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1. Let us denote by o% the set of trigonometric polynomials with degree <=n and 

,~ = U ~. .  C. Caratheodory and L. Fej6r investigated several extremal problems 
1 

concerning nonnegative trigonometric polynomials. One useful result of  Fej6r an- 
swers the following question: "Hov~ large can the coefficient of cos x be in a non- 
negative polynomial of ~ with constant term 1 ?" Formally, we define 

and ask for 

k 

:= { g c ~ :  g -> 0, g(x) = I + Z  b. cos .x} 
l 

1 

The assumption that g is a pure cosine polynomial does not restrict generality and 
will be assumed in the sequel. Fej6r obtained in [2] (see also in [3] I p. 869--870 or 
[6] II Ex. VI.52) 

(1.1) to(k) = 2 cos k+'---2" 

In the present paper we calculate the following companion of the above problem 
of Fej6r. Let 

1 f f (x)eosxdx:  fEr~},  ~(k) := sup {al = (1.2) 

where 

(1.3) ~ : =  ,~':= {fE,~': f~= O,f(x) = 1 +a l  cos x +  ~ a. cos nx}. 
k + l  

If f ~ "  and g f i ~  we obtain in view of nonnegativity 

o <= _1 _If(x) __ g(x+~)dx = 2 - t h b l ,  

and so taking supremum we obtain from (1.1) 

(1.4) ~(k) ~ 2/to(k) = 1/cos 
- k + 2  " 
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Our result shows that this estimate is sharp. 

THEOREM. We have ~(k)= 
COS 

7~ 

k + 2  

The proof  uses results of  Caratheodory and Fej6r. Finally we use some linear 
algebra to calculate a(k). Computations will be marked out and omitted. 

2. Let f~.~" and F be defined by F ( 0 ) = I ,  FCR[z] and Re F(e~')=f(x), 
that is with f i n  (1.3) we put 

o~ 

(2.1) F(z ) :=  1 +alz+ Z a.z"ER[z]. 
k + l  

The condition f=>0 is equivalent to Re F->0 in [z[ ~ 1. Therefore 

1 - F ( -  z )  
(2.2) G(z):= 1 + F ( -  z) ER (z) 

is regular for ]z[ <-1 and f_->0 is equivalent to 

(2.3) IG(z)l ~: 1 (Izl ~ 1). 

In a sufficiently small neighbourhood of  0, but then for all Izl < 1 we have with 
some H~ R(z) 

(2.4) G(z) = 1 1 1 - F ( - z )  1 = bz+bZz2+. . .+bkzk+H(z)z  k+l (b:= al/2 ). 

2 

Denote the set of  regular functions on some domain D by ~0(D). Put 

(2.5) ~ ' (k) := max{b: 5G, HC0(Iz[ < 1), IGI < 1, G(z) = bz+...+bkzk+H(z)zk+l}, 

which exists in view of  the Vitali--MonteI theorem. It is easy to observe that 

1 
(2.6) e'(k) = ~ e (k). 

Clearly, if a ' (k)=r ,  then for any corresponding extremal function G sup IG] = 1, 
[zl-<l 

and so the value of  the Caratheodory--Fej6r type extremal quantity 

(2.7) #( r ) :=  inf{sup [gl: g(z) = rz+. . ,  +rkzk+h(z)z*+!, g, hc~(lz[ < 1)} 
Izl<l 

is exactly 1. 
Now we can apply the theorem of Caratheodory and Fej6r, cf. [1], [4] and [3] II. 

p. 186, to the above special case. We obtain 

(2.8) 1 : p(r) : max {121: d e t ( C ~ - 2 I )  = 0}, 
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where [i ~ . . . ,~ r 0 ]  

k-1 r 0 0 1  

(2.9) c ,  = o 0 o I 

[o  o o o j  

Taking into account that (2.9) has only real eigenvalues, (2.6)--(2.8) entails 

(2.10) 2 ~ ( k )  -~ ro:= rain {r > 0: de t (C , - I )de t (Cr+I)  = 0}. 

