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Definition

S-space: hereditarily separable but not hereditarily Lindel6f regular
L-space: hereditarily Lindel6f but not hereditarily separable regular

Theorem (Jech and Rudin)
It is consistent that there are S- and L-spaces.

Theorem (Kunen)

Under MAy, there are no strong S- and L-spaces
(i.,e. VX dn € w X" is not an S-space (L-space)).

Theorem (Szentmiklossy)
There is no first countable L-space under MAy, .
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History: positive results

Theorem (Szentmiklossy)
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Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 4/26



History: positive results

Theorem (Szentmiklossy)
An S-space can exist under MAy, .

Theorem (Abraham, Todorvecic)
An L-space and a first countable S-space can exist under MAy, .

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 4/26



History: positive results

Theorem (Szentmiklossy)
An S-space can exist under MAy, .

Theorem (Abraham, Todorvecic)

An L-space and a first countable S-space can exist under MAy, .

Definition

Given a structure X and a property ¢ we say that

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 4/26



History: positive results

Theorem (Szentmiklossy)
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History: positive results

Theorem (Szentmiklossy)
An S-space can exist under MAy, .

Theorem (Abraham, Todorvecic)
An L-space and a first countable S-space can exist under MAy, .

Definition

Given a structure X and a property ¢ we say that the property © of X
is c.c.c-indestructible if for each c.c.c poset Q we have 14 I “X has
property ¢”.
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History: proving methods

Theorem (Szentmiklossy)
An S-space can exist under MAy, .
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History: proving methods

Theorem (Szentmiklossy)
An S-space can exist under MAy, .

@ If CH holds then there is a tight HFD X c 2+
© The tight HFD property is c.c.c-indestructible
© Atight HFD is an S-space
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History: proving methods

Theorem (Abraham, Todorvecic)
A first countable S-space can exist under MAy, .
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Theorem (Abraham, Todorvecic)
A first countable S-space can exist under MAy, .

@ X: generic right separated, first countable space on w1
© Property (x)
© If X has property () then X is a c.c.c. indestructible S-space.
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History: proving methods

Theorem (Abraham, Todorvecic)
A first countable S-space can exist under MAy, .

@ X: generic right separated, first countable space on w1

© Property (x)

© If X has property () then X is a c.c.c. indestructible S-space.
© (x) may hold in a generic extension obtained by iterated forcing
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History: more questions

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space).
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History: more questions

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space).

@ Is Kunen’s theorem sharp?
@ (Roitman) Can S and L-groups exit under MAy, ?
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A blackbox theorem

Fnm(wi, K)= {s: sis a function, dom(s) € [w1]",ran(s) c K}

(8 1 @ < wy) C Fnp(wy, K) is dom-disjoint iff dom(s,) Nndom(sg) = ()

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 8/26



A blackbox theorem

Definition
Let Gbeagraphonwy x K, m € w.

. S

w1
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A blackbox theorem

Let G be a graph on w1 x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (s, : o < wy) C Fnp(wy, K)

G
K S, Sp
\/\ \/\ S’y
\_/\
w1
dom(s,) dom(sg) dom(s,)
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A blackbox theorem

Definition
Let G be a graph on w1 x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (s, : @ < wy) C Fnp(wq, K) there are

o < B < wq such that

[Sa, 58] C G.
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A blackbox theorem

Definition
Let G be a graph on w1 x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (s, : @ < wy) C Fnp(wq, K) there are

o < B < wq such that

[Sa, 58] C G.

G is called strongly solid iff it is m-solid for each m € w.

G
S’Y
\_/\
w1
dom(s,) dom(sg) dom(s,)
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A blackbox theorem

Let G be a graph on wy x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (s, : @ < wy) C Fnp(w1, K) there are a < 8 < wq such

that
[SasS3] C G.

G is called strongly solid iff it is m-solid for each m € w.
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A blackbox theorem

Let G be a graph on wy x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (s, : a < wi) C Fnp(wi, K) there are o < 8 < wy such
that

[SasS3] C G.

G is called strongly solid iff it is m-solid for each m € w.

