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IRREGULARITIES IN THE DISTRIBUTION OF PRIME IDEALS II

SZILARD GYORGY REVESZ

1. Denote by K an algebraic number field, by n and 4 the degree and the discrim-
inant of it. Let F(m) be the number of ideals in K with norm m, and

(1.1) Gy= > REm
P,k k
NPk=m

where P runs over the prime ideals of K; N1 is the norm of the ideal 7, and k runs over
the positive integers. Denote by {x(s) the Dedekind zeta function of K. We have the
absolutely convergent expansions

(1.2 =30 o=,
and

. = G
(1.3) 0= 3 ,f:") (¢ = 1).

Let us denote by 4k(x) the remainder term in the prime ideal theorem:
(1.9 Ag(x) = Y ()—x = > G(m)—x.

m=x

The aim of this paper is to investigate the connection between the domain in which
{x(s) does not vanish and the oscillation of Ax(x). In this connection W. Sta$ and
K. Wiertelak [18] proved the following theorems:

THEOREM (W. Sta§—K. Wiertelak). Suppose that {x(s)#0 in the domain
(1.5) o=1—cxn(t]) cx=1

where ck is a constant' depending on K, and y(t) is for t=0 a decreasing function,
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1 ¢ always denote an explicitly calculable effective constant, which is absolute if it has only an
integer index, and depends on some object only when this object is denoted in the index of c.
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having a continuous derivative n'(t) and satisfying the following conditions:

16 0<n() =,

1.7 (@ -0 as oo,

(1.8) MLO — Oogh as ‘& =,

Let o be a fixed number in O0<o<1, and

(1.9 w(x) = r,nz_l{l (n(n log x+log ).

Then for x—o

(1.10) |4, (x)] < ca,"{mgzc(?l(ilﬂ xexp [—cg—aw(x))}.

TraeorEM (W. Sta§—K. Wiertelak). Let y(¢t) be a function which satisfies the
conditions of the preceding theorem and also the condition

(1.11) n@) =cy, for |t =c,

where c, is a sufficiently small constant and o (x) is defined as in (1.9). Suppose further
that (1.10) holds. Then (x(s)#0 in the domain

log ¢
400 log w1 —4-logt
oc,

(1.12) 6=>1—

10
= max{a, (—c'l;log(lzil D) 141+ 1m0,

where w~! and = denotes the inverse functions for w and 1.

2. We have to remark, that in the special case K=Q, where 4(x) is the remain-
der of the prime numbei1 theorem and {(s) is the Riemann zeta function, a long devel-
opment was done from the time of the first proof of the prime number theorem in
1896. A general theorem of Ingham ([4], Theorem 22), which uses first the functions 5
and o with the definitions and properties listed above, handle the problem of obtain-
ing an estimate for A(x) from a general zero-free domain of {(s). In the othe1 direc-
tion E. Schmidt [14] and J. E. Littlewood [9] began investigations, and a decisive
step was done by P. Turdn (see [19], p. 150), whose power-sum method played an
essential role in the further improvement reached by Stas [17]. Finally, J. Pintz [12]
could strengthen Ingham’s result to such an extent, that it was optimal (apart from
constants and ¢ in the exponent), and he also could prove its optimality by giving a
converse of it, which is naturally also optimal and so essentially settles the question
in this important special case. His theorems sounds as follows:
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THEOREM (J. Pintz). Suppose that {(s)#0 in the domain

@) o=1-n() (0=n®=1),

where 1(t) is a continuous decreasing function for t=0. Let O<ge<1 be fixed and
o(x) as in (1.9). Then we have

22) A(x) =0 [e(—l_fm]

TueoREM (J. Pintz). Suppose that {(s) has an infinity of zeros in the domain (2.1)
where 1(t) is a continuous decreasing function, but we make the further assumption
that for g(u):=n(e")

2.3 g W) 0 for u-—>oo,

by which we now mean that g’(u) tends to O monotonically increasingly for u=c,
and if lim g(u)=0 then g’ (u) tends to O strictly monotonically increasingly for

u>c,. Let ¢ be a fixed real number with O<e<1 and let w be the function defined in
(1.9) which has now the form

(2.4) @ (%)= min (g(w) log x+u).
Then we have

(2.5) A() = Q. (eu—f)m)

3. In Pintz’s theorems well-known deep results were combined with a new
method, which was built also on the powersum method. Following Pintz’s method,
we shall prove the undermentioned results, which corresponds to those of Pintz,
and so are also optimal (apart from the constants implied by the 0-symbol and &
in the exponent).

THEOREM 1. Suppose that (x(s)#0 in the domain
(3.1) o= 1—n(|7)),

where n(t) is for t=0 a continuous nonincreasing function and O<n(t)=1/2.
Let O<e<1 be fixed, further let

(3.2 o(x) = min (n(®log x+log ).
Then we have

x
3.3) Ag(x) = Og,e,y (e(l—a)w(x))

where the O-constant can be explicitely determined in dependence of K, ¢ and the func-
tion n(t).
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Roughly speaking, this theorem improves the corresponding result of Stas—
Wiertelak by a factor 2 in the exponent and at the same time we suppose less about
the function (7). For the proof of the result in the other direction, described in
Theorem 3, we also need Theorem 2. So we state

THEOREM 2. Let 0<g<0.1 and let us assume the existence of a zero Qo=
=Bo+ive of {x(s) with the condition, that with the constant®

(3.9 G = max{(n—f—log |4])%, I—IEK}’
where

(3.5) Ex = max {By: {k(Bo) = 0},
and for a sufficiently large absolute constant c;

(3.6) log yo = (%)3/2 max {inK—, exp [(ﬁ’sl)z]} ’
Then for every Y for which -

3.7 logY > [czn] log y,

we have in the interval

3.8) I'=[Y, x'+e

an x for which

(39) 4k (9] = 2o

THEOREM 3. Suppose that {x(s) has an infinity of zeros in the domain

1
(3.10) s=1-n) (0<nid=1),
where 3(t) is for t=0 a continuous nonincreasing function, for which with the notation
3.11) gw)=nE) u=0
we have
(3.12) g 0 for u—o

with the meaning described after (2.3).
Let 0<e<0.1 be fixed and w(x) be the function

(3.13) ®(x) = min (n(@®logx+logt) = min (g(w) log x+u).

