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Reusable Memories in the Light of the Old
Arbitrarily Varying and a New Outputwise
Varying Channel Theory

Rudolf Ahlswede and Gabor Simonyi

Abstract—Arbltranly varymg (AV) channels ‘were mtrnduced
as-a_ model ;for.transniission. in cases:of jamining. It is shown
that their. tll ry appl

»naturally 1 memnnes and vields, ina
1

tion. If the encoder has no side ‘information, ‘it is still not
understood what the: optimal ratesfor:many -cycles are, More
insight through-a:theory of outputwise varying (OV) channels is
expected.

_ Index Terms —M ies ity ch !
Markov channels.

side infor

1. INTRODUCTION

HE STARTING POINT of our mvesnganons are
capacity problems for. a_certain kind of reusable
memories, called WUM, which is an abbreviation. for
write-unidirectional memory. They have becn introduced
by Borden [5] :and Wlllems-Vmck [15].: These authors
explain hot the concept arose in modeling an optical disk

as a-storage device with updatmg constraints imposed by
laser technology. The reader is advrsed to consult Simornyi’
[14] and. Cohen [6] for an account of the known results °

relevant for us here. We start right-away with some basic
definitions'and go on with our own work."

Actually the models-of Borden and Willems=Vinck are
slightly ‘different. This led to' different notions ‘of codes.
Here we'discuss only the WUM code in Willems-Vinck’s
sense, which has later been called alternatmg WUM code
by Simonyi [14].

Definition: . A. family { {S;: 1<i< M} of subsets of
2 =1{0,1}" is an altematmg WUM code if

S,J‘\S,-=® (1*1),-
C8i=TpVUT,

(1:1)
12)

fori=1,--,M.
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For all i, all j, and y*&T, (resp. T;), there exists a

y"™ e Ty (resp. Tjp) with
yrzy"  (respy”<y"). (13)
The partial order “>" is defined by y" =(y}, -, y.)=

yr =0y v, i 2y, for t=1,2,--,n.

Such ‘a code can be used as follows. At every time
instant the memory is in a state y” € ", There are two
persons (or devices): the encoder E and the decoder D.
They use the memory in so called cycles. In odd (resp.
even) cycles the encoder can.print only 1’s (resp 0’s) in
some of the n positions, that is change y” in those
posntlons t0 1 (resp. 0). This is an updatmg of the mem-.
ory. The purpose of the encoder is to store a new message,
ze{l -, M}, whlch ‘can be decoded (read) by the dc-
coder.

Any word in the set T, (resp. T};) can represent mes-
sage i in an-even (resp. odd) cycle Havmg read thls word

'by (1.1) the decoder carn recover the message. Knowmg

the state of the memory, by (1.3), the encoder can change
this “state in the next cycle in order to store a new
message.

Clearly, the code concept presented is for a sxtuatlon
where the encoder knows the state of the memory before
changing it to the next state, but: the.decoder needs to
know only the state he is actually reading:

. The issue of side information has played:an important
role in multiuser source and channel.coding.. We use the-
notation E, (resp. D), if the encoder (resp. decoder)
has a specrfled side lnformatlon and 'the notation” E_
(resp. D_),.if the encoder (resp. decoder) - does. not have
this side.information. For memory cells the sideinforma- :
tion refers to.the knowledge of the content of the-memeor
before.a new encoding. For WOM’s, papers [12].and.[9]:
consider the case (E ;D) and [17} analyze the remain:
ing cases..

The case for WUM described. above is (E +,D ).
In [13] the other cases were first investigated. Using
e-error or 0-error as performance criteria, results in eight
cases with corresponding capacities .C(E,, D, ¢€),
C(E, D_,0), etc. The known results are described in [6]
(see Theorem 0).
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We derive a lower bound for C(E_,D_,€) (Theorem
1) and we give a complete characterization for
C(E_,D,e) (Theorem 2). Perhaps more importantly, we
derive all known capacities by a unified approach, that is,
AV-channel theory.