Theorem

Assume 21 = w,. If G is a strongly solid graph on wi x K, then for
each m € w there is a c.c.c poset P of size w» such that

| N

VP = “G is c.c.c-indestructibly m-solid.”
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A blackbox theorem: how to prove it?

First approach.
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A blackbox theorem: how to prove it?

First approach.

@ Kill the dangerous posets!

@ Qis dangerous iff VQ = “X is not m-solid’

O Kill Q,i.e. find Pst VP =*“Qisnotc.c.c’

@ Problem: P can be dangerous: V* |= “X is not m-solid’

A more direct approach also works.

@ Introduce property (x)n, (of G)

© (+)m is a c.c.c-indestructible property

© (x)m implies that G is m-solid

Q if V = “Gis strongly solid” then there is a c.c.c. poset P such
that VP |= G has property (+)m.
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A blackbox theorem: a sample application

a graph H = (w1, E) is non-trivial iff there are no uncountable cliques
or independent subsets in H.
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A blackbox theorem: a sample application

a graph H = (w1, E) is non-trivial iff there are no uncountable cliques
or independent subsets in H.

C: Cohen graph on w1
C is non-trivial, but C is not c.c.c-indestructibly non-trivial.
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A blackbox theorem: a sample application

a graph H = (w1, E) is non-trivial iff there are no uncountable cliques
or independent subsets in H.
C: Cohen graph on w1

C is non-trivial, but C is not c.c.c-indestructibly non-trivial.

Proposition

C is c.c.c indestructibly non-trivial in some generic extension.
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G. J
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence

(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each

m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence

(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each

m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

o K=2.
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence

(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2“1 = wo.
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

If G is a strongly solid graph on wy x K, then for each

(ﬂ, )} is an edge in G iff
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

o K=2.
o {{a,i),(B,))}is an edge in G iff
i =j = 0implies that {«, 3} is not an edge in C,
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence

(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2“1 = wo.
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

If G is a strongly solid graph on wy x K, then for each

,J)} is an edge in G iff

= 1 implies that {«, 5} is an edge in C.
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

K=2.
{(a, ), (3,))} is an edge in G iff

i =j = 0implies that {«, 3} is not an edge in C,
@ i =/ = 1implies that {«, 3} is an edge in C.

@ C is non-trivial iff G is 1-solid

e ©
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

o K=2.
@ {(a,i),(3,))} is an edge in G iff

i =j = 0implies that {«, 3} is not an edge in C,
@ i =/ = 1implies that {«, 3} is an edge in C.

@ C is non-trivial iff G is 1-solid
@ Gis n-solidin V:
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

o K=2.
@ {(a,i),(3,))} is an edge in G iff

i =j = 0implies that {«, 3} is not an edge in C,
@ i =/ = 1implies that {«, 3} is an edge in C.
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@ Gisn-solidin V: LetA,;=s;"{i}fori<2anda < w;
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence
(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each
m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

o K=2.
@ {(a,i),(3,))} is an edge in G iff

i =j = 0implies that {«, 3} is not an edge in C,
@ i =/ = 1implies that {«, 3} is an edge in C.

@ C is non-trivial iff G is 1-solid
@ Gisn-solidin V: LetA,;=s;"{i}fori<2anda < w;
C Cohen: Ja < 8 < wy [Aa70,A570] NC=0and [Aa71,A@71] cC
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A blackbox theorem: a sample application, the proof

A graph G = (w1 x K, E) is m-solid if given any dom-disjoint sequence

(8ot @ < wi) C Fnp(wy, K) there are a < 8 < wy such that [s,, s3] C G.

Assume 2¥' = wy. If G is a strongly solid graph on wy x K, then for each

m € w there is a c.c.c poset P of size w, such that

VP |= “G is c.c.c-indestructibly m-solid.”

K=2.
{{a, 1), (B,))} is an edge in G iff
i =j = 0implies that {«, 3} is not an edge in C,
@ i =/ = 1implies that {«, 3} is an edge in C.
@ Cis non-trivial iff G is 1-solid
@ Gisn-solidin V: LetA,;=s;"{i}fori<2anda < w;

C Cohen: Ja < 8 < wy [Aa70,A570] NC=0and [Aa71,A@71] ccC
[Sa,S8] C G

e ©
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S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 14/26



S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
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It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
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S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Theorem (-)

It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.