2 We remark that by Lemma 13 Gx<<max (n, |4]).
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" Then we have Jfor an infinite sequence of x, values tending to infinity

Xk
(3.14) [0l = —araeey -

I am deeply indebted to J. Pintz for drawing my attention to the problem and
giving significant help by his comments during my work.

4. Before we begin the proofs, let us fix some notations. We take an element 9
from K, which geneiates K, and denote its canonical polynomial by f, so n is the
degree of f, and fhas r, real and 2r, complex roots. Denote r=r;+r,—1<r;+2r,=n,
then r is the number of elements of any system of fundamental unit elements of K
(see [7], Satz 137). M denotes the absolute value of the determinant of any such system
which depends only on K (see [7], Satz 138, 139), and w denote the (by [7], Satz 135
finite) number of unity roots in K, and d, ;=1 if r,=0 and 2 if r,=>0. h will
stand for the (by [7], Satz 125 finite) class number of K. Foliowing Landau, we
introduce the constants

4.1) gadoils .
Wdr+1 VIA!

and

4.2) A =22 )/|4].

By ¢=p+iy we denote a non-trivial zero of {x(s), > means a sum extended over

e - -
all of them, and for restiicted sums we shall subscribe the special restrictions. We
define

(4.3) Ok = sup {Re ¢: {x(0) =0} = sup f,

s0 1/2=0k=1 and the Riemann hypothesis for K means @x=1/2. We will use the
facts written in [7] Satz 155 about the pole and the trivial zeros of {x(s) without
repeated citations, and write

(4.4) =L+ S,
Jj=0

4.5 ) = 2+ b=,

(4.6) Sk (5) = + 2 e;j(s—1).

{k

We denote the distance of a real ¢ and the nearest integer by | o] :
4.7 o := nlelél [n—al.

The constants implied by the O and < symbols are effective constants, and absolute
ones except when the dependence of some parameters is explicitly stated.

5. First we state some lemmas, most of them being well known. For the sake of
completeness and to obtain explicit dependence on the parameters of the field (where
it is needed) we give their proofs (or exact references for them).
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LEMMA 1.
n
5.1 = 2 m.
(5.1) G(m) = o log*m
LEMMA 2.
n
e e 2
(5.2) | 4g ()] ) xlog? x.

PrOOF. Lemma 1 is Lemma 2 of [13], and Lemma 2 is a tiivial consequence.

LEMMA 3. For any 6>1 and —oo<t<oo we have

(5.3) k(@ +in] = {(a)",

G4 = {x(0) = {(o)".

1 l\
(k(o+if)] —

Proor. The second inequality of (5.4) is a special case of (5.3) which is Corollary
3 on p. 295 of [10], while the first inequality of (5.4) is Corollary 2 on p. 295 of [10].

LeMMA 4. Lei 0<B=1/2 be a nonnegative parameter. Then in the domain

(5.5 Dy = {s = o+it: 6 =—B and if |t| = B then |a| > B}
we have -
(5.6) E,"i ()| = Cynlog(|s|+1)+log |4].

PROOF. By [7], p. 112, formula (184) we have from the functional equation

4

{k

Lk
Ck

() =—2K (1-5) + nlog 2n—log |A| +(ry + r9) 5 ctg 2 -

T

s r
(57) _’zitg_z-—nT(l_S)

As 6=—B, 1—6=1+B=1 and by Lemma 1

{k
{k
By the periodicity of ctg(ns/2) and tg(ws/2) by 2 it suffices to consider them only in
{s=0+it:—2—B=0c<—B}(\Zy. But there are no poles of these meromorf

functions in this domain and for —2—B=0¢= —B, |t|>1, we have the trivial esti-
mates

(5.9

= G(m) n = log*m
( ‘S)l = 55 = log 2 "Z' 1+B

m=1 m =1 m

(5.8) = nc,(B).

en/2+e—n/2
en/z_e—n/z 2

™24 e—m/2

T o2 _g—m2

ctg —| <

Ins
2

so these functions have an absolute bound depending only on B in the whole domain.
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As for I'"|I'(z), z=x+iy, x=1+B, we can use the identity .

r’ 1
(2) = T(A—l)'*"zj

r
I

(5.10) |

=0(log (|t|+2)))

: . . r
[x]—1 times, and obtain (as mnl=g<2 T(S)

’

W=t g ||
+ IT (z—[x]+ 1)’ < logx+0 (log (y+2)) < log (|z] +2).

=

ro

k=1 —k
If 1-z€%g, |x—[x]+1|=B or |y|=B, and so for s€D,

1—!/
r

(5.11) (1 —s)| < log(|1—s|+2) < cy(B)log (|s]+1).

Writing (5.11), (5.9) and (5.8) in (5.7), by ri+r,=n we get (5.6).
LEmMMA 5. If T€R and LEN. we have

(5.12) > l=<nlog(|T|+2)+log|4|,
e
ly—T|=1
(5.13) 2 1 <nLlog(|T|+L+2)+Llog |4,
e
ly—T|=L
(5.14) 2> 1< n|T|log(|T|+2)+(|T|+2)log|4].
e
0=y=T

Further, if |T|=2, then all these estimates hold with |T| instead of |T|+2.

PROOF. The assertion of (5.12) is Lemma 4 of [13], while the others are trivial
mplications of it.

