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TURAN’S EXTREMAL PROBLEM FOR POSITIVE DEFINITE
FUNCTIONS ON GROUPS

MIHAIL N. KOLOUNTZAKIS aAnD SZILARD GY. REVESZ

ABSTRACT

We study the following question: given an open set (2, symmetric about 0, and a continuous,
integrable, positive definite function f, supported in © and with f(0) = 1, how large can [ f be?
This problem has been studied so far mostly for convex domains €2 in Euclidean space. In this
paper we study the question in arbitrary locally compact abelian groups and for more general
domains. Our emphasis is on finite groups as well as Euclidean spaces and Z¢. We exhibit upper
bounds for [ f assuming geometric properties of Q of two types: (a) packing properties of Q and
(b) spectral properties of Q. Several examples and applications of the main theorems are shown. In
particular, we recover and extend several known results concerning convex domains in Euclidean
space. Also, we investigate the question of estimating IQ f over possibly dispersed sets solely in
dependence of the given measure m := || of Q. In this respect we show that in R and Z the
integral is maximal for intervals.

0. Introduction

0.1. A problem of Turan and Stechkin
We study the following problem proposed by Turdn and Stechkin [21].

Given an open set €2, symmetric about 0, and a continuous, positive definite,
integrable function f, with supp f C Q and with f(0) = 1, how large can [ f
be?

The cases studied so far concern  being a convex subset of R? (see [3, 4, 9, 16])
or an interval in the torus T = R/Z (see [2, 10, 21]).

Such a question is interesting in the study of sphere packing [5, 8], in additive
number theory [14, 20] and in the theory of Dirichlet characters and exponential
sums [17], among other things.

In this paper we study the problem in more general locally compact abelian
(LCA) groups. This simplifies and unifies many of the existing results and gives
several new estimates and examples. If G is a LCA group, a continuous function
f € LY(G) is positive definite if its Fourier transform f : G — C is everywhere
nonnegative on the dual group G, see §1.1. For the relevant definitions of the
Fourier transform we refer to [15, Ch. VII] or [19].

The set Q will always be taken in this paper to be a 0-symmetric, open set in G.
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If f € LY(G) is continuous, positive definite and supported in Q, it follows that
f(0) > f(z) for any x € G. This leads to the estimate [ f < [€2]f(0), called the
trivial estimate from now on.

DEFINITION 1. The Turdn constant 7¢(2) of a 0-symmetric, open subset 2 of
a LCA group G is the supremum of the quantity [, f/f(0), where f € LY(G) is
continuous and positive definite, and supp f is a closed set contained in 2.

REMARK 1. The quantity 7¢(£2) depends on which normalization we use for
the Haar measure on G. If G is discrete, we use the counting measure and if G is
compact and non-discrete, we normalize the measure of G to be 1.

The trivial upper estimate for the Turdn constant is 7¢(2) < |€].

0.2. Previous work

Let us review some of the known results.

Stechkin [21] proves Tp(€2) = 3|Q| if @ € T = R/Z is a O-symmetric interval
whose half length divides the length of T.

In [3, 4] Arestov and Berdysheva prove that if Q C R? is a convex polytope which
can tile space when translated by the lattice A C R? (this means that the copies
Q+ A, A € A, are non-overlapping and almost every point in space is covered), then
Tra(Q) < 279Q).

Gorbachev [9] also shows the same inequality if 2 is the Euclidean ball in R?
(a different proof of this is given in [16]). The ball clearly cannot tile space.

Kolountzakis and Révész [16] show the same inequality for all convex domains
in R? which are spectral (the definition appears later in this paper in §1.3): convex
spectral sets are conjecturally the same as convex tiles [7], which was proved for
dimension 2 in [13]. It is known that all convex tiles are spectral (a result of Venkov
and McMullen; for further details see [16] and the references therein), so the result
of Arestov and Berdysheva [3, 4] is also a consequence of the result in [16].

Gorbachev and Manoshina [10] study the function 77(2) when € is a 0-symmetric
interval whose half length does not divide the length of T, and they give more
detailed information on 71(€2) when that length is of a certain arithmetical type.

0.3. Various forms of the Turan problem

In fact, it is worth noting that Turdn type problems can be, and have been,
considered with various settings, although the relation of these has not been fully
clarified yet. Thus, in extending the investigation to LCA groups or to domains in
Fuclidean groups which are not convex, the issue of equivalence has to be dealt
with. One may consider the following function classes:

F1(Q) :={f € LY(G) : supp f C Q, f positive definite}, (1)
Fe () :={f € LY(G)NC(G) : supp f C Q, f positive definite}, (2)
Fe(Q) :={f € LY(G) : supp f CC Q, f positive definite}, (3)
F(Q):={f € C(GQ) :supp f CC Q, f positive definite}. (4)

In F1, Fg supp f is assumed to be merely closed and not necessarily compact, and
in Fi, F. the function f may be discontinuous.
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The respective Turdn constants are

TLM(Q) or TE(Q) or TE(R) or T6(Q)

f(0)

In general we should consider functions f : G — C. However, according to (10),
f, and thus even ¢ := Rf, is also positive definite, while belonging to the same
function class. As we also have f(0) = ¢(0) and [ f = [ ¢, restriction to real valued
functions does not change the values of the Turdn constants.

To start with, in § 1.1 we prove the following theorem.

= sup {JhG—f o f e Fi(Q) or Fg () or F.(Q) or F(Q), respectively}. (5)

THEOREM 1. We have for any LCA group the equivalence of the above-defined
versions of the Turdn constants:

TN (@) = TE Q) = TEQ) = Ta(9). (6)

Note that the original formulation, also presented above in §0.1, corresponds to
T ().

REMARK 2. It is not fully clarified what happens for functions vanishing only
outside of 2, but having nonzero values up to the boundary 9f2.

0.4. New results

In this paper we focus mostly (but not exclusively) on finite or compact abelian
groups.

In particular, in the case of finite groups we can show clearly the geometric
aspects of the problem without being sidetracked by the technicalities that arise
when the group is not discrete or not compact.

We present two types of result. In the first type, some kind of ‘packing’ condition
is assumed on © which leads to an upper bound for 7¢(€2). (The justification of the
term ‘packing’ should be more evident in the statement of Corollary 5 in §3.1.)

THEOREM 2. Suppose that G is a compact abelian group, A C G, Q C G is a
0-symmetric open set and (A — A) N Q C {0}. Suppose also that f € L'(G) is a
continuous positive definite function supported on ). Then

G|
Lf(x) iz < 5LF(0) (7)

In other words, 7¢(2) < |G|/|A].

