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PERIODIC DECOMPOSITIONS OF CONTINUOUS
FUNCTIONS

M. LACZKOVICH and SZ. REVESZ (Budapest)

1. Introduction. Let /2 R—~R be a real function and let oy, ...,®, be given
real numbers. We say that f=f+...+f, is an (o, ..., &,)-decomposition of f if
f; 1s periodic mod «; for every i=1, ..., n. If # is a class of real functions and each
f; belongs to & then we say that f=f,+...+f, is an (&, ..., &%,)-decomposition
in &.

Let 4, denote the difference operator, that is let

4, f(x) =f(x+a)—f(x) (x€R; f:R ~R).

If f=fi+...+f, is an (e, ..., %,)-decomposition then 4, f;=0 for every i and,
as the operators 4,, commute, we obtain

(D Ayyody f=0.

A class & of real functions is said to have the decomposition property if, for
every fe& and oy, ..., 2,6 R, (1) implies that f has an («, ..., &,)-decomposition
in &. Neither the class RR of all functions f: R-R nor C(R), the class of all con-
tinuous functions defined on R, has the decomposition property. Indeed, if f is
the identity function f(x)=x then 4,4,f=0 for every «, fER. On the other hand,
if, say, a=f, then f does not have an («, f)-decomposition since f is not periodic.
Also, for any o and f, f does not have an (o, f)-decomposition in C(R), since
otherwise it would be bounded.

Our main result states that BC(R), the class of all bounded continuous func-
tions has the decomposition property. The first result in this direction was proved
by M. Wierdl in [7]. He showed that if f¢BC(R) and 4, 4,, f=0, where o, and a,
are incommensurable, then f has a continuous (¢, , «,)-decomposition. Our theorem
extends this result for every system of numbers «;, ..., o,. The proof is given in the
next section.

We denote by [ f]| the sup norm of f, that is we put

I/l = sup{lf(x)I: x€R} (f:R ~R).

Let C, denote the smallest number with the following property: whenever a function
JEBC(R) satisfies (1) then f has an (a,, ..., o,)-decomposition f=f,+...+f, in
C(R) such that | fI=C,|f] (=1, ...,n). In Section 3 we show that C,=2"—2
for every n=2; in particular we have C,=1. We also prove that if «,, ..., o, are
pairwise incommensurable then (1) implies the existence of an (o, ..., ®,)-decompo-

sition with | fi[lé(Z——Il;] | f]. Probably neither of the bounds 2"—2 (for n=>2)
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1 . . .
and 2-——’—1— is sharp; the determination of the best constants in these theorems

proves to be surprisingly difficult.

Among the unbounded continuous functions satisfying (1) are the polynomials
of degree less than n. This raises the following question: which functions can be
written in the form f=p-f,+...+f,, where p is a polynomial of degree <, f;
are continuous and 4, f;=0 (i=1,...,n). Again, (1) is a necessary condition.
However, (1) is not sufficient, as it was shown by I. Z. Ruzsa and M. Szegedy. In
Section 4 we discuss this phenomenon and give a necessary and sufficient condition
for the existence of such a decomposition.

In Section 5 we conclude with some remarks and problems.

2. The decomposition property of BC(R). In this section we prove the following
theorem.

2.1. THEOREM. Let ay, ..., &, be real numbers and let f¢ BC(R). Then f has an
(05 ..., a,)-decomposition in C(R) if and only if (1) holds.

In the following series of lemmas first we consider the case when the ofs are
pairwise incommensurable, next when they are (pairwise) commensurable, and
finally we turn to the mixed case. We shall use the notation

T
M) = Jim 7 [ fdx
[

whenever f: R—R is locally summable and the limit exists. We remark that for
every feL=(R) and a€R we have M(4,f)=0, since

. 1 . 1 T+a 4
lim -T-Of 4,fdx = lim T(Tf fdx—of fdx) =0.

- o

2.2. LemMmA. Let B,y be incommensurable reals and let f€C(R) be periodic mod y.
Then

1 k=1 .
RO =% 2 f+if) (€ keN)
=
converges uniformly on R to the constant M(f) as k— .