LEMMA 6. For —1/2=0=4 we have

1 1

-, 2
e i i +0((n+1og |4]) log? (Jt] +2)).
ly—ti=1

R R AR
p Ok
Consequently, if |t|=2 we have

e/’
CK

5.16
(5.16) -

1
®)= 2 STO‘+O((’1+108|A])210§2|1‘|)-

[y—r|=1

PrOOF. Since the number b appearing in Satz 179 in [7] is
b=—3* i —log4d
e @

(where the % means, that the ¢">1/2 numbers of the sum are taken together with
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their pairs ¢” for which ¢’+¢”=1 for the sake of convergence). We get from it
N 1 1 n I [s ) ( )

(5.17) Cx(s)_b_ T 5 321 \z (s)+2 —

Since the sum is absolute convergent, we can take together members as in >, and

. 1
after it the > for b and the > 3 part of the together taken sum cancel each other.

e
Further in —1/2=0=4 we can use

(5.18)

= —-%-}-0 (log (| +2)).

Finally, if we write separately those finite many members of the transformed sum for
which |y|=1, we get

=T Z Q
(5.19) m
+Z'[ : + x )+0((n+log|A[)log(lt|+2)).
L s—e s—(1—o)
We can suppose 7=:0. Making use of (5.12) we obtain:
(5.20)
1 1 ]‘ -1 | t+1
+ = << —_—— <<
; (S—Q §=i(l=g) ? G—o)G—1+0) | ; @—D@+9)
y>t+1 r>t+1 >t
= nlog(t+j+2)+log|4| ~ 1+logx
t+1 - : < (t+1)(n+log|4 —_—
o )j=21 J(2t+)) b el l),+f1 = TerT
1+log(2¢+2) %" 1 = 1flogx
< (n+logld)(¢-+1) dx + ———dx|x
t+1 rill' =¥ 2:'-[2 .x_2
2
< (n+log|4]) log? (t+2).
(5.21)
l 2 [ ! + ! ]|<<(t+l) = i 2> —l—-<<
e \s—e¢ s5—(1—9 7 @=pi+y) & oo BY
1<y<t—1 l<y<t—1 l<y<t—1
t
< (n+log|4)) Z%t—z—) (n+log |4]) log? (t +2),
(5.22) —-—1——l 2 1+ 3 1<
s—(1 7
Iyl MEL je—yl=1
le=y[>1 P v]sl

< (n+log 4] log (t+2).
Now (5.19)—(5.22) imply the Lemma.
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LeMMA 7. For any t there exist some T, |T—t|=1 for which
Sk < cg(n+log|d|)*log?(|t|+2) for all o in ) =0

{k 2

Proor. Let t=0 and consider the poles of {i/(x in [0, 11X[t—1, t41]. By
Lemma 5 there are not more than c¢;(n+1log |4|) log (|t[+2), and so we have a hori-
1

c;(n+logld|)log(Jt|+2)+1

(5.23) (o+iT)

[IA

4.

zontal line y=T which avoid all of them at least R=
far, and [t—T|=1—R. By Lemma 6 and Lemma 5
Lk > 1

{k h—Ti=1|o+iT—g

o +i1)| = [+o(<n+log ]y log? (1] +2)) <

(249 < 3 (c;(n+log|d])log(|f]+2)+1)+O((n+log |4]) log? (|¢| +2)) <
I}'—"II'Iél

< cg(n+log|4])*log*(|t|+2).
LEmMMA 8. Let
0 lf 0<y<l1

> i y=1
1 if y=1.
For arbitrary y=0, H>0, T=0 we have

o(y) =

H 2
H+iT if y=1

(5.25) l;TiH_f-r des-—cs(y)‘< i | 1 |
L y mm(l,m) if y#I1.

Proor. This is the Lemma of Chapter 17 in [2], p. 105.

LemMA 9. For any Q=1,T=0 and x=[x]+1/2>1 we have

1 .Q+iT[ Ci’ ]xs XQ[ " ]. )
(526) lPK(X)—z—EQ—./i'T = CK (S) Tds << n-—]—,— log x+—(QT1)§- .
Proor. Let k=[x], so x=k+1/2. If (3/4)x=m=k then
o il s (I_x—m)2 x—m Z_Z*_)_x—m
&l = & x J- x T 4 m’

and if m=k+1, then

m——x) m—x
= :

x
log;l = —log(l— e =
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Applying the above inequalities and Lemma 8 we get by Lemma 1

| ewir , = Q 1
Vi) —5— f (— (K ]ids <= 2 G(m) (i) —_— <
27Tl Q—iT zK S m=1 m T l xl
og —|
m
x2 log2m log®m log? m
<< —n + + <<
T ym=Gx M (8/4)x <§< Gax | M= k—1/2 m=Glx m2
m

x%n { logzt}
———t o3
= log x+logx21/2l+f <

Q- 1)3]
LemMA 10. If x=[x]+1/2=1, T=3 and a, is the constant defined by (4.4)
then we have

(5.27) Ak(x):-(rlogx+a0)—;—llog[1 xi)—rzlog[1——] 2—

and

Q
< % [log3 x+

r 1 1
Ag(x) =—(r logx+a0)—7110g (1 —?]—rzlog [1 —;) —
(5.28)

ﬂ (n+log |4])2x ( s . log? T)
— %’ 7 log? x+ ry &
Iy|=<T
Proor. It suffices to show (5.28) for those values of 7, which satisfy (5.23)
(with T in place of |t|+2) and T=2, since for other 7”=3 Lemma 7 guarantees
the existence of a Tin the interval [T” —1, T’ + 1] with this property, and by Lemma 5

X = X
e e el
min (T, T)=y<max (T, T") ¢ % I*—1
|[y—=T’|=1
x (n+logld|)x ( log? T]
< 1 —_——_— log® :
< (n+ ogIAl)logTT < T max | log? x, Toa

Let O=1+1/log x and R=[R]+1/2=0. We define the broken line
(5.29) | L = L,UL UL,
where

L, =[0—iT,—R—iT], L,=[-R—iT,—R+iT),

(5.30)
Ly = [- R+iT, Q+iT).