Furthermore, we gain a first understanding of the role
of cycles via OV-channels, a concept we introduce. The
name refers to “outputwise varying channels.” In particu-
lar we derive exact conditions for memories to have
positive capacity “in the long run.” Actually all our re-
sults are for much more general memories than the WUM.

II. REsuLTS

According to Cohen’s survey [6], at least four capacities
are known. We summarize the results.

Theorem 0:

a) C(E+,D'+,e)= C(E,,D_,e)=
0.694;
b) C(E,,D,,00=C(E,,D_,0)=log(1+V5)/2.
Our first contribution is the following.
Theorem 1:

log(1+V5)/2~

C(E_,D_,e)=0.545.

This result has been first claimed by Godlewski according
to [6]. He had the idea to relate the capacity of the WUM
to the transmission capacity of the so called Z-channel.
However, neither the orally presented sketch of a proof
nor the sketch in [6] provide a complete set of ideas
necessary for a proof. The gap can naturally be closed
with'the help of AV:channel theory.

Next we show that our approach gives the complete
solution for another case.

Theorem 2:

C(E.,D,,e)=log(1+v3)/2.

Moreover, we show that all other known results (Theo-
rem 0) can be derived in a unified way. Phenomena from
the theory of AV-channels (see [3]) have complete analogs
for WUM’s as for instance the fact that ’

C(E,,D_,0)=C(E,,D_,e). 2.1

- Remarks: We draw attention to the fact that I. Csiszar
" has shown (lecture at the Information Theory Meeting in
Oberwolfach, 1989) -that certain storage’ problems for
memories can be viewed as coding problems for AV-
channels. For instance' memories with some cells stuck at
zero and one can be regarded as AVC’s with three
possible states (cells stuck at zero, stuck at one, or good).
However we emphasize that this connection is entirely
different from ours. In the present paper, methods from
the theory of AVC’s, in particular robustification tech-
niques, serve as tools for solving memory problems. The
meémories are not modeled as AV-channels.
The second part of the paper was motivated by an
attempt to prove a converse for Theorem 1. The ‘con-

for all x" ——(xl, .
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verses of Willems [16] and Ozarow—Wyner (mentioned in
[16]) address only 1-cyclic coding strategies. (This means
that encoding and decoding strategies are the same for
every cycle-modulo the change of the role of 0’s and 1’s.)
Similarly “r-cyclic” means that they are the same for the
block of the first r consecutive cycles, the block of the
next r consecutive cycles, etc. In this sense “co-cyclic”
means, that all coding strategies are permitted. It is not
clear whether the upper bound obtained holds for any
number of cycles. An attempt to understand this question
has convinced us that the “cycle problem” constitutes a -
new area of research in information theory. We try to -
understand it from- first princip]es and ask a.seemingly -
simple question such as “under which conditionis for '
memories the co-cyclic capacity posmve‘?” This naturally
leads us to introduce and study OV-channels. Théir defl—
nition follows.

Let 2,2 be finite sets, let ./ be a set of states, and
let # ={w(+||s): s € )} be a'set of stochastic |Z°|x IZVI-
matrices. It is assumed that

S =, 22

(This assumption describes the typical character of’
WUM’s or of a more general memory concept, namely
that the result of the previous writing determines the new
state that governs what can happen at the next writing.
For WUMs, cf. the remark in Section VIL)

Thus the sequence (#")5_,, with

#r=(w(-lls"): 57 )

@3)

N n
w(y"x"ls"y = ¥ w(ylxls,),
=1
LX)EZL, y"EZ" and s e@":
defines a special AV-channel. We speak here of an oV- .
channel if the mode of operation is such that in the Ith
cycle of length » there is a probability distribution Q, on
the states " that equals the output distribution in the
(1 —1)st cycle. We say that {(u, (1), DAD): 1<i <M; 1<
I<L}isan (n,(My," -, M;), A)-code for the OVC if

(24

w(yexr, Dczr,
forl<i<M;,1<I<L, (2.5)
D,()ND(l)=2, fori=i,

(25)
—Z T w(DADlu (DI, (s") 21— X

Ml i=1s"e "
forl<i<L, (2.7)
where
My
Y X w(su (1—1)|S'")Qz i(s™)
1 1i=1s"e"
(2:8)

and Q, is any initial distribution on *". One way to
define capacity is this.

