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Forcing as a black box method: Basic concept

Prove that ZFC ) CH
first order language: € binary predicate

Prove that if ZFC is consistent then ZFC + —CH is consistent
Con(T) iff T is consistent, i.e. T 1 A .

Con(ZFC) = Con(ZFC + ¢)

M zrc  FORENG 1G] = ZFC + ¢

ground model generic extension

Godel Incompleteness Theorem:
within ZFC one cannot produce a model of ZFC
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@ Assume that ¢y, ..., ®,_1 are axioms of ZFC + ¢, and
G0y, Pn_1 O N0
@ FORCING: there are axioms 1)yq, ... %¥m_1 of ZFC such that
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Con(ZFC) = Con(ZFC + ¢)
MEzFC  FORENS M[G] E ZFC + J

@ Assume that ¢y, ..., ®,_1 are axioms of ZFC + ¢, and
¢07"'7¢n—1 A

FORCING: there are axioms g, . ..%¥m_1 of ZFC such that
ZFCEF " M EWYo A ANpm_1 then M[G] E Do A+ A dp_1.”

Reflection Principle: If 99, ... 1n_1 are axioms of ZFC then
ZFC |- “there is a countable, transitive set M such that

<M76> ’:woA"'A¢m—1 !
(M is transitive iff x € M implies x C M)
ZFC + HHM[Q] M ’: dog N+ Npp1”
ZFCF"IM M[Gl=OA-0"
ZFC is inconsistent

(]

(]
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@ G C Pis a filter
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@ M = (M, €) countable, transitive model of ZFC (c.t.m)
o P = (P,<) € M poset, with greatest element 1p.
@ P is a forcing notion, p € P is a condition
@ G C Pis a filter
(1.) 1peg
(2) Vp,qgeGaAreGr<p,q
(3) Vpegifp<qgthengqeg

@ DCPisdenseiffVpe P3ade D d < P.

@ Assume that D is a family of sets.
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MGl E ZFC + ¢

@ M = (M, €) countable, transitive model of ZFC (c.t.m)
o P = (P,<) € M poset, with greatest element 1p.
@ P is a forcing notion, p € P is a condition
@ G C Pis a filter
(1) 1peg
(2.) ¥p,qeG3IreGr<p,q
(3) Vpegifp<qgthengqeg
@ DCPisdenseiffVpe P3ade D d < P.
@ Assume that D is a family of sets.
A filter G C P is a D-generic filter in P iff for each D € D if D is
dense in P then GND # () .
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@ M = (M, €) countable, transitive model of ZFC (c.t.m)
o P = (P,<) € M poset, with greatest element 1p.

@ P is a forcing notion, p € P is a condition

@ G C Pis a filter

(1) 1peg

(2) Vp,qeG3reGr<p,q

(3) Vpegifp<qgthengeg

D C Pisdenseiff Vpe P3d e D d < P.

Assume that D is a family of sets.
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Theorem (Rasiowa-Sikorski lemma)

If P is partially ordered set and D is a countable family
then there exists a D-generic filter G in P.
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@ M = (M, €) countable, transitive model of ZFC (c.t.m)
o P = (P,<) € M poset, with greatest element 1p.

@ P is a forcing notion, p € P is a condition

@ G C Pis a filter

(1) 1peg

(2) Vp,qeG3reGr<p,q

(3) Vpegifp<qgthengeg

D C Pisdenseiff Vpe P3d e D d < P.

Assume that D is a family of sets.

A filter G C P is a D-generic filter in P iff for each D € D if D is
dense in P then GND # () .

(]

Theorem (Rasiowa-Sikorski lemma)

If P is partially ordered set and D is a countable family (of dense subsets
of P) then there exists a D-generic filter G in P.
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Rasiowa-Sikorski lemma

GCPisafilteriff (1) Ipe G  (2.) Vp,qe GIAre G r<p,q,
(3)VpeGifp<gthen geg.

A filter G is a D-genericin P iff GN D # () for each D € D.

Theorem (Rasiowa-Sikorski lemma)

If P is partially ordered set and D is a countable family of dense subsets of
P then there exists a D-generic filter G in P.
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Rasiowa-Sikorski lemma

G C Pis afilter iff (1.) 1p € G

(2) Vpaqegarégl’ﬁpaq,

(3)VpeGifp<gthen geg.

A filter G is a D-genericin P iff GN D # () for each D € D.

Theorem (Rasiowa-Sikorski lemma)

If P is partially ordered set and D is a countable family of dense subsets of

P then there exists a D-generic filter G in P.