(Observe that the conditions imply that A is finite.)
The proof appears in § 3.
The following Theorem 3 is analogous to Theorem 2 for the non-compact case.

THEOREM 3. Suppose that G is one of the groups R% or Z%, that A C G is
a set of upper density p > 0, and Q C G is a 0-symmetric open set such that
QN (A—A) C {0} Let also f € L*(G) be a continuous positive definite function
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on G whose support is a compact set contained in ). Then
1
| #@iz <2 g0 ®)
G P
In other words, 7Tz (2) < 1/p.

In §§2.4 and 3.2-3.5 we present several examples and applications of Theorems 2
and 3 in various groups. These theorems in particular imply the results of [3, 4,
21], but are much more general.

The second type of result we give is analogous to that proved in [16]. Here we
suppose that Q can be embedded in the difference set of a spectral set (see the
definition in §1.3) and we derive an upper bound for 74 (2) from that.

THEOREM 4. Suppose that G is a finite abelian group, @, H C G, Q2 C H — H,
and that H is a spectral set with spectrum T C G. Then for any positive definite
function on G with support in ) we have

> f@) < [H[f(0). 9)

zeG
In other words, 7z () < |H].

What was essentially proved in [16] was a ‘continuous’ version of Theorem 4.
Essentially, the following was proved.

THEOREM 5 [16]. If H is a bounded open set in R? which is spectral, then for
the difference set 0 = H — H we have Tpa(2) = |H|.

The result there was only formulated for convex sets H C R (for which H — H =
2H) but the proof works verbatim for the result we just stated. Let us emphasize
here that in the continuous case we demand that eligible functions for our extremal
problem have compact support contained in the given open set ) (whose Turdn
constant we are estimating).

We give the proof of Theorem 4 in §4.1.

Furthermore, in §4.2 we show that there are cases when Theorems 4 and 5 give
provably better results than any application of Theorems 2 and 3, respectively. For
this we use one of Tao’s [22] recent examples which show one direction of Fuglede’s
conjecture to be false.

1. Preliminaries

In this section we describe the basic facts about positive definite functions,
translational tiling, packing and spectral sets on LCA groups.

1.1. Positive definite functions on LCA groups

In this subsection we explore a few facts on positive definite, not necessarily
continuous functions. We could not decide whether anything is new here, as we
have found it very hard to locate these facts in the literature without assuming
continuity of the positive definite function at the outset. So we collected these facts
here.
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Recall that on a LCA group G a function f is called positive definite if the
inequality
N
Z enmf(@n —xm) 20 (Vap,...,28y € G, Vep,...,cny € C) (10)

n,m=1

holds true. Note that positive definite functions are not assumed to be continuous.
Still, all such functions f are necessarily bounded by f(0) (see [19, p. 18, (3)]).
Moreover, f(x) = f(x) := f(—z) for all z € G (see [19, p. 18, (2)]), hence the
support of f is necessarily symmetric, and the condition supp f C 2 implies also
that supp f C QN (—). The latter set being symmetric, without loss of generality
we can assume at the outset that 2 is symmetric itself.

It is immediate from (10) that for any subgroup K of G, the restriction f|x of a
positive definite function f is also positive definite on K. R R

The Fourier transform f of an f € L!'(G) belongs to A(G) C Cp(G), and
the Fourier transforrggf the convolution f * g of f,g € L'(G), defined almost
everywhere, satisfies f x g = fﬁ (see [19, Theorem 1.2.4]). Similarly, for v, u € M(G)
and their convolution p * v € M(G) the Fourier transforms are bounded and
uniformly continuous and i * 7 = jiv (see [19, Theorem 1.3.3]).

In the case f,g € L%*(G), the convolution h := f * g is defined even in the
pointwise sense and h € Co(G) (see [19, Theorem 1.1.6(d)]). For f € L*(G)
arbitrary (denoting, as above, f(r) := f(—z)), f * f is continuous and positive
definite with Fourier transform |f|* (see [19, §1.4.2(a)]).

Note that for any given v € G f is positive definite if and only if f(z)v(x) is posi-
tive definite; this can be checked by modifying the coefficients in (10) accordingly.

LEMMA 1. Suppose that f is (measurable and) positive definite and g € L*(G)
is arbitrary. Then the product f - (g *g) is positive definite.

Proof. As written above, h := g*g € Cy(G), while f, being positive definite, is
also bounded. Take now z,, € G and ¢,, € C for n =1,..., N arbitrarily. Then

N
Z cnc_mf(xn - xm)h(xn - xm)
n,m=1
N
= 3" cutmfon —m) | g(on — y)an ) dy
n,m=1 G
7 N
=] 3 e =),
n,m=1

where a,(y) == cng(zn —y) € L*(G) (n =1,..., N). Since the expression under the
integral sign is nonnegative by (10) for each given y, the integral is also nonnegative
and the assertion follows. O

Observe that Lemma 1 ensures positive definiteness of fh only if h has a ‘convo-
lution root’ g € L?(G). We do not know if the same holds for any positive definite
h € C(G), say, as in general positive definite functions may have no convolution
roots; see e.g. [6].
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Note that we did not assume f to be integrable, and neither is the product fh
supposed to belong to any subspace. By positive definiteness, f is bounded; but if
G is not compact, f is not necessarily defined. However, as h € Cy(G), in any case
we must have fh € L*°(G). This also follows from the positive definiteness of fh.

The next lemma is obvious for compact groups as we can take k = 1.

LEMMA 2. Suppose that C is a compact set in a LCA group G and 6 > 0 is
given. Then there exists a compactly supported, positive definite and continuous
‘kernel function’ k(x) € C.(G) satisfying k(0) = 1, 0 < k < 1, and klc > 1 — 6.
Moreover, we can take k = h * h, where h is the L?-normalized indicator function
of a suitable Borel measurable set V' > C with compact closure V.

Proof. 'We may clearly assume that G is not compact.

The deduction will follow the proof of Theorem 2.6.7 of [19, p. 52] with a slight
modification towards the end of the argument. In this proof the compact set C'
is given, and then another Borel set E and an increasing sequence of Borel sets
Vn (N € N) are found, so that C C E = Vj and |Vn| = (2N + 1)"|E| (with n a
fixed nonnegative integer constant); moreover, all of the Vy have compact closure
and Vy + F C V4 is ensured for some fixed s and for all N € N. Hence, for
every ¢ € C' C E we have Vy;s — ¢ D V. Denoting the indicator function of Vi,
by x, we are led to [, x(z + ¢)x(z)dx > |Vy|. Putting h := [Vgs|~Y/?x yields
hxh(c) = |Vn|/|Vass| > 1 =6, if N is chosen large enough (depending on the
constants n, s and the given §). With this choice of h and V' := V., all assertions
of the lemma are true. l

REMARK 3. As Rudin points out, this argument essentially depends on struc-
ture theorems of LCA groups.