DISTRIBUTION OF PRIME IDEALS II 353

By the residuum principle

Q+iT
21u f ] 3
(5.31)
2m ( Lk (s))—ds+ Res[ )— zj].
i R=Rbz;20

Imz;|<T

As (k has one simple pole at s=1, there {x/{x has residuum — 1, while at the nontriv-
ial zeros from the reglon lImz |<T we get the sum over the 0-s in (5.28). At
s=0 with the notation (4.4)

(5.32)

o

while from the multiplicity of the negative zeros of (y follows that at the negative
integers we obtain, as the sum over the corresponding residues

xT; 0] = Res[—[—’s'——i—aoqL ...](1 +slog x + ...)%; 0] =—rlogx—a,,

—IR] ! S 5%

(5.33) ry Z’ +r D =

l=—1

Collecting the residues and applying Lemma 9, since x%=ex, we get from (5.31)

Fr(x)— {Zm ( 7 ( )] < dstx—

(5.34)
x? P L
2

- > —rlogx— 00—122 2—}1« nilog*"x.
] el = T

[yl<T

We can estimate the integrals over L, and L, using in —1/2=0¢=0Q that T satisfies
(5.23) and in 0= —1/2 Lemma 4 (e.g. with B=1/3), and get independently of R for
j=1 and j=3

J —ds

log? (lo+iT|+1) log~ )
2
(535 < (n+log|d|) [a‘é"i"f/z P T f x°do <

Cx

<

2m

(n+log|4|)2xlog2 T
<
T log x

)

and
(5.36) - (n+log |4])log(T+R+1)x~R

T.
R )

- (s)]

2m

14*
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so letting R—<> and using in (5.34) that by x>1 the series over / are convergent
Taylor expansions, we get from (5.34) by (5.35) and (5.36)

i A 0 e s '[_L] X"}_
Ye(x)—x { rlogx—a, rzlog[l x)—210g1 =) < %’ R

(5.37) : o e
| 2i[ p log T]
0} [(n +log |4]) T log? x+ fog
which gives (5.28). (5.27) follows by letting 7— eo.
LemMMA 11. We have for any O<e<(1—Fg)/2

2

(5.38) B fl < OBl v

s )

y|=
where

1 :
(5.39) Fy := max {5, max {f: (x(B+iy) =0, |y| = 4}}
ProoF. By Lemma 7 we can find to t=2 a Tin 1=T=3 for which

(5.40) g" < (n+log|d|)? for all o in —-;— =o=4

By symmetry it holds also for ¢ —iT values if —1/2=0=4. On the segments
L1 = [FK+8_1T, FK+8+[T], L3 = [I_FK_E_iT, I—FK—8+IT]

by the definition of Fyx and ¢<(1 — Fx)/2 we avoid the poles of {x/{x at least with ¢,
and so by Lemma 6 and Lemma 5

(5.41)
Cx

<<—+ 2 %+0(n+log|A|) <<"_+18°_$_|ﬂ

IV[<T+1

for s€L, and s€L,.

Now we apply the residuum theorem on the rectangle R with vertical sides L, and L,,
and get (as by the symmetry of the zeros of {x to ¢=1/2 we have all the nontrivial
zeros of (g with |p|=T (=<4) in R)

x° 1 ( )
5.42 — == ——ds
( ) 2 ] 2mi aRf e
ly|<T
By (5.39) and (5.41), since e<1—Fg—e,
1 ( ] X
(5.43) = (- 0)Fa|<

< (n+log |4()?

x“"x“_l_ n—+log || (xpx“ S )« (n+log|4|)2xFxte
T £ Fx+e 1—Fg—e¢ g2 :
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Further by Lemma 5, and 1<T7<4

x°
> ?l & - ? < (n+log |4|) xFx.
1<|'y2|<T 1<|y|<T

Now (5.42), (5.43) and (5.44) give the Lemma.

LeMMA 12. Let us denote by Ni(o, T) the number of zeros of {x in the parallel-
ogram P=a, |y|<T. Then we have

(5.44)

(5.45) Ni(o, T) <k T @+30=0) (Jog? T)2*+4+1—0_
Proor. This is the Corollary of Sokolovskii’s paper [15].
LeMMA 13. {x(s)5#0 in the domain

Cs

5.46 = 1_ P
G nlog (|t|+2)+log|4|

except for at most one real and simple zero B, for which
(5.47) Bo=1—14]|%.
Proor. This is Lemma 2.3 of [6].
LeMMA 14. For the coefficients a, and e, in (4.4) and (4.6) we have

n+log|4|
(548) laol < —T:—F,K— o
and

n-+log |4
(5.49) _ leo| < —1‘2%%'

Consequently, by Lemma 13 and the definition of Fx in (5.39) we have

(5.50) lag! < max (cyo(n+1og |4])%, ¢y (n+1og |4])|4]%) < n?|4|%+2,
and
(5.51) leo] < max (cyo(n+1og|4))? cy5(n+1log|4])]|4]|%) < n2|A|%+2,

PR)OOF. By the functional equation (for this form see, e.g. [7] formula (184) on
p- 112

(5.52)
ﬁ(s) =—C—;‘(1—s)+n]og2n—log|A[+(r +r)£ctgzr—s——r 1tgﬁ—ni,(l—s)
[ {x i 2 5EF2 r )

T s~ - s I %
Ectg—z—,itg-z—,T(l —-S) and of a‘(&‘) (SCC

Using the Laurent expansions of
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(4.4), (4.6)) in (5.2) we get

’ . ©o . __1 ; y
Ck (s) = ’—+ao+ 2 a;8 = s 2 e;(—s)/+nlog2n—log |4]|+
j=1 j : -

{k s =1

1 = ; = . I e ;
+("1+"2){?+ Zd2j+1s2’+1}+r2 2 faj+it¥ti=n T D+n 2 gpsd
F j=0 Jj=1

=0

Equating coefficients in (5.53) we find

’

