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−−−−−→ M[G] |= ZFC + ϕ

M = 〈M,∈〉 
ountable, transitive model of ZFC (
.t.m)
P = 〈P ,≤〉 ∈ M poset, with greatest element 1P.
P is a for
ing notion, p ∈ P is a 
ondition
G ⊂ P is a �lter(1.) 1P ∈ G(2.) ∀p, q ∈ G ∃r ∈ G r ≤ p, q(3.) ∀p ∈ G if p ≤ q then q ∈ GD ⊂ P is dense i� ∀p ∈ P ∃d ∈ D d ≤ P .Assume that D is a family of sets.A �lter G ⊂ P is a D-generi
 �lter in P i� for ea
h D ∈ D if D isdense in P then G ∩ D 6= ∅ .Theorem (Rasiowa-Sikorski lemma)If P is partially ordered set and D is a 
ountable family (of dense subsetsof P) then there exists a D-generi
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= {p : p ∈ G}=G

G ∈ M[G]L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 9 / 25



Basi
 properties of generi
 extensionvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉For y ∈ M let y̌= {〈x̌ , 1P〉 : x ∈ y}.y̌ is the 
anoni
al name of yvalG(y̌ ) = y prove by ∈-indu
tionvalG(y̌ ) = {valG(x̌) : x ∈ y ∧ 1P ∈ G} ={valG(x̌) : x ∈ y}
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= {p : p ∈ G}=G

G ∈ M[G]L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 9 / 25



Basi
 properties of generi
 extensionvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉For y ∈ M let y̌= {〈x̌ , 1P〉 : x ∈ y}.y̌ is the 
anoni
al name of yvalG(y̌ ) = y prove by ∈-indu
tionvalG(y̌ ) = {valG(x̌) : x ∈ y ∧ 1P ∈ G} ={valG(x̌) : x ∈ y}
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= {p : p ∈ G}=G

G ∈ M[G]L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 9 / 25



Basi
 properties of generi
 extensionvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉For y ∈ M let y̌= {〈x̌ , 1P〉 : x ∈ y}.y̌ is the 
anoni
al name of yvalG(y̌ ) = y prove by ∈-indu
tionvalG(y̌ ) = {valG(x̌) : x ∈ y ∧ 1P ∈ G} ={valG(x̌) : x ∈ y}
= {x : x ∈ y}=yM ⊂ M[G]Let Ǧ= {〈p̌, p〉 : p ∈ P}.valG(Ǧ) = GvalG(Ǧ) ={valG(p̌) : p ∈ P ∧ p ∈ G} ={valG(p̌) : p ∈ G}
= {p : p ∈ G}=G

G ∈ M[G]L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 9 / 25



Basi
 properties of generi
 extensionvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉For y ∈ M let y̌= {〈x̌ , 1P〉 : x ∈ y}.y̌ is the 
anoni
al name of yvalG(y̌ ) = y prove by ∈-indu
tionvalG(y̌ ) = {valG(x̌) : x ∈ y ∧ 1P ∈ G} ={valG(x̌) : x ∈ y}
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M[G] 6= M.ObservationAssume that M = 〈M,∈〉 is a transitive model of ZFC, and P ∈ M is apartially ordered set su
h that
∀p ∈ P ∃q, q′ ≤ p q and q′ are in
ompatible in P.If G is an M-generi
 �lter in P then G /∈ M.Let D = P \ G.D is dense in P .If p ∈ P then there are in
ompatible q, q′ ≤ p.
G is a �lter so |G ∩ {q, q′}| ≤ 1there is q′′ ∈ D su
h that q′′ ≤ p.So D is dense in P and D ∩ G = ∅.D /∈ M, G /∈ M.L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 10 / 25
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The main theoremvalG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉TheoremLet M = 〈M,∈〉 be a 
ountable transitive model of ZFC, P ∈ M be aposet, and G be an M-generi
 �lter in P.(1) M[G] is a 
ountable, transitive set,(2) M ⊂ M[G] and G ∈ M[G](3) OnM[G] = OnM(4) M[G] = 〈M[G],∈〉 is a model of ZFC
L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 11 / 25



Absoluteness
OnM = OnM[G]Consider the polinomial f (x) = x2 + 1

R[x ] |= �f (x) is irredu
ible�
C[x ] |= �f (x) is not irredu
ible�The statement f (x) is irredu
ible is not �absolute�.
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AbsolutenessLet ϕ be a formula with at most x1, . . . , xn free, and let M be a set.
ϕ is absolute for M i�
∀x1, . . . xn ∈ M (ϕ(x1, . . . , xm) i� 〈M,∈〉 |= ϕ(x1, . . . , xn).x ∈ y is absolute for any M.x ⊂ y is not ne
essarily absolute.Assume that M is transitive.x ⊂ y is absolute for M.