LEMMA 3. Suppose that f € L'(G) is positive definite. Then the Fourier
transform f is nonnegative.

Proof. Since for any character v € G we have 'ﬁ = f(: v), and f is positive
definite precisely when ~f is such, it suffices to prove that f(0) > 0.

For technical reasons, we need to modify f to have compact support. Let ¢ be
any positive parameter. Since dv(z) := f(z) dz is a regular Borel measure, for some
compact set C' we have || f| g\ ¢) < 0. Take the function k provided by Lemma 2
for the compact set C' and the chosen parameter § > 0. If g := kf, Lemma 1
shows that g is positive definite, while [g(0) — f(0)| < | [o f— [ 9l + I fllLr o) <
O fo1fl4+ 6 < 8(1+ | fllrr). Choosing § small enough, it follows that there exists
a_compactly supported positive definite g € LY(G) with g(0) < 0 provided that
f(0) < 0. Hence, it suffices to prove the assertion for compactly supported positive
definite functions g.

Applying definition (10) with all ¢,, chosen as 1 yields

N N
OQZZg(xn—xm).

n=1m=1
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Integrating over CV (where C := supp g) we obtain

0.< N|C|Vg(0) + (N - N>|C|N*1j 0
which implies that ¢

|Clg(0)
— < g(0).
N -1 9(0)
Letting NV — oo concludes the proof. O

LEMMA 4. Suppose that f,g € L*(G) are two positive definite functions. Then
the convolution f * g € L'(G) is uniformly continuous and positive definite.

Proof. Since a positive definite function is bounded, we have also f € L*>(G),
hence f * g is uniformly continuous (cf. [19, Theorem 1.1.6(b)]). For the Fourier
transform f/*\ii fﬁ of the continuous function f * g, positive definiteness is
equivalent to f* g > 0. Now Lemma 3 gives f > 0 and g > 0, hence fxg > 0
and f x g is positive definite. O

LEMMA 5. Suppose that U is a given neighborhood of 0 in a LCA group G. Then
there exists a compactly supported, continuous, positive definite and nonnegative
‘kernel function’ k(z) € C.(G) satisfying suppk CC U and [ k = 1. Moreover, we

can take k = h* h, with h = |W|~Yxw, where xw is the indicator function of a
compact set W satisfying W — W C U.

Proof. By continuity of the operation of subtraction, there exists a compact
neighborhood W of 0 satisfying W — W C U. With the above definitions of k£ and
h we clearly have suppk CC W — W C U (cf. [19, Theorem 1.1.6(c)]) and also
[k=|WI|=2([ xw)? = 1. Since h,h € L*(G), k € Cy(G), and as supp k is compact,
k € C.(G). Since h is nonnegative, so is k. Finally, [19, 1.4.2(a)] gives positive
definiteness of k. O

LEMMA 6. Let f be positive definite and integrable. Then for any ¢ > 0 and
open set U containing 0, there exists a nonnegative, positive definite function of the
form k = hxh (with h € L*(G)), so that suppk CC U, [, k =1, and || f—f*k[}1 <.

Proof. For the given function f there exists a neighborhood V of 0 with the
property that || f — f * u|| < € whenever IGu =1 and u > 0 is Borel measurable
and vanishing outside V' (see [19, Theorem 1.1.8]). Now we can construct for the
open set Uy := V N U the kernel function k as in Lemma 5. Clearly, k satisfies all
conditions for u, hence ||f — f * k|1 < € follows. By construction, suppk CC Uy C U
and [, k=1. O

LEMMA 7. For any pair of sets K CC U with K compact and U open, there
exists a neighborhood V of 0 satisfying K +V C U.

Proof. Since addition is continuous, for any open neighborhood Uy of 0 there
exists a neighborhood W so that W + W C Ujy. Take now to each point x € K an
open neighborhood W, of 0 such that x+ W, + W, C U, that is, W, +W, C U —x.
Clearly the family of open sets {x + W, : # € K} form an open covering of K, so in
view of compactness of K there exists a finite subcovering {W,, +zx : k=1,...,n}.
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Take now V := ﬂZ':l W, We claim that K4+ V C U. Indeed, ify € K and z € V,
then considering any index k with y € o + W, , wefind y+z € (xp +W,, )+ V C
xk"‘kaﬂ‘kaCU. O

LEMMA 8. Let € > 0 be arbitrary. Assume that f is measurable and positive
definite and compactly supported in the open set ). Then there exists another
positive definite, but also continuous function g with f(0) > ¢(0) and [,g >
IG f — €, also supported compactly in 2.

Proof. Observe that f, being positive definite, is also bounded, and since it
is compactly supported, it also belongs to LY(G). Thus we can use the Fourier
transform f. Let K := supp f CC Q and consider a neighborhood U of 0 with
K+ U C Q. Such a U is provided by Lemma 7. Lemma 6 provides a positive
definite, continuous kernel k£ € C.(G), compactly supported in U and satisfying
fo*k > fcf—e. In view of k = h * h and Lemma 4 also g := f * k is positive
definite while obviously g € C.(G) is supported compactly in K+U C . It remains
to note that by £ > 0, [k =1 and | f| < f(0) we also have g(0) = [ k(z)f(—z)dz <
£(0) [ k= £(0). O

ProposITION 1.  With the definitions above we have Tcgl)(Q) =T75().

Proof. Let € > 0 and § > 0 be arbitrary and f € F1(2) be chosen so that
Jaf> Tcgl)(Q) — 4. As f € LY(@Q), the measure |f(x)|dz is absolutely continuous
with respect to the Haar measure, hence it is also a regular Borel measure and there
exists a compact subset C' CC supp f so that IG\C |f| < 6. Now an application of
Lemma 2 with C' and § provides us the positive definite, compactly supported
kernel function k satisfying k(0) = 1, and k|c > (1 — J). Let g := fk. Then
suppg C (supp k Nsupp f) CC supp f, hence g is compactly supported within Q.
Moreover, g(0) = 1 and g is positive definite in view of Lemma 1. Hence, g € F.(Q).

We now have

= n _5 -

IREIN Jmcm
- _—)

eI

> (1-8)(75"(Q) - 8) — 6.

WV

Clearly, if 6 was chosen small enough, we obtain [ g > Tcgl) (Q) — e. Now taking sup
over g € F.(Q2) concludes the proof, since € > 0 was arbitrary. ]

PROPOSITION 2. With the definitions above we have T¢ () = 75(£2).