@ D={D,:n<w}
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G C Pis afilter iff (1.) 1p € G

(2) Vpaqegarégl’ﬁpaq,
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Rasiowa-Sikorski lemma

GCPisafilteriff (1) Ipe G  (2.) Vp,qe GaAre G r<p,q,
(3)VpeGifp<gthen geg.

A filter G is a D-genericin P iff GN D # () for each D € D.
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@ D={D,:n<w}
® pp=1p
@ By induction construct a sequence
Po = P12 ...Pn 2 Pntl = ...

such that p,11 € D,
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Rasiowa-Sikorski lemma

GCPisafilteriff (1) Ipe G  (2.) Vp,qe GaAre G r<p,q,
(3)VpeGifp<gthen geg.

A filter G is a D-genericin P iff GN D # () for each D € D.

Theorem (Rasiowa-Sikorski lemma)

If P is partially ordered set and D is a countable family of dense subsets of
P then there exists a D-generic filter G in P.

@ D={D,:n<w}
® pp=1p
@ By induction construct a sequence
Po = P12 ...Pn 2 Pntl = ...

such that p,11 € D,
o letG={qgeP:3np,<gq}
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Basic definition: generic extension

@ (M,€)isactm.,Pe M poset, G is an M-generic filter in P.
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Basic definition: generic extension

(M,€)isactm.,P e M poset, G is an M-generic filter in P.
For x,y e Mlet x g y iff Ip € G (x,p) € y.
For y € M let

(]

valg(y)= {valg(x) : x € y}
Inductive definition on the cumulative hierarchy
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Basic definition: generic extension

@ (M,e)isactm.,Pe M poset, G is an M-generic filter in P.
@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let
valg(y)= {valg(x) : x €g y}
o M[Gl={valg(y) - y € M}
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Basic definition: generic extension

(M,€)isactm.,P e M poset, G is an M-generic filter in P.

[

@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let

valg(y)= {valg(x) : x €g y}
o M[Gl={valg(y) - y € M}

(]

If 0 € M[G], x € M and valg(x) = o then x is a P-name of o.
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Basic definition: generic extension

(M,€)isactm.,P e M poset, G is an M-generic filter in P.

[

@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let

valg(y)= {valg(x) : x €g y}
o M[Gl={valg(y) - y € M}

(]

If 0 € M[G], x € M and valg(x) = o then x is a P-name of o.

o or o denote a P-name of o € M[G]
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Basic definition: generic extension

@ (M,e)isactm.,Pe M poset, G is an M-generic filter in P.
@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let
valg(y)= {valg(x) : x €g y}
o M[g]= {valg(y) : y € M}
o If o € M[G], x € M and valg(x) = o then x is a P-name of o.
@ ¢ or o denote a P-name of 0 € M[G]
o M[G]=(MI[g],€)
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Basic definition: generic extension

@ (M,e)isactm.,Pe M poset, G is an M-generic filter in P.
@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let
valg(y)= {valg(x) : x €g y}
o M[g]= {valg(y) : y € M}
o If o € M[G], x € M and valg(x) = o then x is a P-name of o.
@ ¢ or o denote a P-name of 0 € M[G]
o M[G]=(MI[g],€)

e M]|G] is the/a P-generic extension of M
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Basic definition: generic extension

@ (M,e)isactm.,Pe M poset, G is an M-generic filter in P.
@ For x,ye Mletxcgyiff Ip e G (x,p) € y.
@ Fory € M let
valg(y)= {valg(x) : x €g y}
o M[Gl={valg(y) - y € M}
o If o € M[G], x € M and valg(x) = o then x is a P-name of o.
@ ¢ or o denote a P-name of 0 € M[G]
o M[G]=(M[F],€)
e M(G] is the/a P-generic extension of M
@ MIG] is transitive and countable
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M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J
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poset, and G be an M-generic filter in IP.
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Let M = (M, €) be a countable transitive model of ZFC, P € M be a
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The main theorem

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €)

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in IP.

| \

(1) MI[G] is a countable, transitive set,
(2) M c M[G] and G € MI[G]

(3) OnMId] = OnM

(4) M[G] = (MIG], €) is a model of ZFC
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ y is the canonical name of y
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.
@ y is the canonical name of y

° valg(y) =y
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@ y is the canonical name of y

@ valg(y) =y prove by €-induction
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.
@ y is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(x) : x € y N1p € G}
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valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.
@ ¥ is the canonical name of y
@ valg(y) =y prove by €-induction

o valg(y) = {valg(x) : x e y N1p € G} ={valg(x) : x € y}
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

M C M[G]

Let G= {(p.p) : p € P}.
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.
@ y is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]

o Let G={(p,p) : p € P}.