〈M,∈〉 |= x ⊂ y i� 〈M,∈〉 |= ∀z(z ∈ x → z ∈ y) i� x ∩M ⊂ y ∩M .if x ⊂ y then x ∩M ⊂ y ∩MIf x , y ∈ M then x , y ⊂ M so x ∩M = x and y ∩M = y .So x = x ∩M ⊂ y ∩M = y implies x ⊂ y .L. Soukup (Rényi Institute) For
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• x ⊂ y • x is transitive • z = 〈x , y〉
• f is a fun
tion • f is a bije
tion between x and y
• x = ∪y • x ⊂ On ∧ α = sup x
• α is an ordinal • α is limit ordinal
• α is a su
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The main theoremTheoremLet M = 〈M,∈〉 be a 
ountable transitive model of ZFC, P ∈ M be aposet, and G be an M-generi
 �lter in P.(1) M[G] is a 
ountable, transitive set,(2) M ⊂ M[G] and G ∈ M[G](3) OnM[G] = OnM(4) M[G] = 〈M[G],∈〉 is a model of ZFCIf N = 〈N,∈〉 is a 
.t.m. then OnN = N ∩On is a 
ountable ordinal.(3) OnM ⊂ OnM[G] ⊂ Onrank(valG(x)) ≤ rank(x) and On = {rank(x) : x ∈ V } soOnM[G] ⊂ OnML. Soukup (Rényi Institute) For
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The for
ing relation 
valG(y)= {valG(x) : ∃p ∈ G 〈x , p〉 ∈ y}M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉De�nitionAssume that
ϕ(x1, . . . , xn) is a formula with at most x1, . . . , xn free
M = 〈M,∈〉 is a 
ountable transitive model of ZFC ,
P ∈ M is a poset, p ∈ P
τ1, . . . , τn ∈ M.Then p 
 ϕ(τ1, . . . , τn) i� for ea
h M-generi
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.t.m, M ⊂ M[G], G ∈ G, OnM = OnM[G]p 
 ϕ(τ1, . . . , τn) i� for ea
h M-generi
 �lter Gif p ∈ G then M[G] |= ϕ(valG(τ1), . . . , valG(τn).The relation p 
 ϕ(τ1, . . . , τn) is de�nable in M.
M[G] |= ϕ(valG(τ1), . . . , valG(τn)) i� ∃p ∈ G p 
 ϕ(τ1, . . . , τn).L. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 18 / 25



SummaryLet M = 〈M,∈〉 be 
.t.m, P = 〈P ,≤〉∈ M posetA �lter G ⊂ P is M-generi
 in P i� D ∩ G 6= for ea
h dense D ∈ M.x ∈G y i� ∃p ∈ G 〈x , p〉 ∈ y .For y ∈ M valG(y)= {valG(x) : x ∈G y}For y ∈ M let y̌= {〈x̌ , 1P〉 : x ∈ y}. valG(y̌) = yLet Ǧ= {〈p̌, p〉 : p ∈ P}. valG(Ǧ ) = G .M[G]= {valG(y) : y ∈ M}, M[G]=〈M[G],∈〉M[G] is 
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.
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ing extension preserves 
o�nalities.Assume that M = 〈M ,∈〉 is a transitive model of ZFC, and P ∈ M is a partiallyordered set su
h that M |= P satis�es 
.
.
., then 
fM(δ) = 
fN (δ).Assume M[G] |= λ < κ = 
fM(δ) ∧ f : λ→ δ is 
o�nalfor some λ < κ and ḟ ∈ M
M[G] |= valG(ḟ ) : valG(λ̌) → valG(δ̌) is 
o�nalthere is p ∈ P s.t. p 
 ḟ : λ̌→ δ̌ is 
o�nalfor ea
h α < λ let Eα= {ξ < δ : ∃qα

ξ ≤ p qα
ξ 
 ḟ (α̌) = ξ̌}

{qα
ξ : ξ ∈ Eα} is an anti
hain in P, so |Eα| ≤ ω.So E = ∪{Eα : α < λ} ∈

[

δ
]≤λ is bounded in δ. ζ= supE < δ.Let G ∋ p be generi
 in P.

M[G] |= there are α < λ and ζ < η < δ s.t. valG(ḟ )(α) = η.there are α < λ and ζ < η < δ s.t.
M[G] |= valG(ḟ )(valG(α̌)) = valG(η̌).
∃q ∈ G q ≤ p∧ q 
 ḟ (α̌) = η̌.
η ∈ Eα ⊂ E ⊂ ζ. Contradi
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M[G] |= valG(ḟ ) : valG(λ̌) → valG(δ̌) is 
o�nalthere is p ∈ P s.t. p 
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 ḟ (α̌) = η̌.
η ∈ Eα ⊂ E ⊂ ζ. Contradi
tionL. Soukup (Rényi Institute) For
ing without tears Hejni
e 2009 22 / 25



A 
.
.
 for
ing extension preserves 
o�nalities.Assume that M = 〈M ,∈〉 is a transitive model of ZFC, and P ∈ M is a partiallyordered set su
h that M |= P satis�es 
.
.
., then 
fM(δ) = 
fN (δ).Assume M[G] |= λ < κ = 
fM(δ) ∧ f : λ→ δ is 
o�nalfor some λ < κ and ḟ ∈ M
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M[G] |= valG(ḟ ) : valG(λ̌) → valG(δ̌) is 
o�nalthere is p ∈ P s.t. p 
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ardinal in M then (2λ)M[G] ≤
(

(

|P |<κ
)λ

)Mfor x ∈ M and α < λ
hoose a maximal anti
hain Ax ,α⊂ Dx ,α = {p ∈ P : p 
 α̌ ∈ x}.x 7→ 〈Ax ,α : α < λ〉 ∈
(

[P]<κ
)λif 〈Ax ,α : α < λ〉 = 〈Ay ,α : α < λ〉 then valG(x) ∩ λ = valG(y) ∩ λ.Assume α ∈ (valG(x) \ valG(y)) ∩ λ. ∃p ∈ G p 
 α̌ ∈ x \ y

∃q ∈ Ax,α q and p are 
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