1) + K7 R(Xiti) £ Arg+2ro;
i=1

and

1 1
to tks1 1o ZKl R(Xi;ti)1 to ér%:

i=1

So the sequence must be nite and its last element is the deséd (x; t).

Rescale the solutions alongX; t) with factor R(x; t)( Krg 2y and shift the times
t to zero. We will adapt both the proof of Proposition 7.4.1 and that of Theorem
7.2.1 to show that a sequence of the rescaled solutiorgy converges to an ancient

-solution, which will give the desired contradiction. Since we only need to consider

the scale of the curvature less thane(t) 2, the present situation is much easier than
that of Proposition 7.4.1.

Firstly as before, we need to get a local curvature estimate.

For each adjusted ; t), let [t%t] be the maximal subinterval of f & 'Q %;t]
so that for each suciently large  and then suciently large , the canonical

neighborhood statement holds for any y;t) in P(X; t; %Kl%Q 2:t0 )= f(x;t)jx2

Bi(x; %Kl%Q %);t 2 [t%t]g with R(y;t) 4Q, where is the universal positive

constant in the de nition of canonical neighborhood assumpion. We want to show
1

7.5.13 t°=t — Q%
( ) 20 Q

Consider the scalar curvatureR at the point x over the time interval [t%t]. If
there is a time t2 [t%t] satisfying R(x; )  4Q, we let tbe the rst of such time from
t. Since the chosen pointX; t) does not satisfy the canonical neighborhood statement,
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we know R(x;t)  e(t) 2. Recall from our designed surgery procedure that if there
is a cuto surgery at a point x at a time t, the scalar curvature at (x;t) is at least

() 2e(t) 2. Thenforeach xed ,for large enough, the solutiong; ( ;t) around

the point x over the time interval [t % 1Q % tj is well de ned and satis es the

following curvature estimate

R(x;t) 8Q;

fort2 [t & 'Q %t] (ort2 [t%t] if there is no such timet). By the assumption
that to > 2rg, we have

tR(x; t) %OR(X; t)

rS(KerZ)
=K;! +1:

Thus by using the pinching assumption and the gradient estinates in the canonical
neighborhood assumption, we further have

JRm(x;t)j  30Q;

forall x 2 Bi(x; & 'Q 2)andt2[t X 'Q %;t](ort2 [t%t]) and all su ciently
large  and . Observe that Lemma 3.4.1 (ii) is applicable ford;(xo;X) with t 2
[t % Q %t](ort 2 [t%t]) since any minimal geodesic, with respect to the metric
g (;t), connecting xo and x lies in the region una ected by surgery; otherwise the
geodesic is not minimal. After having obtained the above cuvature estimate, we can
argue as deriving (7.2.2) and (7.2.3) in the proof of Theoreni.2.1 to conclude that

1

any point (x;t), with t = Q1 't t(ort2 [t%t]) and d;(x;X) 1—10K1%Q z,
satis es

[N

1
di(X;X0)  di(X;X0) + éKfQ ;

for all su ciently large and . Then by combining with the choice of the points

(x;t), we provet®=t & 1Q ! (ie., the canonical neighborhood statement holds

for any point (y;t) in the parabolic neighborhoodP (x; t; %K 1%Q 7, % 1Q 1) with
R(y;t) 4Q) for all su ciently large and then su ciently large
Now it follows from the gradient estimates in the canonical reighborhood assump-

tion that the scalar curvatures of the rescaled solutionsg; satisfy

R(x;t) 40
for those (1) 2 P(x045 % % 1, fOA) | x° 2 By it° 2

[ % 1. 0]g, for which the rescaled solution is de ned. (HereB. denotes the geodesic
ball in the rescaled solution at time t%. Note again that R(x;t) g(t) 2 and recall
from our designed surgery procedure that if there is a cuto sirgery at a point x at
a time t, the scalar curvature at (x;t) is at least () 2e(t) 2. Then for each xed

suciently large , for large enough, the rescaled solutiorg; is de ned on the

whole parabolic neighborhoodP (x; O;% L % 1). More generally, for arbitrarily

xed 0 < K < +1, there is a positive integer o so that for each o We can
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nd (> 0 (depending on ) such that if o and (y; 0) is a point on the rescaled
solution g; with R(y;0) K and &(y;x) K, we have estimate

(7.5.14) R(x;t) 40€

for (x;t) 2 P(y;0 & R 2 L b | fx%t9jx° 2 Buy;
L 1 :);t°2 [ A '€ 1;0lg. In particular, the rescaled solution is de ned

1

on the whole parabolic neighborhoodP (y; 0; & 'K z; X 1K 1)

Next, we want to show the curvature of the rescaled solutionsat the new times
zero (after shifting) stay uniformly bounded at bounded distances from x for some
subsequences of and . Let ,; m! +1 be chosen so that the estimate (7.5.14)
holds with € = m. For all 0, set

Ny

M()=supfR(x;0)jm 1;do(x; x) in the rescaled solutionsgij mmng
and
o=supf OjM()<+1g:

Clearly the estimate (7.5.14) yields ¢ > 0. As we consider the unshifted timet, by
combining with the assumption that to > 2r3, we have

(7.5.15) tR(x; t) %OR(X; t)

I'5(K1r02)
=K;! +1:

It then follows from the pinching assumption that we only need to show o=+ 1.
As before, we argue by contradiction. Suppose we have a seqee of pointsyn, in
the rescaled solutionsg; ™ ™ with &(x;ym)! o< +1 and R(ym;0)! +1 . De-

note by ., a minimizing geodesic segment fronx to y,, and denote by®y(x; o) the
open geodesic balls centered at of radius ( of the rescaled solutions. By applying
the assertion in statement (i), we have uniform -noncollapsing at the points (x; t).
By combining with the local curvature estimate (7.5.14) and Hamilton's compactness
theorem, we can assume that, after passing to a subsequenddge marked sequence
(Bo(X; 0);8™ ™;X) converges in theCl . topology to a marked (noncomplete) man-
ifold (B1 ;gj ;X1 ) and the geodesic segments, converge to a geodesic segment
(missing an endpoint) 1 B:1 emanating from x; . Moreover, by the pinching
assumption and the estimate (7.5.15), the limit has nonnegtive sectional curvature.
Then exactly as before, we consider the tubular neighborho along 1

[ 1
V= B1 (:4 (R1 (%)) 2)
Go2 1

and the completion B; of (B; ;g.,l ) with y; 2 B; the limit point of ;. As
before, by the choice of the points X;t), we know that the limiting metric g”l is
cylindrical at any point gy 2 1 which is suciently close to y; . Then by the
same reason as before the metric spadé = V [f y; g has nonnegative curvature in
Alexandrov sense, and we have a three-dimensional non at tagent coneCy, V at
y1 . Pick z2 Cy, V with distance one from the vertex and it is non at around z. By
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de nition B(z; %)( Cy, V) is the Gromov-Hausdo convergent limit of the scalings
of a sequence of ball81 (zx; «)( (V;gijl ) with ¢ ! 0. Since the estimate (7.5.14)
survives on (\/;gul ) for all € < +1 , we know that this convergence is actually in
the Cl. topology and over some time interval. Since the limit B (z; 1y Cy, V)is
a piece of a nonnegatively curved non at metric cone, we get aontradiction with
Hamilton's strong maximum Principle (Theorem 2.2.1) as bebre. Hence we have
proved that a subsequence of the rescaled solutiog;™ ™ has uniformly bounded
curvatures at bounded distance fromx at the new times zero.

Further, by the uniform -noncollapsing at the points (x;t) and the estimate
(7.5.14) again, we can take &C} limit ( My ;Q.Jl ;X1 ), de ned on a space-time subset
which contains the time sliceft = 0g and is relatively open inM; (1 ;0], for
the subsequence of the rescaled solutions. The limit is a sroth solution to the Ricci
ow, and is complete at t = 0, as well as has nonnegative sectional curvature by the
pinching assumption and the estimate (7.5.15). Thus by repating the same argument
as in the Step 4 of the proof Proposition 7.4.1, we conclude tit the curvature of the
limit at t =0 is bounded.

Finally we try to extend the limit backwards in time to get an a ncient -solution.
Since the curvature of the limit is bounded att = O, it follows from the estimate
(7.5.14) that the limit is a smooth solution to the Ricci ow d e ned at least on a
backward time interval [ a; 0] for some positive constanta. Let (t; ;0] be the maximal
time interval over which we can extract a smooth limiting solution. It su ces to show
tp = 1 .Ifty > 1 |, there are only two possibilities: either there exist surgeies
in nite distance around the time t; or the curvature of the limiting solution becomes
unbounded ast & t; .

Let ¢ > 0 be a positive constant much smaller thanﬁ 1. Note again that the
in mum of the scalar curvature is nondecreasing in time. Then we can nd some point
y1 2 M; and sometimet=1t; + with0O< < % suchthat Ry (y; ity + ) 2.