Proof.

l:l |
A\ \
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S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Theorem (-)

It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.

| \,

Proof.
For X = {x, : v <wq} C 2¥ we can define a graph Gx on wy x Kx s.t
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S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Theorem (-)

It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.
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Proof.

For X = {x, : v <wq} C 2¥ we can define a graph Gx on wy x Kx s.t
Gy is n-solid iff X is HFD], (= X" is hereditarily separable)

VG |= 3X ¢ 2% not Lindeldf, but HFDY, for all n,
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Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.
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It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.
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Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Theorem (-)

It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.

Proof.

| \,

For X = {x, : v <wq} C 2¥ we can define a graph Gx on wy x Kx s.t

Gy is n-solid iff X is HFD], (= X" is hereditarily separable)

VG |= 3X c 2%t not Lindeldf, but HFDY, for all n, Gy is strongly solid

VC*P 1= Gy is a c.c.c indestructibly n-solid
VC*P 1= X is a c.c.c indestructible HFD?,
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S and L-spaces: Kunen’s result is sharp

Theorem (Kunen)
Under MAy, VX 3n € w X" is not an S-space or an L-space.

Theorem (-)

It is consistent with MAy, thatVn € w 3X, and 3Y, s. t. (Xp)" is an
S-space and (Yn)" is an L-space.

For X = {x, : v <wq} C 2¥ we can define a graph Gx on wy x Kx s.t
Gy is n-solid iff X is HFD], (= X" is hereditarily separable)

VG |= 3X c 2%t not Lindeldf, but HFDY, for all n, Gy is strongly solid
VC*P = Gy is a c.c.c indestructibly n-solid

VC*P 1= X is a c.c.c indestructible HFD?,

V@ P = X is a c.c.c. indestructible S-space O

v
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S and L spaces: S and L-groups

If GCH holds then there is a c.c.c poset P such that

VP = “2*1 contains an S-group and an L-group, and MAy, holds”.
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S and L-spaces

Definition

An uncountable topological space is O-space if its every open
subspace is either countable or co-countable.
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Definition
An uncountable topological space is O-space if its every open
subspace is either countable or co-countable.

An O-space is an S-space
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S and L-spaces

Definition
An uncountable topological space is O-space if its every open
subspace is either countable or co-countable.

An O-space is an S-space

A first countable 0-dimensional O-space can exist under Martin’s
Axiom.

Combinatorial Set Theory 16/26
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Smooth graphs

K.A.Kierstead and P.J.Nyikos: Are there infinite graphs which are very
homogeneous
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Smooth graphs

K.A.Kierstead and P.J.Nyikos: Are there infinite graphs which are very
homogeneous in a non-trivial way?

smooth=homogeneous

G= <W1 y E>
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How to measure homogeneity of a graph G?
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G= <W1 y E>

How to measure homogeneity of a graph G?

[(G): isomorphism classes of induced uncountable subgraphs of G.
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G= <W1 y E>

How to measure homogeneity of a graph G?

[(G): isomorphism classes of induced uncountable subgraphs of G.

@ |1(G)] is small,
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Smooth graphs

K.A.Kierstead and P.J.Nyikos: Are there infinite graphs which are very
homogeneous in a non-trivial way?

smooth=homogeneous

G= <W1 y E>

How to measure homogeneity of a graph G?

[(G): isomorphism classes of induced uncountable subgraphs of G.

@ |1(G)] is small,
@ G = G[A] formany A C wy.
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Smooth graphs

G is smooth iff | (G)| = 1
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty. \
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.

9 X € wy, w.l.o.g |G(X)| = wy.
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.

9 X € wy, w.l.o.g |G(X)| = wy.
° G=G[{x}UG(x)
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.

Proof.
9 X € wy, w.l.o.g |G(X)| = wy.
° G=G[{x}UG(x)
@ Jv cwywi ={v}UG(v)
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.

Proof.
9 X € wy, w.l.o.g |G(X)| = wy.
® G= Gl{x}UG(x)]
@ Jv cwywi ={v}UG(v)
o VW e |w]"Iwe WW C {w}uG(w)
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Smooth graphs

G is smooth iff | (G)| = 1

A smooth graph is either complete or empty.

