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Erd®s-Rado Theorem
κ → (λ)nσ i� for all f :

[

κ
]n

→ σ there is A ∈
[

κ
]λ s.t. |f ′′[A]n

| = 1Theorem (Erd®s-Rado)
(2κ)+ → (κ+)2κ. (22κ

)+ → (κ+)3κ (expn(κ))+ → (κ+)n+1
κ
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Almost disjoint familiesthere is an almost disjoint family A ⊂
[

ω
]ω of 
ardinality 2ωIs there an almost disjoint family B ⊂

[

ω1]ω1 of size 2ω1?almost disjoint: B ∩ B ′ ≤ ω for B 6= B ′ ∈ B.there is an almost disjoint family B ⊂
[

ω1]ω1 of 
ardinality ω22ω1 ≥ ω3.2ω = ω1 =⇒ ∃ almost disjoint family B ⊂
[

ω1]ω1 of size 2ω12ω > ω1.Con(ZFC + 2ω = 2ω1 = ω3+there is no almost disjoint family B ⊂
[

ω1]ω1 of size ω3)
L. Soukup (Rényi Institute) For
ing and Combinatori
s, 3. Hejni
e 2009 3 / 16



2ω1 = ω3 +6 ∃ a.d. family B ⊂
[

ω1]ω1 of size ω3
M 
.t.m. M |= 2ω1 = ω2.P= FIN(ω3 × ω) |P| = ω3, 
.
.
.
M[G] |= 2ω1 ≥ 2ω ≥ ω3.
G ∋ p 
 〈Aα : α < ω̌3〉 ⊂ [

ω̌1]ω̌1 is almost disjoint.Let Dα,β= {ξ < ω1 : ∃pξ ∈ P pξ 
 ξ̌ = sup(Aα̌ ∩ Aβ̌)}.
{pξ : ξ ∈ Dα,β} is an anti
hain: |Dα,β| ≤ ω. g(α, β) = supDα,βg :

[

ω3]2 → ω1. Erd®s-Rado: (2ω1)+ → (ω2)2ω1
∃X ∈

[

ω3]ω2 ∃η < ω1 ∀α, β ∈ X g(α, β) = η.
M[G] |= {Aα \ (η + 2) : α ∈ X} is a disjoint family
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G ∋ p 
 〈Aα : α < ω̌3〉 ⊂ [

ω̌1]ω̌1 is almost disjoint.Let Dα,β= {ξ < ω1 : ∃pξ ∈ P pξ 
 ξ̌ = sup(Aα̌ ∩ Aβ̌)}.
{pξ : ξ ∈ Dα,β} is an anti
hain: |Dα,β| ≤ ω. g(α, β) = supDα,βg :

[

ω3]2 → ω1. Erd®s-Rado: (2ω1)+ → [ω2]2ω1
∃X ∈

[

ω3]ω2 ∃η < ω1 ∀α, β ∈ X g(α, β) = η.
M[G] |= {Aα \ (η + 2) : α ∈ X} is a disjoint familyAssume ζ ≥ η + 1, α, β ∈ X and M[G] |= ζ ∈ Aα ∩ Aβ.
M[G] |= η + 1 ≤ ζ ≤ ξ = sup(Aα ∩ Aβ)