Consider the (unrescaled) scalar curvatureR of g" " (;t) at the point x over
the time interval [t +(t1 + 5)Q 1-t]. Since the scalar curvatureR; of the limit on

M, [ty + 5:0] is uniformly bounded by some positive constantC, we have the
curvature estimate

R(x;t) 2CQ

forallt2 [t+(ty + 5)Q 1.t] and all su ciently large m. For each xed m and p,,
we may require the chosen , to satisfy

(m"m)y 2 e tOT me(t,") 2 mQ:

When m is large enough, we observe again that Lemma 3.4.1 (ii) is apigable for
di(Xo;X) with t 2 [t +(t; + 3)Q 1-t]. Then by repeating the argument as in the
derivation of (7.2.1), (7.2.2) and (7.2.3), we deduce that ér all su ciently large m, the
canonical neighborhood statement holds for anyy;t) in the parabolic neighborhood
Pt 5K7Q ¥;(ty +5)Q 1)

Let (ym;t+(t1 + m)Q 1) be a sequence of associated points and times in the
(unrescaled) solutionsg;™ ™ (;t) so that after rescaling, the sequence converges to

(y1 ;t1 + )inthe limit. Clearly 5 m 2 for all suciently large m. Then by
the argument as in the derivation of (7.5.13), we know that fa all su ciently large
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m, the solution g;™ " (;t) at ym is de ned on the whole time interval [t+(t; + m

&= 1Q Lit+(t1 + »)Q ! and satis es the curvature estimate

R(ym;t) 8Q
there; moreover the canonical neighborhood statement hokl for any (y;t) with

R(y;t) 4Q in the parabolic neighborhoodP (ynm;t; %Kl%Q z; (tr  5)Q b.

We now consider the rescaled sequenag,™ " (;t) with the marked points re-
placed by ym and the times replaced bys, 2 [t +(t1  $)Q L;t+(ty + $)Q 1.
As before the Li-Yau-Hamilton inequality implies the rescding limit around ( Ym; Sm)
agrees with the original one. Then the arguments in previougaragraphs imply the
limit is well-de ned and smooth on a space-time open neighbthood of the maximal
time slice ft = t; g. Particularly this excludes the possibility of existing surgeries in
nite distance around the time t; . Moreover, the limit at t = t; also has bounded
curvature. By using the gradient estimates in the canonicalneighborhood assump-

1

tion on the parabolic neighborhood P (ym;t; %KfQ z; (t1 Q 1), we see that
the second possibility is also impossible. Hence we have pred a subsequence of the
rescaled solutions converges to an ancient-solution.

Therefore we have proved the canonical neighborhood stateemt (ii).

(iii) This is analogous to Theorem 7.2.1. We also argue by camnadiction. Suppose
for someA < +1 and sequences of positive numberk, ! +1 ,r ! 0 there exists
a sequence of times, such that for any sequences > 0 with I Ofor xed ,we
have sequences of solutiong; to the Ricci ow with surgery and sequences of points

Xo , of positive constantsr, with rg r = t, which satisfy the assumptions, but
forall ; there hold

(7.5.16) R(X itg)>K,(rp ) 2 forsome x 2B (xo ;Arg )

We may assume that aa(ty) for all ; , where 44 (ty) is chosen so that
the statements (i) and (i) hold on By, (X, ;4Ar, ). Let®; be the rescaled solutions

of g; around the originsx, with factor (r, ) 2 and shift the times t,, to zero. Then
by applying the statement (ii), we know that the regions, where the scalar curvature
of the rescaled solutionsgy is at least K1(= K1(4A)), are canonical neighborhood
regions. Note that canonical"-neck neighborhoods are strong. Also note that the
pinching assumption and the assertion

to(rg ) 2 (r)?! +1;as ! +1;

imply that any subsequent limit of the rescaled solutionsd; must have nonnegative
sectional curvature. Thus by the above argument in the proofof the statement (ii)
(or the argument in Step 2 of the proof of Theorem 7.1.1), we coclude that there
exist subsequences = ; =  such thatthe curvatures of the rescaled solutions
g;" " stay uniformly bounded at distances from the originsx,™ ™ not exceeding A.
This contradicts (7.5.16) for m su ciently large. This proves the statements (iii).

Clearly for xed A, after de ning the a(to) for eachtg, one can adjust the a(tp)
so that it is nonincreasing in to.

Therefore we have completed the proof of the theoremld

From now on we rede ne the function €(t) so that it is also less than .1y (2t)
and then the above theorem always holds foA 2 [1;2(to + 1)]. Particularly, we still
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have

1
et )y=minf ————; ;
® (t) = min 2e%log(l +t)’ o9
which tends to zero ast ! +1 . We may also require that g(t) tends to zero as
t! +1.

The next result is a version of Theorem 7.2.2 for solutions wh surgery.

Theorem 7.5.2 ( Perelman [104). For any "> 0 and w > 0, there exist

(w;") >0, K = Kw")<+1,r=rw")>0 = (w;")>0andT
T(w) < +1 with the following property. Suppose we have a solution, csetructed by
Theorem 7:4:3 with the nonincreasing (continuous) positive functions €(t) and e(t),
to the Ricci ow with surgery on the time interval [0;tg] with a compact orientable
normalized three-manifold as initial data, where each -cuto_at a time t 2 [0;to] has

= (t) minf€t);e(2t)g. Let ro;to satisfy 'h ro r fgandty T, whereh
is the maximal cuto radius for surgeries in [%’;to] (if there is no surgery in the time
interval [%;to], we takeh = 0); and assume that the solution on the balB:,(Xo;ro)
satis es

RmM(X;to) o2 on By, (Xo;To);

and Vol (B, (X0;fo)) Wwrs:
Then the solution is well de ned and satis es
R(x;t) <Kr 42

in the whole parabolic neighborhood

Io n . Io 0
P Xoito; ra = (xt)jx2By Xo; 7 it2to r3;tol
Proof. We are given that Rm(X;tp) ro2 for x 2 By,(Xo;ro), and

Vol ¢, (B¢, (Xo; ro)) wr3. The same argument in the derivation of (7.2.7) and
(7.2.8) (by using the Alexandrov space theory) implies that there exists a ball
Bi, (X% 19 By, (Xo;ro) with

(7.5.17) Vol i, (B, (X% 19) %s(lro)3
and with
(7.5.18) ro c(wro

for some small positive constantc(w) depending only onw, where 3 is the volume
of the unit ball in R3.
As in (7.1.2), we can rewrite the pinching assumption (7.3.3 as

Rm f YRA+ )R+ R;
where

y=f(x)= x(logx 3); for & x< +1;
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is increasing and convex with range €2 y < +1 , and its inverse function is also
increasing and satis es

H 1 —_ ="
y!Ilrplf (y)=y=0:

Note that toro2 r 2 by the hypotheses. We may requirel (w)  8c(w) *. Then
by applying Theorem 7.5.1 (i) with A = 8c(w) * and combining with the pinching

assumption, we can reduce the proof of the theorem to the sp&d casew = % 3. In

the following we simply assumew = % 3.

Let us rst consider the caserg < E(tp). We claim that R(X;tg) Cgro2 on
Bt, (Xo; &%), for some su ciently large positive constant Co depending only on”. If not,
then there is a canonical neighborhood aroundx;ty). Note that the type (c) canon-
ical neighborhood has already been ruled out by our design afuto surgeries. Thus
(X;tp) belongs to an"-neck or an"-cap. This tells us that there is a nearby pointy,
with R(y;t)) C, 'R(x;to) >C, *C2ro? and di(y;X) CiR(xito) ¢  CiCq'ro,
which is the center of the "-neck By, (y;" 'R(y;to) ). (Here Ci;C, are the pos-
itive constants in the de nition of canonical neighborhood assumption). Clearly,
when we chooseCy to be much larger than C;;C, and " !, the whole "-neck
B, (Y;" R(Y;to) %) is contained in By, (Xo; %) and we have

Vol ¢, (B, (Y;" 1R(Y;to) 2))
(" IR(y;to) 7)3

Without loss of generality, we may assumé' > 0 is very small. Since we have assumed
that Rm ro2 on By, (Xo;ro) and Vol ¢, (Bt,(Xo; ro)) % ard, we then get a
contradiction by applying the standard Bishop-Gromov volume comparison. Thus we
have the desired curvature estimateR(x;to) Car, 2 on Bt, (Xo; ).
Furthermore, by using the gradient estimates in the de niti on of canonical neigh-
1

borhood assumption, we can takek =10C%; = ;3 1Cy%and = 1C,'in this

case. And sincerg h, we haveR < 10C3r, 2 2h 2 and the surgeries do not
interfere in P (xo;to; %5 ). D
We now consider the remaining case(tg) ro r to. Let us rede ne

(7.5.19) 8" 2

—mi _O.i 1~ 2 .
=min- >3750 Gy
K =max 2 C+§ ;1 25C2
0
and

1 .