[+ Va/g(gv) = g
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]

o Let G={(p,p) : p € P}.

[+ Va/g(gv) = g
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]

o Let G={(p,p) : p € P}.

[+ Va/g(gv) = g

o valg(G) ={valg(p) : p€ PAp € G}
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
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e M C MIG]
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[+ Va/g(gv) = g

o valg(G) ={valg(p) : p € PAp € G} ={valg(p) : p € G}
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]

o Let G={(p,p) : p € P}.

[+ Va/g(gv) = g

o valg(G) ={valg(p) : p € PAp € G} ={valg(p) : p € G}
={p:pcg}
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

e M C MIG]

o Let G={(p,p) : p € P}.

[+ Va/g(gv) = g

o valg(G) ={valg(p) : p € PAp € G} ={valg(p) : p € G}
={p:peg}=g
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Basic properties of generic extension

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €) J

@ For y € M let y= {(X,1p) : x € y}.

@ ¥ is the canonical name of y

@ valg(y) =y prove by €-induction

o valg(y) = {valg(%) : x e y N1p € G} ={valg(X) : x € y}
={x:xey}l=y

M C M[G]

Let G= {(p.p) : p € P}.

valg(G) = G

va/g(gv) ={Va/g(b) peEPApE Q} ={Valg([\3) pE Q}
={p:peg}=g

® G € M[G]

e © ¢ ¢
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Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set
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Vp € P 3q,q9 < p qand g’ are incompatible in P.
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Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 10 / 25



Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

oletD=P\G.

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 10 / 25



Observation
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partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

oletD=P\G.

o D is dense in P.
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Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

o Let D=P\G.
o D is dense in P.

@ If p € P then there are incompatible g,q' < p.
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Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

o Let D=P\G.

o D is dense in P.

@ If p € P then there are incompatible g,q' < p.
@ G is a filter
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Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

o Let D=P\G.

o D is dense in P.

@ If p € P then there are incompatible g,q' < p.
@ Gisafilter so [GN{q,q'}| <1
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Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

Let D =P\ G.

D is dense in P.

If p € P then there are incompatible q,q" < p.
Gis a filter so |GN{q,q'}| <1

there is ¢” € D such that ¢” < p.
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Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.
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D is dense in P.

If p € P then there are incompatible q,q" < p.
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Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

o Let D=P\G.

o D is dense in P.

@ If p € P then there are incompatible g,q' < p.
@ Gisafilter so [GN{q,q'}| <1

o there is ¢” € D such that ¢” < p.

@ So D isdense in Pand DNG = 0.

e D¢ M,
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Observation

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that

Vp € P 3q,q9 < p qand g’ are incompatible in P.
If G is an M-generic filter in P then G ¢ M.

o Let D=P\G.

o D is dense in P.

@ If p € P then there are incompatible g,q' < p.
@ Gisafilter so [GN{q,q'}| <1

o there is ¢” € D such that ¢” < p.

@ So D isdense in Pand DNG = 0.

o D¢ M G¢ M.
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The main theorem

valg(y)= {valg(x) : 3p € G (x, p) € y}
M[G]= {valg(y) : y € M}, M[G]=(MI[G], €)

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in IP.

| \

(1) MI[G] is a countable, transitive set,
(2) M c M[G] and G € MI[G]

(3) OnMId] = OnM

(4) M[G] = (MIG], €) is a model of ZFC
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Absoluteness
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Absoluteness

OnM = OnMI]

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 12 / 25



Absoluteness

OnM — OpMIY]

@ Consider the polinomial f(x) = x> + 1
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Absoluteness

OnM = onMd]
@ Consider the polinomial f(x) = x> + 1
e R[x] = “f(x) is irreducible”
e C[x] = “f(x) is not irreducible”
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Absoluteness

OnM — OpMId]
@ Consider the polinomial f(x) = x> + 1
e R[x] = “f(x) is irreducible”
e C[x] = “f(x) is not irreducible”
@ The statement f(x) is irreducible is not “absolute”.
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
¢ is absolute for M iff

VX1, ... xnp € M (o(x1,. .., xm) iff (M, €) = @(x1,...,Xn).
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
¢ is absolute for M iff

VX1, ... xnp € M (o(x1,. .., xm) iff (M, €) = @(x1,...,Xn).
® x € y is absolute for any M.

@ x C y is not necessarily absolute.
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
¢ is absolute for M iff

VX1, ... xnp € M (o(x1,. .., xm) iff (M, €) = @(x1,...,Xn).
® x € y is absolute for any M.