Ql(s")_
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R is (n,A) achievable if in the definition above L =o
and for any § >0
1L
IimlgfL 1);1 - log M, >R-3§.
R is A achievable, if (2.9) holds for all nx ng(d,.
Finally R is achievable if it is A achievable for all A > 0.
The maximal achievable rate R is the capacity. The main
point of this definition is that it expresses what is achiev-
_able in the “long run,” that is, with repeated cycles. It will
become ‘clear from our proof of Theorem 1 that the
problem reduces to an investigation: of ‘the behavior of
information 'quantities. For this it suffices to consider the
case n=1, to fix-an. initial d’istribution Qy-on ~ and to
choose a sequence Py, Py, -+, Py of distributions on the
mput ‘alphabet £ They determine 'a state sequence

(29)

00, Q1.+, Qx and “average chamnels” W(-|-|Q,)=
(- 15)Q:(s). )
Determine
C(Qy) 2 llm ! fl’.n,a?(,l',(_ ):1( W('|‘|Qi,))-

) ,In partxcular it is of mterest to know when ct
min, . C(Qy) > 0. ‘We give a complete answer to this ques-
tion. We also give conditions for C(Q,) to be positive. A
memory-like device can be used with positive rate if there
is any Qg with C(Qy)>0, so in this sense C*#2
max, C(Q,) is the relevant quantity. Our analysis is
based on well- known facts about the hmmng behawour of
‘Markov chains with finite state space @ ={1,2, ,c} A

. good presentation can be found in [18]..

" We need some definitions. Let W: 2~ P be a stochas-‘
tic matrix defmmg a Markov chain.

For Q=(Q,, *-,Q.) € P(P), the set of PD’s on 2, we
call

supp (Q) £ {z1Q, # 0} (2-10)

the support of Q and we denote the trace of. @ under W
by

oo

tr(@)= U supp(QW’);

=0
For Q =8, we also write tr(z) =1tr(5,). The set I'CZ is
called W-invariant, if tr(z) < I for all z € I. An invariant
I+ is called mmlmal invariant, if no proper nonempty
8 subset is mvarlant

Theorem (see [18]): For the stochastic. matrix W: Q-
., there is a partition

; §=E UD;---U
- with subpartitions
Dp =D,V -

(2.11)

D,

UD, gy dy21,

- for p=1,:--,r, which has the followmg properties.

“a) D, is mmxmal-mvanant with respect to W.
b) For Q€ F(P) with supp(Q) €D,, necessarily
supp(QW’)cD L+t=0,1,2,- ) and -equality
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holds here for ¢ sufficiently large. The second index
v+ ¢ is taken mod d,,.

¢) For every D, , there is actually one qp Ve.@(g?)
supp(¢g,,) < D,, with ¢, W’ (t =

0,1,2, --+). Furthermore, for all Q e P(2),
supp(@Q)c D, ,,
lim [QW'—gq,,. ll=0  (exponentially fast).
oo

d) For every Qe P(Q) there is exactly one g&-

conv{g, ,: p=1,-",r;v=0,--,d,—1) with
lim |[QW*'—gW ‘=0 (exponentially fast), :
Al .

We call 0=(Q, Q- Q1) 2 b-otbit of W, if for
{=0,7-",b—1and j=1,2,:

QiW’ = Q(H—]) modb> (2.12)

and denote the set of. these b-orbits by &(W,b). Also,
W) =-U5.&W,b). Finally, we abbreviate the
stochastic matrix (W(-]x, s)),<.- by W,.