Proof.
9 X € wy, w.l.o.g |G(X)| = wy.
° G=G[{x}UG(x)
@ Jv cwywi ={v}UG(v)
o VW e |w]"Iwe WW C {w}uG(w)
@ Gis complete
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on wy then | 1(G)| > w.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on wy then | 1(G)| > w.

Theorem (Hajnal, Nagy, —)
| I(G)| > 2% for each non-trivial graph G on wy.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)

If G is a non-trivial graph on wy then | 1(G)| > w.

Theorem (Hajnal, Nagy, -)
| I(G)| > 2% for each non-trivial graph G on wy.

Theorem (Hajnal, Nagy, —)
Under { there exists a non-trivial graph G on wy with | |(G)| = wy.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)

If G is a non-trivial graph on wy then | 1(G)| > w.

Theorem (Hajnal, Nagy, -)
| I(G)| > 2% for each non-trivial graph G on wy.

Theorem (Hajnal, Nagy, -)
Under & there exists a non-trivial graph G on wy with | 1(G)| = wy.

Theorem (Shelah, -)

Assume that GCH holds and every Aronszajn-tree is special. Then
| 1(G)| = 2«1 for each non-trivial graph G = (w1, E).
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Smooth graphs

G is almost smooth iff G = Glw; \ A] for each A € [w1]*.
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Smooth graphs
G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.
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Smooth graphs
G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.

G is quasi smooth iff G = G[A] or G = Glw \ A] for each A € [w1]“.
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Smooth graphs
G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.

G is quasi smooth iff G = G[A] or G = Glw \ A] for each A € [w1]“.

Theorem (Hajnal, Nagy, —)
It is consistent that there is a non-trivial, quasi smooth graph on w1.
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Smooth graphs
G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.

G is quasi smooth iff G = G[A] or G = Glw \ A] for each A € [w1]“.

Theorem (Hajnal, Nagy, -)
It is consistent that there is a non-trivial, quasi smooth graph on w1.

Theorem (Shelah, —)

Under { there is a non-trivial, quasi smooth graph on w;.
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Smooth graphs
G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.

G is quasi smooth iff G = G[A] or G = Glw \ A] for each A € [w1]“.

Theorem (Hajnal, Nagy, -)
It is consistent that there is a non-trivial, quasi smooth graph on w1.

Theorem (Shelah, —)

Under { there is a non-trivial, quasi smooth graph on w;.
It is consistent that there are no non-trivial, quasi smooth graph on w.
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Smooth graphs

G is almost smooth iff G = Glw; \ A] for each A € [w1]*.

Theorem (Hajnal, Nagy, —)
If CH holds then there is a non-trivial, almost smooth graph on wy.

G is quasi smooth iff G = G[A] or G = Glw \ A] for each A € [w1]“.

Theorem (Hajnal, Nagy, -)
It is consistent that there is a non-trivial, quasi smooth graph on w1.

Theorem (Shelah, —)

Under < there is a non-trivial, quasi smooth graph on w;.
It is consistent that there are no non-trivial, quasi smooth graph on w.

Problem
Is there a non-trivial, almost smooth graph on w ?
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Smooth graphs

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 21/26



Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

@ C: Cohen graph on wy
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

@ C: Cohen graph on wy
@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

@ C: Cohen graph on wy
@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }
@ If Q satisfies c.c.c and MAy, holds then C is almost smooth.
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

@ C: Cohen graph on wy

@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }

@ If Q satisfies c.c.c and MAy, holds then C is almost smooth.
@ K=Qx2
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

Proof.

C: Cohen graph on wy

Q = {s € Autp(C) : wa < s(wa+ m) <wa+w }

If Q satisfies c.c.c and MAy, holds then C is almost smooth.
K=Qx2

{a,s,0),(B,t,))} € Giff

| \,

©

© 6 ¢ ¢
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

Proof.