@ x C y is not necessarily absolute.

Assume that M is transitive.
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
¢ is absolute for M iff

VX1, ... xnp € M (o(x1,. .., xm) iff (M, €) = @(x1,...,Xn).
® x € y is absolute for any M.

@ x C y is not necessarily absolute.
Assume that M is transitive.

@ x C y is absolute for M.
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Absoluteness

Let ¢ be a formula with at most x, ..., x, free, and let M be a set.
¢ is absolute for M iff

VX1, ... xnp € M (o(x1,. .., xm) iff (M, €) = @(x1,...,Xn).
® x € y is absolute for any M.
@ x C y is not necessarily absolute.

Assume that M is transitive.

@ x C y is absolute for M.
o (Me)ExCyiff(Me) EVz(zex —zey)
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Absoluteness
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Absoluteness

¢ is absolute for M iff Vx1,...x, € M (o(x1,...,xm) iff (M, €) E <p(x1,...,x,,).J

Assume that M is transitive.
The following formulas are absolute for M :

exCy e x is transitive o z=(x,y)
e f is a function e f is a bijection between x and y
o x = Uy e x C OnNa=supx

e v is an ordinal e « is limit ordinal
e o is a successor ordinal e a=w e P = (P ,<)isa poset

If V= (N,€) isactm. then On =N NOn andso OnV is a
countable ordinal.

If Mis a c.t.m then the formula « is a countable ordinal is not
absolute.
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The main theorem

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 15 / 25



The main theorem

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC

If V= (N,€) is a c.t.m. then On¥ = N'N On is a countable ordinal.

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 15 / 25



The main theorem

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC

If V= (N,€) is a c.t.m. then On¥ = N'N On is a countable ordinal.
(3) 0n™ < On™MI] c On

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 15 / 25



The main theorem

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC

If V= (N,€) is a c.t.m. then On¥ = N'N On is a countable ordinal.

(3) 0n™ < On™MI] c On
rank(valg(x)) < rank(x)

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 15 / 25



The main theorem

Theorem

Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC

If V= (N,€) is a c.t.m. then On¥ = N'N On is a countable ordinal.

(3) 0n™ < On™MI] c On
rank(valg(x)) < rank(x) and On = {rank(x) : x € V'}

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 15 / 25
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Let M = (M, €) be a countable transitive model of ZFC, P € M be a
poset, and G be an M-generic filter in P.

(1) MIG] is a countable, transitive set,
(2) M C M[G] and G € M|[G]

(3) OnMIf] = onM

(4) M[G] = (MIG], €) is a model of ZFC
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The forcing relation IF

@ valg(y)= {valg(x) : dp € G (x, p) € y}
o M[G]={valg(y) : y € M}, M[G]=(M[Z], €)

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 16 / 25



The forcing relation IF

® valg(y)={valg(x) : 3p € G (x,p) € y}
o M[G]= {valg(y) : y € M}, M[G]=(M[G], €)
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Assume that
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® o(x1,...,xn) is a formula with at most xq,. .., x, free
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The forcing relation IF

® valg(y)={valg(x) : 3p € G (x,p) € y}
o M[G]= {valg(y) : y € M}, M[G]=(M[G], €)

v

Assume that

® o(x1,...,xn) is a formula with at most xq,. .., x, free
@ M = (M, €) is a countable transitive model of ZFC,
@ Pe M isa poset, pe P

@ T,...,Th € M.

Then p Ik o(71,...,7,) iff for each M-generic filter G
if p € G then M[G] = p(valg(m1), ..., valg(tn)).
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Basic properties of the forcing relation IF

pl-o(r, ..., m,) iff for each M-generic filter G
if p € G then M[G] = p(valg(m1), ..., valg(Ta)).
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Basic properties of the forcing relation IF

pl-o(r, ..., m,) iff for each M-generic filter G

if p € G then M[G] = p(valg(m1), ..., valg(Ta)).

Theorem
Let

| A

® o(x1,...,xn) be a formula with at most x1, ..., x, free
@ M = (M, €) be a countable transitive model of ZFC,
o P € M be a poset.

(1) There is formula V(y, x1, ..., xn)
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Let
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Basic properties of the forcing relation IF

pl-o(r, ..., m,) iff for each M-generic filter G
if p € G then M[G] = p(valg(m1), ..., valg(Ta)).

Theorem
Let

| A

® o(x1,...,xn) be a formula with at most x1, ..., x, free

@ M = (M, €) be a countable transitive model of ZFC,

o P € M be a poset.
(1) There is formula V(y, x1,...,xn) such that for each p € P and
Tly...,Thn € M

plEo(r,....,m) ifF M EV(p,11,...,7n).