Theorem 3:

C>0e () O(W,)=0.
xe@

The structure of the sets O(W,) is known as far as the
4, corresponding to W, in Theorem 2 are known. The
positivity of: C(Q,) is harder to analyze: The following
result shows that for |.#| =2 the positivity of C(Q,) is
equivalent to that of C.

Theorem 4: If || = 2, then for all Q0 on .~ C(Qy)>0
exactly if N, .o OW,)=3. (An equivalent, more ex-
plicit condition is (7.13))

II1. Proor or THEOREM 1
A. Heuristics

According to [6] Godlewski had the idea to look at'the
WUM in case (E_, D_) as follows: Two users U; and U,
“communicate” over the WUM. User U; (odd cycles)
transforms certain 0’s in the memory to 1’s and U; (evén
cycles) certain 1's to 0’s. Let us look first at odd cycles
and let us assume that “in average” there are -~ Q(O) 0’s
in the memory, that is, §" e 7 ",,, ‘the set’of typ I
sequences with & deviation. If U, encodes -m :

LM by ul,uz, uMEQ"” and ‘sends ‘u;, t
recerves u;Vs". Let us‘also assume that u; € I 1
i=1,- -,M. Then “in the average” the recewed
u; Vvs"isin I 5, where )

01

0= P-W(-|:1Q) with W(-||Q) = (1) (’Q(OO) Q(l))
and therefore this writing can be “visualized” as the
operation of a. Z-channel W(-|-1@). .t

We ‘get a lower bound on its- capacity by imp¢
symmetry: The density Q'(0) of 0’s before U, writé:
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be equal to Q(1), the density of 1’s before U, writes. The
situation in the cycles are then symmetrically the same.
The imposed condition is

0'(0)=P(®)Q(0) =0(1). (3.3)
‘We get the mutual information
1
(1= P(0))1(2(0)) = (Z—W)h(Q(U))
and the optimal rate
Czéma}(z‘.%)h(ﬂ)‘ (32)

The maximum is assumed at Q*(0)~ 0.776 and has the
value ~0.545. In “conclusion” C(E_,D_,e)> 0.545. ~

Apparently this is not a rigorous proof, because in the
original model there are no probabilities ruling the states
of the memory. The performance has to be good for every
state of the memory and not only for some kind of an
average expressed by the Z-channel. This is exactly the
kind of situation for which AV-channel theory is appro-
priate!

Define # = (w(:|-10),w(:|-11)} with

vl =(5 %) werm=(15) e
and a DMC with transmlssmn matrlx

Wl IQ) w(l IO)Q(0)+W( I ().
Thus

(3.4)

WOrrierign - Zw(y"rls)Q"(s"),

where
n
-ife

We need two methods from the theory of AV-channels,
which were developed in [1] and [2]. The present formula-
tions are essentially those from [3]. A few definitions are
needed.

B. Some Notation

We use for any finite set 9 the following notlons
P(P)2 sét of all distributions on g) Pn,Ne{pe

P(Q): p(2)n'is integral for all z € @); 2" =(z,," -, 2,) is
* said to be (g, 8)- typlcal (in the terminology of [2]) if

[I{e: z,—z}l—-q(z)nlsﬁn, for all z€$,and 2" (q,B)

is the set of those sequences in' $". {(g,0)-typical se-
quences are also said to be of type g. Often, if the
reference set is clear, with a hint to typicality $"(¢,8) is
written as J,";. For 8§ =0 we omit the 5. We use the
symmetric group L, that is, the group of permutations
acting on {1,2, - -, n}. Every r € L, induces a bijection T
A" — A" defined by ws —(s,a), 18,y for s”

(5157 * %55, Ye An I1, denotes the group of these buec—

tions. Their restrictions to #"( p) p€ P(n, ), are also

bijective.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 37, NO. 4, JULY 1991

C. The Robustification Technique

Theorem RT: If g: #" — 0, 1] satisfies for an a €[0, 1]
the inequality

Y e(sMp(s")>1-a,

s"esm

for p" =T17p with p € P(n,.”), then it also satisfies the
inequality
— Y g(ms")>1-a,, = foralls"e#"(p),
.' well,

where a,; = a(n+ 1),

Proof: The first inequality is equivalent to

] Z"(l'— g(ms™)) p™(mws") <a,

for well,

because 4 is bijective. Since p™(ars®) = p"(s"), it follows
that

Z” {1— % Zg(ws"))p"(&") <a.

