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1. I n t r o d u c t i o n  

Let us denote by T := R/27rZ the one dimensional torus, L 2 := L2(T), 
and C := C(T) the sets of square (Lebesgue) integrable functions and 
continuous functions, resp., and r = (r a Rademacher system on I = [0, 1]. 
In the probability space (I, s P) belonging to the Rademacher system ~, s 
is the algebra of Lebesgue measurable sets in I and the probability measure 
P is the Lebesgue measure on I. The expectation with respect to this 
probability space will be denoted by E throughout the paper. 

Following Zygmund [12] we write for the Fourier series of any f C L 2 

(1) 

OO n 

f ,-~ S(f,  . ) :=  ~ A~, S,~ := S~(f, .):=. ~ Aj, 
n=O j=O 

Aj(x) := cj cos(jx + Oj) := aj cosjx + bj sinjx. 

The series coming from f by giving random signs to its terms is 

: OO 

(2) /~ ~ ~ ~A~, 
n ~ O  

and the Pisier-algebra :P is 

(3) 7 ~ : = { f c L 2 :  P ( f ~ E C ) = I } .  

The characterization of :P was a long-standing problem of the theory of 
Fourier series initiated by Payley and Zygmund [5] in 1930. For history and 
development we refer to [3]. The problem was finally solved by Marcus and 
Pisier [4] in 1978. 

Another old but still open problem is the following. Denote u : N ~ N 
any permutation of N, and introduce for any f with Fourier series (1) the  
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t,-rearrangement of the series and the corresponding partial sums as 

OO n 

(4) f ~ ~S(f) := ZA~( '~) '  ~Sn(f) := ~ A~(j). 
n = 0  j = 0  

The class 

(5) U := { f  E C : 3~ : N  ~ N, ~S n ---+ f uniformly on T} 

is a subspace of C. The problem of deciding if U = C or not, was posed 
already in 1962 by Ulyanov, cf. [10] pp. 58-59, or [9]. 

In 1986 the following result was proved [6]. For any f 6 C there exist a 
rearrangement ~, and a subsequence (nk) of N such that  ,S,~ k ~ f (k --+ oc) 
uniformly on T.  On the basis of this and other results the conjecture U = C 
was formulated and an equivalent finite version was given in [6], where the 
reader may find more about historical background and motivation of the 
problem. 

The aim of the present paper is to study the connection between the 
classes 79 and U. 

TttEOREM 1 (Pecherski~ [13]). 79 fq C C U. 

THEOREM 2. There exists f 6 U with f r 79. 

As a by-product we obtain several other criteria for an f 6 C to belong 
to U. The results of the paper were obtained in 1987 and form a part 
(essentially Chapter  III.2) of the thesis [7]. The author would like to express 
his grat i tude to Professors G. Hals B. Kashin and S. Konjagin for useful 
comments  and references. In particular, Professor S. Konjagin called the 
attention of the author to a recent paper of D. V. Pecherski[ [13]. The 
paper deals with related problems using a key lemma (Lemma 1 in the 
paper) which is somewhat similar to Chobanjan's Lemma quoted here as 
Lemma 4. Using his new lemma, Pecherskil proved Theorem 1 of this work 
as Theorem 2 of [13], cf. p. 25. Hence this result must be at tr ibuted to 
Pecherski{, as his Theorem, and Section 3 of this work describes only a 
second although independent and different proof for it. Let us mention that  
this proof was worked out in 1987, before the appearance of [13]. 

2. S o m e  l e m m a s  

LEMMA 1. For all f 6 79 we have 

6~ := 6 n ( f ) : =  sup EIISm(f~, - ) -  Sn(f~, ")ll~ --+ 0 (n ~ oo). 
m>_n 
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PROOF. Well-known, see e.g. [3] Ch. 2, Theorem 4 and Ch. 5, Theo- 
rem 3. 