C: Cohen graph on wy

Q = {s € Autp(C) : wa < s(wa+ m) <wa+w }

If Q satisfies c.c.c and MAy, holds then C is almost smooth.
K=Qx2

{<C¥,S, I>7<ﬂ7 t’]>} e @G iff
Q suteqQ,

| \,

©

© 6 ¢ ¢
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

| \,

Proof.
@ C: Cohen graph on wy
@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }
@ If Q satisfies c.c.c and MAy, holds then C is almost smooth.
@ K=Qx2

o {{a,5,1),(8,t,))} € Giff
Q suteq
@ i =j=0implies that {a, 3} is not an edge in C,
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

| \,

Proof.
@ C: Cohen graph on wy
@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }
@ If Q satisfies c.c.c and MAy, holds then C is almost smooth.
@ K=Qx2

o {{a,s,i), (B, 1,))} € Gif
Q suteQ,
@ /i =j = 0implies that {«, 3} is not an edge in C,
© i =/ = 1implies that {«, 3} is an edge in C.
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

| \,

Proof.
@ C: Cohen graph on wy
@ Q={se Aut;(C) : wa < s(wa+m) <wa+w }
@ If Q satisfies c.c.c and MAy, holds then C is almost smooth.
@ K=Qx2

o {{a,s,i), (B, 1,))} € Gif
Q suteQ,
@ /i =j = 0implies that {«, 3} is not an edge in C,
© i =/ = 1implies that {«, 3} is an edge in C.

@ if Gis 1-solid then Q@ satisfies c.c.c and C is non-trivial
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Smooth graphs

Theorem (-)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.

Proof.

C: Cohen graph on wy

Q = {s € Autp(C) : wa < s(wa+ m) <wa+w }

If Q satisfies c.c.c and MAy, holds then C is almost smooth.
K=Qx2

{{a,8,0),(B,t,))} € Giff
Q suteQ,
@ /i =j = 0implies that {«, 3} is not an edge in C,
© i =/ = 1implies that {«, 3} is an edge in C.
@ if Gis 1-solid then Q satisfies c.c.c and C is non-trivial

@ Gis strongly solid because C is the Cohen graph

| \,

©

© 6 ¢ ¢
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Smooth graphs

Gis k-smooth VW € [w]“" IW' € [W]™" sit. G= GIW \ W.
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Smooth graphs

Gis n-smooth VW € [w{]“" IW' € [W]™" s.t. G= GIW \ W].

If a graph G is n-smooth for some n € w, then G is complete or empty.
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Smooth graphs

Gis n-smooth VW € [w{]“" IW' € [W]™" s.t. G= GIW \ W].

If a graph G is n-smooth for some n € w, then G is complete or empty.

Theorem (Hajnal, Nagy, —)
Under {* there is a non-trivial, wi-smooth graph on w.
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Smooth graphs

Gis n-smooth VW € [w{]“" IW' € [W]™" s.t. G= GIW \ W].

If a graph G is n-smooth for some n € w, then G is complete or empty.

Theorem (Hajnal, Nagy, —)

Under {* there is a non-trivial, wi-smooth graph on w.

There is no non-trivial w-smooth graph on w4 provided wy < s, or
2v < 21, or V = WCohen(wz),
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Smooth graphs

Gis n-smooth VW € [w{]“" IW' € [W]™" s.t. G= GIW \ W].

_

Theorem (Hajnal, Nagy, —)

If a graph G is n-smooth for some n € w, then G is complete or empty.

Under {* there is a non-trivial, wi-smooth graph on w.

There is no non-trivial w-smooth graph on w4 provided wy < s, or
2v < 21, or V = WCohen(wz),
It is consistent that there is a non-trivial, w-smooth graph on w.
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Smooth graphs

Gis n-smooth VW € [w{]“" IW' € [W]™" s.t. G= GIW \ W].

If a graph G is n-smooth for some n € w, then G is complete or empty.

Theorem (Hajnal, Nagy, -)
Under {* there is a non-trivial, wi-smooth graph on w.

There is no non-trivial w-smooth graph on w4 provided wy < s, or
2v < 21, or V = WCohen(wz),
It is consistent that there is a non-trivial, w-smooth graph on w.