= K 2

2

where ¢ = o(w);B = B(w) and C = C(w) are the positive constants in Theorem
6.3.3(ii) with w = % 3, and Cy is the positive constant chosen above. We will show
there is a su ciently small r > 0 such that the conclusion of the theorem forw = % 3
holds for the chosen ;K and

Argue by contradiction. Suppose not, then there exist a segance ofr ! 0,
and a sequence of solutiong; with points (Xq;t,) and radii r, such that the as-

sumptions of the theorem do hold withe(t,) r, r = t, whereas the conclusion
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does not. Similarly as in the proof of Theorem 7.2.2, we clainthat we may as-
sume that for all su ciently large , any other point (x ;t ) and radiusr > 0
with that property has either t > t, ort = ty with r ro; moreovert
tends to +1 as ! +1. Indeed, for xed and the solution g; , let t., be
the in mum of all possible times t with some Rpl_nt x and some radiusr hav-
ing that property. Since each sucht satisesr t r gt ), it follows that
when is large, t,,;,, must be positive and very large. Clearly for each xed su -
ciently large , by passing to a limit, there exist some pointx,;, and some radius
Fmin ( B(tmin) > 0) so that all assumptions of the theorem still hold for (X, i tmin )
and r,;, , whereas the conclusion of the theorem does not hold witlR K (r;,) 2
somewhere iNP (Xyin i tmin i $¥mins  (Tmin)?) for all suciently large . Here we
used the fact that if R < K (rpin) 2 0N P Xpin itmin s 5 mins (Fmin)2), then there
is no -cuto surgery there; otherwise there must be a point there with scalar cur-
vajyire at least 1 2(fmn-)(e(tu-)) 2 I(e(tyn)) 2(e(f-)) 2 K (ryn) 2 since
I tmn Tmn Etmn)andr ! 0, which is a contradiction.

After choosing the rsttime t.;,, by passing to a limit again, we can then choose
Iin to be the smallest radius for all possible X, ; tmin )'S @nd r,;, 's with that prop-
erty. Thus we have veri ed the claim.

For simplicity, we will drop the index in the following arguments. By the
assumption and the standard volume comparison, we have

min min

1
. 3
Vol, Bi, Xo; §r0 ofg

for some universal positive . As in deriving (7.2.7) and (7.2.8), we can nd a ball
Bto(X8; 1) Buo(Xo; %) with

1 1
Vol , (B, (x3;19) = 3(rd)® and Sro ro o

2
for some universal positive constant §. Then by what we had proved in the previous
case and by the choice of the rst timety and the smallest radiusrg, we know that

the solution is de ned in P (x3; to; %; (r3)?) with the curvature bound
R<K (r3) 2 K(§) %ro*:

Sincerpﬁ ro E(tp)andr! Oas !1 ,weseethattp! +1 andtoro2 I +1
as ! +1. Dene T(w)=8c(w) 1+ , for some suitable large universal positive
constant . Then for  suciently large, we can apply Theorem 7.5.1(iii) and the
pinching assumption to conclude that

(7.5.20) R K%?2 onP xotodro; 5(0)°r§ ;

for some positive constantK © depending only onK and §.
Furthermore, by combining with the pinching assumption, we deduce that when
su ciently large,

(7.5.21) Rm [f YR@A+t)=(RA+ )R

2
o
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on P(xo;to;ro; 5( 3)r3). So by applying Theorem 6.3.3(ii) with w = % 3, we have
that when su ciently large,

(7.5.22) Vol (Bi(xo;fo))  1ré;
forall t2 [to 5( 9)?r3;to], and

2B 1
(7.5.23) R C+ — r1y2 ZKrgy?
0 2
on P(xo;to; 25 5( §)?rd), where i is some universal positive constant.
Next we want to extend the estimate (7.5.23) backwards in time. Denote by
t1 = to 5( §)%r§. The estimate (7.5.22) gives

Vo, (B, (XoiTo))  1rg:

By the same argument in the derivation of (7.2.7) and (7.2.8)again, we can nd a
ball Bt,(X1;r1) B, (Xo;ro) with

1
Vol ¢, (B, (X1;r1)) > ars

and with

0
r 1ro

for some universal positive constant . Then by what we had proved in the previous
case and by the lower bound (7.5.21) att; and the choice of the rst time to, we
know that the solution is de ned on P(xy;t1; %; rf) with the curvature bound
R < Kr 12. By applying Theorem 7.5.1(iii) and the pinching assumption again we
get that for  su ciently large,

(7:5:20)° R K%,2

on P (xo;t1;4ro; 5( 9)?r), for some positive constantK ®depending only onK and
9. Moreover, by combining with the pinching assumption, we hae

(7.5.21) Rm [f YR@A+t)=(RA+ )R
ro?

on P(xo;t1;4ro; 5( 9)?rd), for  suciently large. So by applying Theorem 6.3.3
(i) with w = 5 3 again, we have that for su ciently large,

(7:5:22)° Vol ((B(xo;f0))  1fg;
forallt2[to (23 5(9?réto], and

2B 1
(7:5:23)° R c:+—O ro? EKro2

onP(xo;to; 25 5( D?rd  5( D?rd).
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Note that the constants o, 8, 1 and f are universal, independent of the time
t; and the choice of the ballB¢, (x1;r1). Then we can repeat the above procedure as
many times as we like, until we reach the timet, r 2. Hence we obtain the estimate

(7:5:23)° R (C+ Z—B)r02 Kr o2
0

onP(xo;to; 5 T 2), for su ciently large . This contradicts the choice of the point
(Xo; to) and the radius ro which makeR  Kr 2 somewhere inP (Xo; to; %’; r%).

Therefore we have completed the proof of the theoremll

Consequently, we have the following result which is analog foCorollary 7.2.4.

Corollary 7.5.3. Forany " > 0 and w > 0O, there existr = r(w;") > 0O,
= (w;") > 0and T = T(w) with the following property. Suppose we have a

solution, constructed by Theorem7:4:3 with the positive functions €(t) and g(t), to
the Ricci ow with surgery with a compact orientable normalized three-manifold as
initial data, where each -cuto at a time t has = (tb minf €(t); e(2t)g. If
Bt,(Xo;ro) is a geodesic ball at timeto, with  *h ro r foandty T, whereh
is the maximal cuto radii for surgeries in [%O;to] (if there is no surgery in the time
interval [%’; to], we takeh = 0), and satis es

minf Rm(X;to) j X 2 By, (Xo;T0)g= o2

then

Vol ¢, (Bt, (Xo; o)) < wr §:

Proof. We argue by contradiction. Let = (w;")and T =2T(w), where (w;")
and T (w) are the positive constant in Theorem 7.5.2. Suppose for any > 0 there is
a solution and a geipdesic balB:,(Xo; ro) satisfying the assumptions of the corollary
with - h ro r Tpandty T, and with

minf Rm(X;to) j X 2 By (Xo;r0)g= o %

but

Vol 1, (Bt (Xo0;To)) — Wrg:

Without loss of generality, we may assume thatr is less than the corresponding
constant in Theorem 7.5.2. We can then apply Theorem 7.5.2 taget

R(x;t) Kry?

whenevert 2 [ty 1 3;to] and d; (X; Xo) L, where andK are the positive constants
in Theorem 7.5.2. Note that tor 2 r 21 +1 asr! 0. By combining with the
pinching assumption we have

Rm [f YR@A+t)=(RA+ )R
1

2'o
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in the region P (Xo; to; 2%; r2)=f(x;t) j x 2 B¢(Xo; D)yt2te r 2:t0]g, provided
r> 0 is su ciently small. Thus we get the estimate

jRmj  K%,2

in P(Xo;to; 2, r 2), where K %is a positive constant depending only orw and ".
We can now apply Theorem 7.5.1 (iii) to conclude that

R(x;t) fer,?

whenevert 2 [to fr(%;to] andd;(x;xo) ro, wherel is a positive constant depending
only on w and ". By using the pinching assumption again we further have
1
Rm(x;t) 5o 2
in the region P (Xo;to;fo; 5r3) = f(Xt) j X 2 Bi(Xo;ro);t 2 [to  5r3;tolg, as long
asr is su ciently small. In particular, this would imply

minf Rm(x;to) j X 2 By, (X0;r0)g>  rg 2

which is a contradiction. O

Remark 7.5.4. In section 7.3 of [104], Perelman claimed a stronger statenm¢
than the above Corollary 7.5.3 that allowsro <  'h in the assumptions. Neverthe-
less, the above weaker statement is su cient to deduce the gemetrization result.

7.6. Long Time Behavior. In Section 5.3, we obtained the long time behavior
for smooth (compact) solutions to the three-dimensional Reci ow with bounded
normalized curvature. The purpose of this section is to adapthe arguments there to
solutions of the Ricci ow with surgery and to drop the bounded normalized curvature
assumption.

Recall from Corollary 7.4.4 that we have completely undersbod the topological
structure of a compact, orientable three-manifold with nonnegative scalar curvature.
From now on we assume that our initial manifold does not admitany metric with
nonnegative scalar curvature, and thatonce we get a compact component with
nonnegative scalar curvature, it is immediately removed . Furthermore, if a
solution to the Ricci ow with surgery becomes extinct in a n ite time, we have also
obtained the topological structure of the initial manifold . So in the following we only
consider those solutions to the Ricci ow with surgery which exist for all timest 0.

Let g; (t), 0 t< +1, be a solution to the Ricci ow with -cuto surgeries,
constructed by Theorem 7.4.3 with normalized initial data. Let 0 <t; <t, < <
ty < be the surgery times, where each -cuto at a time tx has = (tx)
minf €(t,); B(2ty)g. On each time interval (tx 1;tx) (denote by to = 0), the scalar
curvature satis es the evolution equation

@, _ i 2, 252
(7.6.1) @{? = R+2jRic j°+ 3R

where Ric is the trace-free part of Ric: Then Rp, (t), the minimum of the scalar
curvature at the time t, satis es

aRmin (1) §Rmin (1)
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fort 2 (tx 1;tk), for eachk =1;2;:::. Since our surgery procedure had removed all
components with nonnegative scalar curvature, the minimumRp, (t) is negative for
all t 2 [0;+1 ). Also recall that the cuto surgeries were performed only on -necks.
Thus the surgeries do not occur at the parts whereRn,, (t) are achieved. So the
di erential inequality

d 2
gtRmn () SRR (0
holds for allt 0, and then by normalization, Rmin (0) 1, we have
3
(7.6.2) Rmin (1) > 17 % forall t O

Meanwhile, on each time interval {x 1;tx), the volume satis es the evolution equation

z
d
av = RdV
and then by (7.6.2),
EV § ! V:

d 3
(7.6.3) aIog V(1) t+§ 0

forall t 0. Equivalently, the function V (t)(t + %) 2 is nonincreasing on [0+ 1 ).