Now let us denote the de la Vall~e Poussin means of f by 

n 2n 

j=O j=n+l 

We also introduce for any f E L 2 with Fourier series (1) the usual notation 

(r) i 2k+2~k 1+ 
S k : :  e 2 .  

n =  1 

LEMMA 2. For any f E L 2 and k > 2 there exists a 0-1 sequence 
~z = (wi) with i = 2 k + 1 , . . . , 2  k+l such that 

+ w i d i -  Vn(f) <= 8v 'k . sk  with n = 2 ~:. 
i=n+l c~ 

PROOF. This follows from Lemma 2 of [6]. 

N 
LEMMA 3. Let P(x)  = ~ Ai(x) be any trigonometric polynomial of 

i=O 
degree not exceeding N.  Then we have 

N ~iAi E[[P~[[~ = E 0~  < 2v/logWl[P[[ 2. 
o o  

X .  

PROOF. See [8], (5.1.2) Lemma, p. 290. 

LEMMA 4. Let X be any normed space and Xl , . . . ,XN be elements of 
There exists a permutation a o f { i , 2 , . . .  ,N} such that 

m a x  < 9 + 9E E s j ~ x i  
M<_N = 

- i = 1  X X i = 1  X 

where (ej,) C r with ji r jk (i r k) for i = 1 , 2 , . . . , N .  

PttOOF. This is Corollary 1 on p. 56 of [1]. 
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LEMMA 5. Suppose that f C L 2 and sk is non-increasing. Then f E T ) 
if  and only i f  

o o  

E sk < (x). 
k = l  

PROOF. Necessi ty is proved in [5], and sufficiency is conta ined in [3], 
Ch. 7, T h e o r e m  1. 

LEMMA 6. Let cn be any sequence satisfying the conditions 
O0 

i) Ee~  <co, 
1 

ii) 1/c~ is concave, 
iii) cn is monotonically decreasing. 

Then there exists an f e C with Fourier series (1), i.e. for  some (On) the 
L 2 series described in (1) belongs to a continuous function. 

PROOF. This  is a well-known result  of Salem, cf. [12] Ch V, (10.1) 
Theo rem.  We note  t ha t  the  s t a t ement  is t rue  even if ii) is not  supposed,  see 
[2]. 

3. P r o o f  o f  T h e o r e m  1 

Let us take  any f e P .  Since f e L 2, ~ s~ = Ilfl12 < ~ and  for every 
> 0 one can find a k E N with k �9 s~ < T]. T h a t  is, we have some kj ~ ec 

with 

( s )  s 2 < ks = ,j- 0 

We define u as the  composi t ion  of two other  permuta t ions ,  

(9) u = a o ~r 

Firs t  we cons t ruc t  r as the  disjoint union of pe rmuta t ions  7rk on the  
blocks [2 k + 1, 2k+1]. For k -- kj > 2 we apply L e m m a  2 and define ~rk wi th  

min{p : Wp = 1 and  p r nk(1) for any l < p}, n < i =< mj  
(10) ~rk(i) : :  min{p : p ~ ~rk(1) for any mj < 1 < p}, mj  < i ~= 2n, 

where  

2 n  

(11) n = 2  k = 2  k~ and mj = n +  ~ wi. 
i = n + l  
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Tha t  is, r~ -1 places the indices with wi = 1 to the beginning of the interval 
I n +  1,2n], and places the indices with ai = 0 to the other end. So for k = kj 
we have by the  definition of lrk 

2 k +  1 m 3 

(12) S2k + E coiAi : S2~ + E A'~k(i) ( k :  kj). 
i=2k+1 i=2k+1 

Now for k ~ kj we choose 7rk to be identi ty and take 

(x) 

(13) r := [.J 7rk. 
k=0 

Trivially 

(14) 7rS2k = S2k 

and hence f rom Lemma  2, (8), (12), (13) and (14) we get 

( 1 5 )  I[ S j - =< 

Next we define a so tha t  

oo 

(16) a : =  U 5rj, crj: [mj + 1 , r n j + l )  *-* [mj + 1 , m j + l ) .  
j=o 

Here we can take m0 := - 1  and a0 to be identi ty on [0, ml) .  Consider the 
polynomial  

(17) Tj :=,~ Smi+ 1 - ~  Smj. 