Proof.  Since F.(Q) D F(1), it suffices to prove 75(Q) < T¢(9).

Let € > 0 and f € F.(Q) be chosen so that [ f > T5(2) — e, while supp f is
a compact subset of the open set 2. Hence, an application of Lemma 8 provides
age F(Q) with 76(Q) > [g > [f—€ > T5(Q) — 2. Now € — 0 yields the
proposition. O
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Proof of Theorem 1. 'We have the obvious inclusions F1(Q2) D Fg(Q) D F(Q)
and Fi(Q) D F.(Q) D F(R), hence T4 (Q) > T¥(Q) > To(Q) and TV (Q) >
75(Q) = 7¢(Q2). On combining these inequalities with Propositions 1 and 2, the
assertion follows. O

If we consider a continuous positive definite function f, then it must also be
uniformly continuous [19, p. 18, (3) and (4)]. When supp f has bounded Haar
measure (and, in particular, when supp f is compact), then f also belongs to L*(G).
For an integrable, continuous and positive definite function f the Fourier transform
f of f exists, and the Fourier inversion formula holds, cf. [19, §1.5.1]. The well-
known Bochner—Weil characterization says that f € C(G) being positive definite
is equivalent to the existence of a non-negative measure p on the dual group G so
that

moreover, this representation is unique, cf. [19, §1.4.3]. Comparing the Fourier
inversion formula and the unique representation above leads to the further charac-
terization that for a continuous and integrable f being positive definite is equivalent
to f > 0, compare [19, §1.7.3(e)]. Thus, it is really advantageous to restrict the
function class considered from Fi(Q2) to F(2), say.

Our setting is that € is an open (symmetric) set, and we require that f can be
nonzero only in 2. This is an essential condition. In this respect, approximation has
its limitations: for example, we cannot relax the conditions to require supp f C Q
only.

Indeed, if 2 is not fat, meaning that = int Q, this can lead to essential changes
of the Turdn constants. For example, if G = R and Q = (—a,a) \ {£b}, then
int Q = (—a,a) and Tz ((—a,a)) = a, while Te(Q) = bif a/2 < b < a, see Theorem 7
below. Similarly, if G = T and Q = T \ {n}, then 7p(Q) = 1/2, but obviously
T1(Q) = 1. That is, forcing the function f to vanish at one single point can, through
positive definiteness, bring down the values essentially in general.

In this respect, original formulations of the Turdn problem in [4] and [16] may be
misleading, since for a convex body Q in R? or T¢ the allegedly extremal function
Xq/2*Xa/2 does not belong to the function class Fg (£2) considered there. Instead, a
corresponding limiting argument should provide the same extremal value. In convex
or star bodies in Euclidean spaces one can easily obtain a positive definite function
supported properly in the body from one that may be ‘non-zero up to the boundary’,
by a slight dilation of space, without losing much integral. It is unclear how to do
this in general, even for domains in R%.

1.2. Tiling and packing

Suppose that G is a LCA group. We say that a function f € L'(G) tiles G by
translation with a set A C G at level c € C if

D fla-N=c
AEA

for almost all € (G, with the sum converging absolutely. We then write
‘fHA=cG.
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We say that f packs G with the translation set A at level ¢ € R, and write
f+A<cG,if

Zf(x_A)gcv
AEA

for almost all z € G.

When the group is finite (and we do not, therefore, have to worry about the set
A being finite or not) the tiling condition f + A = ¢G means precisely f * xa = c.
Taking Fourier transform, this is the same as fxa = ¢|G|xo}, which is in turn
equivalent to the condition

SuppTh € {0} U{F =0} and e= iz 3 f(a) (11)
zeG

Finally, if E C G we say that E packs with A if xp packs with A at level 1.
Observe that E packs with A if and only if

(E—E)n(A—A) = {0}.

1.3. Spectra

Let G be a LCA group and G be its dual group, that is the group of all continuous
group homomorphisms G — C. A set H C G has the set T C G as a spectrum if
and only if T forms an orthogonal basis for L?(H).

Suppose from now on that G is finite.

It follows that |T| = |H|, the dimension of ¢2(H), and with a little more work it
follows that T is a spectrum of H if and only if we have the tiling condition

Xal*+ 7T = |H*G. (12)
Indeed, for ¢1,ts € G we have by the definition of the Fourier transform that

(tte)y = D hi(@)fa(2) = Y (= t2)(x) = Xa(tr — bo).

z€H z€H

Suppose now that T is a spectrum of H. If t € G we have (Parseval)

| = (el

-2l

seT

= 7 Ll

seT

1 —~
~ 1= Z Xt — s,

seT

2

which is precisely the statement that |Yz|*> + 7T = |H |2é It follows similarly that
this tiling condition is also sufficient to imply that T is a spectrum of H (we are
not using this direction in this paper).

By the analysis of tiling shown in §1.2 it follows that this happens if and only if

suppxt C {0}U(H — H)° and |T|=|H|. (13)
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2. Generalities about Turan constants on groups

2.1. Homomorphic images and the Turan constant

Let G and H be two LCA groups, and ¢ : G — H a continuous group homo-
morphism which maps G onto H. Denote K := Ker(¢) < G. By the continuity
of ¢, K is a closed subgroup, hence a LCA group itself. We consider G/K as
fixed together with the canonical or natural projection 7 : G — G/K defined as
7w(g) == [g] == g+ K € G/K. By definition of the topology of G/K, 7 is an
open and continuous mapping. Compare [19, Appendices B.2 and B.6]. Moreover,
pon~t:G/K — H is an isomorphism of the LCA groups G/K and H.

For the determination of the Turdn constants, the choice of the Haar measure
is relevant. Haar measures are unique up to a constant factor: we can always
choose the Haar measures pux and pug i so that dug = duk dug)k, in the sense
of (2) in [19, 2.7.3]. On the other hand, fixing a particular Haar measure pp
of H always leaves the question of compatibility with the fixed measure pg,x
and the mapping ¢ open. Let A C H be an arbitrary Borel set. Then one can
define v(A) = pg/k(m(p~'(A))); since ¢ is onto, clearly this defines another
Haar measure on H. Since Haar measures are constant multiples of each other,
we necessarily have C' := duy /dv a constant. Once H and ppy are given, various
homomorphisms ¢ may generate different measures, but the constant C' = C(yp)
can always be read from this relation.