(2)
MIG] & p(valg(m1),. .., valg(Th))
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Basic properties of the forcing relation IF

pl-o(r, ..., m,) iff for each M-generic filter G
if p € G then M[G] = p(valg(m1), ..., valg(Ta)).

Theorem
Let

| A

® o(x1,...,xn) be a formula with at most x1, ..., x, free

@ M = (M, €) be a countable transitive model of ZFC,

o P € M be a poset.
(1) There is formula V(y, x1,...,xn) such that for each p € P and
Tly...,Thn € M

plEo(r,....,m) ifF M EV(p,11,...,7n).

(2)
MG] E e(valg(m1), ..., valg(tn)) iff3pe G plko(r,...,7n)-
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
o A filter G C P is M-generic in P iff DN G # for each dense D € M.
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
o A filter G C P is M-generic in P iff DN G # for each dense D € M.
o xecgyiffdpe g (x,p) €y.
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

o A filter G C P is M-generic in P iff DN G # for each dense D € M.
o xecgyiffdpe g (x,p) €y.

@ For y € M valg(y)={valg(x) : x €g y}
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

o A filter G C P is M-generic in P iff DN G # for each dense D € M.
o xecgyiffdpe g (x,p) €y.

@ For y € M valg(y)={valg(x) : x €g y}

@ Fory € Mlet y={(x,1p) : x € y}.
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

o A filter G C P is M-generic in P iff DN G # for each dense D € M.
o xecgyiffdpe g (x,p) €y.

@ For y € M valg(y)={valg(x) : x €g y}

@ Fory e Mlet y={(x,1p) : x € y}. valg(y) =y
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.

For y € M valg(y)= {valg(x) : x €g y}

For y € M let y= {(X,1p) : x € y}. valg(y) =y

Let G= {(p,p) : p € P}.

¢ © ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.

For y € M valg(y)= {valg(x) : x €g y}

For y € M let y= {(X,1p) : x € y}. valg(y) =y

Let G= {(p,p) : p € P}. valg(G) = G.

¢ © ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.

For y € M valg(y)= {valg(x) : x €g y}

For y € M let y= {(X,1p) : x € y}. valg(y) =y

Let G= {(p,p) : p € P}. valg(G) = G.

MIG)= {valg(y) : y € M}, M[GI=(M[G], )

e © ¢ ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset

A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.

For y € M valg(y)= {valg(x) : x €g y}

For y € M let y= {(X,1p) : x € y}. valg(y) =y

Let G= {(p,p) : p € P}. valg(G) = G.

M[Gl={valg(y) : y € M}, M[G]=(M[d], €)

MI[G] is c.t.m, M C MI[G], G € G, OnM = onpMI9]

¢ © ¢ ¢ ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.
For y € M valg(y)= {valg(x) : x €g y}
For y € M let y= {(X,1p) : x € y}. valg(y) =y
Let G= {(p,p) : p € P}. valg(G) = G.
M[Gl={valg(y) : y € M}, M[G]=(M[d], €)
MI[G] is c.t.m, M C MI[G], G € G, OnM = onpMI9]
pl- (71, ..., 7,) iff for each M-generic filter G
if p € G then M[G] |= ¢(valg(m1), ..., valg(Th).

e © ¢ 6 ¢ ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.
For y € M valg(y)= {valg(x) : x €g y}
For y € M let y= {(X,1p) : x € y}. valg(y) =y
Let G= {(p,p) : p € P}. valg(G) = G.
M[G]={valg(y) : y € M}, M[G]=(M[Z], €)
MI[G] is c.t.m, M C MI[G], G € G, OnM = onpMI9]
pl- (71, ..., 7,) iff for each M-generic filter G
if p € G then M[G] |= ¢(valg(m1), ..., valg(Th).
The relation p Ik ¢(71,...,7,) is definable in M.

e © ¢ 6 ¢ ¢ ¢ ¢
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@ Let M = (M, €) bect.m, P= (P, <)e M poset
A filter G C P is M-generic in P iff D NG # for each dense D € M.
xegyiffIpe g (x,p) €y.
For y € M valg(y)= {valg(x) : x €g y}
For y € M let y= {(X,1p) : x € y}. valg(y) =y
Let G= {(p,p) : p € P}. valg(G) = G.
M[Gl={valg(y) : y € M}, M[G]=(M[d], €)
MI[G] is c.t.m, M C MI[G], G € G, OnM = onpMI9]
pl- (71, ..., 7,) iff for each M-generic filter G
if p € G then M[G] |= ¢(valg(m1), ..., valg(Th).
@ The relation p IF ¢(71,...,7,) is definable in M.
o M[G] = p(valg(m1),...,valg(rs)) iff 3p € G p Ik p(71,...,7n).

