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Erdds-Rado Theorem

g

k— (\)2 iffforall f:[x]" — o thereis Ac [k]" st [f/[A]"| =1

Theorem (Erdés-Rado)

(2°)F — ()% (227)F = (s*)2 (expn ()™ — (*)7*
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Almost disjoint families

)
)
)
)
)
)
)
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there is an almost disjoint family A C [w]® of cardinality 2¥
Is there an almost disjoint family B C [w1]** of size 2417
almost disjoint: BN B’ <w for B# B’ € B.
there is an almost disjoint family B C [w1]** of cardinality w,
241 > w3,
2% = w1 = 3 almost disjoint family B C [wl]wl of size 241
2Y > wy.
Con(ZFC + 2¥ = 2“1 = w3+

there is no almost disjoint family B C [w1]“* of size w;3)
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2“1 = w3 + Aad. family B C [wl]wl of size w3

o Mctm M 2% = wy.

o P=TFIN(w3 X w) |P| = ws, c.c.c.

o M[G] E 241 > 2¥ > w3,

@ Gopl-(A,:a<d3)C [wl]“" is almost disjoint.

o Let D, p={¢ <wi:3pe €P pe IF & = sup(Ag N Ag)}.

o {p¢: & € Dyp}is an antichain: [D, 5| < w. g(a, F) =sup Dy
°g: [w3}2 — wy. Erdés-Rado: (21)% — (w2)2,

@ dX ¢ [w;;]wz In<w Va,p € X gla,B) =n.

o M[G] E {Aa\(n+2):a€ X} is a disjoint family
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0 Goplk(An:a<ds) C [d)l]wl is almost disjoint.

o Let D, p={¢ <wy:3pe €P pe IF & = sup(Ag N Ag)}.

{pe : £ € Do g} is an antichain: |D, 5| < w. g(a, ) =sup Dy
g: [w3]2 — wy. Erdés-Rado: (21)% — [wo]2,

X e [w;;]wz In<w Vo, € X gla,B) =n.

M[G] E{Aa\ (n+2): a € X} is a disjoint family

® Assume ( >n+1, a,0 € X and M[G] = ( € A, N Ag.

o M[G] En+1<(<E=sup(AsNAg)
en+1<(<¢anddgeG(qg<p) qll—g:sup(AdﬂAﬂv).

0 {€Dypsol<gla,B)=n<n+1<(=<¢
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How to construct a topological space?

@ X = (X,7) is a topological space

o N C P(X) is a network iff for each x € U € 7 there is N € N with
xeNcCU.

o nw(X)= min{|N|: N is a network}.

o nw(X) < |X], w(X)

@ Y C X is weakly separated iff there is a neighbourhood assignment
f:Y — 7st. foreach x # y € Y then either x ¢ f(y) or y ¢ f(x).

o R(X)=sup{|Y]|:Y C X is weakly separated}
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How to construct a topological space?

o N C P(X) is a network iff for each x € U € 7 there is N € N with
xeNcCU.

o nw(X)= min{|N|: N is a network}.

@ Y C X is weakly separated iff there is a neighbourhood assignment

f:Y — 7st. foreach x #y € Y then either x ¢ f(y) or y ¢ f(x).

R(X)=sup{|Y|: Y C X is weakly separated}

R(X) < nw(X)

There are spaces with nw(X) > R(X) in many models.

OPEN: Is it consistent that nw(X) < R(X) for each regular
space?
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How to approximate a topological space?

N is a network iff for each x € U € 7 there is N € N with x € N C U.
Y is weakly separated iff 3f : Y — 7st. x ¢ f(y)ory ¢ f(x)forx #y e Y. J

@ Con( there is a first countable, 0-dimensional topological space
X = (w1, 7) such that nw(X) = w; and R(X) = w).

@ If M is a ctm, then there is a c.c.c poset P in M such thatif G is
an M-generic filter in P then in M([G] there is a first countable,
0-dimensional topological space X = (w;, 7) such that nw(X) = w;
and R(X) = w.
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MGl E X = (w1, 7), Xx(X) =w, nw(X) =w;, R(X)=w

N is a network iff for each x € U € 7 there is N € N with x € N C U.
Y is weakly separated iff 3f : Y — 7st. x ¢ f(y)ory ¢ f(x)forx #y e Y. J