7
Proor. Since M(f) =-$— f fdx, the statement follows from the well-known
0

fact that the sequence {k é}w is uniformly distributed in [0, 1] (see [2], p. 390).

k=1

" 2.3. LemmA. Suppose that [ has an («, ..., o,)-decomposition in C(R), where
Oy, -..5 O, are pairwise incommensurable. Then )
(i) for every i=1, ...,n the functions

] k=1 .
@ = 2 f(c+jm) (xR, keN)
j=
converge uniformly to a function f; as k— oo;
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() IA=lFl G=1, ....n);

(iii) whenever f=gy+...+g, is an (ay, ..., o,)-decomposition of f in C(R) then
g:—f; is constant for every i,

(iv) if M(f)=0 then f=fi+...+f, is the only (o, ..., o,)-decomposition of
fin C(R) with M(f)=0 (i=1,...,n).

Proor. Suppose that f=g,+...+g, is an (o, ..., &,)-decomposition of f in
C(R). The previous lemma implies that for every i, f;, converges uniformly to
g:+ 2> M(g;). This proves (i) and (iii) simultaneously, while (ii) is obvious from

(). Since M(f)=lim M(f,)=M(f) for every i, (iv) follows.

2.4.LemmA. Let feC(R), let B, y be incommensurable reals and suppose A, f=0.
Then the following are equivalent. ’

k-1

(i) There exists K=0 such that |Z f(x+j[3)|§K for every x€R and keEN;
j=0

(ii) there is gEC(R) such that A,g=0 and Ayg=f.

Proor. This is a special case of a well-known result in ergodic theory. Indeed,
putting Y for the torus R/yZ, ©(x)=x+f is a homeomorphism of Y and Y is a
minimal orbit-closure since {@"(x): n€N} is dense in Y for every x. With this
notation Theorem 14.11 of [3] (p. 135) implies our Lemma.

In order to make this paper self-contained, we offer a simple proof of (i)=(ii)
(the other implication being obvious). In the following proof we use the ideas
of [7].

Let E={nf+ky: n,kcZ, n>0}, then E is everywhere dense in R, as f8, y are
incommensurable. For x=nf+kyCcE we define

n—1
glx) = Z:)f(jﬂ)-
j=
Then g is bounded on E by (i) and obviously g(x+y)=g(x) holds for every x€E.
We put

g(y) =limsup g(x), g(y)=liminfg(x)
x€E x¢E

for every y€R. Since g(x+p)—g(x)=f(x) holds for every x¢E and f is con-
tinuous, it is easy to check that for every y¢R

2 Er+P)—2(») =f() and g(y+p—gk) =1().

Putting h=g—g, this implies h(y+B)=h(y) for every y. Now g, g are periodic
mod y and hence so is k. Therefore -

h(y+nf+ky) = h(y)

holds for every y€R and n, k€ Z, n=0, that is h(y+x)=h(y) for every y€R and
x€ E. Since his the difference of an upper semicontinuous and a lower semicontinuous
function, h itself is upper semicontinuous. As E is everywhere dense, this implies,
by the previous equality, that A(y+z)=h(y) for every y, z€ R. Therefore h is con-
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stant. Then g=§+h shows that g is upper and lower semicontinuous simultaneously,
and thus g is continuous. Finally, (2) completes the proof.

2.5. LemMA. Let o, ..., o, be pairwise incommensurable reals. Let f¢BC(R)
and suppose that (1) holds. Then f has an (04, ..., a,)-decomposition in C(R).

Proor. We argue by induction on n. For n=1 the statement is obvious. Let
n>1 and suppose that the assertion is true for n—1. Let g=4, f, then gc¢ BC(R),
M(g)=0 and 4,,...4,,_,g=0. Thus, by the induction hypothesm and Lemma 2.3
(iv), we have a decomp051t10n

n—1
(3) Aanfz 21 8i»
where g,€C(R), 4,,g=0 and M(g,) =0 for every i=1,...,n—1. Applying (3)
at x-+jo, and summing up for j=0, ..., N—1, we get
n—1
(4) ANu,,f= g; Gi,N,
where

N=1
Gin(x) = 2> glx+ju,) (x€R, 1=i=n-1).
j=o

Now, for every fixed N, (4) is an (%, ..., &,_)-decomposition of 4y, f in C(R)
with M(G; y)=N-M(g)=0 (i=1,...,n—1). Hence, by Lemma 2.3 (1), (ii) and

(iv),
IGinll = 4w, fI =211 G=1,...,n=1).