e © ¢ 6 ¢ ¢ ¢ ¢
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Cardinals in M[G].

o OnM = onMld]
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Cardinals in M[G].

o OnM = OnM]
o CardM L CardMI9]
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Cardinals can be different in M and in M[G].
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
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@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:

o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model

@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

@ Let G be an M-generic filter in P.
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model

@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

@ Let G be an M-generic filter in P. Let g= UG
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:

o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

o Let G be an M-generic filter in P. Let g= UG in M[G].

@ g is a function.
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
s P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function. f p,ge Gthen Ire G r <p,q,sopUqg C r. So
p U g is a function.
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function.
@ dom(g) =w
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff g>p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function.
@ dom(g) =w
o Fornew D,={p € P:necdom(p)}is dense in P
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function.
@ dom(g) =w

o Fornew D,={p € P:necdom(p)}is dense in P
o D,e M
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function.
@ dom(g) =w

o Fornew D,={p € P:necdom(p)}is dense in P
o D,e MsodpeGnD,,
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Cardinals can be different in M and in M[G].

@ M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
o Let G be an M-generic filter in P. Let g= UG in M[G].
@ g is a function.
@ dom(g) =w

o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
Let G be an M-generic filter in P. Let g= UG in M[G].

(]

(]

@ g is a function.
@ dom(g) =w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
e ran(g) = w1 ™
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
Let G be an M-generic filter in P. Let g= UG in M[G].

(]

(]

@ g is a function.
@ dom(g) =w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
e ran(g) = w1 ™

o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:

o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

Let G be an M-generic filter in P. Let g= UG in M[G].

g is a function.

(]

(]

e ©

dom(g) = w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
ran(g) = wy™M
o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
o E,eM
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:

o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

Let G be an M-generic filter in P. Let g= UG in M[G].

g is a function.

(]

(]

e ©

dom(g) = w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
ran(g) = wy™M
o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
o E,eMsodpeGnE,,
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:

o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.

Let G be an M-generic filter in P. Let g= UG in M[G].

g is a function.

(]

(]

e ©

dom(g) = w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
ran(g) = wy™M
o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
e E,eMso3dpeGnE,, soa«acran(p) C ran(g)
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
Let G be an M-generic filter in P. Let g= UG in M[G].

(]

(]

@ g is a function.
@ dom(g) =w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
e ran(g) = w1 ™

o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
e E,eMso3dpeGnE,, soa«acran(p) C ran(g)

M[Q]):g:won—w>w1M
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Cardinals can be different in M and in M[G].

M = (M, €) countable transitive ZFC model
@ In M define P = (P, <) as follows:
o P={p:pis a function,dom(p) € w,ran(p) C w1}
e g<piff gD p.
Let G be an M-generic filter in P. Let g= UG in M[G].

(]

(]

@ g is a function.
@ dom(g) =w
o Fornew D,={p € P:necdom(p)}is dense in P
@ D, e Mso3dpeGnD,, sonedom(p) C dom(g)
e ran(g) = w1 ™

o for a € w™M the set E,= {p € P:a €ran(p)} is dense in P.
e E,eMso3dpeGnE,, soa«acran(p) C ran(g)

M[Q]):g:won—w>w1M

wil < w{” 9
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Cardinals in M[G].
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Cardinals in M[G].

o Let P = (P, <) be a poset.
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Cardinals in M[G].

o Let P = (P, <) be a poset.
@ AC Pis an antichain iff p | g foreach p#£Ag€ A
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Cardinals in M[G].

o Let P = (P, <) be a poset.

@ AC Pis an antichain iff p | g foreach p#£Ag€ A

o P satisfies the countable chain condition (c.c.c.) iff every antichain
A C P is countable.

Hejnice 2009 21 / 25
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Cardinals in M[G].

o Let P = (P, <) be a poset.

@ AC Pis an antichain iff p | g foreach p#£Ag€ A

o P satisfies the countable chain condition (c.c.c.) iff every antichain
A C P is countable.

o PP satisfies the x chain condition iff every antichain A C IP has
cardinality < k.
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Cardinals in M[G].

o Let P = (P, <) be a poset.