Here (1—(1/n)L, g(ms")) = 0 and therefore the left side
is decreased when summing for s" & .#"(p) only. For
these s E,,g(ws") is constant and we get

(1—- — E‘g(vs"))p"(/"m) <a, fors"e./"(p).
L B N K3
With the well-known fact

(A p)) = (n+l)_I/J
we finally conclude

(1—;23(17s"))(n+1)"/'<a, for' s € A" p)
tor
and thus the result follows. ’

D. Application of Theorem RT

We need the following concepts. A correlated (n, M)-
code is specified by a finite probability space (T, u) and a
collection {(uY,D})’ 1<i<M), o of (n,M)-codes. In
using such a code, the index y is chosen according to the
random experiment (T, u), and thus sender and receiver
use ‘the code indexed by v. Since y has 6 be made known
to both of them, there must be a common knowledge or
correlation in the system. It serves here only as a mathe-
matical tool. For -any .#*" c.”" the average error is
measured by

E u(v)-~ E w((D7) lulls").

Suppose now that for some (n, M)-code {(u;,D,): 1<
i< M) and for Q € P(n, ”)

ne‘/u

1 M
i Y Y w(DlulsMQr(s")>1-a, (35)

i=1s"ePm )
where « is exponentially small.
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For g: -#" —[0,1] defined by
—_ Z w(D,lu;ls"),
1—1

the inequality (3.5) ensures the validity of the hypothesis
of Theorem RT and therefore

1
pr ‘”gh M, ZW(D lulrs™)>1-a,

(3:6)

or, equivalently, for s e S~ "(Q)

- ¥ = Z w(m -1Dglw-‘¢1|s")>i‘—»an.

ﬂEII

(3.7)

But this says that the correlated oode specified by the
collection of codes

{(m"'u,w'D)): 1<is M}, cn,

and the uniform distribution on II, has an average error
probability less than a, for all s"e Q). Clearly,
a,<e " for a=(n+1)"Mle~en

Now we go-a step further. Let

P (1:7)
- {Q'E P(n,): LI ()= Q)= n} (38)

be the set of types in the n-nelghbourhood of Q* Wthh
was defmed in the line following (3.2). From' the theory of
compound channels ([19]) we know that an (n, M, a)-code

{(u;, D)): 1<i< M} exists such that (3.5). holds for all

Qe Py (n,”) and

-;logMz 1P, W(-F1Q)) - r

max min
PeF(X) Q& Py (n,. )
> max (P, W(-10") f(m.r),
where

lim f('q,r) =1and n>no(n,r)

n—0,r—0
Theorem RT implies now that (3.7) holds for all s"e
UQ & Poe (n, ) ‘/"(Q)
E. Applications of the Elimination Technique (ET)

We use a result of [1], which says how the randomiza-
tion in a correlated code can be reduced drastically.

Theorem ET: If for € >0, A€(0,1) and n sufficiently
large for any #" € " the average error of the corre-
lated code -

(T,u;(p?,DY): 1<i< M), cr

satisfies for all s” € "

E n(w)—

w((D") lu?ls™) < e,
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then a I'* C T with
T* <n?
and a u* exist such that the code
(T*,pu*3(ul, DY): 1<isM)yere
satisfies for its (even maximum) probability of error

mex, e, T w()w((D) k") <A

1<isM 5" EJ"

(39)

Since U, and'U, can “clean” the memory by sending I’s -
resp. O’s only, :théy obviously can communicate over the -
WUM at a positive rate. By sending the outcome of .
(I'*, u*), performed at the sender’s side, the correlation
can be eliminated totally without an essential loss in rate.