This shows that [2 g;(x+jo, )|<2[|fl] for every x€R, NeN and i=1, ...,n—l.
Hence, by Lernma 2.4, we obtam g=4,, fi, where ficC(R) and 4, f;=
(i=1,...,n— l) We define f,,._f—Z'f, Then we have

n—1

Aa,,f;t Aat,.f 2 Azxnf g— 2 8 = 0

which completes the proof.

2.6. LEMMA. Let o, ..., &, (n=2) be pairwise incommensurable reals and feC(R).
If 4,,...4,,_,.f=A4,, [=0 then f is constant.

Proor. By the previous lemma, f has an (ocl,. .» %,_1)-decomposition f=
=fi+...+f-s in CR). Then fit...+f,a—f is an (&, ..., o,)-decomposition
of the zero function. By Lemma (2.3) (iii), in this decomposmon each term must be
constant. In particular, f is constant.

- Next we turn to the case when the numbers ¢, ..., &, are (pairwise) commen-
surable.

2.7. LeMMA. Let f: R—»R be a bounded function, let «€R, nEN and suppose
A2 f=0. Then A, f=0.
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Proor. We prove the lemma for n=2; the general case then follows by induc-
tion. Let 4, f=g, then A,g2=0 by assumption. For every x€R and NéN we have

f(x+ Na) =f(x)+1§: 4, e+ in) = £ (x)+ Ng(x)

and hence [|g=—| /. Letting N-eo we obtain 4, f=g=0.

In the sequel we shall use the following notation. If oy, ..., o, are non-zero and
(pairwise) commensurable then we define the least common multiple of ¢, ..., a, by

a=[og,....0) =min{f=0: fjacZ (i=1,..,n}
We shall denote m;=a/o; so that
Mty =...= m,o, =d.
Also, we define the greatest common divisor of &, ..., ®, by
(tgs s ) =max {f >0: o,/f€Z (i=1,..,n)}

2.8. LemMA. Let &y, ..., o, be positive and commensurable, and let f€ BC(R).
If (1) holds then f has an (%, ..., &,)-decomposition in C(R).

Proor. From (1) it follows that
®) By oo B f =0

for every k,, ..., k,€Z. In particular, with k;=m; we obtain 4% f=0 and hence,
by Lemma 2.7, 4, f=0. We may write (5) in the form
Su (=~ Deaten fx+ekyog+...+e,k,0,) =0 (x€R).
ec{o,1}"

e=(ey, ..., €,)

Summing up for 0=k;=m;—1 we obtain with M=m,...m,

M-f(x)z—e%(—l)eﬁ-"“n 2 f(xtekyoy+...+ek ).

0=k;=m;~1
Grouping the terms according to the last non-zero e;, we get the representation

f:Zn' fi» where
j=1

1
©) fl(x) = e=%—’i}n (- 1)e1+...+ej—1ﬁ-0§ki§ni_1 fx+e ko + ...+ejkjocj).
€;4y= AJ:.—=e"=0

It is easy to check, using 4,f=4,,, f=0 that 4, f;=0 for each j=1,...,n.

Now we turn to the proof of Theorem 2.1. Suppose that f, o, ..., «, satisfy
the conditions of the theorem, where o, ..., &, are arbitrary reals. If o;=0 for some
ithen fi=f, f;=0 (j=i) will provide an (a,, ..., a,)-decomposition of f in C(R).
Therefore we assume o;#0 (i=1, ..., n). We shall write the system o, ..., o, as

(N Oys coes Ogy Piseves Bos oovs Q1o oves @ (@+b+...+F = 1),
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where the grouping is made according to commensurability, i.e. the quotient of
two numbers in the system is rational if and only if they are denoted by the same
Greek letter. We put

=logy.ees &)y cors @ =[015 ..., 0]

Now (1) implies, as in the proof of Lemma 2.8, that 4%...4} f=0 and hence, by
Lemma 2.7,

®) Ay Ao f = 0.