Problem
Is there a non-trivial, w1-smooth graph on w4 ?
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i colourings

A set P C X is rainbow for ¢ : [X]" — C
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i colourings
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i colourings

A set P c Xis rainbow for c: [X]" — Ciff ¢ | [P]"is 1-1
c: [X]" — Cis u-bounded iff [c-'{c}| < uforeachce C

A —* (@)_4q iff for every x-bounded colouring of [A]” there is a
rainbow set of order type «
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i colourings

A set P c Xis rainbow for c: [X]" — Ciff ¢ | [P]"is 1-1
c: [X]" — Cis u-bounded iff [c-'{c}| < uforeachce C

A —* (@)_4q iff for every x-bounded colouring of [A]” there is a
rainbow set of order type «

Theorem (Galvin)
Letk <w. If X — (a) then X —=* ()} _4q
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i colourings

A set P c Xis rainbow for c: [X]" — Ciff ¢ | [P]"is 1-1
c: [X]" — Cis u-bounded iff [c-'{c}| < uforeachce C

A —* (@)_4q iff for every x-bounded colouring of [A]” there is a
rainbow set of order type «

Theorem (Galvin)
Letk <w. If X — (a) then X —=* ()} _4q

wi —* ()3 _pgq fOr a < w
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i colourings

Theorem (Galvin)
CH implies that wy /* (w1)2_pgy
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i colourings

Theorem (Galvin)
CH implies that wy /* (w1)2_pgy

Theorem (Todorcevic)

PFA implies that wy —* (w1)3_pgy
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i colourings

Theorem (Galvin)
CH implies that wy /* (w1)2_pgy

Theorem (Todorcevic)
PFA implies that wy —* (w1)3_pgy

v

Theorem (Abraham, Cummings)

wi A% (w1)3_pag IS CONsistent with MAy,

v
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in colourings

Theorem (Galvin)
CH implies that wy /* (w1)2_pgy

§

Theorem (Todorcevic)
PFA implies that wy —* (w1)3_pgy

N

Theorem (Abraham, Cummings)

wi A% (w1)3_pag IS CONsistent with MAy,

A\,

Theorem (-)
It is consistent with MAy, that wy /" [w1]}_p.y for each n k € w,

A\
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in colourings

Theorem (Galvin)
CH implies that wy /* (w1)2_pgy

§

Theorem (Todorcevic)

PFA implies that wy —* (w1)3_pgy

N

Theorem (Abraham, Cummings)

wi A% (w1)3_pag IS CONsistent with MAy,

A\,

Theorem (-)

It is consistent with MAy, that wy /" [w1]}_p.y for each n,k € w, i.e.
there is an k-bounded colouring ¢ : [w1]" — wy such that VX € [wi]
Ja < wy [} n [X]"] = k.

w4

A\
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i colourings

It is consistent with MAy, that for each n, k € w there is an k-bounded colouring
c: [w1]” — wi such that VX € [w1]“" 3o < wy | H{a} N [X]"] = k. J
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i colourings

It is consistent with MAy, that for each n, k € w there is an k-bounded colouring
c: [w1]” — wi such that VX € [w1]“" 3o < wy | H{a} N [X]"] = k.

Theorem (—)

It is consistent with MAy, that for each n, k € w there is an k-bounded
colouring ¢ : [w1]" — wy such that
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i colourings

It is consistent with MAy, that for each n, k € w there is an k-bounded colouring
c: [w1]” — wi such that VX € [w1]“" 3o < wy | H{a} N [X]"] = k.

Theorem (-)

It is consistent with MAy, that for each n, k € w there is an k-bounded
colouring ¢ : [w1]" — wy such that VX € [w1]“" and for all

{Fa a<wi}C [[w1]n_1]k with (UF.) N (UFR) =0 fora < 5 < wy

Soukup, L (Rényi Institute) Indestructible properties Combinatorial Set Theory 25/26



i colourings

It is consistent with MAy, that for each n, k € w there is an k-bounded colouring
c: [w1]” — wi such that VX € [w1]“" 3o < wy | H{a} N [X]"] = k.

Theorem (-)
It is consistent with MAy, that for each n, k € w there is an k-bounded
colouring ¢ : [w1]" — wy such that VX € [w1]“" and for all

{Fa a<wi}C [[w1]n_1]k with (UF.) N (UFR) =0 fora < 5 < wy
there is ¢ € X and there is a < wy such that UF, < € and c is
homogeneous on {F U {{} : F € F,}.
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