F. Updating in Many Cycles

‘We know, from the theory of compound channels; that
the code in E can actually be chosen with the properties

wegy, Dc U T (W( - uiQ')),
Q'€ Py on, ) .
(3.10)

that is, the decoding sets contain only sequences gener-
ated from u, by some W(-|-|Q") from the neighborhood of
W(-]-10%). Smce u; is (P,0)typical all sequences in
UX.D, are (Q,0)- typlcal for some Q € P an, ._/)
Notice that " — 0 as (8,17)~>(0 0).

If the received sequence y” is not'in UMD, an error
is declared. Its probability is smaller than. A, For ‘the
second :cycle, the first procedure will be. iterated with -

."@Q, (n,.#) replaced by the shghtly larger . ;an, ).
Relteratlcm L times results in a total-error probablhty

less than L-A and an increasing sequence n®;-~+;7(%),
The choice 7¥ =1i-n would work: just make for a.con-
stant L, A and % small enough, Finally, after L cycles,.
spend one cycle to clean the memory and in the next cycle
use codewords u € .7;2’5 (or just one of them) to get into
the proper states. Now repeat the L cycles as before. = I

Iv. PliGOF OF THEOREM 2

As in the proof of Theorem 1, we impose the symmetry
condition yielding (3.1). We apply now random coding in
the following form: V,,- -+, ¥, are iid. RV’s taking val--
ues in J* with equal probabilities. The decodmg sets
DV, - VM, s") are obtained by maximum_likelj
decoding via the channel w(-|-|s")" and omission of .
sequences y” that are not generated by V; via this chan-
nel. Then for the expected average error. probablhty

EX(Vy s Vags Dy(s™), s Dag(s™)) <A,
provided that for y >0 and 72 ng(d,y)
. logM <I(PX -+ X P,W(:|"|s")) = yn.
As before we consider only states

u Q).

Q€Ppy .(n,)

ste
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where O is determined below. Then the new states have

the desired properties as in the previous proof. A random

code is a correlated code and Theorem ET applies also, if

codewords and /or decoding sets depend on s” (see [3]).
Now, for s" € #"(0Q),

I(Px -+ X P,w(:||s")) = Q(0)R( P(0)),

and by (3.1) this equals Q(0)A((1— Q(0))/ Q(0)). Thus we
get that

cs Jmax, (1- Q(l))h(

(1)
1- Q(l)
is an achievable rate.

Notice that this is Borden’s formula for C(E,, D_,0),
which is shown to equal C(E +,D_,e) in {6]. But this
equals also C(E,,D.,,e) (Theorem 0, Part a)). Since
obviously C(E ,D ,,€)> C(E _,D ,,e), the proof is com-
plete. m]

V. AV-CHANKEL THEORY GIVES ALSO THEOREM 0

If the sender and the receiver known s” then they can
use a code

{(u:(s™). Di(s™)): L<i< M},
for w(:|-[s") with :

. N n
logM= Y max I(P,w("|ls,)) = yn
=1 % _

and. error probability 0.

. Using symmetry and restricting s” as usual, gives again
the same optimal :rate, because for this special AV-chan-
nel (WUM!) the maximizing P,’s can be-chosen to be
equal. This gives Theorem 0, Part a). In particular we
understand why in the case (E; D, ) the capacity is the
same. for both error concepts. The same phenomenon
occurs in case (E.,D_) exactly as for AV-channels in
general (see [3]).

The formula in [3, p. 622},

CQ—(USX)EQ [I(UAY)-IUAS)]

yields now
C(E*,D~,0)> max{CQ: Q satisfies (3.1)}.

As in the Appendix’of {3] one can choose U such that
U=Y with probability 1. Then KU AY)-IUA $)=
HY)~H(Y)+H(YIS)= Q(O)h(P(O)) a familiar expres-
sion.