PrOPOSITION 3. Let G and H be LCA groups, and ¢ : G — H be a continuous
group homomorphism onto H. Suppose that an open subset Q0 C G is given, and let
© := ¢(2) C H. Consider the closed subgroup K := Ker(y) < G, and the quotient
group G/ K together with their Haar measures ji/x and px, normalized as above.
We then have

T4(9) < éTH(@)TK(Q NEK) (c - dg—f). (14)

L is defined as above.

Here v := ug/gomop™

Proof. As K is the kernel of the continuous homomorphism ¢, K is a closed sub-
group of G. Therefore, the factor group G/K is a LCA group, which is continuously
isomorphic to H.

The image O of the open set 2 is open, since ¢ is also an open mapping. Indeed,
7 is open by its definition, and thus 7(2) is open in G/K for any open € in G.
However, the isomorphism v : G/K — H, defined by v := ¢ o 7!, brings over the
open set 7(€2) to ©, which is then open by the isomorphism itself.

Observe that Qg := QN (K + g) is relatively open for any g € G, while the coset
K + g is closed. Let us choose arbitrarily a representative g(h) € G of each coset
¢~ Y(h) of K to all h € H. Now for any uniformly continuous function f : G — C
we can define

P = [ R i) = | g e —om). 05)
o= 1(h
Since f is uniformly continuous, the function F' : H — C is continuous, F(0) =
I [ dpk, and by Fubini’s theorem
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| Foydun = [ [ s+ 8 durcore avi
H HJK

—cf J Fla(h) + k) dpre (k) dpsgs e (o™ (1)
HJK

-C flg(h) + k) dux (k) dpg i ([g(R))])
JHx K

~

=C| [fdupe, (16)
G

taking into account the choice of normalization of the Haar measures for K and
G /K. Next we prove that F' is positive definite on H in case f is positive definite
on G. Indeed, for any character y on H there is a character v := x o ¢ on G, and

applying (16) to fry yields

| Poaun) = c| 1@ >0
Thus, we have [, Fdug < Tg(©)F(0). Moreover, f|x is positive definite on
K, hence we also have F(0) = [, fdux < Tx(K NQ)f(0). Comparing these
inequalities with (16) yields C [, fduc < Tu(0)Tk (K NQ)f(0), and taking the
supremum of [, f dug/f(0), we obtain (14). O

2.2. Automorphic invariance of the Turdn constant

One of the reasons to work out Proposition 3 is its corollary to the case when we
deal with an automorphism of the group G.

COROLLARY 1. Let G be a LCA group and let ¢ : G — G be an automorphism.
Then we have for any open set 2 C G the identity

Ta(p(9)) = 'ﬁg?'f(;m). (17)

Proof. In our case H = G and ¢ is an automorphism. Clearly then K = {0}
is the trivial group, px = Jp is the trivial measure, K NQ = {0}, Tx (K N ) =1,
pr(KNQ) =1 and G/K = G, pe/xk = pg- Thus we find v = pg o o1,
and C := dug/dv being constant, it can be computed on Q* := () as C =
1| /|o~ 1 ()] = |Q*|/|9]. Applying Proposition 3 yields (17) with ‘>’ first.
However, ¢! is also an automorphism, and that also implies the reverse inequality.
Whence Corollary 1 follows. ]

The important special case when G = R? and ¢ is any linear mapping A : R? —
R? was already noted in [3]. There the computation of the constant C is equivalent
to the calculation of the volume element, that is, the determinant, of the linear
mapping A.

The next assertion was also observed in [3] for RY.

COROLLARY 2. Let G = Gy x...xGpand Q; C G; (j =1,...,n), Q =
Q1 X ...%xQ,. Then we have

Ta(Q) = T, () ... Ta, (). (18)
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Proof. The ‘<’ direction easily follows from iteration of Proposition 3.
On the other hand, take any continuous positive definite functions f; on G; with
supp f; CC Q; for j = 1,...,n. It is then easy to see that the product f := fi... f
is a continuous positive definite function on G, with supp f CC €, hence the ‘>’
part of (18) also follows. O

2.3. Turdn constants on quotient groups

COROLLARY 3. Let G be a LCA group, K a closed subgroup of GG, and suppose
that the Haar measures pur and jug/x of G and G/ K, respectively, are normalized
(as always) so that dug = duk dpc k. Let 0 be any open set in G and © be its
projection on G/K, that is, © := {g+ K : g € Q}. Then we have

Tc(Q) < To/x(©)Tk (AN K). (19)
In particular, if QN K = {0}, then 76(Q) < Tq/x(0©).

Proof. Consider H := G/K and the natural projection 7 : G — G/K. It
is a continuous group homomorphism and thus Proposition 3 can be applied with
w:=m. In this case © = 7(Q) comprises the class of cosets K + g so that
K +gNnQ # 0, and the arising measure v is identical to pg, . Hence, C' = 1
and we are led to (19). The special case is obvious. O

2.4. Restrictions to subgroups and the Turdn constants

We show now that there is some sort of monotonicity in the first argument of
T6(Q) as well.

COROLLARY 4. Let G be a compact abelian group, and K a closed subgroup
of G. Let the Haar measures ux and ug be normalized arbitrarily, and let €2 be
any open set in G. Then we have

G|

(@) < 5 Te(@N K) (20)

Here |G| = pe(G) and |K| = pr (K).

Proof.  With pug and pg already given, we can define the Haar measure jug,x
so that the condition ug = prpq i still holds. Let ¢ := 7 and H := G/K as
in the previous corollary. Since we always have © C G/K, and thus 7,5 (0) <
Ta/k(G/K) = pg/k(G/K), an application of Corollary 3 yields 75(2) <
pa/k(G/K)T (2N K). It remains to see that for a compact group G' and (closed,
hence compact) subgroup K the quotient is also compact, and according to our
choice of normalization we have pg/x(G/K) = pe(G)/px(K). The assertion
follows. O

EXAMPLE 1. Let us remark here that [10, Lemma 1] can be proved via Corol-
lary 4 by taking G = T, Q to be the interval (—p/q,p/q) C T (for some co-prime
integers p and ¢ with p/q < 1/2) and K to be the (finite) subgroup of T generated
by 1/¢. The results in [10] first show that the Turdn problem in this case can be
reduced to a finite problem of linear programming (this is obviously the case for
any Turdn problem on a finite group) and Corollary 4 shows half the reduction.
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The reverse inequality is also true in this particular case (this can be shown by
‘convolving’ a positive definite function on the subgroup with a Fejér kernel of
half-base 1/¢) but it cannot be expected to hold in general.

3. Upper bound from packing

Here we show in §3.1 the three main results which give us upper bounds for
the Turan constant using ‘packing’. In the remaining part of this section we show
several examples and applications of these, in various groups.