We can now use the monotonicity of the functionV (t)(t + %) ¢ to extract the
information of the solution at large times. On each time interval (tx 1;tx), we have
!

d 3 2

alog V(1) t+§

12
+72t+% V2 M(Rmin(t) R)dVv:

Then by noting that the cuto surgeries do not increase volume, we get

Z

V(t) V (0) t ‘ 3

t+3): (3 eXp 0 Rimin (1) + 2(t+ 3)
Z,.Z )

(7.6.4)

t
LR Renava

oV o wm

for all t > 0. Now by this inequality and the equation (7.6.1), we obtain the following

conseqguence.

Lemma 7.6.1. Let g; (t) be a solution to the Ricci ow with surgery, constructed
by Theorem 7:4:3 with normalized initial data. If fora xed 0<r < 1 and a se-
quence of timest !1 , the rescalings of the solution on the parabolic neighborids
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P(x ;t ;rpt_; r’t ) = f(x;t) j x 2 By(x ;rpt_);t 2 [t r?t ;t ]g, with factor

(t ) ! and shifting the timest to 1, converge in theC® topology to some smooth lim-
iting solution, de ned in an abstract parabolic neighborhad P (x; 1;r; r?), then this

limiting solution has constant sectional curvature 1=4t at any time t 2 [1  r?;1].

In the previous section we obtained several curvature estimtes for the solutions
to the Ricci ow with surgery. Now we combine the curvature esimates with the
above lemma to derive the following asymptotic result for the curvature.

Lemma 7.6.2 (Perelman [104]. For any "> O, let g; (t), 0 t< +1,bea
solution to the Ricci ow with surgery, constructed by Theoem 7:4:3 with normalized
initial data.

(i) Given w>0,r> 0, > 0,0onecan nd T = T(w;r; ;") < +1 such that
if the geodesic ballBi,(xo;r to) at some timety T has volume at least
wr3t§ and the sectional curvature at least r 2t,*, then the curvature atxg
at time t = ty satis es

(7.6.5) j2tRj + gjj< :
(i) Given in additon 1 A< 1 andp';lllowingT to depend onA, we can ensure
(7:6:5) for all points in By, (Xo;Ar ' tg).

(i) The same E true for all points in the forwBrd parabolic neighborhood
P(xo;to; Ar' To;Ar2tg) , f(x;t) j x 2 By(Xxo;Ar' Tp);t 2 [to;to + Ar2to]g:

Proof. (i) By the assumptions and the standard volume comparison, v have
Vol 5 (Bro (Xo; ) cw

for all 0 < rpﬁ, where ¢ is a universal positive constant. Letr = r(cw;") be
the positB/e constant in Theorem 7.5.2 and setrg = minfr; rg. On By, (Xo;ro to)(
Bi,(Xo;r t0)), we have

(7.6.6) Rm (ropﬁ) 2
and Vol, (By, (Xo;fo o)) cw(ropE)s:

Obviously, there holds *h ropﬁ rpE when tg is large enough, where =

(cw; ™) is the positive constant in Theorem 7.5.2 andh is the maximal cuto radius
for surgeries in [2;to] (if there is no surgery in the time interval [%;to], we take
h = 0). Then it follows from Theorem 7.5.2 that the solution is de ned and satis es

R<K (ro o) 2

p__
on whole parabolic neighborhoodP (Xo; to; ’04‘0; (rop to)?). Here = (cw;")and

K = K(cw;") are the positive constants in Theorem 7.5.2. By combining vith the
pinching assumption we have

Rm [f YR@A+ t)=(R(1L+ t)R
constK(ropE) 2

P —_— .
in the region P (Xg;to; ’°4t°; (rop t0)?). Thus we get the estimate

(7.6.7) iRmj Ko Tp) 2
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on P (Xo;to; “fT“; (roIO to)?), for some positive constantk °= K qw;") depending
only onw and ".

The curvature estimate (7.6.7) and the volume estimate (7.66) ensure that as
to! +1 we can take smooth (subsequent) limits for the rescalings othe solution
with factor (to) * on parabolic neighborhoodsP (xo;to; 5%;  (ro' to)2). Then by
applying Lemma 7.6.1, we can ndT = T(w;r; ;") < +1 suchthat whenty T,
there holds

(7.6.8) J2Ry + gjj<;
on P (Xo; to; rOpTG; (rop t0)?), in particular,

j2tRjj + gj j(Xo5to) < :
This proves the assertion (i).

(i) In viedv of the above argument, to get the estimate (7.6.5 for all points
in By, (Xo; Ar " to), the key point is to gﬁt a upper bound for the scalar curvature on
the parabolic neighborhoodP (xo;to; Ar To; (ro 1to)?). After having the estimates
(7.6.6) and (7.6.7), one would like to use Theorem 7.5.1(jjito obtain the desired scalar
curvature estimate. Unfortunately it does not work since our ro may be much larger
than the constant r(A;") there when A is very large. In the following we will use
Theorem 7.5.1(ii) to overcome the di culty.

Givenl A< +1 ,basedon (7.6.6) and (7.6.7), we can use Theorem 7.5&(ii))t
nd a positive constant Ky = Kq(w;r;A; ") such that each point in By, (Xo; 2Ar o)
with its scalar curvature at least K 1(r' tp) 2 has a canonical neighborhood. We claim
that there exists T = T(w;r;A;") < +1 sothatwhenty T, we have

(7.6.9) R<K 1(rpﬁ) 2: on Bto(xo;ZArpG):

Argue by contradiction. Suppose not; then there exist a geqence of timest, !
+1 Snd sequences of pointxg, x with x 2 By (Xq;2Ar  ty) and R(x ;ty) =
Ki(r t,) 2. Since there exist canonical neighborhoods"¢necks or"-caps) around
the points (x ;ty), there exist positive constants c;, C, depending only on" such
that

p

Vol (Br, (x iK1 () ek, Bt )°
and

K B) 2 R(ty) CoKa(r o) 7

on B¢, (X ;K %(rp ty)), for all . By combining with the pinching assumption we
have
Rm  [f Y(R@L+t)=(RL+ )R
const CoK 4(r ty) %
on By, (x ;K %(rp ty)), for all . It then follows from the assertion (i) we just

proved that

lim j2tRy + gj j(x ;o) =0:
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In particular, we have
toR(X ;tg) < 1

for suciently large. This contradicts our assumption that R(x ;ty) =
Ki(r t,) 2. So we have proved assertion (7.6.9).
Now by combining (7.6.9) with the pinching assumption as bebre, we have

(7.6.10) Rm Kz(rpE) 2

on By, (Xo; 2Arp to), where K, = Ko(w;r;A;" ) is some positive constant depending
onlyonw, r, A and". Thus by (7.6.9) and (7.6.10) we have

(7.6.11) JRmMj K?(rpG) 2, on Bto(xO;ZArpG);

for some positive constantk ? = K 9(w;r; A;") %epending only onw, r, A and". This
gives us the curvature estimate onB;,(Xo; 2Ar ~ tg) for all to  T(w;r; A;").

From the arguments in proving the above assertion (i), we hae the estimates
(7.6.6) and (7.6.3) and the solution is well-de ned on the whole parabolic neighbor-
hood P (xo;to; “’4“’; (r% to)?) forall tg  T(w;r;A;"). Clearly we may assume
that (K ) Ir < minf £, "1 og. Thus by combining with the curvature estimate
(7.6.11), we can apply Theorem 7.5.1(i) to get the followingvolume control

(7.6.12) Voli, (B, (6 (K9 10T (KDY P T)?

for any x 2 By, (Xo; Ar P to), where = (w;r;A;") is some positive constant depend-
ing only onw, r, A and". So by using the assertion (i), we see that fot, T with
T = T(w;r;, ;A;" ) large enough, the curvature estimate (7.6.5) holds for alpoints in
B, (Xo; Ar ' to).