@ AC Pis an antichain iff p | g foreach p#£Ag€ A

o P satisfies the countable chain condition (c.c.c.) iff every antichain
A C P is countable.

o PP satisfies the x chain condition iff every antichain A C IP has
cardinality < k.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that M = P satisfies c.c.c., then
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Cardinals in M[G].

o Let P = (P, <) be a poset.

@ AC Pis an antichain iff p | g foreach p#£Ag€ A

o P satisfies the countable chain condition (c.c.c.) iff every antichain
A C P is countable.

o PP satisfies the x chain condition iff every antichain A C IP has
cardinality < k.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that M = P satisfies c.c.c., then

@ M and M|[G] have the same cardinals,
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Cardinals in M[G].

o Let P = (P, <) be a poset.

@ AC Pis an antichain iff p | g foreach p#£Ag€ A

o P satisfies the countable chain condition (c.c.c.) iff every antichain
A C P is countable.

o PP satisfies the x chain condition iff every antichain A C IP has
cardinality < k.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a
partially ordered set such that M = P satisfies c.c.c., then

@ M and M|[G] have the same cardinals,
o cfM(8) = cfMI9($) for each ordinal § € On™ = OnMIA]
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A <k = M) AF XA — & is cofinal
o forsome A <k and f € M
MIG] & valg(f) : valg(X) — valg(d) is cofinal
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o forsome A< rkand feM

M(G] & valg(f) : valg(X) — valg(8) is cofinal
o thereispe Ps.t. plt f: X — 34 is cofinal
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o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(a) =&}
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ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o forsome A< rkand feM

M(G] |= valg(f) : valg(X) — valg(¥) is cofinal
o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(d) = £}
o {qg¢ : £ € Eo} is an antichain in P,
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Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M
M(G] |= valg(f) : valg(X) — valg(¥) is cofinal
o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(d)zg}
o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
® So E=U{E,:a <)} el[d =" is bounded in §. (=sup E < 4.
@ Let G 5 p be generic in P.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M
M(G] & valg(f) : valg(X) — valg(8) is cofinal
o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(a) =&}
o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
® So E=U{E,:a <)} el[d “*is bounded in &. (=sup E < 6.
@ Let G 5 p be generic in P.
o M[G] = there are v < A and ¢ <7 < 8 s.t. valg(f)(a) = 7.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M
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o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(d)zg}
o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
® So E=U{E,:a <)} el[d =" is bounded in §. (=sup E < 4.
@ Let G 5 p be generic in P.
o M[G] |= there are o« < A and ¢ <7 < 8 s.t. valg(f)(a) = 7.
@ therearea < Aand ( <71 <dst.

MIG] = valg(f)(valg(&)) = valg (11).

L. Soukup (Rényi Institute) Forcing without tears Hejnice 2009 22 /25



A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M

MIG] |= valg(F) : valg(X) — valg(3) is cofinal
o thereispe Ps.t. plt f: X — 34 is cofinal
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o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M
MIG] |= valg(F) : valg(X) — valg(3) is cofinal

o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(d) = £}
o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
® So E=U{E,:a <)} el[d =" is bounded in §. (=sup E < 4.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then cf'(§) = ch(5). J

o Assume M[G] E A < k = cfM(8) Af: A — 4 is cofinal
o for some A < s and f € M
M(G] |= valg(f) : valg(X) — valg(¥) is cofinal

o thereispe Ps.t. plt f: X — 34 is cofinal
o foreach a < Alet E,={{ <d:dgf <p gk f(d)zg}
o {q¢ : £ € Eo} is an antichain in P, so |Eq[ < w.
® So E=U{E,:a <)} el[d =" is bounded in §. (=sup E < 4.
@ Let G 5 p be generic in P.
o M[G] |= there are o« < A and ¢ <7 < 8 s.t. valg(f)(a) = 7.
@ therearea < Aand ( <71 <dst.

MIG] = valg(f)(valg(&)) = valg(i7).
@ 3g€ G q<pAql-f(&)=r.
e ne E,C Ec(. Contradiction
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M = P satisfies c.c.c., then

(1) cfM(5) = cfV (6)
(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.
(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then

(1) cfM(5) = cfV (6)

(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.

(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.

o If M =cf(k) =k then M[G] E cf(k) =&
@ Assume M [= cf(k) < k.

oIn Mlet A={A < k:cf(N) = A}

@ The formula kK = sup A is absolute.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially
ordered set such that M |= P satisfies c.c.c., then

(1) cfM(5) = cfV (6)
(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.