3.1. Proof of the main bounds from ‘packing’

Proof of Theorem 2. Define F : G — C by
Flz)= > flx+XA—p).
A HEA
In other words F' = f % dp x _A, where 4 denotes the finite measure on G that

~ o~ 2
assigns a unit mass to each point of the finite set A. It follows that F' = f|dx| =0
so that F' is continuous and positive definite. Moreover, we also have

supp F' Csupp f + (A —A) CQ+ (A - A) (21)
and
F(0) = [A]£(0), (22)
since QN (A — A) C {0}. Finally
| F=ar] (23)
G G

Applying the trivial upper bound [, F' < F(0)|Q + (A — A)| to the positive definite
function F' and using (22) and (23) we get

Q+(A-A
[ 5B 2=Bls0) (24)
G Al
Estimating trivially |2+ (A — A)| from above by |G| we obtain the required
76() < |G]/IAl- [

COROLLARY 5. Let G be a compact abelian group and suppose that ), H,
A C G, H+ A <G is a packing at level 1, that Q@ C H — H and that f € F(Q).
Then (7) holds.

In particular, if H + A = G is a tiling, we have

Ta(Q) < |H|. (25)
Proof. Since H+A < G it follows that (H—H)N(A—A) = {0}. Since Q C H—H
by assumption, it follows that {2 and A — A have at most 0 in common. Theorem 2

therefore applies and gives the result. If H + A = G, then |G|/|A| = |H| and this
proves (25). O

Proof of Theorem 3. Let € > 0 and choose R > 0 and = € G such that
AN Qr(@)| = (p— €)|Qr(2)| > (p — ) (R —1)7,
where Q r(x) is the cube of side R and center at x. Assume also that supp f C @Q,-(0).
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Let A’ = AN Qg(x) and construct the function F as in the proof of Theorem 2,
with A’ in place of A. We now have that

supp F' C supp f + (A" = A') € Q2p++(0).

This time we do not apply the trivial upper estimate to F' as we did in Theorem 2
(then, we had no detailed information on the support). Instead we use that for
L 2N

Ta(Qr(0) < (L/2+1)% (26)

The validity of 7z« (Qr(0)) < 27¢L% (V L > 0) and hence (26) in the case of G = R?
has been proved, for example, in [3, 4, 16]. For G = Z¢ we give a proof here.

Note first that for any finite Q C Z¢ and any large enough positive integer M we
have

Tya() < Ty (). (27)

Indeed, if M is large enough (for example, M > diam(2)/2), then the closed
subgroup K := MZ? only intersects  in 0, while the factor group Z‘fw will have
an injective image © of Q2: hence Corollary 3 applies.

IfQ=Q%0)={—L/2,...,L/2}" define H to be the set {0, ..., L/2}* such that
Q= H — H. Take now M = 10(L/2 + 1), for example, so that: (a) H tiles Z¢, by
translation; and (b) M is large enough to have all elements of Q distinct mod Z4,.
Using Corollary 5 we obtain (26) from (25) in the group Z¢,, and hence also in Z?
because of (27).

Hence, taking L := L(R,r) in (26) as the least even integer not less than 2R +r,
we obtain both for G = R and G = Z% the estimate [, F < Ta(QL(0))F(0) <
(R+7/2+ 2)?F(0). Comparing this with (22) and (23) (with A’ in place of A) we
are led to

(R+7/2+2)

r d
| 1< ottt < fo) B2 T2
. ]

(p—e)(R—1)%

Since € > 0 can be taken arbitrarily small and R arbitrarily large, we get IG f<

p~ " f(0).

3.2. Sharpness

The bound (7) can be sharp. Take, for example,  to be a subgroup of G of finite
index and H = Q. Take also A to a complete set of coset representatives of G/,
so that |A] < co. Then H + A = G and Corollary 5 applies and gives

> fx) <191£(0) (28)

zeG

for every positive definite function f : G — C supported in 2, which is also the
trivial bound. Taking f = xq, which is positive definite because {2 is a group, gives
equality in (28).

More generally (and as in the next example) the inequality (7) is sharp whenever
H+ A =G and Q = H— H. In such a case the function f = xg * x_g achieves
equality in (7).
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3.3. Examples

EXAMPLE 2. Take G =7Zg =1{0,1,...,7}, H=1{0,1,4,5}, Q= H — H = {0, 1,
3,4,5,7} and A = {0,2}, so that A — A ={0,2,6} and H + A = G. Tt follows that

> fla) <4£(0)

zeG
for any positive definite function on Zg which vanishes on 2, instead of the trivial
> wec f(x) <6f(0). The equality can be achieved by the function f = xg * x_#.

EXAMPLE 3. Let G :=Z and Q := Qu := {—N,—1,0,1, N}; then the trivial
estimate is A(N) := Tz(Qn) < 5. Let f € F(Q) be a positive definite and real
valued function: then f(k) = f(—k), that is, f is even. The dual group is T,
and positive definiteness of f means p(z) := 14 2f(1)cosx + 2f(N)cosNz > 0
(as f(0) = 1 by normalization). In the Turdn problem we are to maximize [, f =
1+2f(1)+2f(N) = p(0); we have A(N) = maxp(0).

To find A(N) in the case where N = 2n 4 1 is odd, we may look at the value
p(r) =1—-2f(1)—2f(2n+ 1) > 0 to see that p(0) = 2 — p(7) < 2. Clearly, any
function with f(1)+ f(2n+1) = 1/2 achieves this bound while p > 0 if additionally
we require 0 < f(1), f(2n +1). Hence, A(2n+1) = 2.

If N = 2n is even, the solution is less simple; see [18]. We claim that A(N) =
1+ 1/cosm/(2n+ 1) =: C(N), say, and the extremal function is

1 2n . 1 9

po(@) =1+ oy s+ 1) %t Bt Deostn/@n £ 1)) 82
Clearly po(0) = C(N), and standard calculus proves the nonnegativity of pg, hence
it is an admissible trigonometric polynomial and A(N) > C(N).

To show its extremality we consider a general p(z) = 1 + acosx + bcos2nx
(where a := 2f(1), b := 2f(N)) at the point zy := ® + 7/(2n + 1), which yields
0 < p(z0) =1 —acos(w/(2n + 1)) — beos(w/(2n + 1)). Thus, p(0) = 14+ a+b =
14 (1 —p(20))/cos(n/(2n + 1)) < C(N), and the calculation is concluded.