Since the numbers «, ..., ¢ are pairwise incommensurable, Lemma 2.5 provides an
(e, ..., g)-decomposition

9) =LAt

in C(R). Let g=4,,...4, f,. Since 45..454,...4, f=0, another application of
Lemma 2.7 gives 4,...4,4,,...4,, f=0. Hence

Ago.hog = Ag... Ay ... 4, (f~fy—...—f,) = O.

We also have A4,g=0 and, as ¢, ..., ¢ are pairwise incommensurable, g is constant
by Lemma 2.6. Since g is the difference of a bounded function, we have M(g)=0
and hence g=0. That is,

(10) Agydo, f, =0

and then an application of Lemma 2.8 yields a continuous (2, ..., «,)-decomposition
of f,. Similarly, we obtain a continuous (B, ..., f;)-decomposition of f;, etc.
Replacing f,, ...,f, by these decompositions, we get a continuous (o, ..., &,)-
decomposition of f. This completes.the proof of Theorem 2.1.

We conclude this section with the following immediate corollary of Theorem 2.1.

2.9. THEOREM. If fEBC(R) has an (u, ..., o,)-decomposition then f has an
(g, ..., oty)-decomposition in C(R).

3. Norms of the decompositions. By the norm of the decomposition f=f;+...+f,
Wwe mean max | fll. For every n=1 we shall denote by C, the greatest lower
=isn N

bound of all positive numbers C' with the following property: whenever f¢BC(R)
satisfies (1) then f has a continuous (¢, ..., %,)-decomposition of norm not exceeding
C| f1: In this section we show that C,=2"-2? holds for every n=>1.

Our following results show that the more “independent” the numbers o, ..., &,
are, the sharper estimates on the norm of the decomposition we can prove.

3.1. Lemma. Suppose that fc BC(R) satisfies (1), where oy, ..., o, are pairwise
incommensurable. Then f has a continuous (o, ..., &,)-decomposition with norm not
, 1
exceeding [2—7] 171

Proor. Let f=g,+...+g, be a continuous (¢, ..., &,)-decomposition of f.
We define f;; and f; as in Lemma 2.3 (i). As we proved in Lemma 2.3, fi=g;+
+ > M(g;) holds for every i. Summing up these equalities for i=1, ..., » we obtain

i=i

=2nlf =f+(n-1) gnl M(gy) = f+(n—1)M(f).
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Now we put h;= ﬁ—(l —%] M(f). Then hy, ..., h, is an (o, ..., o,)-decomposition

of f and =1 il +{1- =) we()1=(2- 1) 171 for every i

3.2. LEMMA. Suppose that El—, ...,—0—3— are linearly independent over the ra-
1 n
tionals. If f¢ BC(R) satisfies (1) then
(i) sup f= ﬁ’max fi, inf f= Zn’ min f; hold for every continuous (o, ..., 0,)-
i=1 i=1

decomposition of f;
(ii) there is a continuous (o, ..., o,)-decomposition f=f,+...+f, such that

17 l= 2 1£0-

Proor. Let f=f+...+f, be a continuous (o, ..., a,)-decomposition. Let f;
attain its maximam at x; (i=1, ..., n), and let ¢=0 be arbitary. By the uniform
continuity of f;, there is 6=0 such that | f;(x)—f;(»)|<eg/n hold whenever |x—y{<§
and =1, ..., n. Since s T aTe linearly independent, we may apply Kronec-

1 n
ker’s theorem and find x€R and k4, ..., k,€ Z such that

5.
<-T&:i— (l—l,..-, n)

(see [2], p. 382). Then |x—k;o;—x;]<§8 for every i and hence

supf = f(x) = _=2";fi(x) - §ﬁ<x~kiai) =

= 3 i)~ 2 k) —f(x)] > 3 maxfi—e.

™

Letting ¢—~0 we obtain sup f= Zmax fi- As the reverse inequality is obvious,

this proves the first equality in (1) while the second follows by considering — f.

Now let f=g+...+g, be an arbitrary (ay, ..., o,)-decomposition of f in
C(R). We put

1 .
fi= gi——z—(maxgi+m1ngi) (i=1..,n-1)

and f,=f— > f;. Then f=fi+...+f, is an (o, ..., a,)-decomposition; we show
i=1

that J || = | /il holds. By (i) we have

supf= S maxf, = 'S |fil+max,
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and

inf f = izznl’minj; - ;2_11 I/l +min,.
Now we have either [|f,l=maxf, or | £, =—minf, and hence

31l = max(sup ; ~intf) = I].
Since || f]| = g"u £l is obvious, (i) is proved.