(5.549) ay=n (log 21— II: (1)]—10g ]Al—?o,

so it suffices to prove (5.49). By the maximum principle it follows, that for. any
O<R<1—Fg '

g (k 1 |
(5.55) leo| = [s£n1?i(x . (s)+ 11"
From Lemmas 5 and 6 and from r<n we get
i 1 |  n+logld| n+log |A|
(856} Is_llnlal}il’x {k (s)+s—1|<< el b
2

2

For the proof of Theorem 2 Turan’s powersum method is essential. We shall apply it
in the following continuous form:

LemMA 15. Let «;€C for j=1,...,N and d=0 be arbitrary. Then we have

N
e:zjt
=1

(5.57) max —2

1 N
ast=a tzjt = =
e 1r§nja§xN e 4e (%—!— 1] )

Proor. For z;€C (j=1, ..., N) and m=0 we have by the second: main theo-
rem of the powersum method (see [5]) '

N
2z
j=1

m=v=m+N max |z}
1=j=N

v

( 4e'(m]\—[|— N) ]N

Choosing m=Na/d, z;=e%@m=¢%@M (j=1, ..., N), we get the continuous form.

Our last lemma is a somewhat modified form of a result proved in the Appendix
of [20]. oy 15 e i

LemMA 16. Let T=30, 5>q:—l%lgo—§—,1 and denote the number of roots

of {k in the rectangle 1t —T|=6/2, a—6=ad<a by Mg(a, T, 5). Then if {x has no
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zeros in the domain c=a, |t—T|=2, then we have
(5.58) Mg (a, T, 0) < 6(Gx+nlogT)
where Gy is defined by (3.4).

ProoF. For 6=>1/20 Lemma 5 can be used, so we can suppose g—<d&~<1/20.
For any ¢=f+iy and s=oc+iT

| = (s— 1) o= /3)2+(T v)2+ﬁ2iv2’

hence for any s=0¢+i7T with o>a by the condition

B 2 ] 2 ()
‘ %s—e@ ?s—ee ?s—ee‘
| |[y—T|=2 ly=T|>2
' (559) = 3 —— - | b3 (;U%)I%
‘ p=a-s (0+06—a)? +— ly— TI>2
ly—T|=0/2
_ oc—a 1 IJI
= sy o-| 2 (T+g)
ly— T[>2
Let z=2+iT, then by Lemma 5 and T=30 (=2)
= R e B
+_ =
4 %1 Z"Q 2 Ss—¢@ T z— e
ly=T|>2 ly— T>2

s—z g, nlog(T+m)+log |A|
- =< '|§=2
%’ (S—Q)(Z——Q) ’ | I mZ m?2

[y=T|>2

< nlog T+log |4].

' Also by Lemma 5, since |z—g|=2—f>=1 and T=30

| 1
} (5.61) I 2 [ +E)l < nlogT +log |4].

ly— TIS2

|
Now collecting (5.59), (5.60) and (5.61) we see

(i Dzl

My(a, T, §) <
| We shall estimate 2’ (W—+ 1) where w=u+iv u=1/2, v=2. Weuse I’/ (w)=
' =0 (log v) for 1 /4<u<2 and (with the notation described there) formula (5.17),

|

|

z—¢

(o aa+5)2 {

a

+nlogT+log lA|}
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and get by Lemmas 5 and 13

569 l; e+dl=
CK

S )+ llog 41 +] >+

e

% +0(1)+O0(nlogv) <

S (n+logld I) log(j+2)

(w) +n+log|d|+nlogv+ Z’

+(n+log|4[)? min
e

i
J)

By Lemma 11 (1.3), and the definition of the constants G, Eg in (3.4)—(3.5), we get
for z from (5.63)

(5.64)

1)
3 +—||< Gg+nlogT.
e (Z_Q e g &

Similarly for s=o+i7T, since T=>4

{k
{k

In u=a, v—T|=2 CK(w)¢O and so the o=1 halfplane with this rectangle is a
domain, where log {x(w) is an analytic function. Let us define the following disks
around z=2+iT

(5.65) ’ > (Si

+%)l < Gg+nlogT+

9, ={w: lw—z|=R=2—a}

D, = {w: w—z|=r= 2—a—%q}
(5.66) Dy ={w: lw—z|=r; =2—a—6q}

Dy={w: lw—z|=ry=2—a—"7q}

D5 = {w: w—z| = rsz%}.

Since in #>—1 and v=>2 (see, e.g. [16], Lemma 7) |{x(w)|<|A4|c1svc15", Lemma 1
leads at once to

CK(W)
Bt =

Relog CC';((VZV)) log

(5.67)
< nlogv+log|d|+ Z‘

m=2

Using the Borel—Carathéodory theorem (see, e.g. [3], p. 53)

< nlogv+logld|; we2,.

(Rax lf(W)—f(Z)|<—{ max x . Re f(w)—Re f(2)}

for the analytic function f(w)=log gk((w)) R=2—a,r=2—a—-1/2q, we get
K
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from (5.67)

- (5.68) [log {x (W) <<% {nlog T+log |4} for w€D,.

Now we apply the three-circle theorem to Z,, 9, and 9, (where |log {x(w)|=0(n)

~ for w€ 95 by Lemma 1 and (1.1)—(1.3)), and get

1 log |4 5
log {x(W)| < [71- [" -I-%ITI] log T] nl=% <<

(5.69)
< (n-l— log ]Al](M) for weg;,
logT q
where
11q )
_ logry—logr;  log(4—2a—12q) log(l 4—2a—q
~ logr—logrs  log(4—2a— i log (4—2a—
(5.70) g g7s g ( q9) g ( q9)
= 11q 11q 1—3q

7 T sy py Y sl 5 7 T

since g<0—<1/20 and a=1/2 can be supposed because if a<1/2 then by the symmetry
of the {g-roots to o=1/2 the condition gives Mg(a, T, 6)=0. Now from (5.69) and
(5.70) -

(5.71) log Cx(w)| <
log|4] ) log T —gogoglonl [ log |4 |]
< (n+ Tog T (log T) eT < |n+ Tog T glogT for w€g;.
We apply Cauchy’s coefficient estimate in &,, and get
(k log |4]

(5.72) (w)‘ < (n—i— Tog T ]log T=nlogT+log|d| for w€2,.