Now let us consider the estimates obtainable from the use of Theorem 3. In the
case where N is odd, taking A := 2Z is optimal. Indeed, since A is a subgroup,
A — A = A, and it does not intersect Qy (apart from 0), hence an application
of Theorem 3 gives the right value A(N) < 1/dens(A) = 2. Hence, in this case
Theorem 3 is sharp.

Let us see that it is not sharp in the case where N = 2n is even. To do this, first
we have to find the best upper density, that is,

L(N) := sup dens(A).
QnvN(A-A)={0}

Let us consider the set A* := {0,2,...,2n —2}U{2n+1,2n+3,...,4n— 1} +
(4n 4 2)Z, which contains 2n elements in each interval [k(4n + 2), (k + 1)(4n + 2))
of 4n + 2 numbers and hence has density n/(2n + 1). A direct calculation shows
that Qx N (A* — A*) = {0}, hence L(N) > n/(2n + 1). On the other hand, we
assert that for no A satisfying Qn N (A — A) = {0} can any interval I = [k, k + 2n]
of 2n + 1 consecutive numbers contain more than n elements of A. Indeed, no pair
of neighboring numbers belong to A, because 1 € Qp, and (at least) n 4+ 1 non-
neighboring numbers can be placed into I only if all m € I with the same parity
as k are contained. However, then both k and k + 2n are contained, having the
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difference 2n € Qp, a contradiction. Hence, for a A satisfying our condition, the
upper density cannot exceed n/(2n + 1), which proves L(N) =n/(2n+ 1).

Now we can compare the best estimate 77(Qn) < 1/L(N) = 2 + 1/n arising
from Theorem 3 with the exact value 2 + 1/cos(n/(2n + 1)) found above. It shows
that application of Theorem 3, although much better than the trivial estimate, is
still not optimal in this case. This example also highlights the fact that number
theoretical, intrinsic structural properties, such as, for example, N being even or
odd, essentially influence the values of the Turdn constants and sharpness of the
estimates we have.

EXAMPLE 4. Another example of a nice set with nontrivial, but not sharp
estimate arising from Theorem 3 is the unit disk D in R? (with Lebesgue measure).
The area of D is m and the right value of the Turdn constant, first computed
by Gorbachev [9], is |D|/2% = 7/4 in this case. Now D is the difference set of
H := D/2, and the best density we can have is, in fact, the sphere packing constant
of R2. Tt is well known [1] that the best packing is the regular hexagon lattice
packing, hence L(D) = 2/+/3 and the arising estimate is v/3/2. In comparison,
note that the estimate of §3.5 gives |D|/2 = 7/2, while the estimate of Theorem 5
from the spectral approach does not apply, since the ball is not spectral. The above
values compare as /4 = 0.785... < v/3/2=0.866... < 7/2 = 1.57.. ..

EXAMPLE 5. We see that for a general 2 C H — H or even ) = H — H the ‘best
translational set’ (that is, the maximal number of elements or the highest possible
upper density) does not always achieve an exact bound of 75 (Q). In this respect it
is worth mentioning that, on the other hand, the results of Herz [11, 12] show that
each subgroup A of G provides the theoretically best possible, sharp estimate for
some open set 2. For example, if G is compact and A is a finite subgroup having
n elements, there exists a Borel set H with the properties |H|=1/n, Q:= H — H
is open, and 2N A = {0}. See also [19, §7.4.1]. Clearly for this Q and H we have
that H + A = G is a tiling, and 7¢(Q) = 1/n, achieved by xm * x—x-

EXAMPLE 6. The size of the Turdn constant of a set {2 may be extremely small.
Take, for example, in the group G = Zg, the set Q@ = {0} U K¢, where K is the
subgroup generated by 2. Let, then, A = K and apply Theorem 2. It follows that
T(Q) < 2 while |Q] =n+ 1.

In the same way we have 77(Q) < 2 for any subset Q C ({0} U (2Z + 1)) in view
of Theorem 3 and considering the set A := 2Z. (This also covers the N odd case of
Example 3.)

The generality of this example should be obvious.

3.4. The Turdn constant of difference sets of tiles in R? or Z¢

Here we show how to generalize the results in [4] (see also [16]). In [4] the Turdn
constant of convex polytopes which tile R? by lattice translation was determined.

Actually being a polytope and lattice translation need not be assumed as it is a
fact (see, for example, the references in [16]) that any convex body that tiles space
by translation is a polytope and can also tile by lattice translation.

From Theorem 3 it follows that if H is any measurable set of finite measure that
tiles R? or Z¢ by translation with A, then the Turdn constant of H — H is equal to
1/densA = |H|.
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FIGURE 1. The Turdn constant of H — H (right) is equal to the area of H.

Whenever (2 is a convex body in R? one can take H = %Q, so Theorem 3 is
indeed a generalization of the result in [4].

However, Theorem 3 can determine the Turdn constant of many more sets than
those dealt with in [4], such as that in Figure 1. The subset of the plane H shown
on the left tiles the plane by translation hence its difference set shown on the right
has Turdn constant equal to |H|.

EXAMPLE 7. Let H C Z? be the three-element set {(0,0),(0,1),(1,0)} and Q
be the difference set H — H = {(-1,0),(-1,1),(0,-1),(0,0), (0,1),(1,-1),(1,0)}.
Then |Q| = 7, but H tiles Z?, hence Theorem 3 applies and yields 7z:(Q) = 3.
Observe that the set A := Z(1,1) + Z(2,—1) provides a translational set. Indeed,
any points (n 4+ 2m,n —m) of A, and thus also of A — A, has the property that
the first coordinate is congruent to the second mod 3, hence QN A — A = {(0,0)}.
On the other hand, all points of Z? with the above congruence property belong to
A, that is, A is a subgroup of index 3. It follows that the density of A is %, and
Theorem 3 gives the assertion.

3.5. The Turan constant of dispersed sets

As an application of Theorem 3 we show that, in R, the Turdn constant of a set
of given length is the largest if the set is an interval. The construction extends to
7, and even to R% and Z% giving a generally valid improvement of the trivial bound
by about a factor of 2.

