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M |= ZFC FORCING
−−−−−→ M[G] |= ZFC + ϕ

M = 〈M,∈〉 ountable, transitive model of ZFC (.t.m)
P = 〈P ,≤〉 ∈ M poset, with greatest element 1P.
P is a foring notion, p ∈ P is a ondition
G ⊂ P is a �lter(1.) 1P ∈ G(2.) ∀p, q ∈ G ∃r ∈ G r ≤ p, q(3.) ∀p ∈ G if p ≤ q then q ∈ GD ⊂ P is dense i� ∀p ∈ P ∃d ∈ D d ≤ P .Assume that D is a family of sets.A �lter G ⊂ P is a D-generi �lter in P i� for eah D ∈ D if D isdense in P then G ∩ D 6= ∅ .Theorem (Rasiowa-Sikorski lemma)If P is partially ordered set and D is a ountable family (of dense subsetsof P) then there exists a D-generi �lter G in P.L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 4 / 25
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M[G] 6= M.ObservationAssume that M = 〈M,∈〉 is a transitive model of ZFC, and P ∈ M is apartially ordered set suh that
∀p ∈ P ∃q, q′ ≤ p q and q′ are inompatible in P.If G is an M-generi �lter in P then G /∈ M.Let D = P \ G.D is dense in P .If p ∈ P then there are inompatible q, q′ ≤ p.
G is a �lter so |G ∩ {q, q′}| ≤ 1there is q′′ ∈ D suh that q′′ ≤ p.So D is dense in P and D ∩ G = ∅.D /∈ M, G /∈ M.L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 10 / 25
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The main theoremvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉TheoremLet M = 〈M,∈〉 be a ountable transitive model of ZFC, P ∈ M be aposet, and G be an M-generi �lter in P.(1) M[G] is a ountable, transitive set,(2) M ⊂ M[G] and G ∈ M[G](3) OnM[G] = OnM(4) M[G] = 〈M[G],∈〉 is a model of ZFC
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Absoluteness
OnM = OnM[G]Consider the polinomial f (x) = x2 + 1
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AbsolutenessLet ϕ be a formula with at most x1, . . . , xn free, and let M be a set.
ϕ is absolute for M i�
∀x1, . . . xn ∈ M (ϕ(x1, . . . , xm) i� 〈M,∈〉 |= ϕ(x1, . . . , xn).x ∈ y is absolute for any M.x ⊂ y is not neessarily absolute.Assume that M is transitive.x ⊂ y is absolute for M.

〈M,∈〉 |= x ⊂ y i� 〈M,∈〉 |= ∀z(z ∈ x → z ∈ y) i� x ∩M ⊂ y ∩M .if x ⊂ y then x ∩M ⊂ y ∩MIf x , y ∈ M then x , y ⊂ M so x ∩M = x and y ∩M = y .So x = x ∩M ⊂ y ∩M = y implies x ⊂ y .L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 13 / 25
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• α is an ordinal • α is limit ordinal
• α is a suessor ordinal • α = ω • P = 〈P ,≤〉 is a posetFatIf N = 〈N,∈〉 is a .t.m. then OnN = N ∩ On and so OnN is aountable ordinal.If M is a .t.m then the formula α is a ountable ordinal is notabsolute.L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 14 / 25
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The foring relation valG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉De�nitionAssume that
ϕ(x1, . . . , xn) is a formula with at most x1, . . . , xn free
M = 〈M,∈〉 is a ountable transitive model of ZFC ,
P ∈ M is a poset, p ∈ P
τ1, . . . , τn ∈ M.Then p  ϕ(τ1, . . . , τn) i� for eah M-generi �lter Gif p ∈ G then M[G] |= ϕ(valG(τ1), . . . , valG(τn)).L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 16 / 25
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A .. foring extension preserves o�nalities.Assume that M = 〈M ,∈〉 is a transitive model of ZFC, and P ∈ M is a partiallyordered set suh that M |= P satis�es ..., then fM(δ) = fN (δ).Assume M[G] |= λ < κ = fM(δ) ∧ f : λ→ δ is o�nalfor some λ < κ and ḟ ∈ M
M[G] |= valG(ḟ ) : valG(λ̌) → valG(δ̌) is o�nalthere is p ∈ P s.t. p  ḟ : λ̌→ δ̌ is o�nalfor eah α < λ let Eα= {ξ < δ : ∃qα

ξ ≤ p qα
ξ  ḟ (α̌) = ξ̌}

{qα
ξ : ξ ∈ Eα} is an antihain in P, so |Eα| ≤ ω.So E = ∪{Eα : α < λ} ∈

[

δ
]≤λ is bounded in δ. ζ= supE < δ.Let G ∋ p be generi in P.