® p=(Ap,np,{Up(a,i): € Aji € n}) € P iff
2 A, € [w1]<w, np €w, a € Up(a,i) CA
Idea: Ug(a,i) = U{Up(a,i) : p € G}.
p<qiff
o A, D Aq. np > ng Up(a, i) N Ag = Ug(a, i) for (a,i) € Ag X ngq
o if Ug(a, i) C Uq(3,)) then Up(av, i) C Up(B,J)
o if Ug(ar, i) N Uqg(B,j) =0 then Up(a,i) N Up(B,j) =0
P = (P, <) satisfies c.c.c.
X = (w1, 7) is first countable, 0-dimensional.
nw(X) =w1? R(X)=w?

e ¢

e e ¢
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MGl E X = (w1, 7), Xx(X) =w, nw(X) =w;, R(X)=w

N is a network iff for each x € U € 7 there is N € N with x € N C U.
Y is weakly separated iff 3f : Y — 7st. x ¢ f(y)ory ¢ f(x)forx #y e Y. J

It is impossible!

°
°
°
°
°
@ Wait a minute:

X = (w1, 7), {U(a,i) : @ < wi,i <w} base
Need to prove: nw(X) =w; and R(X)=w
If X is o-discrete then nw(X) = w;

If Xis o-second-countable then R(X) =w

o If M[G][Ho] E X is o-discrete then M[G] = nw(X) = w;.
o If M[G][H1] E X is o-second-countable then M[G] = R(X) = w.
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MGl E X = (w1, 7), x(X) =w, nw(X) =wy, R(X)=w

(]

e ©

X = (w1, 7), {U(a,i) : @ < wi,i <w} base
Need to prove: nw(X) =w; and R(X) = win M|[G]
Find c.c.c posets Qp and Q; in M(G] such that
o if Ho is M[G]-generic in Qo then M[G][Ho] = X is o-discrete
o if Hy is M[G]-generic in @, then M[G][H1] = X is
o-second-countable
Let (B,f,g) € Qo iff
e Be [w1]<w, f,g . B—w
o if f(3) = nthen f(’) # nfor each 5" € U(B,g(B)) \ {5}
Ordering: extension
It works.
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MGl E X = (w1, 7), x(X) =w, nw(X) =wy, R(X)=w

X = (w1, 7), {U(a, 1) : @ < wy,i <w} base
Need to prove: nw(X) =w; and R(X)=w
Find c.c.c posets Qp and Q1 in M(G] such that
o if Ho is M[G]-generic in Qo then M[G][Ho] = X is o-discrete
e if Hy is M[G]-generic in Q; then M[G][H1] & X is
o-second-countable
Let (B, f,n g) € @ iff
o Be [w1]<w, f:B—-w g:Bxn—uw
e if f(B)=1f(8")=nand g(8,i) = g(#,)) then
u(s,i)nf=Hnt = U(p',j) N f~{n}
Ordering: extension
It works.

® @

(]

® ©
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Negative partition relations

f establishes wy 4 [(w1 :u))]i1 iff VA € [wa]™! VB € [wp]” if
sup(A) < min(B) then f"[A, B] = w;.
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Con ( GCH + 3f = wrA[(wi;w)]2)).

w1

@ Assume CH. Define P = (P, <) o-complete, wy-c.c.
@ Underlying set : (X, c, A,¢)

e X € [c@]w, c: [X}2 — w1

o AC P(X), |Al <w,

e £ cw
o (Y.d.B.C) = (X,c. A& iff

s YDOX, dDc,BDA (>¢

(1) VAe A VBe(Y\X)NminA ¢ cCd"[{3}, Al

w2
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A ZFC theorem

o w— (w)

o wiA(w1)3
o (Baumgartner, Hajnal) w; — ()3 for o < w;
@ Step 1: If MAy, holds then w; — ()3 for v < wy.

@ Fact: In any ctm M there is a c.c.c poset P s.t. if G is M-generic
filter then M[G] = MAg,

@ Step2: M= f: [w1]2—>2;
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o (Baumgartner, Hajnal) w; — ()3 for a < w;
@ Step 1: If MAy, holds then w; — ()3 for a < wy.
@ Fact: In any ctm M there is a c.c.c poset P s.t. if G is M-generic
filter then M[G] = MAg,
@ Step2: M= f: [wl]z — 2;
o a={ap:n<w}.
@ Define Q = (Q, <) as follows. o € Q iff
@ o is an injective function, dom(o) = {ag,...,a,} for some n < w
e ran(o) C wy, o is order preserving
s ran(o) is f-homogeneous
o Q is ill founded iff 3A C w; f-homogeneoues, tp(A) = «
e Q is well-founded in M iff it is well-founded in M[G]
@ JAin M|[G], so Q is ill-founded in M[G] so Q is ill-founded in M, so
JA in M
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