η + 1 ≤ ζ ≤ ξ and ∃q ∈ G (q ≤ p) q 
 ξ̌ = sup(Aα̌ ∩ Aβ̌).
ξ ∈ Dα,β so ξ ≤ g(α, β) = η < η + 1 ≤ ζ ≤ ξ
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How to 
onstru
t a topologi
al spa
e?X = 〈X , τ〉 is a topologi
al spa
e
N ⊂ P(X ) is a network i� for ea
h x ∈ U ∈ τ there is N ∈ N withx ∈ N ⊂ U.nw(X )= min{|N | : N is a network}.nw(X ) ≤ |X |,w(X )Y ⊂ X is weakly separated i� there is a neighbourhood assignmentf : Y → τ s.t. for ea
h x 6= y ∈ Y then either x /∈ f (y) or y /∈ f (x).R(X )= sup{|Y | : Y ⊂ X is weakly separated}
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How to 
onstru
t a topologi
al spa
e?
N ⊂ P(X ) is a network i� for ea
h x ∈ U ∈ τ there is N ∈ N withx ∈ N ⊂ U.nw(X )= min{|N | : N is a network}.Y ⊂ X is weakly separated i� there is a neighbourhood assignmentf : Y → τ s.t. for ea
h x 6= y ∈ Y then either x /∈ f (y) or y /∈ f (x).R(X )= sup{|Y | : Y ⊂ X is weakly separated}R(X ) ≤ nw(X )There are spa
es with nw(X ) > R(X ) in many models.OPEN: Is it 
onsistent that nw(X ) ≤ R(X ) for ea
h regularspa
e?
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How to approximate a topologi
al spa
e?
N is a network i� for ea
h x ∈ U ∈ τ there is N ∈ N with x ∈ N ⊂ U .Y is weakly separated i� ∃f : Y → τ s.t. x /∈ f (y) or y /∈ f (x) for x 6= y ∈ Y .Con( there is a �rst 
ountable, 0-dimensional topologi
al spa
eX = 〈ω1, τ〉 su
h that nw(X ) = ω1 and R(X ) = ω).If M is a 
tm, then there is a 
.
.
 poset P in M su
h that if G isan M-generi
 �lter in P then in M[G] there is a �rst 
ountable,0-dimensional topologi
al spa
e X = 〈ω1, τ〉 su
h that nw(X ) = ω1and R(X ) = ω.
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M[G] |= X = 〈ω1, τ〉, χ(X ) = ω, nw(X ) = ω1, R(X ) = ω

N is a network i� for ea
h x ∈ U ∈ τ there is N ∈ N with x ∈ N ⊂ U .Y is weakly separated i� ∃f : Y → τ s.t. x /∈ f (y) or y /∈ f (x) for x 6= y ∈ Y .p = 〈Ap, np , {Up(α, i) : α ∈ A, i ∈ n}〉 ∈ P i�Ap ∈
[

ω1]<ω, np ∈ ω, α ∈ Up(α, i) ⊂ AIdea: UG(α, i) = ∪{Up(α, i) : p ∈ G}.p ≤ q i�Ap ⊃ Aq , np ≥ nq Up(α, i) ∩ Aq = Uq(α, i) for 〈α, i〉 ∈ Aq × nqif Uq(α, i) ⊂ Uq(β, j) then Up(α, i) ⊂ Up(β, j)if Uq(α, i) ∩ Uq(β, j) = ∅ then Up(α, i) ∩ Up(β, j) = ∅

P = 〈P ,≤〉 satis�es 
.
.
.X = 〈ω1, τ〉 is �rst 
ountable, 0-dimensional.nw(X ) = ω1? R(X ) = ω?
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M[G] |= X = 〈ω1, τ〉, χ(X ) = ω, nw(X ) = ω1, R(X ) = ω

N is a network i� for ea
h x ∈ U ∈ τ there is N ∈ N with x ∈ N ⊂ U .Y is weakly separated i� ∃f : Y → τ s.t. x /∈ f (y) or y /∈ f (x) for x 6= y ∈ Y .X = 〈ω1, τ〉, {U(α, i) : α < ω1, i < ω} baseNeed to prove: nw(X ) = ω1 and R(X ) = ωIf X is σ-dis
rete then nw(X ) = ω1If X is σ-se
ond-
ountable then R(X ) = ωIt is impossible!Wait a minute:If M[G][H0] |= X is σ-dis
rete then M[G] |= nw(X ) = ω1.If M[G][H1] |= X is σ-se
ond-
ountable then M[G] |= R(X ) = ω.
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M[G] |= X = 〈ω1, τ〉, χ(X ) = ω, nw(X ) = ω1, R(X ) = ωX = 〈ω1, τ〉, {U(α, i) : α < ω1, i < ω} baseNeed to prove: nw(X ) = ω1 and R(X ) = ωin M[G]Find 
.
.
 posets Q0 and Q1 in M[G] su
h thatif H0 is M[G]-generi
 in Q0 then M[G][H0] |= X is σ-dis
reteif H1 is M[G]-generi
 in Q1 then M[G][H1] |= X is
σ-se
ond-
ountableLet 〈B , f , g〉 ∈ Q0 i�B ∈