(i) We next want to extend the curvat%e estimate (7.6.5) t o all points in the
forward parabolic neighborhoodP (xo;to; Ar' to; Artg). Consider the time interval
[to; to + Ar2to] in the parabolic neighborhood. In assertion (i), we have dtained the
desired estimate (7.6.5) att = to. Suppose estimate (7.6.5) holds on a maximal time
interval [to;t% with t° to+ Ar2ty. This says that we have

(7.6.13) J2ARG + gjj <

on P(xo;to;ArpR;tO to) , f(x;t)jx Bt(xo;ArpE);t 2 [to;t9g so that either
there exists a surgery in tkﬁa ballBio(xo; Ar' to) at t = t% or there holdsj2tRj + gj j =
somewhere inByo(Xo; Ar' to) at t = t% Since the Ricci curvature is near %0 in the
geodesic ball, the surgeries cannot occur there. Thus we gniheed to consider the
latter possibility.
Recall that the evolution of the length of a curve and the volume of a domain
are given by
q z
gh()= Ric(: Dds
q z
and av ok() = RdV;:
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By substituting the curvature estimate (7.6.13) into the ab ove two evolution equations
and using the volume lower bound (7.6.6), it is not hard to see

(7.6.14) Vol o(Bo(Xo: P ) 92

for some positive constant °= qw;r; ;A;" ) depending only onw, r, , A and".
Then by the above assertion (i), the combination of the cunature estimate (7.6.13)
and the volume lower bound (7.6p14) implies that the curvatue estimate (7.6.5) still

holds for all points in Bio(Xg; Ar to) provided T = T(w;r; ;A;" ) is chosen large
enough. This is a contradiction. Therefore we have proved aertion (iii). O

We now state and prove the important Thick-thin decomposition theorem A
more general version (without the restriction on") was implicitly claimed by Perelman
in [103] and [104].

Theorem 7.6.3 ( The Thick-thin decomposition theorem). For any w > 0 and
0o<" %w, there exists a positive constant = (w;") 1 with the following
property. Supposeg; (t) (t 2 [0;+1 )) is a solution, constructed by Theorem7:4:3 with
the nonincreasing (continuous) positive functions €(t) and e(t), to the Ricci ow with
surgery and with a compact orientable normalized three-madfold as initial data, where
each -cuto at atime t has = (t) minf€(t);e2t)g. Then for any arbitrarily
xed > O, for t large enough, the manifoldM; at time t admits a decomposition
Mt = Muin (W;t) [ Mupick (w;t) with the following properties: p_

€)) FBr_every X 2 Muin (w;t), there exists somer = r(x;t) > 0, with O<r t<

t, such that

RmM (rpf) 2 on Bt(x;rpf); and

Vol (B¢ (x; P t)) < W(rIO t)%:
(b) For every x 2 Mk (w;t), we have

j2tRjj + gjj< on B (x; IOf); and

Vol (Bux ") gow( T

)
Moreover, if we take any sequence of point& 2 Mk (w;t );t ! +1 | then the
scalings ofg; (t ) around x with factor (t ) ! converge smoothly, along a subse-
quence of ! +1 ,to a complete hyperbolic manifold of nite volume with congant
sectional curvature 1.

Proof. Letr = r(w;"); = (w;") and h be the positive constants obtained in
Corollary 7.5.3. We may assume r e 3. For any point x 2 My, there are two
cases: either

i) minfRmjB; "D ("D 2
or

) minfRm|Bi(x "Dg< ("D 2
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Let us rst consider Case (i). If Vol {(B¢(x; P ) < Hw( P t)3, then we can
chooser slightly less than so that

Rm ('Df)2 (r'of)2

on Bt(x;rp ) Bi(x; P t)), and

Vol (B(x;r" D) < 1—10W( " <w(r’ B
thus X 2 Myin (w;t). If Vol (B (x; P ) Hw( P t)2, we can apply Lemma 7.6.2(ii)
to conclude that for t large enough,

J2tRy + gy j < on Bi(x; pf);

thus X 2 Mpick (W;1).
Next we consider Case (ii). By continuity, there exists 0<r = r(x;t) < such
that

(7.6.15) minf Rm j By(x; r P t)g= (rp t) 2
If th rpf ( rp t), we can apply Corollary 7.5.3 to conclude
Vol (B (xir" B) <w(r" %

thus X 2 Min (W; ). p_
We now consider the di cult subcase r t<  'h. By the pinching assumption,
we have
P 2 Py 2
R (r t) “(log[(r t) “(1+1)] 3)
(logr 2 3)(rp t) 2
2(rIO t) 2
220 2
somewhere inBt(x;rp t). Since h is the maximal cuto radius for surgeries in [%;t],
by the design of the -cuto surgery, we have

h sup 2(s)e(s)js2 =;t

NI~

Note also e(%) I Oast! +1 . Thus from the canonical neighborh80d assumption,
we see that fort large enough, there exists a point in the ballB{(x;r t) which has a
canonical neighborhood.
We claim that for t su ciently large, the point x satis es
1 p-
R(x;t) —(rp t) 2

2
and then the above argument shows that the pointx also has a canonical'—necb or
"-cap neighborhood. Otherwise, by continuity, we can choosa point x 2 B{(x;r t)
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with R(x ;t) = %(rp t) 2. Clearly the new point x has a canonical neighborhood
B by the above argument. In particular, there holds

C'R (7D % GO)R

on the canonical neighborhoodB . By the de nition of canonical neighborhood as-
sumption, we have

Bi(x; ) B  Bi(x;2 )

forsome 2 (0;C1(")R %(x ;1)). Clearly, without loss of generality, we may assume
(in the de nition of canonical neighborhood assumption) that > 2R %(x ;1) Then

RE+1 3G, ()
1 "
5C2 Yy ?
on By (x ;2rp t): Thus when we choose = (w;") small enough, it follows from the
pinching assumption that
Rm [f YR@+ t)=(R1+ 1)]R
1 p = 2.
E(r t) 5

on B¢ (x ;2rp t): This is a contradiction with (7.6.15).

We have seen thattR(x;t) 3r 2( % 2). Sincer 2> 2h 2tin this subcase,

we conclude that for arbitrarily given A< +1 ,
(7.6.16) tR(x;t) >A? 2

as long ast is large enough.

Let B, with Bi(x; ) B  Bi(x;2 ), be the canonical"-neck or "-cap neigh-
borhood of (x;t). By the de nition of the canonical neighborhood assumption, we
have

0< <C 1("R Z(xt);

C,*(")R R(x;t) Cu(")R; on B;
and

(7.6.17) Vol (B) " 3 %w 8

Choose <A< C (") sothat = AR %(x;t). For su ciently large t, since

R+t Cy'(")(tR(x1))
%Cz 'ty %
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on B, we can require = (w;") to be smaller still, and use the pinching assumption
to conclude
(7.6.18) Rm [f YR@A+t)=(RA+ )R

(AR Z(xt)) 2
- 2.

on B. For su ciently large t, we adjust

o
(AR Focty(C )

(7.6.19) r

<

by (7.6.16). Then the combination of (7.6.17), (7.6.18) and(7.6.19) implies that
X 2 Min (W;t):

The last statement in (b) follows directly from Lemma 7.6.2. (Here we also
used Bishop-Gromov volume comparison, Theorem 7.5.2 and Hailton's compactness
theorem to take a subsequent limit.)

Therefore we have completed the proof of the theoremll

To state the long-time behavior of a solution to the Ricci ow with surgery, we
rst recall some basic terminology in three-dimensional tgpology. A three-manifold
M is calledirreducible if every smooth two-sphere embedded iM bounds a three-
ball in M. If we have a solution (M;;g; (t)) obtained by Theorem 7.4.3 with a
compact, orientable and irreducible three-manifold M; g ) as initial data, then at
each timet > 0, by the cuto surgery procedure, the solution manifold M consists
of a nite number of components where one of the components,alled the essential
component and denoted byMt(l), is di eomorphic to the initial manifold M while
the rest are di eomorphic to the three-sphere S°.

The main result of this section is the following generalizaton of Theorem 5.3.4. A
more general version of the result (without the restriction on ") was implicitly claimed
by Perelman in [104].

Theorem 7.6.4 ( Long-time behavior of the Ricci ow with surgery). Let w>
Oand 0 <"  Iw be any small positive constants and le{M;gj (t)); 0 < t <
+1 ; be a solution to the Ricci ow with surgery, constructed by Theorem 7:4:3 with
the nonincreasing (continuous) positive functions €(t) and e(t) and with a compact,
orientable, irreducible and normalized three-manifoldM as initial data, where each

-cuto atatime thas = (t) minf€t);e(2t)g. Then one of the following holds:
either

(i) for all su ciently large t, we haveM; = Min (W;t); or

(i) there exists a sequence of timeg ! +1 such that the scalings of; (t ) on

the essential componeth(l), with factor (t ) !, converge in theC' topol-
ogy to a hyperbolic metric on the initial compact manifoldM with constant
sectional curvature %; or

(i) we can nd a nite collection of complete noncompact hy perbolic three-

manifolds along constant mean curvature torus of small areaand for all t
beyond some timeT < +1 we can nd dieomorphisms ' ;1 | m, of K|
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into M so that as long ast is su ciently large, the metric t ' | (t)g; (t) is

moreover, the complementMn(" 1(K1)[ [ ' m(Km)) is contained in the
thin part M, (w;t), and the boundary tori of eachK are incompressible in
the sense that each | injects 1(@K) into 1(My).

Proof. The proof of the theorem follows, with some modi cations, esentially
from the same argument of Hamilton as in the proof of Theorem 53.4.

Clearly we may assume that the thick part M ik (W;t) is not empty for a sequence
t ! +1, since otherwise we have case (i). If we take a sequence of pt@i x 2
Minick (w;t ), then by Theorem 7.6.3(b) the scalings ofg; (t ) around x with factor
(t ) * converge smoothly, along a subsequence of! +1 , to a complete hyperbolic
manifold of nite volume with constant sectional curvature %. The limits may be
di erent for di erent choices of ( x ;t ). If a limit is compact, we have case (ii). Thus
we assume that all limits are noncompact.