M[G] |= there are α < λ and ζ < η < δ s.t. valG(ḟ )(α) = η.there are α < λ and ζ < η < δ s.t.
M[G] |= valG(ḟ )(valG(α̌)) = valG(η̌).
∃q ∈ G q ≤ p∧ q  ḟ (α̌) = η̌.
η ∈ Eα ⊂ E ⊂ ζ. ContraditionL. Soukup (Rényi Institute) Foring without tears Hejnie 2009 22 / 25
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ξ  ḟ (α̌) = ξ̌}

{qα
ξ : ξ ∈ Eα} is an antihain in P, so |Eα| ≤ ω.So E = ∪{Eα : α < λ} ∈

[

δ
]≤λ is bounded in δ. ζ= supE < δ.Let G ∋ p be generi in P.

M[G] |= there are α < λ and ζ < η < δ s.t. valG(ḟ )(α) = η.there are α < λ and ζ < η < δ s.t.
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ξ  ḟ (α̌) = ξ̌}

{qα
ξ : ξ ∈ Eα} is an antihain in P, so |Eα| ≤ ω.So E = ∪{Eα : α < λ} ∈

[

δ
]≤λ is bounded in δ. ζ= supE < δ.Let G ∋ p be generi in P.

M[G] |= there are α < λ and ζ < η < δ s.t. valG(ḟ )(α) = η.there are α < λ and ζ < η < δ s.t.
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ξ  ḟ (α̌) = ξ̌}

{qα
ξ : ξ ∈ Eα} is an antihain in P, so |Eα| ≤ ω.So E = ∪{Eα : α < λ} ∈

[

δ
]≤λ is bounded in δ. ζ= supE < δ.Let G ∋ p be generi in P.

M[G] |= there are α < λ and ζ < η < δ s.t. valG(ḟ )(α) = η.there are α < λ and ζ < η < δ s.t.
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M[G] |= valG(ḟ )(valG(α̌)) = valG(η̌).
∃q ∈ G q ≤ p∧ q  ḟ (α̌) = η̌.
η ∈ Eα ⊂ E ⊂ ζ. ContraditionL. Soukup (Rényi Institute) Foring without tears Hejnie 2009 22 / 25



A .. foring extension preserves o�nalities.Assume that M = 〈M ,∈〉 is a transitive model of ZFC, and P ∈ M is a partiallyordered set suh that M |= P satis�es ..., then(1) fM(δ) = fN (δ)(2) if M |= κ is a regular ardinal then M[G] |= κ is a regular ardinal.(3) if M |= κ is a singular ardinal then M[G] |= κ is a singular ardinal.If M |= f(κ) = κ then M[G] |= f(κ) = κAssume M |= f(κ) < κ.In M let A = {λ < κ : f(λ) = λ}The formula κ = supA is absolute.
M[G] |= κ = supA
M[G] |= ∀λ ∈ A λ is a regular ardinal
M[G] |= κ is the supremum of a set ardinals.
M[G] |= κ is a ardinal.L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 23 / 25
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Cardinal exponentiation in M[G]TheoremIf M is a .t.m, P ∈ M is a foring notion, P satis�es κ-.., λ is aardinal in M then (2λ)M[G] ≤
(

(

|P |<κ
)λ

)Mfor x ∈ M and α < λhoose a maximal antihain Ax ,α⊂ Dx ,α = {p ∈ P : p  α̌ ∈ x}.x 7→ 〈Ax ,α : α < λ〉 ∈
(

[P]<κ
)λif 〈Ax ,α : α < λ〉 = 〈Ay ,α : α < λ〉 then valG(x) ∩ λ = valG(y) ∩ λ.Assume α ∈ (valG(x) \ valG(y)) ∩ λ. ∃p ∈ G p  α̌ ∈ x \ y

∃q ∈ Ax,α q and p are ompatible in P. Let r ≤ p, qr ≤ q ∈ Ax,α = Ay ,α, so r  α̌ ∈ yr ≤ p so q  α̌ /∈ y .L. Soukup (Rényi Institute) Foring without tears Hejnie 2009 24 / 25
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The 
∗ relationp 
∗ a ∈ b i� ∃ ∃q ≥ p (〈 , q〉 ∈ a ∧ p 

∗ a = ).p 
∗ a 6= b i� ∃ ∃q ≥ p

(〈 , q〉 ∈ a ∧ p 
∗  /∈ b) ∨ (〈 , q〉 ∈ b ∧ p 

∗  /∈ a).p 
∗ ¬ϕ i� ¬∃q ≤ p q 

∗ ϕp 
∗ ϕ ∨ ψ i� p 

∗ ϕ or p 
∗ ψp 

∗ ∃xϕ(x) i� ∃d p 
∗ ϕ(d).Lemma(1) The relation p 

∗ ϕ(x1, . . . xn) is de�nable in M(2) M[G] |= ϕ(valG(x1), . . . valG(xn)) i� ∃p ∈ G p 
∗ ϕ(x1, . . . xn)(3) p  ϕ i� p 
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