[

ω1]<ω, f , g : B → ωif f (β) = n then f (β′) 6= n for ea
h β′ ∈ U(β, g(β)) \ {β}Ordering: extensionIt works.
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M[G] |= X = 〈ω1, τ〉, χ(X ) = ω, nw(X ) = ω1, R(X ) = ωX = 〈ω1, τ〉, {U(α, i) : α < ω1, i < ω} baseNeed to prove: nw(X ) = ω1 and R(X ) = ωFind 
.
.
 posets Q0 and Q1 in M[G] su
h thatif H0 is M[G]-generi
 in Q0 then M[G][H0] |= X is σ-dis
reteif H1 is M[G]-generi
 in Q1 then M[G][H1] |= X is
σ-se
ond-
ountableLet 〈B , f , n, g〉 ∈ Q1 i�B ∈

[

ω1]<ω, f : B → ω, g : B × n → ωif f (β) = f (β′) = n and g(β, i) = g(β′, j) thenU(β, i) ∩ f −1{n} = U(β′, j) ∩ f −1{n}Ordering: extensionIt works.
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Negative partition relations
f establishes ω2 6→ [

(ω1 : ω)
]2
ω1 i� ∀A ∈

[

ω2]ω1 ∀B ∈
[

ω2]ω ifsup(A) < min(B) then f ′′[A,B ] = ω1.PSfrag repla
ements A BPSfrag repla
ements A B
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Con ( GCH + ∃f ⊢ ω2 6→[(ω1; ω)]2ω1).Assume CH. De�ne P = 〈P ,�〉 σ-
omplete, ω2-
.
.Underlying set : 〈X , 
 ,A, ξ〉X ∈
[

ω2]ω, 
 :
[X ]2

→ ω1
A ⊂ P(X ), |A| ≤ ω,
ξ ∈ ω1

〈Y , d ,B, ζ〉 � 〈X , 
 ,A, ξ〉 i�Y ⊃ X ,d ⊃ 
 , B ⊃ A, ζ ≥ ξ
(1) ∀A ∈ A ∀β ∈ (Y \ X ) ∩minA ξ ⊂ d ′′[{β},A].PSfrag repla
ements Y X ω2APSfrag repla
ements Y X ω2Aβ

PSfrag repla
ements Y X ω2Aβ
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A ZFC theorem
ω → (ω)22
ω1 6→(ω1)22(Baumgartner, Hajnal) ω1 → (α)22 for α < ω1Step 1: If MAℵ1 holds then ω1 → (α)22 for α < ω1.Fa
t: In any 
tm M there is a 
.
.
 poset P s.t. if G is M-generi
�lter then M[G] |= MAℵ1Step 2: M |= f :

[

ω1]2 → 2;
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(Baumgartner, Hajnal) ω1 → (α)22 for α < ω1Step 1: If MAℵ1 holds then ω1 → (α)22 for α < ω1.Fa
t: In any 
tm M there is a 
.
.
 poset P s.t. if G is M-generi
�lter then M[G] |= MAℵ1Step 2: M |= f :
[

ω1]2 → 2;
α = {αn : n < ω}.De�ne Q = 〈Q,≤〉 as follows. σ ∈ Q i�

σ is an inje
tive fun
tion, dom(σ) = {α0, . . . , αn} for some n < ωran(σ) ⊂ ω1, σ is order preservingran(σ) is f -homogeneousQ is ill founded i� ∃A ⊂ ω1 f -homogeneoues, tp(A) = αQ is well-founded in M i� it is well-founded in M[G]
∃A in M[G], so Q is ill-founded in M[G] so Q is ill-founded in M, so
∃A in M
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