3.3. COROLLARY. If &;, oy are incommensurable and fec BC(R) satisfies 4, 4,, f=0
then there is a continuous (&, t)-decomposition f=f,+f, with | f|=| f1[|+” £l

. 1 1 . .
Proor. If o, o are incommensurable then T o are linearly independent
1 2
over the rationals and the previous lemma applies.

This result shows that the bound 2———;— in Lemma 3.1 is not sharp for n=2.
The next result proves the same for n=3.

3.4. Turorem. If f€BC(R) satisfies A, A, A, f=0, where a;, 0,, 05 are pair-
wise incommensurable then there is a continuous (0y, &y, 0g)-decomposition of f with
norm not exceeding || f 1.

Proor. Let 4 denote the infimum of the norms of the terms of all possible
continuous (o, o, #3)-decompositions of f. Since all these decompositions differ
from each other by additive constants, it is easy to see that 4 is, in fact, a minimum.
Suppose that A is attained in the decomposition f=g;+g,+g; and let, say, gl =
Then f—g, has an (a,, «3)-decomposition and, applying Corollary 3.3, we obtaln
a continuous (2,, %;)-decomposition f—g;=f+/; such that

Il + 1Al = [f—all = 1/ +4.

Since f=g;+f;+f;, the minimality of A implies A=[f] and A=|f[. Hence
D=|fl+IfsI=1f11+2, and thus A=[ f[. Also, A+|f]=[f]+2 showing
I Al=Ifl.- We obtain similarly | f|=]f| and hence f=g,+f,-+f; is the desired

decomposition.
Now we turn to the proof of C,=2"2, First we establish the result for n=2.

3.5. TuEorReM. C,=1.

Proor. Suppose that f€BC(R) satisfies 4,,4,, f=0. If a,, o, are incommen-
surable then Corollary 3.3 implies that there is a continuous (e, o,)-decomposition
of f with norm =|| f|. Thus we may assume that o, a, are commensurable. We
may even suppose that a;, o, are relatively prime integers. Let f=g;+g, be a con-
tinuous (& , &p)-decomposition of f. We put

M(x) = max g, (x+7), m(x) =ming(x+) (x€R),
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then M and m are continuous and periodic mod 1. We define

1 1
fi= gl—'z—(M+m)a Jo = g2+—2—(M+m).

Then f=f,+f, is a continuous (o, 0y)-decomposition of f; we show that || f;| =| 1
(i=1,2). Let
N(x) =maxfo(x+1), n(x)=minfo(x+i) (xcR).

Let x€ R be fixed. There are integers j, k such that gy(x+j)=M(x) and fo(x+k)=
=N(x). Since a;, o, are relatively prime, the system of congruences
s =j (mod ay), s=k (mod ay)

is solvable; let s be a solution.. Then

Files) = o) = MG~ (MG m(x) = 5 (M)~ m()

and fy(x+s)=f:(x+k)=N(x). Therefore
1) U ZfC+s) = Ale9) HhGe+5) = 5 (M)~ mx)+ N ().

A similar argument proves

71 = g (M)~ m(2)+n (),
thatis

(12 111 = 5 (M)~ m() ().

For every x we have either N(x)=0 or n(x)=0. Therefore (11) and (12) imply
1 . 1 .
—2-(M ®)—m)=|fIl. Since | ﬁllér??f{f(M (x)—m(x)) this proves || =/ f].

Also, (11) and (12) imply N()=|f]| and —n(x)=|f]. Since |f]=
ér}{l?ﬁ( max (N(x), —n(x)), || l=[f|l follows. This completes the proof.