Consider all the possible hyperbolic limits of the solution and among them choose
one such complete noncompact hyperbolic three-manifoldd with the least possible
number of cusps. Denote byh; the hyperbolic metric of H. For all small a > 0 we
can truncate each cusp ofH along a constant mean curvature torus of areaa which
is uniquely determined; we denote the remainder byH,. Fix a > 0 so small that
Lemma 5.3.7 is applicable for the compact seK = H,. Pick an integer |y su ciently
large and an o su ciently small to guarantee from Lemma 5.3.8 that the iden tity
map Id is the only harmonic map F from H, to itself with taking @+, to itself, with
the normal derivative of F at the boundary of the domain normal to the boundary
of the target, and with dci,(y,)(F;1d) < o. Then choose a positive integer and

a small number ¢ > 0 from Lemma 5.3.7 such that if ® is a di eomorphism of H,
into another complete noncompact hyperbolic three-manifdd (1€;8; ) with no fewer
cusps (thanH), of nite volume and satisfying

ke ﬁij hij kcqo(Ha) 0s
then there exists an isometryl of H to 19 such that

dCIO(Ha)(p;I) < 0:

By Lemma 5.3.8 we further requireqy and ( to guarantee the existence of a har-
monic di eomorphism from (Ha;gj) to (Ha;hy ) for any metric g; on Ha with
kgj hij kCQD(Ha) 0-

Let X 2 Mupick (w;t );t ! +1 , be a sequence of points such that the scalings
of gj (t ) around x with factor (t ) * converge toh; . Then there exist a marked
point x! 2 H, and a sequence of di eomorphismg= from H, into M, such that
F (x!)=x and

k(t ) = i (t) hij ka(Ha)! 0

as !'1 for all positive integers m. By applying Lemma 5.3.8 and the implicit
function theorem, we can change= by an amount which goes to zeroas !'1 so
as to makeF a harmonic di eomorphism taking @, to a constant mean curvature
hypersurfaceF (@,) of (M ;(t ) g (t )) with the area a and satisfying the free
boundary condition that the normal derivative of F at the boundary of the domain
is normal to the boundary of the target; and by combining with Lemma 7.6.2 (iii),
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we can smoothly continue each harmonic di eomorphismF forward in time a little
to a family of harmonic di eomorphisms F (t) from H, into M with the metric
t 1gj (t), with F (t )= F and with the time t slightly larger than t , where F (t)
takes @, into a constant mean curvature hypersurface of M;t 1g; (t)) with the
areaa and also satis es the free boundary condition. Moreover, gice the surgeries
do not take place at the points where the scalar curvature is egative, by the same
argument as in Theorem 5.3.4 for an arbitrarily given positive integerq ¢, positive
number < g, and suciently large , we can ensure the extensiorF (t) satis es
kt 1F (t)g; (1) h; Kca(H,) on a maximal time interval t t ! (ort
t<! when! =+1) andwith k(' ) *F (! )gi (! ) hjKcam, = , When
I < +1 . Here we have implicitly used the fact that F (! )(@H3) is still strictly
concave to ensure the mag= (! ) is di eomorphic.

We further claim that there must be some suchthat! =+ 1 ;in other words,
at least one hyperbolic piece persists. Indeed, suppose théor each large enough
we can only continue the family F (t) on a nite interval t t I < +1 with

k(' ) "F (0 )G (0 ) hjKeagng =

Consider the new sequence of manifolddM; ;g; (! )). Clearly by Lemma 7.6.1, the
scalings ofg; (! ) around the new originsF (! )(x! ) with factor (! ) ! converge
smoothly (by passing to a subsequence) to a complete noncorapt hyperbolic three-
manifold ¥ with the metric B and the origin ®* and with nite volume. By the
choice of the old limit H, the new limit ¥ has at least as many cusps asl. By the
de nition of convergence, we can nd a sequence of compact fisets 8 exhausting
¥ and containing ! , and a sequence of di eomorphismg® of neighborhood of @
into M, with B (&' )= F (! )(x!) such that for each compact subset§ of ¥ and
each integerm,

k() "B (g (" ) Biken! O
as ! +1 . Thus for suciently large , we have the map
G =F F(@): Hy! 18
such that
kG Rj hjkcan,) <€

for any xed ©> . Then a subsequence o6 converges at least in theC9 1(H,)
topology to a map G; of H, into ¥ which is a harmonic map fromH, into ¥ and
takes @, to a constant mean curvature hypersurfaceG;, (@a) of (14;8; ) with the

area a, as well as satis es the free boundary condition. Clearly,G; is at least a
local di eomorphism. Since G; is the limit of di eomorphisms, the only possibility

of overlap is at the boundary. Note that G; (@H,) is still strictly concave. So Gi

is still a di eomorphism. Moreover by using the standard regularity result of elliptic

partial di erential equations (see for example [48]), we ako have

(7.6.20) kG; B  hj kcagm,) = -
Now by Lemma 5.3.7 we deduce that there exists an isometry of H to ¥ with

deion,)(G1 1) < o
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Thus | ' G; is a harmonic di eomorphism of H, to itself which satis es the free
boundary condition and

deionyy(I * Giild)< o

However the uniqueness in Lemma 5.3.8 concludes that ! G; = Id which contra-

dicts (7.6.20). So we have shown that at least one hyperbolipiece persists and the
metric t 1F (t)g; (t), for ! t< 1 ,is as close to the hyperbolic metrich; as we
like.

We can continue to form other persistent hyperbolic piecesn the same way as long
as there is a sequence of pointg 2 Mk (w;t );t ! +1 | lying outside the chosen
pieces. Note thatV (t)(t+ %) 3 is nonincreasing on [0+ 1 ). Therefore by combining
with Margulis lemma (see for example [55] or [76]), we have mved that there exists a

nite volume, a small number a> 0 and atime T < +1 such that for all t beyond
T we can nd di eomorphisms ' |(t) of (H|), into M, 1 | m, so that as long ast
is su ciently large, the metric t ' | (t)gj (t) is as close to the hyperbolic metrics as
we like and the complementMn(" 1(t)((H)a)[ [ ' m(t)((Hm)a)) is contained in
the thin part My (w;1).

It remains to show the boundary tori of any persistent hyperbolic piece are incom-
pressible. LetB be a small positive number and assume the above positive nundp
a is much smaller than B. Let M,(t) = ' |(t)((H|)a) (@ |  m) be such a per-
sistent hyperbolic piece of the manifoldM; truncated by boundary tori of area at

with constant mean curvature, and denote by M S(t) = M¢n M4 (t) the part of M;
exterior to M4(t). Thus there exists a family of subsetsMg (t) M,(t) which is a
persistent hyperbolic piece of the manifoldM, truncated by boundary tori of area Bt

with constant mean curvature. We also denote byM§ (t) = Mn Mg (t). By Van
Kampen's Theorem, if (@M (t)) injects into  1(M g (t)) then it injects into  1(My)
also. Thus we only need to show 1 (@M (t)) injects into 1 (Mg (t)).

As before we will use a contradiction argument to show (@ M (t)) injects into
1(M§(t)). Let T be a torus in @M (t) and suppose 1(T) does not inject into
1(M§ (t)). By Dehn's Lemma we know that the kernel is a cyclic subgroy of 1(T)

generated by a primitive element. Consider the normalized retric g; (t) = t 1g; (t)

on M. Then by the work of Meeks-Yau [86] or Meeks-Simon-Yau [87}we know that

among all disks in M§ (t) whose boundary curve lies inT and generates the kernel
of 1(T), there is a smooth embedded disk normal to the boundary whib has the
least possible area (with respect to the normalized metriag; (t)). Denote by D the

minimal disk and & = A&(t) its area. We will show that &(t) decreases at a certain
rate which will arrive at a contradiction.

We rst consider the case that there exist no surgeries at thetime t. Exactly as
in Part 111 of the proof of Theorem 5.3.4, the change of the are &(t) comes from the
change in the metric and the change in the boundary. For the chnge in the metric,
we choose an orthonormal frameX; Y;Z at a point x in the disk D so that X and Y
are tangent to the disk D while Z is normal. Since the normalized metricg; evolves

by

@@ﬁj =t Mg +2Ry);
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the (normalized) area elementde of the disk D around x satis es

é%e: t 11+ Ric(X;X )+ Ric(Y;Y))de

For the change in the boundary, we notice that the tensorg; +2R; is very small for
the persistent hyperbolic piece. Then by using the Gauss-Banet theorem as before,
we obtain the rate of change of the area

|
w Z R 1
dA R e+t
dt 5 2t t

z

(7.6.21) +0 - E

1 2 1
—+ Rde —
t @D t t

whereR is the geodesic curvature of the boundary anc is the length of the boundary
curve @ D(with respect to the normalized metric g; (t)). Since R 3t=2(t + %) for
allt 0 by (7.6.2), the rst term on the RHS of (7.6.21) is bounded above by

[
z R

LA
xn 9

o(l) AK;

~l
~l

Al

D

while the second term on the RHS of (7.6.21) can be estimatedxactly as before by

Z
1 Rde 1 }+ o(1) E
t oo t 4

Thus we obtain

& 1 1 1
St B S o1 & 2

(7.6.22) T 7

Next we show that these arguments also work for the case thatttere exist surgeries
at the time t. To this end, we only need to check that the embedded minimal &k
D lies in the region which is una ected by surgery. Our surgeres for the irreducible
three-manifold took place on -necks in"-horns, where the scalar curvatures are at
least 2(e(t)) !, and the components with nonnegative scalar curvature havebeen
removed. So the hyperbolic piece is not a ected by the surgees. In particular, the
boundary @Dis una ected by the surgeries. Thus if surgeries occur on theaminimal
disk, the minimal disk has to pass through a long thin neck befre it reaches the
surgery regions. Look at the intersections of the embeddingninimal disk with a
generic center two-sphereS? of the long thin neck; these are circles. Since the two-
sphere S? is simply connected, we can replace the components of the nimal disk
D outside the center two-sphereS? by some corresponding components on the center
two-sphereS? to form a new disk which also has@ Das its boundary. Since the metric
on the long thin neck is nearly a product metric, we could chose the generic center
two-sphere S? properly so that the area of the new disk is strictly less thanthe area
of the original disk D. This contradiction proves the minimal disk lies entirely in the
region una ected by surgery.