(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.

o If M =cf(k) =k then M[G] E cf(k) =&
@ Assume M [= cf(k) < k.

oIn Mlet A={A < k:cf(N) = A}

@ The formula kK = sup A is absolute.

o M[G]E Kk =supA
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially

ordered set such that M |= P satisfies c.c.c., then
(1) cfM(5) = cfV (6)

(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.

(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.

o If M =cf(k) =k then M[G] E cf(k) =&
@ Assume M [= cf(k) < k.

oIn Mlet A={A < k:cf(N) = A}

@ The formula kK = sup A is absolute.

o M[G]E Kk =supA

@ M[G] E VX € A )\ is a regular cardinal
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially

ordered set such that M |= P satisfies c.c.c., then
(1) cfM(5) = cfV (6)

(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.

(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.

o If M =cf(k) =k then M[G] E cf(k) =&
@ Assume M [= cf(k) < k.

oIn Mlet A={A < k:cf(N) = A}

@ The formula kK = sup A is absolute.

o M[G]E Kk =supA

@ M[G] E VX € A )\ is a regular cardinal

o M[G] & & is the supremum of a set cardinals.
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A c.c.c forcing extension preserves cofinalities.

Assume that M = (M, €) is a transitive model of ZFC, and P € M is a partially

ordered set such that M |= P satisfies c.c.c., then
(1) cfM(5) = cfV (6)

(2) if M [= k is a regular cardinal then M[G] = & is a regular cardinal.

(3) if M [= k is a singular cardinal then M[G] = & is a singular cardinal.

o If M =cf(k) =k then M[G] E cf(k) =&
@ Assume M [= cf(k) < k.

oIn Mlet A={A < k:cf(N) = A}

@ The formula kK = sup A is absolute.

o M[G]E Kk =supA

@ M[G] E VX € A )\ is a regular cardinal

o M[G] & & is the supremum of a set cardinals.
o M[G] = k is a cardinal.
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Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
M
cardinal in M then (2)‘)/\4[9] < ((|P|</~c)>‘)
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Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
M
cardinal in M then (2)‘)/\4[9] < ((|P|</~c)>‘)

o forx e Mand a < \
Dyo={peP:pl-d&ex}
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Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
L. nM
cardinal in M then (2*)MI9] < ((|P|</~c) )

o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.
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o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.

0 x— (Axa:a <)
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Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
L. nM
cardinal in M then (2*)MI9] < ((|P|</~c) )

o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.

A
0 x> (Agaia <) 6<[P]<'€)
o if (Axn:a <)) = (A q:a <)) then valg(x) N\ = valg(y) N A.
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If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
L. nM
cardinal in M then (2*)MI9] < ((|P|</~c) )

o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.
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o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.
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o Assume a € (valg(x)\ valg(y))NA. FJpegpl-aex\y
@ dq € A« q and p are compatible in P.

Hejnice 2009 24 / 25

L. Soukup (Rényi Institute) Forcing without tears



Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
M
cardinal in M then (2)‘)/\4[9] < ((|P|</~c)>‘)

o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.

0 x— (Axa i< \) 6([P]<K)/\

o if (Axn:a <)) = (A q:a <)) then valg(x) N\ = valg(y) N A.

o Assume a € (valg(x)\ valg(y))NA. FJpegpl-aex\y
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o forx € Mand aa < A
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Cardinal exponentiation in M[]

If M is a ctm, P € M is a forcing notion, P satisfies k-c.c., \ is a
M
cardinal in M then (2)‘)/\4[9] < ((|P|</~c)>‘)

o forx € Mand aa < A
choose a maximal antichain A, ,C Dy ={p € P:plF- &€ x}.

0 x— (Axa i< \) 6([P]<K)/\

o if (Axn:a <)) = (A q:a <)) then valg(x) N\ = valg(y) N A.
Assume « € (valg(x) \ valg(y))NA. IpeGpl-aex\y

dqg € Ax,o q and p are compatible in P. Let r < p,q
r<qe€Aca=Ayq s0rl-dacy

r<psoqltda¢y.

¢ € ¢ ¢
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The IF* relation

e pl-*achbiffIcIg>p ({(c,q) e anpl-*a=c).
e pl-*a#biffIcdg>p
((c,g) eanpl-*cg b))V ({(c,q) e bApl-*c ¢ a).
o plF —piff=3g<pqgl-*op
o plF VY iffplE*porpl-*
o plH* Ixp(x) iff 3d p IF* o(d).

(1) The relation p IF* o(x1,...x,) is definable in M

(2) M[G] E ¢(valg(x1),...valg(x,)) iff 3p € G pIF* o(x1,...%n)
(3) plk g iff pIE* ==
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