3.6. THEOREM. For every n=2, C,=2""2,

Proor. Suppose that f€BC(R) satisfies (1). If o, ..., &, are commensurable
then, as we proved in Lemma 2.8, f has a decomposition f=f;+...+f,, where
f; is defined by (6). The sum defining f; consists of 2/~ terms of norm not exceeding

s n—2
[ 7. Hence |fill=2-*|fll holds for every j=1,..,n Let g=f— > f» then
Jj=1

g has an («,_,, o,)-decomposition and

gl =1+ 3 27117 = 2211,
Jj=1
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By Theorem 3.5, there is a continuous (x,_,, a,)-decomposition g=g,_;-+g, such
n—2

that |g;|=2""2| fl| (i=n—1,n), and hence f= > fi+g,_;-+g, is an (x, ..., &,)-
i=1

decomposition with norm =2"-2|| f|.

Next suppose that ay, ..., &, are not commensurable. Then (7) contains at least
two groups. Now (8) and Lemma 3.1 imply that the («, ..., ¢)-decomposition (9)
can be chosen with |fI=2[fl, ..., lI/5l=2]f]. Applymg (10) and taking into
consideration that «, ..., o, are commensurable we obtain an (&, ..., «,)-decompo-
sition of f, with norm not exceedmg

2a—-2A“f;C” = or=3.9 Hf” = 2"_2”f“

The same argument applies for f;, ...,f, and hence we can find an (o, ..., &,)-
decomposition of f° with norm =2"-2| f].

4. Quasi~-decompositions. We say that f=p+fi+...+f, is (o, ..., o,)-quasi-
decomposition of the function f, if p is a polynomial of degree <n and 4, fi=0
(i=1,...,n). If f hasan («, ..., a,)-quasi-decompositicn then, as we remarked in
the mtroductlon, (1) must hold. On the other hand, the existence of an (%, ..., d,)-
quasi-decomposition in C(R) imposes a stronger condition on f than (1). In order
to see this let us confine ourselves to the case of n=2.

If f=p-+g+h is a continuous (o, f)-quasi-decomposition then p is linear, say,
p(x)=cx+d. Hence

' 1 1 1 1 1
(13) Ef(ka) = coH—E d-{——k— glka) —}—E h(ka) = ca+0 {—k—)
since g and & are bounded. Let F=A4,f, then F=ca+4,h and thus M(F)=cu.

]
Since F is periodic mod f, this gives co =-é— f Fdx. Also,
0

ko) = kj Flis) +£(0),

and hence (13) can be written in the form

- B
(14) % 21 F(z'cx)—% [ Fdx=o0 [%] (k o).

Now, if « and B are incommensurable, then the sequence {ia};2, is uniformly dis-
tributed mod f and hence

1 k=1 1 f
— F(in) »— | Fd.
k i;('l (la) ﬁ ()[ x

holds for every function F continuous and periodic mod . However, the conver-

. . 1 . . . .
gence is not necessarily as fast as O [——) Let F be a continuous function, periodic

k
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mod B, for which (14) does not hold. Then we can construct a continuous f with
A, f=F (we even can prescribe f on [0, o] supposing f(®)—f(0)=F(0)). Then f
will satisfy 4,45 f=0 but will not have an (u, f)-quasi-decomposition in C(R).
We remark that one can construct continuous functions violating (14) by elementary
constructions (this is what M. Szegedy did) as well as using trigonometric series.

In our next theorem we shall give a necessary and sufficient condition for the
existence of a continuous (o, ..., &,)-quasi-decomposition by making use of the
following generalized modulus of continuity

W () st =, hem} (reca))

Mﬂﬂwmm=w{n
hER i=0

Whitney proved in [6] that there is a constant K, such that
inf {| f—pll: p is a polynomial of degree <n} = K,5,(f)
holds for every feC(R).

4.1. TuBOREM. A function feC(R) has an (o, ..., o,)-quasi-decomposition in
C(R) if an only if (1) and 6,(f)< e hold simultaneously.

Proor. If f=p+fi+...+f, is a continuous (x, ..., &,)-quasi-decomposition
then

0.(f) = sup 145 £l = sup 145 (/= = 21/ —pll = 2" (Al + ... 14D <e.

In the other direction, if (1) and 6,(f)< < hold then, by Whitney’s theorem,
there is a polynomial p of degree <n such that f—p€ BC(R). Since 4,,,...4, (f—p)=0,
we may apply Theorem 2.1 and obtain a continuous (o, ..., oc,,) decomposition
of f—p.

- Our next result is a simple application of this condition.