Sincea is much smaller than B, the region within a long distance from @ M, (t)
into Mg (t) will look nearly like a hyperbolic cusplike collar and is una ected by the
surgeries. So we can repeat the arguments in the last part ofie proof of Theorem
5.3.4 to bound the length E by the area & and to conclude

S
dt t
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for all suciently large times t, which is impossible because the RHS is not inte-

grable. This proves that the boundary tori of any persistent hyperbolic piece are
incompressible.

Therefore we have proved the theoremO

7.7. Geometrization of Three-manifolds. In the late 70's and early 80's,
Thurston [122], [123] [124] proved a number of remarkable mailts on the existence
of geometric structures on a class of three-manifoldsHaken manifolds (i.e. each of
them contains an incompressible surface of genus 1). These results motivated him
to formulate a profound conjecture which roughly says everycompact three-manifold
admits a canonical decomposition into domains, each of whit has a canonical geo-
metric structure. To give a detailed description of the conjecture, we recall some
terminology as follows.

An n-dimensional complete Riemannian manifold M;g) is called a homoge-
neous manifold if its group of isometries acts transitively on the manifold. This
means that the homogeneous manifold looks the same metridglat everypoint. For
example, the roundn-sphereS", the Euclidean spaceR" and the standard hyperbolic
spaceH" are homogeneous manifolds. A Riemannian manifold is said tbhe mod-
eled on a given homogeneous manifold\; g) if every point of the manifold has a
neighborhood isometric to an open set of M; g). And an n-dimensional Riemannian
manifold is called alocally homogeneous manifold  if it is complete and is modeled
on a homogeneous manifold. By a theorem of Singer [119], theniversal cover of a
locally homogeneous manifold (with the pull-back metric) is a homogeneous manifold.

In dimension three, every locally homogeneous manifold wit nite volume is
modeled on one of the following eight homogeneous manifoldsee for example The-
orem 3.8.4 of [125]):

(1) S°, the round three-sphere;

(2) R3, the Euclidean space ;

(3) HS3, the standard hyperbolic space;

4) & R;

(5) H? R;

(6) Nil, the three-dimensional nilpotent Heisenberg group (congting of upper

triangular 3 3 matrices with diagonal entries 1);
(7 ﬂDSL(Z; R), the universal cover of the unit sphere bundle ofH?;
(8) Sol, the three-dimensional solvable Lie group.

A three-manifold M is called prime if it is not di eomorphic to S* and if every
(topological) S M, which separatesM into two pieces, has the property that one
of the two pieces is di eomorphic to a three-ball. Recall tha a three-manifold is
irreducible if every embedded two-sphere bounds a three-lian the manifold. Clearly
an irreducible three-manifold is either prime or is di eomorphic to S®. Conversely, an
orientable prime three-manifold is either irreducible or is di eomorphic to > S (see
for example [69]). One of the rst results in three-manifold topology is the following

prime decomposition theorem obtained by Kneser [79] in 192@ee also Theorem 3.15
of [69]).

Prime Decomposition Theorem. Every compact orientable three-manifold
admits a decomposition as a nite connected sum of orientald prime three-manifolds.

In [90], Milnor showed that the factors involved in the above Prime Decompo-
sition are unique. Based on the prime decomposition, the quation about topology



482 H.-D. CAO AND X.-P. ZHU

of compact orientable three-manifolds is reduced to the qusgtion about prime three-
manifolds. Thurston's Geometrization Conjecture is about prime three-manifolds.

Thurston's Geometrization Conjecture. Let M be a compact, orientable
and prime three-manifold. Then there is an embedding of a nte number of disjoint
unions, possibly empty, of incompressible two-tori ; T2 M such that every com-
ponent of the complement admits a locally homogeneous Rienmmian metric of nite
volume.

We remark that the existence of a torus decomposition, also alled JSJ-
decomposition, was already obtained by Jaco-Shalen [74] dnJohannsen [75]. The
JSJ-decomposition states that any compact, orientable, ad prime three-manifold has
a nite collection, possibly empty, of disjoint incompressible embedding two-tori f T;2g
which separate the manifold into a nite collection of compact three-manifolds (with
toral boundary), each of which is either a graph manifold or s atoroidal in the sense
that any subgroup of its fundamental group isomorphictoZ Z is conjugate into the
fundamental group of some component of its boundary. A compet three-manifold X,
possibly with boundary, is called agraph manifold if there is a nite collection of
disjoint embedded tori T; X such that each component ofX n ~ T; is an S' bundle
over a surface. Thus the point of the conjecture is that the conponents should all be
geometric.

The geometrization conjecture for a general compact oriergble 3-manifold is
the statement that each of its prime factors satis es the abae conjecture. We say
a compact orientable three-manifold isgeometrizable if it satis es the geometric
conjecture.

We also remark that the Poincae conjecture can be deducedrbm Thurston's
geometrization conjecture. Indeed, suppose that we have aompact simply connected
three-manifold that satis es the conclusion of the geometization conjecture. If it were
not di eomorphic to the three-sphere S°, there would be a prime factor in the prime
decomposition of the manifold. Since the prime factor stillhas vanishing fundamental
group, the (torus) decomposition of the prime factor in the geometrization conjecture
must be trivial. Thus the prime factor is a compact homogeneas manifold model.
From the list of above eight models, we see that the only compat three-dimensional
model is S®. This is a contradiction. Consequently, the compact simply connected
three-manifold is di eomorphic to S°.

Now we apply the Ricci ow to discuss Thurston's geometrization conjecture.
Let M be a compact, orientable and prime three-manifold. Since a pme orientable
three-manifold is either irreducible or is di eomorphicto S* S!, we may thus assume
the manifold M is irreducible also. Arbitrarily given a (normalized) Riemannian
metric for the manifold M, we use it as initial data to evolve the metric by the
Ricci ow with surgery. From Theorem 7.4.3, we know that the Ricci ow with
surgery has a long-time solution on a maximal time interval P; T) which satis es the
a priori assumptions and has a nite number of surgeries on eeh nite time interval.
Furthermore, from the long-time behavior theorem (Theorem 7.6.4), we have well-
understood geometric structures on the thick part. Whereasto understand the thin
part, Perelman announced the following assertion in [104].

Perelman's Claim  ([104]). Suppose M ;g;) is a sequence of compact ori-
entable three-manifolds, closed or with convex boundary, ad w ! 0. Assume that
(1) for each point x 2 M there exists a radius = (x);0 < < 1; not
exceeding the diameter of the manifold, such that the ballB(x; ) in the
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metric g; has volume at mostw 3 and sectional curvatures at least ~ ?;
(2) each component of the boundary oM has diameter at mostw , and has a
(topologically trivial) collar of length one, where the sedional curvatures are
between 1=4 and 14+
Then M for su ciently large  are di eomorphic to graph manifolds.

The topology of graph manifolds is well understood; in partcular, every graph
manifold is geometrizable (see [126]).

The proof of Perelman's Claim promised in [104] is still not aailable in literature.
Nevertheless, recently in [118], Shioya and Yamaguchi praded a proof of Perelman's
Claim for the special case that all the manifolds M ;g; ) are closed. That is, they
proposed a proof for the following weaker assertion.

Weaker Assertion (Theorem 8.1 of Shioya-Yamaguchi [118]) Suppose
(M ;g;) is a sequence of compact orientable three-manifolds withe boundary, and
w ! 0. Assume that for each pointx 2 M there exists a radius = (x);
not exceeding the diameter of the manifold, such that the bal B(x; ) in the metric
g; has volume at mostw 3 and sectional curvatures at least 2. Then M for
su ciently large  are di eomorphic to graph manifolds.

Based on the the long-time behavior theorem (Theorem 7.6.4and assuming the
above Weaker Assertion, we can now give a proof for Thurstois geometrization con-
jecture . We remark that if we assume the above Perelman's Clan, then we does not
need to use Thurston's theorem for Haken manifolds in the prof of Theorem 7.7.1.

Theorem 7.7.1. Thurston's geometrization conjecture is true.

Proof. Let M be a compact, orientable, and prime three-manifold (withou
boundary). Without loss of generality, we may assume that the manifold M is ir-
reducible also.