THEOREM 6. Let Q C R? be an open set of finite measure m. Then we have
Tea() < 3 (29)
Let Q C Z% be a set of size m containing the origin and denote by m* the number
of lattice points in the ‘nonnegative half of ', that is, in QN ([0, 00) x Z4~1). Then
we have
Tya(Q) <m™. (30)
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Proof. Let us denote P := [0,00) x R4~1 or [0, 00) x Z?~!, respectively, and put
QF := QN P. Note that in R? we simply have m™ := |QF| = m/2. It is easy to see
that Theorem 1 (on the equivalent formulations of the Turdn constant), allows us
to assume that € is bounded: so let  C B(0,r) with some fixed ball of radius r.
Take a large parameter Lo > max{2,r}, define Ly = L%k = L? |, (Vk € N), say,
and put

Qr = Qr,((Lk,0,...,0)) = [0,2Lx] x [~Li, Lg]*™" (kK €N), Qo:=0. (31)
Note that |Qx| = (2L%)? in R? and (2Ly + 1)? in Z%. Define

Sk =0Qr\ (Qr-1+9Q) (keN). (32)
Obviously, Sy are closed sets of measure

[Sk| = |Qk| — |Qr—1+ Q| > (2Lk)d —((2Lg—1+ 1)+ 27”)d

d 33
>2dLg<1_<2+r)) (k € N), (33)
Ly
satisfying (Sx — S,) N Q = 0 for k # n. We aim at constructing the discrete set
A=J A, A CSe (KEN) (34)
k=1

with as many elements as possible but satisfying (Ay — Ax) NQ = {0}. Note that if
the latter condition is satisfied, then we will also have (A —A)NQ = {0} in view of
the respective property of Sy D Ak. So now we define the elements of Ay inductively
by a ‘greedy algorithm’ as follows. Let )\ék) be any element of the nonempty set S
with first coordinate 0. Such an element clearly exists. Then for n > 1 take any

AR = (T1ms - s Zdm) (Sk\ U )\(k) + Q+)>

i (s Do o).

Defining new elements )\( ) of Ay terminates in a finite number of steps, but not
before |J;— ( A% 4O+ covers Sy, so with m* := |QF| we must have

Skl 29L§(A = (2 +7)/Lr-1)?)

ot > — (k € N). (36)

By construction, for any n > j AR —/\g.k) € Q is not possible, hence A— AN = {0}.
Moreover, in view of (36) we have

# A A= (@+n)/Lr-)Y) _ 1

densA > lim sup > limsup = —. 37
k—oo | k| k—oo m* mt ( )
Now an application of Theorem 3 with A concludes the proof. O

REMARK 4. For d =1, (29) is sharp for intervals in R. It is plausible, but we
do not know whether intervals are the only cases of equality.
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REMARK 5. As  is always symmetric, in Z we always have m™ = (m + 1)/2.
The estimate (30) can also be sharp at least for d = 1. Take, for example, Q = Qg
or Q; from Example 3, or, more generally, take 2 := [N, N|. Then m = 2N + 1,
m* = (m +1)/2 = N + 1, and the Fejér kernel shows that this value can be
achieved. Thus, 7z([— N, N]) = N + 1, and intervals have maximal Turdn constants
once again. However, here the sets k[—N, N| := {kn : |n| < N} of similar size have
equally large Turan constants, hence intervals are not the only extremal examples
in Z.

REMARK 6. It can be proved that the asymptotic uniform upper density of all
sets remain the same both in R? and in Z¢ if we define it replacing Qr by RK with
any other convex body K. Thus, in the above proof one can consider the slightly
modified basic sets RQ(T'), where RQ(T) is the R-dilated copy of the unit box
rotated by the isometry T' € SO(d). If we choose T to be ‘irrational’ in the sense
that no lattice point (apart from the origin) moves to the hyperplane {x; = 0},
then with these sets a similar argument leads the same estimate but now with
mt = #Q" = (m + 1)/2. We leave the details to the reader.

3.6. The Turdn constant of an interval missing two points
Our next result shows the effect of forcing a positive definite function to vanish
at a neighborhood of one point in an interval.
THEOREM 7. Suppose that 0 < b < a < 2b and let
Q= (—a,—b)U(=b,b)U (b, a).
Then Tr(2) = Tr(—b,b) = b.

Proof. Simply take A = bZ and apply Theorem 3 to obtain that 7g(2) < b.
The other direction is obvious by the monotonicity of Z¢(-). O

The condition a < 2b is necessary in Theorem 7. Indeed, if a > 2b, then, with
¢ =min{b, (a — b)/2} > b/2 and d := (a + b)/2, the function f := X(0,c) * X(—c,0) *
(00 + d4) * (0o + d—4), whose graph consists of three triangles centered at 0 and +d
of width 2c¢ and heights 1 (for the central triangle) and 1/2 (for the other two),
is positive definite and supported in €, yet has f(0) = 2¢ and IR f = 4c?. Hence,
Tr(2) = 2¢ > b.

4. Upper bound from spectral sets

4.1. Proof of the bound from spectral sets
Proof of Theorem 4. Since T is a spectrum of H we have (see §1.3)
supp X7 € {0} U (H — H)*
c{oruQc
c{oyu{s=o0}
Hence, f +T = ¢G is a tiling and ¢ = IT|£(0), as |4 F= |G| £(0).
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Since f} 0 in é, it follows that f(O) <cor

> f@) <ITIf(0) = [H|f(0). D

zeG

4.2. Comparison of Theorems 2, 3 and 4, 5

First we give an example when Theorem 4 gives a better bound than any possible
application of Theorem 2. Let G' = Z1? and H = {ej,ea,...,e12}, where e; is the
vector in G with all zeros except at the ith position where we have 1. The set H
was recently shown by Tao [22] to have a spectrum, and it is clear that H cannot
tile G since |H| = 12 does not divide |G| = 212,

Let Q = H — H. This means that €2 consists of the all-zero vector plus all vectors
in G with precisely two ones, hence || = (122) +1=67.

By Theorem 4 we have that if f : G — C is a positive definite function supported
on €, then

> fla) < 12£(0).
z€G

Suppose now that Theorem 2 applies with some A C G, such that QN (A —A) =
{0}. Since Q2 = H — H this implies that H + A < G is a packing at level 1, hence
|A] € 35|G|. In fact, [A| < 5|G| as |A] is an integer but -5|G| is not. Clearly then
(7) is inferior than ) . f(z) < 12f(0) given by Theorem 4.

Tao [22] also shows how to construct a domain (in fact, a finite union of unit
cubes) in R?, d > 5, which is spectral but not a translational tile. Suppose that H is
such a domain. Theorem 5 shows that Tga(H — H) < |H|. We claim that Theorem 3
gives a worse upper bound for the set Q = H — H. Indeed, suppose that A C R? is
a set for which

Qn (A - A) = {o}, (38)

as required by Theorem 3, and that p is the upper density of A. Condition (38)
means that H + A is a packing, hence |H|dens A < 1. The fact that H is not a
tile implies (this requires a proof, an easy diagonal argument) that the inequality
above is strict, so that 1/p > |H|, which shows that any application of Theorem 3
gives a worse result than Theorem 5 for H — H.
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