4.2. THEOREM. A function f has an (ocl, <oes O )-quasi-decomposition in C(R)
with a linear p if and only if (1) holds and f is uniformly continuous.

Proor. The necessity is obvious. Suppose that f is uniformly continuous and
satisfies (1). We may assume o;>0 (i=1, ...,#). Let h€R be fixed. We can choose

integers k; such that i; &£ h— £, 0,€]0, o;) (z~ s ...s #). Then we have

A f(x) = Ayt iyoy - Ayt S (X) =
= oy C Vet ko)t e (bt ka,) =
= %’ Doyt v enm ) +eskiog + .. e k,0,) =
= Aklal Aknu,.f('x)_i—%’ (— 1)eA(e, h)f(x(_e.))a
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where we denoted e=e;+...+e,, (e, h)=eh+...+eh, and x(e)=x+ekoy+...
... +ek,n,. Since |(e, h)|=n-max (oci)goc, we obtain '
11

|42 £(x)] = 042" sup {| f(x+D)—f(x)]: x€R, |f| = o} <

by the uniform continuity of f. This upper bound of |4} f(x)| does not depend on
h, therefore J,(f)<<-. By the previous theorem this implies that f has a con-
tinuous (o, ..., o,)-quasi-decomposition f=p-+f;+...+f,. Here p must be uni-
formly continuous, and hence p is linear, which completes the proof.

5. Remarks and problems. 5.1. The following theorem is a special case of [5]
Theorem 2.1. Let & be a translation-invariant linear space of bounded functions
defined on R. Suppose that there is a vector topology 4 on & such that J is trans-
lation-invariant, f,€%#, |f,]—~0 implies f,—~0 in 7, and {fcZ: |f|=1} is
compact in . Then & has the decomposition property. While this condition es-
tablishes the decomposition property of several function classes (e.g. the classes of
all bounded functions, all bounded Lipschitz functions or L= (R); see [5]), it cannot
be applied for BC(R). It was shown by V. Totik that there is no topology J on
BC(R) satisfying the conditions above. That is, the existence of such a topology is
not necessary for the decomposition property of the class &.

5.2. If a function f has an (o, ..., &,)-decomposition in C(R) then fis obviously
uniformly almost periodic (n.a.p.; see [1]). On the other hand, if f is v.a.p. then
condition (1) easily implies that each term of the Fourier series of f is periodic
mod one of the numbers o, ..., @,. That is, the (¢, ..., o,)-decomposition of f can
be obtained by grouping the terms of the Fourier series of f according to the periods
(cf. Bohr’s theorem [1], p. 44). This observation suggests that a simple proof of
Theorem 2.1 would be possible by showing that each bounded and continuous
solution of the difference equation (1) must be u.a. p. This is an obvious corollary
of our theorem; however, an independent proof would be desirable. We may ask
the following, more general question. Is every bounded, continuous solution of a
difference equation '

Zn’Aif(x‘i'ai) =0

i=1

necessarily v.a.p.? (We remark that, according to a theorem of J.-P. Kahane [4],
p. 43, a bounded solution is w.a.p. if and only if it is uniformly continuous.)
5.3. Our results on the norms of the decompositions raise several questions.

What is the best constant in place of 2*%— in Lemma 3.1? What is the exact value

of C,? In particular, is C,=1 true for every n?

5.4. Now we pose some problems concerning decompositions f=f,+...+f,
with measurable f;. Suppose that f is continuous and has an (v, ..., a,)-decompo-
sition with measurable f;. Does f have an (¢, ..., %,)-decomposition in C(R)?
(This amounts to ask whether f is necessarily bounded.) If not, does f have an
(o, .-.» &,)-quasi-decomposition in C(R)? We remark that no non-constant poly-
nomial can have an (&, ..., &,)-decomposition with measurable f;. (More generally,
no function f with lim |f(x)|=<> can be the sum of finitely many periodic, meas-
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urable functions.) We also remark that x™ does have an (o, ..., a,)-decomposition
(with non-measurable terms) supposing that m<n and a,, ..., o, are linearly inde-
pendent over the rationals. This was proved by M. Wierdl in [7].
5.5. The following result of Wierd! is also closely related to our topic. If f€C(R)
satisfies (1) then the limit
Jx)

lim
Yoo xn~1

exists and is finite.
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