{k

Let o=a+6q+0, so s=o0+iT€P,, and (5.72) applies to s. From (5.72), (5.62),
(5.64) and (5.65) we obtain

(6g+26)*
6g+0
6. Proof of Theorem 1. We shall handle the case rlim n(t)=H=0 and the
case tlim n(t)=0 separately. First let

(5.73) My(a,T,d) < {nlog T+log |4|+ Gk} < 6 (nlog T+ G).

6.) ;im n@)=H =0,

i.e. we suppose the quasi-Riemann hypothesis (if H=1/2, the Riemann hypothesis).
It follows, that

6.2) Fy=0x,=1-H.
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From Lemma 11 for all d<H/2 we have

X2 15 i
2 —|=<(n+log|d])t— xFx*7,
e Q@ o

[y|=1

(6.3)

Now we apply the explicit formula described in Lemma 10, and get (choosing T=x
in (5.28)) for any x=[x]+1/2=3

x?
(6.4) Ag(x¥) =—ao— > ?+0((n +log |4])? log? x).
Iyl
The contribution of the zeros with |y|=1 is estimated in (6.3), while Lemma 5 can
be used to the remaining part. If we choose d=1/log x, we get

0 1—H
| > %‘ s (n+10g|AI)2%xe+‘5+ > x'~H(n+log |4]) log (m+2) .

e m=x m
6.5) = 1 )
> og(m+2) )<<

m=x m

< (n+log|d|2xt—H (logzx +

<, (n+log|d|)2xt—H+HS

A short reflection to Lemma 14 and (6.2) turns (6.4) by (6.5) to -
(6.6) |4k ()] <g,, (n+1og |4])2x!—H+H

which is now valid for any x=>3, since Ak(x) changes in the interval [[x], [x]+1)
not more than 2nlog?x by Lemma 1. Now if 7>7#,(s, %) then n(t)<H(1+¢/3),
and so for

3
(6.7) X = Xo:= tHe (g, 1)

we have
He

3 logx =

He He P
o(x) =n(x3)logx+logx3 < H(1+?] logx+
(6.8)

2 1 &
—H(1+?s]logx< 1—_£H(1—~3—]logx,

so if x>x,(s,17) and & =¢g/3,

(1—8owx) < H{1—¢") log x,
and thus by (6.6)

. x
(6.9) |4k (x)| <<, , (n+log [A])“m,

proving our theorem in this case.
The case }im n(t)=0 is much deeper. Here we shall use the analogue of Carl-
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son’s density theorem, described in Lemma 12. For any O<g<1/2 this lemma gives
(as n=2)

(6.10) Nl =& T)=eg T N(Ioe2 FP™ o, T,

We apply the explicit formula (5.28) of Lemma 10 to obtain (6.4), and for 6=n(4)/2
we have (6.3), too, by Lemma 11. By Lemma 14 we can estimate «,, and as Fx=
=1-n(4), we get for 5=n(4)/2

(n+log |4))2 xl—"‘%)_

x@ 2 3
611) dg(x)=— 2> ?+0((n+logldl) log? x+ ()

e
1<|y|<x

Now we estimate the weights of the x-powers by Lemma 5 and get

6.12) > 1?<<(n+log 14]) ZW

le] m=x

< (n+log |4|) log? x.

e
1<|y|<x

Let ¢ be choosen later, then the contribution of zeros with f=1—¢ in (6.11) is by
(6.12)

1 (6.13)

Q
> %l < (n+log |4])xt—? log? x.
e

1<|y|<x

B=1—0¢

Finally, we have to consider the contribution of zeros near o=1. By (6.10) for any
| e>9n¢p we obtain

[log x]+1 y1—n(ek) [log x1+1 e—(e—9n@)k

X
k\9nep
— << e <X e e =
%' 0 K, = ek—1 ( ) k;; en(e) logx+k(1—e)
1<|y|<x
gy, AP
) x o x 1

—(e—9np)k
= e(l—e)m(x) kge < e(l—e)a)(x) 8—971(0 *

Setting @=¢/10n and collecting our estimates (6.11), (6.13) and (6.14) we arrive to

X 1 1_@ S I

(6.15) |4 ()] <k, e(l‘a’“(x)+n(4)2 X 2 4+x 1m]og2x,

Since log x=04(x°) and e*®=0, ,.(x¥), from (6.15) follows

X
|[dx ()| <K,e,n ed—00 *

7. Proof of Theorem 2. In the following we will use always that ¢z is chosen
sufficiently large. We introduce the notations

|
1) Feiit i B

= — 122
ch A’ s
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where k is a real number to be chosen later in the range

(7.2) g¥(1+4e)logY =k = 2(1+5¢) logY,
or, equivalently
(7.3) (1+4e)logY = p= (145¢)1logY.