VI. PROGF OF THEOREM 3

For @ =(Qp,"**»Qp-1) € N;c o OW,), we have for
the initial distribution Q, that Q,W, is independent of x
and therefore, for any Py, P,, -,

Y (QW.)P(x) is independent of P,.
x

Thus, I(P,,W(:|-]Q,) =0 for all ¢, hence C(Qy)=0 and
finally C=0. Conversely, if N,cq &W,)= choose
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P=P,=-=(1 / 12, +,1/12°) and the associated
stochastic matrix W= (l / |2 DW.,. Determine &(W).
For any initial __Qc,, we have asymptotically the periodic
behavior of O, W* described in Part d) of the Theorem in
terms of the g ., correspondmg to W. Denote the limit-
ing cycle by (g,aW, - -,gWw?=1). The cycles in &(W.)
have as a common period H’(f)d (x) and therefore the
cycles in (U , c o W NV ﬁ(W) have as common period

r(x)
( ];I@ﬁl—[ dp(x)] ]_[d 40, say.

Since (W) ={q: (q,---,

)e eW)
Nica@W)=0 implfcs )

is compact, .

sup  inf Z llgWf~ g Wil =€,
x'#x aSOW) (o)
qEOW,)
and therefore,
(T+DO
hm max Y lqu'—qW'll 2—
Tow x 141

This implies C(Qy) = f(e) > 0 for all Q, and hence C> 0.,

VII. ConpITIOoNs FOR C(Q,) TO BE POSITIVE:
ProOF oF THEOREM 4

By Theorem 3 the condition N, &(W,)= & is sufficient
for C(Q,) to be positive. However, the condition may not
be necessary, because startmg in Oy it may be possible by-
suitable choice of (P, Py, to avoid ‘the common cy-
cles. We ‘shall show first that in ¢ase & = .7 =1{0,1) this
is only possible at the price of having for P, =( Db’

, lim p,p, =0 (7.1)
and thus,
_ lim I(P,,-)=0. (72)
t—o

Therefore, here still C(Q,) equals 0 if N, W)+ J.
To see this, we investigate first the consequences of this
condition for the two matrices

w(-|'-|0)=(; Z—‘) w('i'|1)=~(; g)

Suppose that 7=1(go,qy;""

“,gy-,) is a common orbit.
Then necessarily .

(73)

oW, must- at least have a solution-in

. aW,= qur
Therefore QW0
0=(q,3), that is,

qa+(1-q)y=gB+(1-q)8
and thus the condition
(e—B)a=(8-v)q. (74)
We see that there is at most one such Q unless 6=,
a=p.
In the latter W(:|-|Q") has identical rows for all g’ and
thus C(Q,)=0 for all Q,. We-first simplify matters by
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assuming w.l.o.g. that @ > 8. By (7.4), 6 > v. Now by the
assumed commonness of the orbits

qWy=q W,
and therefore necessarily ¢, = Q = q,. Hence,
Wo=0W,=Q (7.5)

and b can be chosen to equal 1,
. We . analyse. this constraint next. Clearly qa+{1—q)y
=qor :

o @=gqy. . (76)
This and (7 s -
A g =78 (1.7)
-and thus+ Lo
@:B=v:5 (7.8)

Clearly (P, W(-|-|Q))= 0 for all P& P(X)..

- But nowwe startinany Q and try to-choose P, P,, - -
to do better! At stept we have Q, =(q,,§,) with g, =
Ag,. Then at:step £ +1. . .
=p(a+Aq)a+b,(q+Aq,)B

+ p,(é - 'Aq,)'y + 5:(5 - AQ:)B
=(p.ga+paB+ pdy+P,35)

" #(p,e+ BB —py—D,8)Ag,.

Smce by (7.6).and (7.7) the term in the first bracket
‘equals p,(qoz + ga)+ pt(qﬁ +gB)=p,g+tpa=q ‘and
since the term in the second bracket equals. ( p,(a y)+
20 5))Aq,, we' conclude ‘that -

1AG 1) = lg,, —al <|Ag,| lp,(a y)+ BB -8l

‘ (7.9)

This is readily analysed by cases. Clearly, limn_.w q9,=4,
if .