3. Now we determine the value of  r o. Denote 

(3.1) P k ( r ) : = - d e t ( C r - I ) ,  Qk(r):= d e t ( C r + I ) ,  

and note that since 

(3.2) l ~ ( k )  --> ro = min {r > 0: Pk(r) Qk(r) = 0}, 

we always have 1 /2<ro< 1. First we compute Pk and Qk for k = 0 ,  1, 2, 3 and 4. 

[P0(r) = 1, Pl(r) = r - I ,  Pa(r) = 1 - 2 r  ~, 

(3.3) ~ao(r) = 1, 01(0 = r + l ,  as(r )= 1, 
[ Pa(r) = r~+r-1 ,  P4(r) = 1 - 3 # ,  
[Q3(r) = l + r - r  ~, Q 4 ( r ) =  1 - r  ~. 

When calculating det ( C , - 2 I )  we can subtract from each column the next (starting 
from the left) and obtain 

- 2  0 O .  r 0 
r - 2  O . . .  0 0 
0 r - 2 . . .  0 0 

det ( C , -  2I)  = 

r 0 0 .  - 2  0 
0 0 0 . .  r - 2  

Therefore, expanding by the last column, we obtain for the polynomials (3.1) the 
determinant representations of  order k below. 

(3 .4)  P~(r) = 

- 1  O . .  0 r 

r - 1  . . r 0 

0 r . . - 1  0 

r O .  r - 1  

Q k ( r )  = 

1 0  . O r  
- r l  �9 . r O  

O r  . . . 1 0  
r O .  - r l  
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LEMMA 1. The polynomials (3.1) satisfy the recursive relations 

Pk(r) = P~_2(r)-r2P~_,(r), Ok(r) = Qg-~(r)-r2Qt,_a(r). 

Using (3.3) and (3.4) Lemma 1 can be deduced by elementary determinant 
transformations - -  we leave the details to the reader. Now for any particular 1/2< 
< r <  1 denote 

~ fl:= ~ 1 .1/f~, 1 
~ : = l z  + i _  ' = T - I V  r - 4 "  (3.5) 

A recursive recurrence relation 

(3.6) x,+l = x , - r 2 x , - 1  (n = 1, 2 . . . .  ) 

determines the sequence x,, (see e.g. [5], Ch. V.4) as 

(3.7) x, = Ae" + BI~" (n = 1, 2, ...), 

where A and B are the unique solution of  the system 

(3 .8)  + B  = xo 
(Ae + B / / =  Xl" 

In particular, if xo and x~ are real, then B= .4  is immediate. Denote 

(3.9) 1,(o, 
Lemma 1 and (3.3)--(3.9) give that with some A1, A2, A8 and A4 with 

(3.10) argA1 = q~, argA~ = r argA3 = cp-n/2,  argA4 - ~o-rc 
2 

we have 

~P2,(r) = A1~"+.41~ n = 2Re(Aa~n), P2n-x(r) = 2Re(Aaa"),  
(3.11) 

[Q2,(r) = 2 Re (Aaa"), Qu,-l(r) = 2 Re (A,~"). 

Since Re (z )=0  is identical with arg (z)=z~/2+m~ (mEZ), we are led to the 
equations i 2 m + l  P~,(r) = 0 if and only if cp = 2n+------Tn (mEZ), 

2 m + l  
~ , - a ( r )  = 0 if and only if ~o = ~ n  (mEZ), 

(3.12) 2 n + l  

Q~(r) = 0 if and only if g~ = n+------~r~ (mEZ), 

2m 
Q~-x(r)  = 0 if and only if ~o -- 2n+-------i-~ (mEZ). 

Summing up, since 0<q~<n/2,  we get 
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�9 j ~  
LI~MMA 2. Pt(r) Qk(r) = 0 i f  and only zfarc tan 1/4r ~"  1 ~ with 1 <=j<= 

In view of Lemma 2 the roots of the polynomial Pk(r)Qk(r) are 

2cos jz~ j-----l,2 . . . . . .  
k + 2  

According to (3.2) and (1.4) this proves the theorem. 

k + l  
2 
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