First we find a convenient zero of {x. Let ¢,=p,+iy; be a {x-zero with the maximal
real part , among the zeros for which

0=y=17
and @;.,=p;1+7y;41 a zero with maximal real part among those satisfying

1
logY ~

After not more than [1/2 log Y] steps this process cannot be continued, and we get a
zeto oym=PBu+iyy for which

(7.4 ¥ S5 SV 2 Pyt en

(7.5 M =Nt CM—2)A = y+log’Y
and for which the regions
(7.6) 0=t=9yy, 0=>Pxn ¥
and
1
7.7 M =1=yyt+24, a>'BM+logY

are zerofree.
If y;=7,, by B;= P, trivially

xF; xFo
7.8 “H1+e?
( ) .y}+s ,y(1)+ €

v

and if y;=y,, it means that [i]>ﬁj 1+1/log Y and further y;<2y;_,, which results
for every x=Y the inequality
logx
xB; xBi-1elosY xPi-1

= > B
)’}H (2“7’1'—1)“'£ 7}“

Hence for any x=Y we can prove from (7.8) and (7 9) by induction (7 .8) for every
J without the condition 7;>y,. This, using (7.8) for j=M, gives that it is enough to
prove (3.9) with g, instead of g,. Now we distinguish two cases, according to

g’8/2

M = Yo (CaseI), or

(7.9

(7.10) s
™M= Yo (Case II).
Let us define

y yu in Case I
7. = {m
(710 ’ Yo in Case IL
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If we prove (3.9) for f,+iy” (which, of course, in Case II need not to be a zero of {x)
in place of g,, it implies (3.9), since in Case I we work with g, instead of g,, which
was justified just before, and in Case II we can simply apply Br=pf,. So our aim
will be to prove, that the indirect assumption

/]
(7.12) |Ag ()] é% for xel

leads to a contradiction: this contradiction will prove the theorem. As the trivial
consequences of our notations and conditions (3.6), (3.7), (7.1), (7.2), (7.3), (7.5),
(7.10), (7.11), we will use the estimates

(7.13) y = yf,'a/2 = e¥ = )2

(7.14) M =Y = yo+1og?Y =Y +1log?Y < e’ 2.

For 0>1 we define the analytic function

(7.15) H(s) = f AK(x)dLi(x“') dx,

for which in ¢>1 by partial integration

s
s—1

j (1.16) H(s) = g—i(S)"-

so H(s) can be defined as a meromorf function in the whole complex plane. We
shall use the well-known integral formula

1 1 A
717 — [evsrzsgs— ex [——)
D 2mi @f 2VaV o 7z

' valid for any V=0 and arbitrary complex Z. Let further

e i ks s s — — — (x—5—ivar) gks®+us =
U= 5 (2)fH(s+va)e ds = 5~ (Z)flj' A (X) o (x5 ae) % ns dxd
r d 1
= — I x i — s+ (u—logx)s B
= 1.[ Ag (x) T [x & i (2_)/.6" +(n—logx) ds] dx
(7.18)

~ d [ ’ 1 ( (,u——logx)“l]J
= [ dg(x)—|x" "M ——exp|— dx =
1f k) 7 27k H a4k

1 ~ Ag(x) 5 (___ u—logx] (_ (u—logx)zJ
__2‘/7_1% lf —x X IyM‘!_T eXp 4—k dx

The idea is to estimate U from above using (7.12) in the latter expression, and find
a contradiction by giving a greater lower estimate using the defining formula of U
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and choosing a suitable k satistying (7.2). We split up U into three parts, namely

en— 34k er+32k o
(7.19) U= ferssWipssin if =007 Oy s S
1 ok — 82k el + 32k
so by (7.1) and (7.3) we have
(7.20) Lomea B ot Bl A

Taking account (7.13), (7.14), (7.12) and (7.20), we obtain

1 e {AK<x>|( u—log x| ] ( (ﬂ—logX)2] <
|U,| = el = i+ T exp S g T dx =
u+ 34k
e ¢ S 3 ) xfmt ( (logx—y)’zl L3
s el [’“*?}“] e P\ g =
3 7 2 /7
(7.21) 1+78))} 32

[1A

k y?

ﬁ}u(ﬂﬁLY)_z'k‘

2 Vak yie [e il
Ky —32k

B +kB3y [1+38/] - (¥
> (
e

P S g+ kB2
— f ? 2Vk ) dy = (1+—8/)—e—'—7gl
ye2Vnk 2 2 v
For U, and U; Lemma 2 and (7.14) gives 3
(7.22)
e —3kA . , P 9
o 1 |4k ()] [ /12) ( (logx—#)z) Dy
|Uy| = ok ; s Ym+ 5> ) exp ik dx = np*2y’e =1,
_ | F n ) [ ; logx—,u) [ (logx—y)'z) o
|Us| = T e‘,;l;xlog2 logZx |y + T exp ik dx =
’ o 2 = : NS
_ 2ny 5 (Iogic) (logx_ 1) b (_ (log x—p) ]dx i
10g 2 V7 eusanc \ 2Vk 27k 4k
— M f [},+ l‘_] ye—yﬂezl/k_-yﬂ( dy <
log2yn 3 “- 2Vk
(7.23) FAVk
3,.—. HY3, -
3 VK ——:] 2Vk
=z (2 T2vk) 2 V

< dny’ VI en+k (= Vkye-o-Tordy <

52 XY =
E'”/" (2 )».l k l k]
< ny’et+ry f e dy < eB/Hk f ve ’dv < 1.

(g&—l)ﬁ 2
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So we conclude from (7.21), (7.22) and (7.23) that (7.12) implies

B +KBYy

(7.24) T 4

‘e

Now in (7.18) we shall use the first form, and shift the line of the integration to
o=—1/2, where by log (a+b)<log (a+1)+log (b+1), (7.14), (7.16) and Lemma 4

1 5
— H(s+ iyy)eks*+es ds| «
2mi (-i//;)

(1.25) ) L
< [ (n+logla)?log 1|+ 7y +2)e 2% " dr <1,

and so by the residuum principle and r=n

U = Z ek(e—i)’Al)2+“(9_in)+ }_e——k;']z” —inya +0(1) =
(1.26) :
- Z {e(Q'iVM P +2%e— ""’M)}k +0(n).
e

The contribution of the zeros with |y —y,|=24 is by Lemma 5

(1.27) < (n+logldl) 3 ent - log(j+yy+2) < I.
1

J=2[x

Now we divide the remaining zeros into two classes, namely

= {Q5 {k(0) =0, [y =] < &2,

1
B~ Bu— o] < ).
(1.28) 8L

%= {0: {x(0) =0, [y—yy| = 2A1\%,.