Our goal is to rearrange the order of the terms of Tj by aj to ensure small 
par t ia l  sums. We apply Lemma 4 in the Banach space C with the oc-noi'm 
and N = raj+l - mj, xi = A~(i+m A, ji = 7r(i + raj) (i = 1 , . . . ,N ) .  We 
obta in  a certain aj with 

(18) maxlIaj(Tj)Ml[oo < 911Tjll  + 91[(Tj) l[  
M = 

Note tha t  f C P ,  and Lemma  1 entails 

(19) EI[(s2kj+I -- S2k,)[Ioo -+ 0 (j  -+ oo). 
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Since the left hand side of (12) is exactly ~Sm:, we have 

2n 

(2o) P : : =  ~ a J i A i = , S m : - , ~ c ' ~  ( n = 2  k~) 
i = n + l  

and also 

(21) Tj  = ~'-'r -- ~ m j  = P j + l  - P j  - (S~%+~ - S2k~) . 

Hence in view of (19) 

(22) EII(Tj)~II~ :< EII(PJ)~II~ + EII(PJ+ILII~ + o(1) ( j -~  e~). 

Now further use of (8), IIPjII= _-_5 % ,  deg(Pj) __< 2 k: and Lemma 3 e n s u r e  

hence from (22) and (23) 

(24) EIICTj)~II~ -~ 0 (j -~ ~ ) .  

Next we make use of the continuity of f in the form that V ~ ( f )  --. f 
uniformly on T, cf. [11]. Hence (15) and f e C entails II~Jll~ ~ 0 (j ~ o) 
and so (18) and (24)imply 

(25) n ~ x l l ~ j ( r j ) M I L ~  -~ o ( j  ~ ~). 

We obtain from (16), (17) and (25) that 

(26) 

max I I~J( r , ) , t l~  -= max 
mj<=M~=mj+l m < M < m '  1 3 =  = .~+ 

Since (15) and f C C entails II.smj- fll~ 
proof of Theorem i. 
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4. F u r t h e r  c r i t e r i a  for f E U 

T~IEOREM 3. I f  f E C and sk is nonincreasing, then f E U. 

To prove this theorem first we note that  in view of monotonicity and 

f E C C L 2 we have sk = o  ( 1 ~ .  Hence it suffices to prove the following 
\ v ~ /  

THEOREM 4. I f  f E C andsk = o ( ~ ) ,  then f E U. 

PROOF. The proof is very similar to that  of Theorem 1. 
If we define kj := j and ~j := j .  82, we get (8) with kj = j according to 

our assumption on Sk. Now repeating the proof of Theorem 1 with kj = j 
the only change is that  to prove (19), instead of using Lemma 1, we refer 
to Lemma 3. Since f E P was used.only there, this modification proves 
Theorem 4. 

C O R O L L A R Y .  I f  f E C satisfies the multiplier condition 

E c: �9 logn < oo 
n = l  

then f E U. 

Professor B. Kashin informed the author that  this was conjectured more 
than ten years ago. It can be compared to the multiplier condition 

2 logl+~ E C  n n ~ O0 

of Payley and Zygmund to ensure f E P.  

5. P r o o f  o f  T h e o r e m  2 

Let us define 

1 
. -  (n > 10) (27) cn r .  

logn  x/n 

and ca = clo for n < 10, say. This sequence satisfies conditions i), ii) and 
iii) of Lemma 6, hence there exists an f E C with Fourier series (1), where 
cn is defined in (27). Obviously (7) and (27) mean for Sk that  

(28) E < E = 
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and also 

(29) 
2k+1 1 

s~= Z nlog2n 
2k+l 

2k+~( 1 1 ) 
- -  => Z (2n)log2(2n) + (2n- 1)log2(2n- 1) = 

2k+l 

2 
---- 8k+l~ 

i.e. sk is monotonic. Now for monotonic sk (28) and Lemma 5 ensure f r 
r ), while Theorem 3 gives f E U. This concludes the proof of Theorem 2. 
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