Gevn

max (la—vy|,|8—8))<1.
Otherwise, also if m £ min(la —),|8 — 8D <1, we use a
new argument. If € <p, <1— € for € >0, then |p,(a —y)
+p(B-di<i—e+em=1—el—m).
However, if P, does not satisfy the bounds, then Ir,-)
< f(e)—> 0 (e — 0) and we cannot maintain positive rate.
We are left with the-cases:

. la-yl=1B-8l= (7.10)
In case a=1, =0, y= 0 8=1, we get dlrcct]y from
(7.9)
Ag, . <Aql2p, 1
and, for e<p,<1—¢, we have [2p,—1|<1—2e The
previous argument applies again.
By the restriction to a > 8, we are finally left with the
cases

0 1)(1 0 1 0)({0 1
{(0 1)’(1 0)} and {(1 0)’(0 1)}
as sets of matrices. This results in identical' rows for every
Q'e () and thus in I(P, )= 0
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Remark: For the WUM

(B

(7.8) does not hold, therefore C > 0.

Case: |Z'|=a>2. We are given
a(l)  &(1)
w(-l0)=] r
a(a) @(a)
, B(1) B(1)
W(Hl) = : ‘ .
B(a) B(a)

If N, c o OW,) @, then (7.3) to (7.8) take the form
ow, = Qw,., forx,x'€e2 (7.11)
qa(x)=gp(x), forxe  (1.12)
a(x):a(x)=p(x): B(x"), forx,x'€Z. (7.13)

Furthermore,
ql+1= Z P,(x)(q+Aq,)a(x) .
xeX
+ Z P(x)(@—Aq,)B(x)
- XED
= X P(x)(qa(x)+3B(x))
xe .

+ ¥ P(x)(a(x)- B(x))Ag,
xexZ

=q+Ag, T P(x)(a(x)-B(x)), by (712).
xe
In the case M £ max, |a(x)— B(x)| <1, we get |Ag,, | =
lg,+1—al < M|Agq,| and the proof works as in the case
|2’| = 2. Otherwise we have to go through cases again.
First w.l.o.g. we can choose the ordering

a(l) = a(2) =
and then by (7 13) necessarily
B(1)<B(2)< -+ <B(a).

Further reduction consists of omission up to one of those
W, that equals another W,.. Furthermore, there are.the:
following four candidates for a W, with 0 and 1 as entries
only:

- >a(a)

q
(10) 1) arbitrary
(10) 10) 1
01 (o1) 0
(01) (10) 1

Here the first column corresponds to state 0 and the
second column to state 1. The values for ¢ associated with "
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them allow only to combine the first row with any of the
three other rows.

okt okl (6 3)

(6 28 o)

Thus we arrived at the situation
2= {x:la(x) - B(x)| <1},
2" ={x:la(x)- B(x)|=1}, ‘
F=2"0Zt, 12<2

We write 2 ={x;,-*+), 1—82 max, g la(x)—
B(x)|. We analyze (7.12) for the first case:

ZQKP,(X)(ﬂ(X)—ﬁ(X)) < %_P,(x)(l—ﬁ)-%ﬂ(xl)
=e(1-8)+1—e— B(x,),
x P(x),
xeX
=1—€d—~P/(x;).
This gives bad contraction only if € = 0, P,(xz)—»i] (t—
«), but then P(x,)—>1 (t >®) and I(P,,)— 0 (¢t > ).

The second case is similar and the third case is also easily
settled.

-Remark: The positivity for C(Q,) can be formulated
without any reference to information theory. For @, {W,:
x€Z} and a sequence (P)7.,, define Q, =Q,Wp, -
Wp,_, and consider

1
C'(Qy)= sup lim —
(PN n—o
n

' L min( maxlQ W, — Oyl mi (1- £(2))).

ife=

t=1

Now C'(Qg)> 0= C(Qy)> 0.
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