The distinction of the two cases in (7.10) was needful for the proof of

|
7.29 M ( +——, Vi 8’3/2] = 1 < ¢y e®2nlogy’.
(7.29) k|Bu log Y M e%‘: = C14 g7
In Case I by (3.6) and (7.10)
513/2
(7.30) 2 logloglog yg 5 logloglog vy
loglogy5™"” loglog yy

and so (7.29) follows from the application of Lemma 16 while in Case IT we use (7.10)
and Lemma 5 to get

i ,
My (ﬁM*‘W, M 8'3/2] < 2 l<nlogyy+logld] <
ly—rml=1

< ne’*?logy, = ne’*2logy’.
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So (7.29) is valid, and by Lemma 15 we can find a k satisfying (7.2) for which by (7.1)

1 c1,8%2nlogy
| > {ee—int+Ale- wM)}kl 2 e = el BBy =
€%, de 1+ 5¢

’

(1.31) 5

20 kB +1B
= ’3/2 |og — M M
y R kBt - 4 il
,y £

As for the remaining zeros of %,, we have |y—yy|=21 and so by (7.6) and (7.7)

v

B< Bty BM+3

which gives by Lemma 5 and the definition of %, in (7.28), using (3.6)

| > ekle—ivan)*+ule— wM)‘ <
@< b,

< (n+log |4]) 2 10g (yyr+24+2) e"{("m%]g*“’“}*"("n«*%) i
(7.32)

=
< cys(n+log |A))Alogy ePrutkbue 2

.},'e,y/seuﬂmﬁ-kﬁ]zw ellﬁM +kBZ,
<

YE'S ,yl;
Finally, collecting (7.26), (7.27), (7.31) and (7.32) we get

eHBat kB HBra KB

|U| =3 T‘FO(H) =2

’e >

which gives the contradiction to (7.24), whence the theorem.

8. Proof of Theorem 3. First we shall investigate the case lim g(u)=0. We
define

8.1) u:=logt, r:=1logx, &@):= w(x).
If r>c,, then for u=cy
(8.2) g@)r+u = glewr=>g(Vr)r+Vr = o,

and so g(u)r+u takes its minimal value for u=c;; — and this minimal value is
taken only in one place, since by (3.12) at most for one u=cq

(8.3) 0= %(g(u)r%—u) =g Wr+1=0egW=——

Thus we can define the unique solution of (8.3) as the function of r, and denote it
by u,(r), and for u>c, we can define r,(u) as the unique solution of (8 3) in r, since
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g’ is strictly monotone by (3.12). Further for 6=0 and w=dr we have
(8.4) g(u)r+u = or = g(V?)r—{— Vr = o),
and thus we get

B % = : ro () T P e
(8.5) up(r) = o(r), ie. ,}L[?o u —El»rg u(r

Now let us consider a number u,, and order the given zeros with y=e% in (3.10)
according to the increasing imaginary parts, i.e. let

(8.6) ox = Prtiye = Btiet, Pp=1—g(u), u=u_.

We want to apply Theorem 2 with an &< 1/2—g(u,), for which we suppose by g(»)—~0
that we fixed a u, for which g(u,)<1/2. Since y,—~e<, for k=k,(s, K) y, satisfies
(3.6), and if we define

8.7 Y, = eroto

we see by (8.5) that for k>k,(e, n, g) (3.7) is satisfied, too. Hence for k>ko(e, K, g)
=max (k,, k;) we can apply Theorem 2, and get an Xx; with

(8.8) ro(u) = log x; = (1+8)ro (),
for which
I’k -
Xk Xk =
|4k (x)] = it = eU—Blogx, +A+au, —
8.9
Xk Xk X

= = =
= e +ereu)+A+ey, T o +o(Yy) — el+aw(x)

since w is trivially an increasing function of x. In the case lim g(u)=H=0 we have
U—+oco

H=1—0g and we have a zero on 6=0x or a sequence of zeros with f,—~@x—0
by (4.3). Hence with fixed ¢=0 we have at least one @y=fo+7, with 1—f,<
<(1+¢/2)H. Applying the Theorem of [13] we have for a sequence of sufficiently
large x-values tending to infinity the estimate

@10) Ay e = > x
g KX }/y%+50 e(—Bo)logx-+c(yg) e +e/2)T logx+z/2Hlogx

and so for any u=0

X X s X
e(+e)Hlogx = e(1+e)(g(w) logx+u) = e+ °

(8.11) |[dx (x)| =

9. Finally, we can collect our knowledge about the oscillation of 4k (x) as follows.
Giving a domain ¢=1—7(¢) by a function n (or g) satisfying the conditions, the
following cases are possible:

5
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1) If the domain is zerofree, then

X
©.1) Ax(x) = Ok,e,y [—eamm@]-

2) If the domain contains finitely many zeros g, ..., ¢y but all of them have
real parts not exceeding lim 1—g(u)=1—H, then (taking into account also

{k(1+it)>0) we have

X
(9.2) Ag(x) = OF, 02,01, .00 (m]
3) If the domain has finitely many zeros, @1, ---» Oy, but some of them have real
parts >1—H, we can see similarly to Theorem 1

N XxXQ; 2 o, 8 X
9.3) Adg(x) =— > +O0xk,c.n (e”—“)m] =Qx'"H) =0 ['_em)“)

j=1 &j

4) If the domain contains an infinity of zeros, then

©.4) Ax(x) = © (e(Tx)w()]

Till this time the only information known about the real situation is that o=1 is
zerofree, moreover 1) is true with

1
cn'|42log®3 t (log log £)V/3

as can be seen in [1], and, on the other hand if H=1/2 then 4) must hold since there
is an infinity of zeros with Re ¢=1/2, and so on the boundary or in the interior of
the given domain. In this latter case we know a little bit more, since we have by a
theorem of Landau [8]

9.6) 4x(x) = (Vx logloglog x),

which is a generalization of Littlewood’s result [9].

©.5) n@) =

for t=4,
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