Recall that the theorem of Thurston (see for example TheoremA and Theorem
B in Section 3 of [94], see also [85] and [102]) says that any mmpact, orientable,
and irreducible Haken three-manifold (with or without boun dary) is geometrizable.
Thus in the following, we may assume that the compact three-nanifold M (without
boundary) is atoroidal, and then the fundamental group 1(M) contains no noncyclic,
abelian subgroup.

Arbitrarily given a (normalized) Riemannian metric on the m anifold M, we use
it as initial data for the Ricci ow. Arbitrarily take a seque nce of small positive
constantsw ! Oas ! +1. Foreach xed , we set" = w =2> 0. Then by
Theorem 7.4.3, the Ricci ow with surgery has a long-time soution (M, ;g (t)) on
a maximal time interval [0; T ), which satis es the a priori assumptions (with the
accuracy parameter” = w =2) and has a nite number of surgeries on each nite
time interval. Since the initial manifold is irreducible, by the surgery procedure, we
know that for each and eacht > 0 the solution manifold M; consists of a nite
number of components where the essential componenM, )® is di eomorphic to the
initial manifold M and the others are di eomorphic to the three-sphereS®.

If forsome = (the maximaltime T °is nite, then the solution ( M °;g; °(t))
becomes extinct atT ° and the (irreducible) initial manifold M is di eomorphic to
S®= (the metric quotients of round three-sphere); in particul ar, the manifold M is
geometrizable. Thus we may assume that the maximal timeT =+ 1 for all

We now apply the long-time behavior theorem (Theorem 7.6.4) If there is some

such that case (ii) of Theorem 7.6.4 occurs, then for some suwciently large time
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t, the essential component {1, ) of the solution manifold M, is di eomorphic to
a compact hyperbolic space, so the initial manifoldM is geometrizable. Whereas if
there is some su ciently large  such that case (iii) of Theorem 7.6.4 occurs, then it
follows that for all su ciently large t, there is an embedding of a (honempty) nite
number of disjoint unions of incompressible two-tori ; T;? in the essential component
(M, )® of M, . This is a contradiction since we have assumed the initial maifold
M is atoroidal.
It remains to deal with the situation that there is a sequenceof positive !

+1 such that the solutions (M, *;g;*(t)) always satisfy case (i) of Theorem 7.6.4.
That is, for each , M * = Muin (W ¥;t) when the time t is su ciently large. By
the Thick-thin decomposition theorem (Theorem 7.6.3), thee is a positive constant,
0< (w «) 1, such that as long ast is su cierﬁly_/ large, for,every x 2 M, * =

Min (W ¥;t), we have somer = r(x;t), with O <r t< (w ) t, such that

(7.7.1) Rm (rpf) 2 on Bt(x;rpf);
and

P Poa
(7.7.2) Vol (Bi(x:r™ D) <w *(r™ 1)

Clearly we only need to consider the essential componentM, *)®. We divide
the discussion into the following two cases:

(1) there is a positive constant 1< C < +1 such that for each ¢ there is a
su ciently large time tx > 0 such that

(7.7.3) rxt) & <C diam (M, *)®

forall x 2 (M )@ Mpin (W *;t);

(2) there are a subsequence ¢ (still denoted by ), and sequences of positive
constantsCy ! +1 andtimes Ty < +1 such that for eacht Ty, we have

(7.7.4) r(x(t);t)pf Cy diam (M, x)®

for somex(t) 2 (M, )@, k =1;2;:::: Here we denote by diam (M, )¥) the diam-
eter of the essential component i1, ) with the metric g; (1) at the time t.

Let us rst consider case g.). For each pointx 2 (M *)®  Min (W ¥; ty), we
denote by ¢(x)= C *r(x;tx) tx. Then by (7.7.1), (7.7.2) and (7.7.3), we have

k(x) < diam (M *)® ;

Vol ¢, (B, (X; k(X)) Voltk(Btk(x;r(x;tk)pE)) <C3w *( k(X))
and
Rm (r(x;tk)pﬂ) 2 (k(x) 2

on By, (X; k(x)): Then it follows from the above Weaker Assertion that (Mtkk)(l),
for su ciently large k, are di eomorphic to graph manifolds. This implies that the
(irreducible) initial manifold M is di eomorphic to a graph manifold. So the manifold
M is geometrizable in case (1).
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We next consider case (2). Clearly, for each  and the chosenTy, we may
assume that the estimates (7.7.1) and (7.7.2) hold for alt Ty and x 2 (M, *)®.
The combination of (7.7.1) and (7.7.4) gives

(7.79) Rm G *(diam (M )@) 2 on (M *)®;

forall t Ty. If there are a subsequence i (still denoted by ) and a sequence of
times ty 2 (Tk;+1 ) such that

(7.7.6) Vol i, ((M,)®) < wi(diam (M., )®))*

for some sequence ! 0, then it follows from the Weaker Assertion that (Mtkk)(l) ,
for su ciently large k, are di eomorphic to graph manifolds which implies the initial
manifold M is geometrizable. Thus we may assume that there is a positiveonstant
w? such that

(7.7.7) Vol (M, ©)®)  widiam (M, ¥)®))3

foreachk and allt  Tk.

In view of the estimates (7.7.5) and (7.7.7), we now want to ue Theorem
7.5.2 to get a uniform upper bound for the curvatures of the esential components
(M, D g; “ (1)) with su ciently large time t. Note that the estimate in Theorem
7.5.2 depends on the parametet and our "'s depend onw * with 0 <" = w ¥=2; so
it does not work in the present situation. Fortunately we notice that the curvature
estimate for smooth solutions in Corollary 7.2.3 is indepedent of ". In the following
we try to use Corollary 7.2.3 to obtain the desired curvature estimate.

We rst claim that for each k, there is a su ciently large T2 2 (Ty;+1 ) such
that the solution, when restricted to the essential componat (M, *)® ; g;“ (1)), has
no surgery for allt T2 Indeed, for each xed k, if there is a (t)-cuto surgery
at a su ciently large time t, then the manifold (M, *)® ;g “(t)) would contain a

(t)-neck Bi(y; (t) 'R(y;t) %) for somey 2 (M, *)® with the volume ratio
Vol ((B(y; (t) "R(y;t) ?))
(0 'Ry;t) #)3

On the other hand, by (7.7.5) and (7.7.7), the standard Bishg@-Gromov volume com-
parison implies that

(7.7.8) 8 ()%

Vol (Bi(y: (1) "R(y;t) #))
(® "Ryt )2
for some positive constantc(w? depending only onw®. Since (t) is very small when
t is large, this arrives at a contradiction with (7.7.8). So for each k, the essential
component (M, *)® ;G; “ (1)) has no surgery for all su ciently large t.
For eachk, we consider any xed time tx > 3T. Let us scale the solutiong;  (t)
on the essential component i1, *)® by

g " (:s)=(tk) lgijk(itks)i

Note that (M, *)® is di eomorphic to M for all t. By the above claim, we see that
the rescaled solution M; g;“( ;s)) is @ smooth solution to the Ricci ow on the time

interval s 2 [1;1]. Set

c(w9)

p— 1
=t diam (Mrkk)(l’
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Then by (7.7.4), (7.7.5) and (7.7.7), we have

R C'! 0 ask! +1;

Bm  C *(n) % on Bi(X(tk); )
and
Vol 1 (B1(X(te): k) W)

where Bm is the rescaled curvature, x(tx) is the point given by (7.7.4) and
B1(X(tk); rx) is the geodesic ball of rescaled solution at the times = 1. Moreover, the
closure ofB1(x(tk); F«) is the whole manifold (M; g;* ( ;1)):

Note that in Theorem 7.2.1, Theorem 7.2.2 and Corollary 7.23, the condition
about normalized initial metrics is just to ensure that the solutions satisfy the
Hamilton-Ilvey pinching estimate. Since our solutions M, *;g;* (t)) have already
satis ed the pinching assumption, we can then apply Corollay 7.2.3 to conclude

iBm(xs)j K Wi(r) %

whenevers 2 [1 (WO(r¢)?; 1], x 2 (M; g “(:s)) and k is su ciently large. Here
K (w% and (w9 are positive constants depending only onw® Equivalently, we have
the curvature estimates

(7.7.9) jRM( ;1)] K(WO)(diam((Mt_kk)(l))) 2. on M;

whenevert 2 [ty (w9 (diam (( Mrkk)(l) ))?;t] and k is su ciently large.

For eachk, let us scale (M )™ ; g; “ (1)) with the factor (diam(( M, " Y1) 2 and shift
the time ti to the new time zero. By the curvature estimate (7.7.9) and Hanilton's
compactness theorem (Theorem 4.1.5), we can take a subsedtial limit (in the C?
topology) and get a smooth solution to the Ricci owon M ( (w%;0]. Moreover,
by (7.7.5), the limit has nonnegative sectional curvature @ M ( (w9;0]. Recall
that we have removed all compact components with nonnegatig scalar curvature. By
combining this with the strong maximum principle, we conclude that the limit is a
at metric. Hence in case (2), M is di eomorphic to a at manifold and then it is
also geometrizable.
Therefore we have completed the proof of the theorem(l
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Perelman's claim, 482

Perelman's reduced volume, 243, 252
element, 254

pinching assumption, 416

Poincae conjecture, 452
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solution
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standard, 420
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